Superposition Examples

The following examples illustrate the proper use of superposition of dependent sources. All superposition
equations are written by inspection using voltage division, current division, series-parallel combinations, and
Ohm’s law. In each case, it is simpler not to use superposition if the dependent sources remain active.

Example 1
The object is to solve for the current i in the circuit of Fig. 1. By superposition, one can write
24 2 3i 3
| = -7 — =2——q
"T312 312 3+2 5'
Solution for 4 yields
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Figure 1: Circuit for example 1.

If superposition of the controlled source is not used, two solutions must be found. Let i = i, +1p, where i,
is the current with the 7 A source zeroed and i, is the current with the 24 V source zeroed. By superposition,
we can write

S Bl 2 30
“T 342 342 YT 342 342
Solution for i, and i, yields
24 2
3+2 352 7
lqg = +3 =3A iy = —5 =——A
1+ — 1+ ——
+3+2 +3+2

The solution for 7 is thus
. . 5
1 =1q +ip = ZA

This is the same answer obtained by using superposition of the controlled source.

Example 2

The object is to solve for the voltages v; and vy across the current sources in Fig. 2, where the datum node
is the lower branch. By superposition, the current ¢ is given by
7 3 . T+15 17 88

- _ 17T 8.
ST I sts T Txbrs  Tx1545 27 a7

Solution for 7 yields
17/27 17

T 1-88/27 61

Although superposition can be used to solve for v; and v, it is simpler to write

vy =5i = —1.393V v = vy — (4i —i)15 = 11.148V
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Figure 2: Circuit for example 2.

Example 3
The object is to solve for the current 7, in the circuit of Fig. 3. By superposition, one can write
30 4 6 42
MEsrar2 Y6rdat2 Metrag2 12 M
Solution for i; yields
42/12
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Figure 3: Circuit for example 3.

Example 4

The object is to solve for the Thévenin equivalent circuit seen looking into the terminals A — A’ in the circuit
of Fig. 4. By superposition, the voltage v, is given by

2 80 10
= (3 — 1) (2]]40) + bvp—— = — (3 —ip) + =V,
Ve = (3= 10) (2I40) + Sva gy = 5 (B o) 4 5o
where 4, is the current drawn by any external load and the symbol “||” denotes a parallel combination.
Solution for v, yields
80/42
x:—3_.o =2. _.0
Ve = T qp/a (B i) =253 40)

Although superposition can be used to solve for v,, it is simpler to write
Vo = Vg — OV, = —30 4+ 107,

It follows that the Thévenin equivalent circuit consists of a —30V source in series with a —10 Q resistor. The
circuit is shown in Fig. 5.



Figure 4: Circuit for example 4.
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Figure 5: Thévenin equivalent circuit.

Example 5
The object is to solve for the voltage v, in the circuit of Fig. 6. By superposition, the current i, is given by
i = 70 20 n 50 20|12
7 4]20+2]10 4+20 " 10 +4]20]2 4+ 20[]2
B 24 10
20(|12 +4/|10 4+ 10
35 n 25 11,
= — 4+ —=——1
3 718 36"
Solution for 4 yields
35/3+25/18
iy = u —10A
1+11/36

Although superposition can be used to solve for v,, it is simpler to write

Vo =70 —41, =30V

Figure 6: Circuit for example 5.



Example 6

The object is to solve for the voltage v, in the circuit of Fig. 7. By superposition, the voltage va is given by
va = —0.4va X 104+ 5 x 10

This can be solved for va to obtain

5x 10
=— =10V
AT TR 04 %10
By superposition, ia is given by
L LR N L PN B
275420 %2045 25 %25 25
Thus v, is given by
v, = 10 — 5ip =24V
. 0.4v
5 Ty A
&
T Ny
10 v, 20 Uy 10 5
— @ —
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Figure 7: Circuit for example 6.

Example 7

The object is to solve for the voltage v as a function of vs and ¢4 in the circuit in Fig. 8. By superposition,

the current ¢ is given by
Vs

This can be solved for i to obtain
Vs g
VI
By superposition, the voltage v is given by
2 2
vo= % 523 + = X 31
5 5° 5 14 7
2 4.
= TUs — ois
7 7

Example 8

This example illustrates the use of superposition in solving for the dc bias currents in a BJT. The object is to
solve for the collector current I in the circuit of Fig. 9. Although no explicit dependent sources are shown,
the three BJT currents are related by Ic = SIp = alg, where (3 is the current gain and a = /(1 + ). If
any one of the currents is zero, the other two must also be zero. However, the currents can be treated as
independent variables in using superposition.



Figure 8: Circuit for Example 7.

