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2-1 General Consmeratlons ,

Yo most clectrical engineering curricaia, the siady of
electromagnetics is preceded by one O mOC COUISES.
on electrical circuits.”” In this’ book, we wse this

background to build a bridge between circuit theory

and electromagnetic theory. The bridge is provided by - ’

transmission lines, the topic of this chapter. By modeling
the transmission line in the form of an equivalent circuit,
we can use Kirchhoff’s voltage and current laws to
develop wave equations whose solutions provide an
understanding of wave propagation, standing waves, and
power transfer. Familiarity with these concepts facilitates
the presentation of material in later chapters.

Although the family of transmission lines may
encompass all structures and media that serve to transfer
energy or information between two points, including
nerve fibers in the human body, acoustic waves in fluids,
and mechanical pressure waves in solids, we shall focus
ourtreatment in this chapter on transmission lines used for

w

- ransmissi

v,

) guidingelectromagnetic signals. Such transmission lines

moludcxtdqhoncmmwanal cablescarryingaudioand
“wideoinformation 00 TV sets or digital data to computer

' maniitors, and optical fibers carrying light waves for the

nof Matvu‘yhxgh rates. Fundamentally, a

" ransmission line is a two-port network, with each port

 consisting «f two terminals, as illustrated in Fig. 2-1.
One of the ports is the sending end and the other is the
receiving end. The source connected to its sending end
may be any circuit with an output voltage, such as a radar
u'ansmittcr,anampliﬁet,oracomputerterminal operating
in the transmission mode. From circuit theory, any
such source can be represented by a Thévenin-equivalent
generator circuit consisting of a generator voltage Ve
in series with a generator resistance Rg, as shown in
Fig. 2-1. The generator voltage may consist of digital
pulscs,amodulaxedﬁmc-varyingsinusoidal signal, orany
other signal waveform. In the case of a-c signals, the
generator circuitis represented by a voltage phasor Vg and

animpedance Zg.

Transmission line

! i

' -
o i

! Sending-end

Vs , port
t -

! —o—
. A
Generator circuit

receiving end.

Figure 2-1: A transmission line is a two-port network conngding a gmeamr circuit at the
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CHAPTER 2 TRANSMISSION 1]

dielectric spacing

(b) Two-wire line (c) Parallel-plate line

dielectric spacing Zmeta\l ground plane
dielectric spacing
(d) Strip line (¢) Microstrip line

TEM Transmission Lines

N =
Concentric

metal

dielectric Z
layers metal ground plane
dielectric spacing
(f) Rectangular waveguide (g) Optical fiber (h) Coplanar waveguide

Higher Order Transmission Lines

Figure 2-4: A few examples of transverse electromagnetic (TEM) and hi gher-order transmission lines.

—

Generator

Cross section

Figure 2-5: In a coaxial line, the electric field lines are in the radial direction between the inner and
outer conductors, and the magnetic field forms circles around the inner conductor.
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Table 2-1: Tmnsmxssnonhnepammetm R', L', G',and C’ for three types of lines.

Parameter Coaxial Two Wire Parallel Plate Unit
ALy & L
K 2x (; + E) na ' w
v | g Lufenasfappi] . 2
C' - $50 2*8 . o s KA ,,.,, e x‘ £ ;_:':;‘_":( : : ‘-7 ‘ i Edg Flm
wea)  uldpa+J/apar-i] o
Notes: (1) Reﬁeno Fig. 2-4 for d&ﬁnmons of dimeasions. (2) u, ¢, and o pertain to the

insulating material between the conductors. ) Ry = /wfuuc/oc. (4) ptc and o pertain
25 the conductors. (5) If (d/2a)? > 1, then In [(d/2a) + J(d/2a)t = | =~ In(d/a).

2-5 THE LOSSLESS TRANSMISSION LINE | 49

Table 2-2: Characteristic Pparameters of transmission lines,

Propagation Phase . Characteristic
Constant Velocity Impedance
y=a+jg up Zo
Gene SN RS g _ [®+jery
ral case Y =J(R' + joL')(G tjoC’) wp=w/f Z,= _“‘(G’-{-ij')
Lossless =0, B =w/5G/c Up=c/J& Zo=,L'JC’
(R=G'=0)
Lossless coaxial | ¢ = 0 8= wJe-,[c ‘ up = c/,/s‘, Zy = (60/,/5::) ln(db/a)
Losles | a=0, g=ays/e Mo =c/VE Zo=(120//5)
two wire : . - ¢ -Wld/2a) + /(d/2a)T = 1}
‘ 2o = (120/./2;) In(d/a),
. if d »>a
Lossless a=0, f=w/E/c Up=c/VE  Zo=(120n/ /&) (d/w)
Notes: ()i = po, & = £re0, ¢ = 1/ /0%, and fiioJeg = (120x) Q, where ¢, is the relative
permittivity of insulating material. (2) For coaxial line, @ and b are radii of inner and outer conductors.
(3) For two-wire line, @ = wire radius and d = separation between wire centers, (4) For parallel-plate
/ |line, w = width of plate and d = separation between the plates,
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280 Chapter 5: Microwave Network Analysis

and :u._ci._n. the shorting wall at z = 0. Use the results of Scction 5.9 and superposition to find
the fields radiated by these two currents, which should be the same as the first results for z > 0, CHAPTER m
oy
° — *
d : Impedance Matching
543 A RM.SW.“_R Wwaveguide is shorted at 2 = 0, and has a magnetic current sheet, M,,, located at i wbm -—,Cbmﬂm
z=d, where -
Mo = 228 g 22,
a This chapter marks a tuming point in that we now begin to apply the theory and

Find the fields radiated by this current for 3 > 0. What is the correct image current that should

techniques of the previous chapters to practical lems in microwave engineering. We
be placed at z = ~d, 10 account for the presence of the conducting wall at z = 07 . q P plers (o p prob 8 8

begin with the topic of impedance matching, which is often a part of the larger design

y process for a microwave component or system. The basic idea of impedance matching is

illustrated in Figure 6.1, which shows an impedance matching network placed between

b a load impedance and a transmission line. The.matchi is i
to_avoid_unnecessary loss of power, and is usually designed so that the impedance

. seen looking into the matching network is Zo. Then reflections are eliminated o the—:

—_— transmission line to the left of the “matching network, although there will be multiple .w Lunivy
. reflections between the matching network and the load. This procedure is also referred

to as tuning. Impedance matching or tuning is important for the following reasons:

(9 -1-1:-0-]
£

4 ® Maximum power is delivered when the load is matched to the line (assuming the

generator is matched), and power loss in the feed line is minimized.

