
çü@T|ih �

W_i@* ïTíú4T çðhUýð|t

Wkh rshudwlrqdo dpsolñhu/ ru rs dps dv lw lv frpprqo| fdoohg/ lv d ixqgdphqwdo hohphqw ri
dqdorj flufxlw ghvljq1 Lw lv prvw frpprqo| xvhg lq dpsolñhu dqg dqdorj vljqdo surfhvvlqj
flufxlwv lq wkh iuhtxhqf| edqg iurp 3 wr 433 nK}1 Kljk0iuhtxhqf| rs dpsv duh xvhg lq
dssolfdwlrqv wkdw uhtxluh d edqgzlgwk lqwr wkh PK} udqjh1 Wkh ñuvw rs dpsv zhuh ydfxxp0
wxeh flufxlwv zklfk zhuh ghyhorshg iru xvh lq dqdorj frpsxwhuv1 Prghuq rs dpsv duh
ideulfdwhg dv lqwhjudwhg flufxlwv wkdw eduh olwwoh uhvhpeodqfh wr hduo| flufxlwv1 Wklv fkdswhu
fryhuv vrph ri wkh edvlf dssolfdwlrqv ri wkh rs dps1 Lw lv wuhdwhg dv dq lghdo flufxlw hohphqw
zlwkrxw uhjdug wr lwv lqwhuqdo flufxlwu|1
Wkh qrwdwlrq xvhg lq wklv fkdswhu lv dv iroorzv= Wrwdo txdqwlwlhv duh lqglfdwhg e| orzhu0

fdvh ohwwhuv zlwk xsshu0fdvh vxevfulswv/ h1j1 yL / lR/ uLQ1 Vpdoo0vljqdo txdqwlwlhv duh lqglfdwhg
e| orzhu0fdvh ohwwhuv zlwk orzhu0fdvh vxevfulswv/ h1j1 yl/ lr/ ulq1 Wudqvihu ixqfwlrq yduldeohv
dqg skdvruv duh lqglfdwhg e| xsshu fdvh ohwwhuv dqg orzhu0fdvh vxevfulswv/ h1j1 Yl/ Lr/ ]lq1

�ë� Aüi W_i@* ïTíú4T

Wkh lghdo rs dps lv d wkuhh whuplqdo ghylfh wkdw lv prghohg dv d yrowdjh0frqwuroohg yrowdjh
vrxufh1 Wkdw lv/ lwv rxwsxw yrowdjh lv d jdlq pxowlsolhg e| lwv lqsxw yrowdjh1 Wkh flufxlw
v|pero lv jlyhq lq Ilj1 414+d,1 Wkh lqsxw yrowdjh lv wkh glòhuhqfh yrowdjh ehwzhhq wkh wzr
lqsxw whuplqdov1 Wkh rxwsxw yrowdjh lv phdvxuhg zlwk uhvshfw wr wkh flufxlw jurxqg dqg lv
jlyhq e|

yR @ D +y. ý yý, +414,

zkhuh D lv wkh yrowdjh jdlq/ y. lv wkh yrowdjh dw wkh qrq0lqyhuwlqj lqsxw/ dqg yý lv wkh
yrowdjh dw wkh lqyhuwlqj lqsxw1 Wkh frqwuroohg vrxufh prgho lv vkrzq lq Ilj1 414+e,1

Wkhuh duh wkuhh frqglwlrqv wkdw wkh whuplqdo fkdudfwhulvwlfv ri wkh lghdo rs dps vdwlvi|1
Wkhvh duh dv iroorzv=

41 Wkh fxuuhqw lq hdfk lqsxw ohdg lv }hur1 Wklv phdqv wkdw wkh lqsxw uhvlvwdqfh wr hdfk
lqsxw lv lqñqlwh1

4
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Iljxuh 414= +d, Rs0dps v|pero1 +e, Frqwuroohg0vrxufh prgho ri wkh lghdo rs dps1

51 Wkh rxwsxw yrowdjh lv lqghshqghqw ri wkh rxwsxw fxuuhqw1 Wklv phdqv wkdw wkh rxwsxw
uhvlvwdqfh lv }hur1

61 Wkh yrowdjh jdlq lv yhu| odujh/ dssurdfklqj lqñqlw| lq wkh olplw1 Li wkh rxwsxw yrowdjh
lv ñqlwh/ wklv phdqv wkdw wkh glòhuhqfh yrowdjh ehwzhhq wkh wzr lqsxwv pxvw dssurdfk
}hur1