Figure 9: Circuit for example 8.



By superposition of V*, Iy = I/, and I, the voltage Vg is given by

Rs Ic
Vg = Vt——= 2[R Ry ||R
B FE R B[(C+ 1) || R2]
RcRs

e
“Ro + R+ Ro

A node-voltage solution for Vg requires the solution of two simultaneous equations to obtain the same answer
which superposition yields by inspection. This equation and the equation

I
Ve = Ve + ECRE

can be solved for I to obtain

+ Ro _
V' wesrigm — VBE
(RC+R1)|IR2 + Rch + RE

[E] Rc+Ri+R2 «

Io =

In most contemporary electronics texts, the value Vpp = 0.7V is assumed in BJT bias calculations.

Example 9

This example illustrates the use of superposition to solve for the small-signal base input resistance of a BJT.
Fig. 10 shows the small-signal BJT hybrid-pi model with a resistor Rg from emitter to ground and a resistor
R¢ from collector to ground. In the model, r, = Vi /Ig and rg = (Va + Vog) /1o, where Vi is the thermal
voltage, Ip is the dc base current, V4 is the Early voltage, Vo is the dc collector-emitter voltage, and I
is the dc collector current.

gly T By, c e R

Figure 10: Circuit for example 9.

By superposition of i, and (i, the base voltage vy is given by

70

—iy[rr+ R + Ro)) + Biys——2———R
vp =1y [ el (ro o)) /BZbREJFTOJrRC E

This can be solved for the base input resistance r;, = vp,/ip to obtain

BroRE

riy = rn + Rl (ro + Ro) + 5—of
b el (ro + Re) FET——

which simplifies to

(1 +6 ) ro + R¢

Rg +ro+ Re

A node-voltage solution for r; requires the solution of three simultaneous equations to obtain the same
answer which follows almost trivially by superposition.

Tip =Tx + RE



Example 10

This example illustrates the use of superposition with an op-amp circuit. The circuit is shown in Fig. 11.
The object is to solve for vo. With vy = 0, it follows that v4 = vy, vp = 0, and ve = [1 + R4/ (R3||Rs5)] v1
By superposition of v4 and ve, vo can be written

R R R R R
vo:——QvA——ch——[—Q—i——Q(l—&— 1 )]vl

R Ry Rs Ry Rs||R5
With v; = 0, it follows that v4 = 0, vp = ve, and v = — (R4/R5)v2. By superposition of ve and ve, vo
can be written
Ry
— 1 _ 2
o ( " R1|R5) R, "¢
Rs R2 R4>
= 1 + — | U
( R1||Rs Rl Ry)
Thus the total expression for vp is
Ry Ry Ry
= — | —= = 1 =
o [Rs R ( +RS|Rs)]U1
Ry Rs Ry >
+(1+ + 2
( Ri||Rs Ry Rs
W
RZ R4 R1 RZ
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Figure 11: Circuit for Example 10.

Example 11

Figure 12 shows a circuit that might be encountered in the noise analysis of amplifiers. The amplifier is
modeled by a z-parameter model. The square sources represent noise sources. V;s and I;4, respectively,
model the thermal noise generated by Z, and Z4. V,, and I, model the noise generated by the amplifier.
The amplifier load is an open circuit so that I = 0. The open-circuit output voltage is given by

Vo(oc) =zi2l1 +1aZa

By superposition, the currents I; and 4 are given by

I o Vs +Vis + Vo Zs+ Za
! Zs+Za+zu1 " Zs+Za+zn
Za
s+ Za+ 21
I o ‘/;+Ws+vn . 211
A Zs+Za+z1 " Zs+Za+zn
Zs + 211
I 2t
tAzs+ZA+Z11



Note that when I,, = 0, the sources V;, Vis, and V,, are in series and can be considered to be one source
equal to the sum of the three. When these are substituted into the equation for V,,.) and the equation is
simplified, we obtain
2 Z
Votoe) = % [Vs +Vis + Vo
(Zs + Za) 201 — Zaz11
201+ Za
Zpzor — (Zs+ 211) Za ]

+In

—1Iia
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Figure 12: Circuit for Example 11.

Example 12

It is commonly believed that superposition can only be used with circuits that have more than one source.
This example illustrates how it can be use with a circuit having one. Consider the first-order all-pass filter
shown in Fig. 13(a). An equivalent circuit is shown in Fig. 13(b) in which superposition can be used to

write by inspection
R1 RC's R1 RCs—1
= (1+=2 ) ——Vv, -2, = ——
Ve (+R1>1+RCSV R T ROs 11"
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Figure 13: Circuit for Example 12.