Impedance matching sensitive receiver components (antenna, low-noise amplifier,

etc.) improves the signal-to-noise ratio of the system.

o Impedance matching in a power distribution network (such as an antenna amay
feed network) will reduce amplitude and phase errors,

cossy .

As long as the load impedance, Z, has some nonzero real part, a matching network
ISEE. Many clioices areavailable;- however;-and-wewill “disciiss the—
design and performance of several types of practical matching networks. Factors that
may be important in the selection of a particular matching network include the following:

o Complexity—As with most engineering solutions, the simplest design that satisfies
the required specifications is generally the most preferable. A simpler matching

r—————— .
Maiching Load
2 network Z
——————— et

FIGURE 6.1 A lossless network matching an arbitrary load impedance 10 a transmission line. 281
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network is usually cheaper, more reliable, and less lossy than a more complex
design.

e Bandwidih—Any type of matching network can ideally give a perfect match (zero
reflection) at a single frequency. In many applications, however, it is desirable to
match a load over a band of frequencies. There are several ways of doing this
with, of course, a corresponding increase in complexity.

o Implementation—Depending on the type of transmission line or waveguide being
uscd, one lype of matching network may be preferable compared to another.
For example, tuning stubs are much easicr to implement in waveguide than are
multisection quanier-wave transformers,

e Adjustability—In some applications the matching network may require adjustment
to match a variable load impedance. Some types of matching networks are more
amenable than others in this regard.

MATCHING WITH LUMPED ELEMENTS (L NETWORKS)

Probably the simplest type of matching network is the L section, which uses two
reaclive elements to match an arbitrary load impedance to a transmission line. There are
two possible configurations for this network, as shown in Figure 6.2. If the normalized
load impedance, z, = Z,/Zy, is inside the 1 + jz circle on the Smith chart, then the
circuit of Figure 6.2a should be used. If the normalized load impedance is outside the
1 + jz circle on the Smith chan, the circuit of Figure 6.2b should be used. The | + jz
circle is the resistance circle on the impedance Smith chart for which r = 1, ’

In either of the configurations of Figure 6.2, the reactive elements may be either
inductors or capacitors, depending on the load impedance. Thus, there are eight distinct
possibilities for the matching circuit for various load impedances. L-the-frequency is
low_gnough andfor the circuit size is small enough, actual lumped-element capacitors

_and inductors can-be-used=This" may bé feasible for frequencies up 1o about | GHz or
50, although modem microwave integrated circuits may be small enough so that lumped
elements can be used at higher frequencies as well. There is, however, a large range of
frequencies and circuit sizes where lumped elements may not be realizable. This is
limitation of the L section matching technique.

@ Y ()
7 L»

FIGURE 6.2 L section matching networks. (a) Network for z;, inside the | + jz circle. (b)
Network for z1, outside the 1 + jz Circle. -

ﬁ....hﬂu i

6.1 Matching with Lumped Elements (L Networks)

We will now derive the analytic expressions for the matching network clements of
the two cases in Figure 6.2, then illustrate an aliernative design procedure using the
Smith chart.

Analytic Solutions

Although we will discuss a simple graphical solution using the Smith chart, it may
be useful to derive expressions for the L section maltching network components. Such
expressions would be useful in a computer-aided design program for L section matching,
or when it is necessary to have more accuracy than the Smith chart can provide.

Consider first the circuit of Figure 6.2a, and let Z;, = R + jX . We stated that
this circuit would be used when z, = Z /Z; is inside the | + jz circle on the Smith
chart, which implies that Ry, > Zy for this case.

The impedance seen looking into the matching network followed by the load impedance
must be equal to Z, for a match:

1
IB+(1/RL+3XL)

Rearranging and separating into real and imaginary parts gives two equations for the two
unknowns, X and f3:

Zy=3X+ 6.1

B(XRy, - X12p) = Ry, — 2,
X(1-BX,)=BZR, - X;.

6.2a
6.2b

Solving (6.2a) for X and substituting into (6.2b) gives a quadratic equation for B. The
solution is

XLt J\xr\Nc __ﬂu. +;&~.

- 2Ry
R+ X] :

o.uln.

Note that since Ry, > Zy, the argument of the second square root is always positive.
Then the series reactance can be found as

6.3b

v 4 —> Equation (6.3a) indicates that two solutions are possible for B and X. Both of
{ these solutions are physically realizable, since both positive mm_m\_\_mhmmgnmbah.
- and_X-are possible (positive X_implies an_inductor, negative X _implies. a capacitor,
while positive J3. implics_a capacitor and-negative B implies an inductor.) One solution,
S however, may result in significantly smaller values for the reactive components, and may
% | be the preferred solution if the bandwidth of the match is better, or the SWR on the line

stween the matching network and the load is smaller.
Now consider the circuit of Figure 6.2b. This circuit is to be used when 2z, is outside
the 1 + jz circle on the Smith chan, which implies that Ry, < Zp. The admittance seen
_ocrm__mm:-o:_n:E_n_:zm=Eic_.r_.o=oinac«=_n_e=am_s_unan:anaHmr.‘.u.kh
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must be equal to 1/2,, for a match:
1 1
— =4iB
7SRl TR T S H
Rearranging and separating into rcal and imaginary parts gives two equations for the two
unknowns, X and B:

. 6.4

BZy(X + X1)= 2o — Ry, 6.5a
(X + X.)=BZR,. 6.5b
Solving for X and B gives

ok e X =+/Ri(Zo - R1) - X1, 6.6a
- —
() p=1 V& Ry)/Ry 6.6

Zo '

Since Ry, < Zo, the arguments of the square roots are always positive. Again, note that
two solutions are possible.

In order to match an arbitrary complex load to a line of characteristic impedance
Zq, the real part of the input impedance to the matching network must be Zy, while the
imaginary part must be zero. This implies that a general matching network must have
at least two degrees of freedom; in the L section matching circuit these two degrees of
frecdom are provided by the values of the two reactive components.

Smith Chart Solutions

Instead of the above formulas, the Smith chart can be used to quickly and accurately
design L section matching networks, a procedure best illustrated by an example.