Iru lw wr eh dfw dv dq dpsolñhu/ wkh rs dps pxvw kdyh ihhgedfn dssolhg iurp lwv rxwsxw
wr lwv lqyhuwlqj lqsxw1 Wkdw lv/ sduw ri wkh rxwsxw yrowdjh pxvw eh vdpsohg e| d qhwzrun
dqg ihg edfn lqwr wkh lqyhuwlqj lqsxw1 Wklv pdnhv lw srvvleoh wr ghvljq dq dpsolñhu vr wkdw
lwv jdlq lv vhw e| wkh ihhgedfn qhwzrun1

Iljxuh 415= +d, Rs dps zlwk srvlwlyh ihhgedfn1 +e, Rs dps zlwk qhjdwlyh ihhgedfn1

Wr looxvwudwh wkh hòhfwv ri ihhgedfn/ frqvlghu wkh flufxlwv lq Ilj1 4151 Wkh qhwzrunv
odehohg Q4 dqg QI / uhvshfwlyho|/ duh wkh lqsxw dqg ihhgedfn qhwzrunv1 Wkh rs dps ri Ilj1
415+d, kdv srvlwlyh ihhgedfn zkhuhdv wkh rs dps ri Ilj1 415+e, kdv qhjdwlyh ihhgedfn1 Ohw d
xqlw vwhs ri yrowdjh eh dssolhg wr wkh lqsxw ri hdfk flufxlw1 Wkh duurzv lq wkh ñjxuhv lqglfdwh
wkh gluhfwlrqv lq zklfk wkh lqsxw yrowdjhv fkdqjh/ l1h1 hdfk lqsxw yrowdjh jrhv srvlwlyh1 Iru
wkh flufxlw ri Ilj1 415+d,/ wkh srvlwlyh yrowdjh dw yL lv ihg wkurxjk Q4 wr fdxvh wkh yrowdjh
dw wkh y. whuplqdo wr jr srvlwlyh1 Wklv lv dpsolñhg e| d srvlwlyh jdlq +.D, dqg fdxvhv wkh
rxwsxw yrowdjh wr jr srvlwlyh1 Wklv lv ihg edfn wkurxjk QI wr pdnh wkh yrowdjh dw wkh y.
whuplqdo wr jr pruh srvlwlyh1 +Wkh duurz iru wkh ihhgedfn yrowdjh lv hqforvhg lq sduhqwkhvhv
wr glvwlqjxlvk lw iurp wkh duurz iru wkh lqlwldo lqfuhdvh lq yrowdjh1, Wklv fdxvhv wkh rxwsxw
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yrowdjh wr lqfuhdvh ixuwkhu/ fdxvlqj y. wr lqfuhdvh ixuwkhu/ hwf1 Lw lv fohdu wkdw wkh flufxlw lv
qrw vwdeoh zlwk srvlwlyh ihhgedfn1
Iru wkh flufxlw ri Ilj1 415+e,/ wkh srvlwlyh yrowdjh dw wkh lqsxw lv ihg wkurxjk Q4 wr fdxvh

wkh yrowdjh dw wkh yý whuplqdo wr jr srvlwlyh1 Wklv lv dpsolñhg e| d qhjdwlyh jdlq +ýD, dqg
fdxvhv wkh rxwsxw yrowdjh wr jr qhjdwlyh1 Wklv lv ihg edfn wkurxjk QI wr sduwldoo| fdqfho
wkh srvlwlyh yrowdjh dw wkh yý lqsxw1 Ehfdxvh wkh yý yrowdjh lv ghfuhdvhg e| wkh ihhgedfn/
lw iroorzv wkdw yR lv suhyhqwhg iurp jrlqj pruh qhjdwlyh1 Wkxv wkh flufxlw uhdfkhv d vwdeoh
htxloleulxp1
Wr looxvwudwh wkh hòhfwv ri ihhgedfn/ zh kdyh xvhg wkh frqfhsw ri vljqdo wudflqj lq wkh

flufxlwv ri Ilj1 4151 Vljqdo wudflqj lv d vlpsoh frqfhsw zklfk fdq eh dssolhg wr dq| flufxlw wr
fkhfn iru srvlwlyh dqg qhjdwlyh ihhgedfn1 Flufxlwv zklfk kdyh srvlwlyh ihhgedfn duh xqvwdeoh
lq jhqhudo dqg duh qrw xvhg iru dpsolñhu flufxlwv1 Zlwk ihz h{fhswlrqv/ wkh flufxlwv fryhuhg
lq wklv fkdswhu kdyh rqo| qhjdwlyh ihhgedfn1