EXAMPLE 6.1

Design an L section matching network to match a series RC load with an
impedance Z;, = 200 — j100 £, to a 100 Q line, at a frequency of 500 MHz.
Solution
The normalized load impedance is z;, = 2 — j1, which is plotted on the Smith
chart of Figure 6.3a. This point is inside the 1 + jz circle, so we will use the
matching circuit of Figure 6.2a. Since the first element from the load is a shunt o’
susceptance, it makes sense to convert to admittance by drawing the SWR cir--
cle through the load, and a straight line from the load through the center of the
{chart, as shown in Figure 6.3a. Now, after we add the shunt susceptance and
~.no=<on back to impedance, we want to be on the 1 + jz circle, so that we can )
add a series reactance to cancel the jz and match the load. This means that the
shunt susceptance must move us from yy, to the 1 + jz circle on the admittance
Smith chart. Thus, we construct the rotated 1 + jz circle as shown in Figure
6.3a (center at 0.333). (A combined ZY chart is convenient to use here, if it
is not too confusing.) Then we see that adding a susceptance of jb = j0.3 will
move us along a constant conductance circle to y = 0.4 + j0.5 (this choice is

T g - s et 4T T -

—

wws

6.1 Matching with Lumped Elements (L Networks)

(continues)

FIGURE 6.3  Solution to Example 6.1, (a) Smith chart for the L section matching nctworks.

the shortest distance. from yy, to the shified 1 + jz circle). Converting back to
impedance leaves us at z = 1 — j1.2, indicating that a series reactance z = jr2
will bring us to the center of the chart. For comparison, the formulas of (6.3a,b)
give the solution as b = 0.29,z = 1.22. '

This matching circuit consists of a shunt capacitor and a series inductor, as

shown in Figure 6.3b. For a frequency of f = 500 MHz, the capacitor has a

value of
C= b = 0.92 pF,
iy oPh
and the inductor has a value of
— HNO -—
=f = 38.8 nH.

v
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38.8 nH
A11h

Zg = 100 f1 o.o~%+ 2, = 200 - j100 ©

Solution 1

2.61 pF
11

LR e
Zy= 1000 8.-::% WN..I&SI&,:E:

Solution 2
b)
! <
N,
\ .
\
0.75 /
—— Solution
v 2
n osh \
\ Solution
\ !
025 - /
- \ \\\\\\\l
\ 2
0 1 L
0 0.25 0.5 0.7 1
J(GH2)
(c)

FIGURE 63 08.31&‘ (b) The two possible L section matching circuits. (c) Reflection
. cocfficient magnitudes versus ?B..o:m« for the matching circuits of (b).

It may also be interesting to look at the second solution to this matching
problem. If instead of adding a shunt susceptance of b = 0.3, we use a shunt

susceptance of b = —0.7, we will move to a point on the lower half of the
m__:.._ﬁ_ 1 + jz circle, to y = 0.4 — j0.5. Then converting to impedance and
adding a series reactance of z = —1.2 leads to a match as well. The formulas

of (6.3a,b) give this solution as b = —0.69,z = —1.22. This matching circuit

is also shown in Figure 6.3b, and is seen 10 have the positions of the induc--

tor and capacitor reversed from the first matching network. At a frequency of
J = 500 MHz, the capacitor has a value of
-1

= T = 2.61 pF,

-

6.1 Matching with Lumped Elements (L Networks)

while the inductor has a value of
A
L=5 Ib
Figure 6.3c shows the reflection coefficient magnitude versus frequency for
these two matching networks, assuming that the load impedance of Zj, = 200—
4100 Q at 500 MHz consists of a 200 §2 resistor and a 3.18 pF capacitor in series.
There is not a substantial difference in bandwidth for these two solutions. O

= 46.1 nH.

t
POINT OF INTEREST: Lumped Elements for Microwave Integrated Circuits

Lumped R, L, and C elements can be practically realized at microwave frequencies if the
length, ¢, of the component is very small relative to the operating wavelength. Over a limited range
of values, such components can be used in hybrid and monolithic microwave integrated circuils
(MICs) at frequencies up to 60 GHz, if the condition that £ < A/10 is satisfied. Usually, however,
the characteristics of such an clement are far from ideal, requiring that undesirable cffects such as
parasitic capacitance and/or inductance, spurious resonances, fringing fields, loss, and perturbations
caused by a ground planc be incorporated in the design via a CAD model (see the Point of Interest
conceming CAD).

Resistors are fabricated with thin films of lossy material such as nichrome, tantalum nitride,
or doped semiconductor material. In monolithic circuits such films can be deposiled or grown,
while chip resistors made from a lossy film deposited on a ceramic chip can be bonded or soldered

Small values of inductance can be realized with a short length or loop of transmission line,

and larger values (up to about 10 nH) can be obtained with a spiral inductor, as shown in the fol-

lowing figures. Larger inductance values generally incur more loss, and more shunt capacitance;
this leads 1o a resonance that limits the maximum operating frequency.

Capacitors can be fabricated in several .ways. A short transmission line stub can provide 8
shunt capacitance in the range of 0 10 0.1 pF. A single gap or interdigital sct of gaps in a transmission

Air
o~ bridge
Lossy film !
Lossy film w ' m
Planar resistor Chip resistor Loop inductor Spiral inductor
Diclectric
(1 B2 L
Interdigital Metal-insulator- Chip capacitor

gap capacitor metal capacitor
RS e T ol

3
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in a hybrid circuit. Low resistances are hard to obtain. /
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line can provide a series capacitance up 1o about 0.5 pF. Greater values (up 1o about 25 pF) can be
obtaincd using a metal-insulator-metal (MIM) sandwich, cither in monolithic or chip (hybrid) form.

SINGLE-STUB TUNING

We next consider a matching technique that uses a single open-circuited or short-
circuited length of transmission line (a “stub”), connected either in parallcl or in serics
with the transmission feed line at a certain distance from the load, as shown in Figure
6.4. Such a tuning circuit is convenient from a microwave fabrication aspect, since
lumped elements are not required, The shunt tuning stub is especially easy to fabricate
in microstrip or stripline form.

-In single-stub tuning; the 4wo adjustable parameters-are the distance, d, from the load
_to the stub position, and the value of susceptance-or-reactance provided by the. shuntor___
series stub. For the shunt-stub case, the basic idea is to select d so that the admittance,

Openor | Ny= - %
stub !
(a)
)
L% - &
Z w z=y - Zeny>
m&% _ .
Openor
shorted
stub
)

FIGURE 6.4  Single-stub tuning circuits. (a) Shunt stub. (b) Scries stub.

>

s
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At
Y, scen looking into the line at distance d from the load is of the form Yy + jB. Then ,_,.
the stub susceptance is chosen as —~jB, resulting in a matched condition. For the series] av*
stub case, the distance d is sclected so that the impedance, Z, scen looking into the line

at a distance d from the load is of the form Zp + jX. Then the stub reactance is chosel

as —j X, resulting in a matched condition.

As discussed in Chapter 3, the proper length of open or shorted transmission line can
provide any desired value of reactance or susceptance. For a given susceplance oc reacs
tance, the difference i y open- or short-circuij ub is A/4. For transmission
linc media such as microstrip or stripline, open-circuited stubs are easier to fabricate since
a via hole through the substrate to the ground plane is not needed. For lines like coax
or wavegujde, however, short-circuited stubs are usually preferred, because the cross-
sectional area of such an open-circuited line may be large enough (electrically) to radiate,
in which case the stub is no longer purely reactive.

Below we discuss both Smith chart and analytic solutions for shunt and series stub
tuning. The Smith chart solutions are fast, intuitive, and usually accurate enough in prac-
tice.  The analytic expressions are more accurate, and uscful for computer
analysis.

Shunt Stubs

The single~stub shunt tuning circuit is shown in Figure 6.4a. We will first discuss
an example illustrating the Smith chart solution, and then derive formulas for d and £

EXAMPLE 6.2

For a load impedance Z; = 15 + j10 £, design two single-stub shunt tuning
networks to match this load to a 50 Q line. Assuming that the load is matched
at 2 GHz, and that the load consists of a resistor and inductor in series, plot the
reflection coefficient magnitude from | GHz to 3 GHz for each solution.

Solution

The first step is 1o plot the normalized load impedance z;, = 0.3+30.2, construct
the appropriate SWR circle, and convert to the load admittance, y., as shown
on the Smith chart in Figure 6.5a. For the remaining steps we consider the
Smith chart as an admittance chart. Now notice that the SWR circle intersects
the 1 4 jb circle at two points, denoted as y; and y in Figure 6.5a. Thus the
distance d, from the load to the stub, is given by either of these two intersections.
Reading the WTG scale, we obtain

d) =0.328 — 0.284 = 0.044),

d; = (0.5 — 0.284) + 0.171 = 0.387.

Actually, there are an infinite number of distances, d, on the SWR circle
that intersect the 1 4 jb circle. Usually, it is desired to keep the matching stub
as close as possible to the load, to improve the bandwidth of the match and to

reduce losses caused by a possibly large standing wave ratio on the line between
the stub and the load.

~N
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Similarly, the required open-circuit stub length for the second solution is

£ = 0.353\.
This completes the tuner designs. -

To analyze the frequency dependence of these two designs, we need to know
the load impedance as a function of frequency. The series-RL load impedance
is Z, = 15+j10 Q at 2 GHz, so R = 15 2 and L = 0.796 nH. The two tuning
circuits are shown in Figure 6.5b. Figure 6.5c shows the calculated reflection at
coefficient magnitudes for these two solutions. Observe that solution | has a Shot i &
significantly better bandwidth than solution 2; this is because both d and £ are ¢ _.m F
shorter for solution 1, which reduces the frequency variation of the match. QO Loty

o 0.040—s. +—0.38\
. 150 150
00 00 o0 500
0.796 nH 0.796 nH
50 50 .
/3 VT4
/ 0,147 0.353A
1 2
! (b)
(a) (continues)
1.0 ——
FIGURE 6.5 Solution to Example 6.2. (a) Smith chart for the shunt-stub tuners. \\\ N
4 / Solution .
0.5} \ 2 :
| i \ N
At the two intersection points, the normalized admilttances are sk \ 77 ._ll/
. \ /
. Solution |
n=1-3133, __8 .— \ A
n=1+3133. 0.25}~ __ \
. v/

Thus, the first tuning solution requires a stub with a susceptance of j1.33. o \ \ \
The length of an open-circuited stub that gives this susceptance can be found 1.0 1.5 2.0 2.8 30
on the Smith chart by starting at y = 0 (the open circuit) and moving along the f(GHz)
outer edge of the chart (g = 0) towards the generator to the j1.33 point. The ©
length is then .

FIGURE 6.5 Continucd.
&- =0.147).

(b) The two shunt-stub tuning solutions. (c) Reflection coefficient
magnitudes versus frequency for the tuning circuits of (b).

-
- -~
sk il Cope e
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.B. = —B. Then, for an open-circuited stub,
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To derive formulas for d and ¢, let the load impedance be written as Z;, =
1/YL = Ry + jX . Then the impedance Z down a length, d, of line from the load is

(R +3X1)+ 2ot
Z =2y "7, 6.7
00 + J(R, +3X00t" .
where ¢ = tan Sd. The admittance at this point is
1
Y=GCG +.~w = |NI. )
Re(1+¢%)
h C= s, 6.8
where R} + (XL + Zot? *
24 . -
B= zhn ANNO kﬁ\nx*ﬁ ”NOMV. O.W?
Zol Ry + (X + Zot)’]
Now d (which implies t) is chosen so that G = Yy = 1/Z;. From (6.8a), this results in
a quadratic equation for ¢: ’
Zy(Ry, — Zo)t® —2X 1, Zot + (R Z0 — R: - X3)=0.
Solving for ¢t gives
Xu £ \[RulZo - RLV + X31/Z0 2 \en (6D
t= , for Ry # 2 6.9
Ry -2y
If Ry, = 2y, then t = — X /2Z. Thus, the two principal solutions for d are
d w_ﬂs..u_. fort>0 L, Wi?e
3= : 6.10

! -1
Mq.?::!. t) fort <O0.

To find the required stub lengths, first use ¢ in (6.8b) to find the stub susceptance,

o.t . W
LoV (BN _ -t (B s
) |Nﬂ.~w= A;V|Nﬂ§ ANV. . 6.l11a
while for a short-circuited stub, W
(con Y
L_ -1 (Y _ 1. _ (Y w
»I.Na.g Ab-VlNNE |NM. . 6.11b

If the length given by (6.11a) or (6.11b) is negative, A/2 can be added to give a positive
result,

Serles Stubs

The series stub tuning circuit is shown in Figure 6.4b. We will illustrate the Smith
chart solution by an example, and then derive expressions for d and £,

6.2 Single-Stub Tuning

EXAMPLE 6.3

Match a load impedance of Z;, = 100+ j80 to a 50 £ line using a single series
open-circuit stub. Assuming that the load is matched at 2 GHz, and that the
load consists of a resistor and inductor in series, plot the reflection coefficient
magnitude from | GHz to 3 GHz.

Solution

The first step is. to plot the normalized load impedance, z;, = 2 + j1.6, and
draw the SWR circle. For the series-stub- design, the chart is an impedance
chart. Note that the SWR circle intersects the 1 + jz circle at two points,
denoted as zy and z; in Figure 6.6a. The shortest distance, d;, from the load to-

o, ) U]
YT T Ny,
(g CRRSCLBARCU iy o Y £y
Y = 5

() (continues)

FIGURE 6.6 Solution to Example 6.3. (a) Smith chart for the scrics-stub luners.
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the stub is, from the WTG scale,
—_—

d; =0.328 - 0.208 = 0. 120,
while the second distance is
dy = (0.5 - 0.208) + 0.172 = 0.463).

As in the shunt-stub case, additional rotations around the SWR circle lead to
additional solutions, but these are usually not of practical interest,
The normalized impedances at the two intersection points are

z=1-3133,
2 =1+;1.33.

. Thus, the first solution requires a stub with a reactance of j1.33. The length
of an open-circuited stub that gives this reactance can be found on the Smith
chart by starting at z = oc (open circuit), and moving along the outer edge of
the chart (r = 0) toward the gencrator to the j1.33 point. This gives a stub
length of

& = 0397\,
Similarly, the required open-circuited stub length for the second solution is
& =0.103),

This completes the tuner designs.
If the load is a series resistor and inductor with Z1, = 100+580 N at 2 GHz,
- then R = 100  and L = 6.37 nH. The two matching circuits are shown in
Figure 6.6b. Figure 6.6¢c shows the calculated reflection coefficient magnitudes

// versus frequency for the two S_E_o:m.,\\l O

. To derive formulas for d and ¢ for the series-stub tuner, let the load admittance be
wiitten as ¥; = 1/Z; = Gy, + jBy,. Then the admittance ¥ down a Tengih, 4o tine
from the load is ,

(GL +jBL) + jtYy

u\ = u\ v 3 »
Yo+ 4Gy +jB;)

6.12
where ¢t = tan8d, and Y, = | /Zs. Then the impedance at this point is
. 1
Z=R+jX = 7
GL(l+8)
G} + (B + Yor)*'

X< Glt — (Yo —tB.XBy, +tYy)
YolGL + (B, + Yot)]

where R= 6.13a

. 6.13b

6.2 Single-Stub Tuning 295
50 2 10.103A
1000
0N
6.37 nH

S(GHz)
()

FIGURE 6.6 Continued. (b) The two series-stub tuning solutions. (c) Reflection coefficient
magnitudes versus frequency for the tuning curcuits of (b).

Now d (which implies ¢) is chosen sothat R =2, = | /Yo. From (6.13a), this results
in a quadratic equation for ¢;

V(G ~ Yo)t? - 2B, Yot + (GLY, - G} -BhH=o.

Solving for ¢ gives

_ B \JCu% -G+ B,

t
Y, y for G #£Y,. 6.14
IFG =Yy, then t = ~B.,/2Y,. Then the two principal solutions for d are
m_..:_::_n_ v fort >0
dfA={ <7 . 6.15

— .
s=(r+tan~'t)  fort<o.
2x
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The required stub lengths are detennined by first using ¢ in (6.13b) to find the
reactance, X. This reactance is the negative of the necessary stub reactance, X,. Thus, Yo 8y Yo 8, Yo Yi
for a short-circuited stub,

[ i
e N W = -_I:_:L A.Muv = “_.E:n_ Ammv. 6.16a

HE A 2n Zy 2% Zy
while for an open-circuited stub,
2
st L -l AN A
v 7 w=e—tan' (22 )= a2, ]
A i ?v ot AL 6.16b
If the length given by (6.16a) or (6.16b) is negative, A/2 can be added to give a positive
result.

6.3 DOUBLE-STUB TUNING

The single-stub tuners of the previous section are able 1o maich any load impedance
(as long as it has a nonzero real part) to a transmission line, but suffer from the disad-
// vantage of requiring a variable length of line between the load and the stub, This may

not be a problem for a fixed matching circuit, but would probably pose some difficulty
if an adjustable tuner was desired. In this case, the double-stub tuncr, which uses two L
.1::& .w:_vm .:. fixed positions, can en. used. Such tuners are o:n:. _.uﬂaou.& in n.ouumu_ (FIGURE 6.7  Double-stub tuning. (a) Original circuit with the load an arbitrary distance from
line, with adjustable stubs connected in parallel to the main coaxial line. We will sce, the first stub, (b) Equivalent circuit with load at the first stub.
however, that the double-stub tuner cannot match all load impedances.

The double-stub tuner circuit is shown in Figure 6.7a, where the load may be an

arbitrary distance from the first stub. Although this is more representative of a practical . : : is to reduce the distance, d, between the
situation, the circuit of Figure 6.7b, where the load Y/ has been transformed back to - ”“”_cm_o.—ﬁm. -“.“ ﬁ:m%«mm”“ Mﬂ...n.h“::”: _‘WN”M._Q_ + u..wnma_n back 8«.3..% the y = oo

the position of the first stub, is easier to deal with and does not lose any generality, . b f ractical of fabricafing. the two—
The stubs shown in Figure 6.7 are shunt stubs, which are usually easier to implement in Wao“_.“”..a” :wmmﬂﬁi.l!c—mh MM a_mmro.:_am.gcﬂomv»nml\mznmo._—..m.n_w%olnwzwlg_o ua_Bmmul!x.I\_.Sa%o s that_
v._x.wn:no than are series a__vﬁ.:ﬁ._s_& could _x ..z.u_ Just as well, in principle. In either are <oQJN,a=o§< sensitive. [ praciice, stub spacings arc usually chosen as A/8 or -
cuse, the stubs can be open-circuited or short-circuited. 31/8. If the lenigth of Tine between the load and the first stub can be adjusted, then the

: load admittance y;, can always be moved out of the forbidden region.
Smith Chart Solution
The Smith chart of Figure 6.8 illustrates the basic operation of the double-stub tuner. EXAMPLE 6.4

As in the case of the single-stub tuners, two solutions are possible. The susceptance
of the first stub, b, (or b}, for the second solution), moves the load admittance to i

Design a double-stub shunt tuner to match a load impedance Z;, = 60 — j80

(or yi). These points lic on the rotated 1 + Jb circle; the amount of rotation is d 1o a 50 € line. The stubs are to be shont-circuited stubs, and are spaced \/8
wavelengths toward the load, where d is the electrical distance between the two stubs. apart. Assuming that this load consists of a series resistor and capacitor, and
Then transforming y, (or ¥}) toward the generator through a length, d, of line leaves us that the match frequency is 2 GHz, plot the reflection coefficient magnitude
at the point y; (or y3), which must be on the | + Jjb circle. The second stub then adds a versus frequency from | GHz to 3 GHz,
susceptance b, (or b3), which brings us to the center of the chant, and completes the match. Solution

Notice from Figure 6.8 that if | admittance, Eogﬁg. shaded region The normalized load admittance is yy, = 0.3 + j0.4, which is plotted on the

\bﬁ.—gu b circle, 5o §m=o 2 f stub Eu:mn.?.. could ever bring :..m load point Smith chart of Figure 6.92. Next we construct the e rotated 1 -+ §bconductance

tointersect the rotated | + jb circle. This shaded region thus forms a forbidden range _circle, by moving every. EE sg = Tcircle ard-the-load, We then

of load admittances, which cannot be matched with this particular doublc-stub tuncr, A
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Forbidden
region

FIGURE 6.8  Smith chart diagram for the operation of a double-stub tuner,

find the susceptance of the first stub, which can be one of two possible values:
b = 1.344,
or b = -0.114,

We now transform through the A/8 section of line by rotating along a
constant radius (SWR) circle A/8 toward the generator. This brings the two
solutions to the following points:

y2 =1~ 33.38,
or - ¥ =1+j1.38.
Then the susceptance of the second stub should be
b =3.38,

or b} = -1.38.
The lengths of the short-circuited stubs are then found as

& =0.396), & = 0454,
or £ =0.232), £ = 0.100A.
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Rotated

. LN
. i)
DY L

(@) (continues)

FIGURE 6.9  Solution to Example 6.4. (a) Smith chart for the double-stub tuners.

This completes both solutions for the double-stub tuner design.

Now if the resistor-capacitor load Z, = 60 — j80  at f = 2 GHz, then
R = 60 Q and C = 0.995 pF. The two tuning circuits are then shown in Figure
6.9b, and the reflection coefficient magnitudes are plotted versus frequency in
Figure 6.9c. Note that the first solution has a much narrower bandwidth than the
second (primed) solution, due to the fact that both stubs for the first solution are
somewhat longer (and closer to A/2) than the stubs of the second solution. O

Analytic Solution
Just to the left of the first stub in Figure 6.7b, the admittance is

Y =Gy + (B + By, 6.17

o gy v eas e e e
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e A /R e 1Y, ——
50 u\ 00 \ 0 g .\ son \ 0 =u
0.995 pF 0.995 pF
T \ T
\o.a.y \ﬁ&y \9.87 \55
Solution | Solution 2 .

b

0.25}
0 4 1 .
1.0 LS 2.0 25 3.0
J(GHz)
(c)

FIGURE 6.9 Continucd. (b) The two double-stub tuning solutions. (c) Reflection cocffi-
cient magnitudes versus frequency for the tuning circuits of (b).

where Y, = G + jB, is the load admittance and B, is the susceptance of the first
stub. After transforming through a“length d of transmission line, the admittance just to
the right of the second stub is

G+ j(By, + By + Yit)

%\ "u\ > N . ,
2 Y+ UGy + B, + By

6.18

where ¢ = tan §d and Yy = 1/Zy. At this point, the real part of Y2 must equal Yy, which
leads to the equation

t+¢ (- Bit- Bty _

2
L= Gl 7

0. 6.19
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Solving for G, gives

GL=Y, . 6.20

_iN _w_..a:;umi..m.%

20 Yo(l + )2

|\\/\I{I’\I’I\|(‘

Since G|, is real, the quantity within the square root must be nonnegative, and so

0< 4t%(Yy — Byt — Byt)?
= Yo(l + 22

<L

This implies that

1+ Y%

2 sin?gd’

which gives fthe range on G';, that can be matched for a given stub spacing, d. |After d
has been fixed, the first stub susceptance can be determined from (6.19) as

6.21

0<GLLY,

(1+8)GLYs -G8

By=~Bp + : . 6.22

N N

Then the second stub susceplance can be found from the negative of the imaginary part
of (6.18) to be :

- Yo G + ) - GLR +GLY,
Gt

The upper and lower signs in (6.22) and (6.23) correspond to the same solutions. The
open-circuited stub length is found as

B, . 6.23

. sk
w.. = m_m tan~! A.MV > 6.24a
while the short-circuited stub length is found as
- . IR
mu Ihs:-_ AWV S )

where B = By, B,.

6.4 THE QUARTER-WAVE TRANSFORMER

As discussed in Section 3.5, the quarter-wave transformer is a simple and useful

circuit for matching a real load impedance to a transmission line. An additional feature _
. of the quarter-wave transformer is that it can be extended to.multisection designs in a_....
...methodical manner, for broader bandwidth.. If only a narrow band impedance match ”

is required, a single-section transformer may suffice. But, as we will see in the next
few sections, multisection quarter-wave transformer designs can be synthesized 1o yicld
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he quarter-wave transformer is that it can only match a real joad

dance can wﬂ@gi?:s& toa ‘au_amainagno.lglu

appropriate lengih of transmission line between the load and

the transformer, or an appropriate series or shung reactive stub, These techniques wil| e
usuaily alter the frequency dependence of he equivalent load, which often has the effecy
of J.Enm:w the bandwidth of the match,

n Section 3.5 we analyzed the Opcration of the quarter-wave transformer from an
impedance viewpoint and 3 multiple reflection viewpoint. Here we will concentrate
on the bandwidgh performance of the transformer, as 3 function of the load mismatch;
this discussion wii also serve as a prelude to the more general case of multisection

._..ﬁmman_n.mno:o: quarter wave matching transformer circuit is shown in Figure
6.10. The characteristic impedance of the matching section is

trical length of the matching section is Aa/4, but at
other frequenci Ilerent, S0 a perfect match_| Is no_Jonger obtaiticd.” We
R g e o

will now derive an approximale expression for the mismatch versus frequency,

6.26
The Ranoaoa,
= Zin ~ 2, = 212, - Zy) +IUZ} - 2,2,) 6.27

Zat2Zy  Z1(Z, ¥ 24 +IUZ} + Z,2,) )

Since Z} = 2,2, , this reduces to
Z;, ~ 2,

= A e 6.

2t Tt BT, 2
—
Z r 4 Z;, (real)

FIGURE 6.19 A single-section quarter-wave matching transformer, €= 0/4 ot the design
frequency f,,

6.4 The Quarter-Wave Transformer

The reflection coefficient magnitude is
121, ~ Zo|

= (20 + 2o + 42202, )
~S 1 7

B {(ZL+20/2L - Zo)’ + 42 2020/(Z1 - ZoP1}
L
T 1y
- {1+142Z, /(21 - ZoP) + 1420282 /(2L — 2o
1

= ZL/(Z1, — ZoP) wonuev
{1+ W22 /(20 = 2o e w e

20 = NQ. " . o.:ﬁ:&' &o\
sincqt+@=l+ind=secd, design frequency, J

PO

72

6.29

/2!

- the frequency is near U
\Ilw woi .“ Ma h_.._:m_wn .N__M-V _..naz._a (6.29) simplifies to
and 8 ~ x/2. Nt

Zi=Zol, o .m...ﬂ.ﬂ.\mg
T} = _Na,..c L, _aon@smm x

A ~Wave transformer near — T N ..,.-%xu. ~
ives the approximate mismatch of the quarter-w j.ﬂ N A

. Vi nate | . N L

““_m_w@.-_a MM”_:M_..&. as sketched in Figure 6.11. flection coefficient magnitude that can X N

en B @@H@;
x/2,and T = T\ 3t 0= 0,0 and .»L : |

9 .::... ric about 6 i nitude “
POl is s etric a ! 2 ion coefficient mag . -
since the response °~M=AM.N ) “0 uﬂn exact expression for reflection —a.r‘m“& .-
0= - 0,.. Equal | [

i lue, [y, of the re ¢ " u
oy .“. »ﬁnﬂ.ﬂ“ﬂmh the cw..:._ia___ of the matching transforme:
tolerated,.then

=iy v

in (6.29) allows us to solve for Oy,

6.32

or

2rf v, nf T [

S ——— e

= Vi
u 14 m
n—_n—ﬂ_O—ﬂ ——0 __Ob——_n-_nw of the lower ?B:Q edge at % % 1S

NQ:. \
\ m= P :
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Il
w O=p/

FIGURE 6.11  Approximate behavior of the reflection coefficient magnitude for a single-section
Quarier-wave transformer operating near its design frequency.

and the fractional bandwidth is, using (632), 1f = mu(%,

Af _o~fu) _y_ Um _,_ 40
Jo «:‘Se;!il .‘,.m‘llle...w.... ﬁ h
4 L 2vZoZL, Lraclinen

=2~ 5 ©o8 — =12 120 - %l o) 633

v ;
V The fractional bandwidth is usually expressed as a percentage, 100Af/ fo %. Note that

Lthe bandwidih of the transformer increases as Zr-becomes closer 10 Zy (a less mismatched
*A (such as waveguides) are uscd, the propagation constant is no longer a lincar function 5w ’ .
% of frequency, and the wave impedance will be frequency dependent. These factors scrve Lime
to complicate the general behavior of quarter-wave transformers for non-TEM fines,
but_in_practice the bandwidth of the transformer is often small enough so that these
complications do not substantially affect the result, Another factor ignored in the above *
analysis is the effect of reactances associated with discontinuitics when there is a step
r change in the dimensions of a transmission fine. This can often be compensated for by

making a small adjustment in the length of the matching section.

Figure 6.12 shows a plot of the reflection coefficient magnitude versus normalized
frequency for various mismatched loads. Note the trend of increased bandwidth for
smaller load mismatches.

EXAMPLE ah&

Design a single-section quarter-wave matching transformer to match a 10  load
1o a 50 Q tinc, at fy = 3 GHz. Determine the percent bandwidth for which the
SWR < 1.5,

Solution
From (6.25), the characteristic impedance of the matching section is

Z0Z;, = /(50)(10) = 22.36 0,

6.5 The Theory of Small Reflections

Z,/Zo = 10, 0.1

Zy/Zg = 4,0.25

Sfifo

FIGURE 6.12  Reflection coefficient magnitude versus frequency for a single-section quarter-

The above results are strictly valid only for TEM lines. When non-TEM lines N

wave matching transformer with various load mismaitches.

and the length of the matching section is A/4 at 3 GHz. An SWR of 1.5
corresponds 10 a reflection coefficient magnitude of
SWR -1 - 1.5~1 =02
SWR+1 L5+1 -
The fractional bandwidth is computed from (6.33) as
D\. 4 -1 Lon N( NaNF
1-12, |21 - Zo]

Fw=

-1 ﬂ 0.2 N,\Gox_ov_
S ~(0.2) |10—-50|
=0.29, or 29%. O

Hulwnom
n

THE THEORY OF SMALL REFLECTIONS

The quarter-wave transformer provides a mm.m_v_o means of matching any ”n_—._onn
impedance to any line impedance. For svv:nw:g.m requiring more_bandwidt ._. n.w__ M
single quarter-wave section can provide, multisection .B:g::ma can be used . e
“design of such transformers 75 the subjeciof the next two sections, but prior M .

material we need 1o derive some approximate results .,o.,. :..." ..o:__ _.n.=nn:m=_. coef! n_o_“:
caused by the partial reflections from several small discontinuities. This topic is generally

referred (o as the theory of small reflections {1).

Single-Section Transformer

Consider the single-section transformer shown in Figure 6.13; we will ._n.:<n an
approximate expression for the overall reflection coeflicient I'. The pastial seflection and
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6, = 180°

Short-circuit
load

l I' = —1, corresponding to a short circuit.

0.1 =0°
__‘_6‘2 I 9[ O
03 A Open-circuit
~0.4 /  load

0.5

-Q.ﬁ

~().7

038 // Unit circle

0.9 -

B —/

-1

6r = 270° or -90°

Figure 2-20: The complex I plane. Point Aisat 'y = 0.3 + j0.4 = 0.5¢/3%, and point B is at ['p = —0.5 — j0.2 =
[0.541¢/202° | The unit circle corresponds to |I'| = 1. Atpoint C, T = 1, corresponding to an open-circuit load, and at point D,

and
6; = tan~1(0.4/0.3) = 53°.

Similarly, point B represents 'y = —0.5 — 0.2,
or [ =0.54 and 6, = 202° [or, equivalently,
6, = (360° — 202°) = —158°]. Note that when both I';
and T'; are negative numbers 6; is in the third quadrant in
the [T plane. Thus, when using 8 = tan™!([';/ T'y) to

compute 6, it may be necessary to add or subtract 180°
to obtain the correct value of 6,.

Theunit circle shown in Fig. 2-20 corresponds to || =
1. Because |[I'| < 1 for a transmission line, only that
part of the I',~I'; plane that lies within the unit circle has
physical meaning; hence, future drawings will be limited
to the domain contained within the unit circle.

Impedances on a Smith chart are represented by
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Figure 2-21: Families of r1, and x, circles within the domain |T'] < 1.

meaningless). Hence, Eq. (2.100) can generate two
families of circles, one family corresponding to positive
values of x;_and another corresponding to negative values
of x.. Furthermore, as shown in Fig. 2-21, only part of
a given circle falls within the bounds of the unit circle.
The families of circles of the two parametric equations
given by Egs. (2.98) and (2.100) plotted for selected

values of ri and x, constitute the Smith chart shown in
Fig.2-22. A givenpointon the Smithchart, suchas point P
in Fig. 2-22, represents a normalized load impedance
zL = 2 — jl1, with a corresponding voltage reflection
coefficient ' = 0.45exp(—j26.6°). The magnitude
IT'] = 0.45 is obtained by dividing the length of the line
between the center of the Smith chart and the point P by
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Figure 2-22: Point P represents a normalized load impedance zp = 2 — j1. The reflection coefficient has a magnitude
—26.6°. Point R is an arbitrary point on the . = O circle (which also is the

the length of the line between the center of the Smith chart
and the edge of the unit circle (the radius of the unit circle
corresponds to |I"| = 1). The perimeter of the Smith chart
contains three concentric scales. The innermost scale is

¢

labeled angle of reflection coefficient in degrees. Thisis
the scale for 0;. Asindicated in Fig.2-22,6; = —26.6° for
point P. The meanings and uses of the other two scales are

discussed next.
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Figure 2-23: Point A represents a normalized load zp = 2 — j1 at 0.287A on the WTG scale. Point B represents the line
input at 0.1A from the load. At B, z;, = 0.6 — j0.66.
voltage standing-wave ratio (SWR) is related to |I'| by Thus, a constant value of |I"| corresponds to a specific
Eq. (2.59) as value for S. As was stated earlier, to transform z|_ to z;,,

we need to maintain |I'| constant, which means staying

14T on the SWR circle, and to decrease the phase of I" by 2 1.
§= 1—-I}" (2.107) This is equivalent to moving a distance ! = 0.1 toward
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load and the first voltage minimum is /pjp = (0.037 + 0.25)A = 0.287A.
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Figure 2-24: Point A represents a normalized load with z1, = 2 -16 j1. The standing wave ratio is § = 2.6 (at Pnax), the
distance between the load and the first voltage maximum is Jjmax = (0.25 — 0.213)A = 0.0374, and the distance between the

2-9.4 Impedance to Admittance Transformations

. . 1 reactance X:
In solving certain types of transmission line problems,

it is often more convenient to work with admittances
than with impedances. Any impedance Z is in general

Z=R+jX

a complex quantity consisting of a resistance R and a

(£2).
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Figure 2-25: Point A represents a normalized load 7. = 0.6 + j1.4. Its corresponding normalized admittance is ’37{ =

0.25 — j0.6; and it is at point B. /ﬁ - Y‘“/Ya Y /%, Y, 7,

Solution: (a) The normalized load impedance is Fig. 2-26. Using a ruler, a radial line is drawn from the
z 25+ i50 center of the chart at point O through point A, outward
L= -Zl-i = WJ——— = 0.5+ jl1, to the outer perimeter of the chart. The line crosses the

0

scale labeled “angle of reflection coefficient in degrees”
which is marked as point A on the Smith chart in at 6, = 83°. Next, aruleris used to measure the length d4
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At A, 6 = 83° and |T'| = da/do
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Figure 2-26: Solution for Example 2-10. Point A represents a normalized load zg = 0.5 + j1 at 0.135X on the WTG scale.
OA/OO’ = 0.62. At B, the standing-wave ratio is § = 4.26. The distance from

A to B gives Imax = 0.115) and from A to C gives Imin = 0.365A.
Zinp = 0.28 — j0.40, and point E represents the normalized input admittance yjz = 1.15 + j1.7.

Point D represents the normalized input impedance

of the line between points O and A and the length do
of the line between points O and O’, where O’ is an
arbitrary point on the rp, = 0 circle. The length do- is
equal to the radius of the |I"| = 1 circle. The magnitude

of I' is then obtained from |I"| = d4/do' = 0.62. Hence,
I =0.62¢/% = 0.62.£3. (2.121)

(b) Using a compass, the SWR circle with center at
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Figure 2-27: Solution for Example 2-11. Point A denotes that S = 3, point B represents the location of the voltage minimum,
and point C represents the load at 0.1251 on the WTL scale from point B. At C, z; = 0.6 — j0.8.

(G2.21 What line length corresponds to one complete Q2.23 Given a normalized impedance z;, how do you
rotation around the Smith chart? Why? use the Smith chart to find the corresponding normalized

. . admittance yp. = 1/z1.?
Q2.22 What points on the SWR circle correspond to the

locations of the voltage maxima and minima on the line
and why?