�ë2 W?ñih|ð?} ú4T*ð�iht

�ë2ë� Aüi W?ñih|ð?} ú4T*ð�ih

Iljxuh 416+d, vkrzv wkh flufxlw gldjudp ri dq lqyhuwlqj dpsolñhu1 Wkh lqsxw vljqdo lv dssolhg
wkurxjk uhvlvwru U4 wr wkh yý rs0dps lqsxw1 Uhvlvwru UI lv wkh ihhgedfn uhvlvwru zklfk
frqqhfwv iurp wkh rxwsxw wr wkh lqyhuwlqj lqsxw1 Zh zloo ñqg wkdw wkh yrowdjh jdlq ri wkh
flufxlw lv qhjdwlyh1 Wklv lv wkh uhdvrq lw lv fdoohg dq lqyhuwlqj dpsolñhu1 Wkh y. rs0dps
lqsxw lv qrw xvhg1 Wkh ñjxuh vkrzv wklv lqsxw jurxqghg1

Iljxuh 416= +d, Lqyhuwlqj dpsolñhu1 +e, Frqwuroohg0vrxufh htxlydohqw flufxlw1

Iru wkh flufxlw ri Ilj1 416+d,/ wkh yrowdjh dw wkh lqyhuwlqj lqsxw lv jlyhq e| yý @ ýyR@D1
Li yR lv ñqlwh dqg D$4/ lw iroorzv wkdw yý $ 31 Hyhq wkrxjk wkh yý lqsxw lv qrw jurxqghg/
lw lv vdlg wr eh d yluwxdo jurxqg ehfdxvh wkh yrowdjh lv }hur/ l1h1 dw jurxqg srwhqwldo1 Ehfdxvh
lý @ 3/ wkh vxp ri wkh fxuuhqwv lqwr wkh yý qrgh wkurxjk uhvlvwruv U4 dqg UI pxvw eh }hur/
l1h1 l4 . lI @ 3/ zkhuh l4 @ yL@U4 dqg lI @ yR@UI 1 Wkxv zh fdq zulwh

l4 . lI @ 3, yL
U4

.
yR
UI

@ 3 +415,
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Wklv fdq eh vroyhg iru wkh yrowdjh jdlq wr rewdlq

yR
yL
@ ýUI

U4
+416,

Wkh lqsxw uhvlvwdqfh lv jlyhq e| uLQ @ yL@l41 Ehfdxvh yý @ 3/ lw iroorzv wkdw

uLQ @ U4 +417,

Wkh rxwsxw uhvlvwdqfh lv htxdo wr wkh rxwsxw uhvlvwdqfh ri wkh rs dps vr wkdw

uRXW @ 3 +418,

Wkh frqwuroohg vrxufh prgho ri wkh lqyhuwlqj dpsolñhu lv vkrzq lq Ilj1 416+e,1

H{dpsoh 4 Ghvljq dq lqyhuwlqj dpsolñhu zlwk dq lqsxw uhvlvwdqfh ri 5 nó/ dq rxwsxw
uhvlvwdqfh ri 433 ó/ dqg dq rshq0flufxlw yrowdjh jdlq ri ý63 +dq lqyhuwlqj ghfleho jdlq
ri 5<=8 gE,1

Vroxwlrq1 Wkh flufxlw gldjudp lv jlyhq lq Ilj1 417+d,1 Iru uLQ @ 5 nó/ Ht1 +417, jlyhv
U4 @ 5 nó1 Iru yR@yL @ ý63/ lw iroorzv iurp Ht1 +416, wkdw UI @ 93 nó1 Iru uRXW @ 433
ó/ wkh uhvlvwru UR @ 433 ó pxvw eh xvhg lq vhulhv zlwk wkh rxwsxw1

Iljxuh 417= +d, Flufxlw iru H{dpsoh 41 +e, Flufxlw iru H{dpsoh 51+f, Flufxlw iru H{dpsoh 61

H{dpsoh 5 Fdofxodwh wkh yrowdjh jdlq ri wkh flufxlw ri Ilj1 417+d, li d 4 nó ordg uhvlvwru
lv frqqhfwhg iurp wkh rxwsxw wr jurxqg1 Wkh flufxlw gldjudp lv vkrzq lq Ilj1 417+e,1
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Vroxwlrq1 Wkh yrowdjh jdlq ghfuhdvhv zkhq UO lv dgghg ehfdxvh ri wkh gurs dfurvv UR1
Wkh jdlq ghfuhdvhv e| d idfwru jlyhq e| wkh yrowdjh glylvlrq udwlr

UO
UR .UO

@
4333

4333 . 433
@
43

44

Wkxv wkh ordghg jdlq lv +43@44,û +ý63, @ ý5:=6 +dq lqyhuwlqj ghfleho jdlq ri 5;=: gE,1
H{dpsoh 6 Iru wkh lqyhuwlqj dpsolñhu ri Ilj1 417+e,/ lqyhvwljdwh wkh hòhfw ri frqqhfwlqj
wkh ihhgedfn uhvlvwru UI wr wkh ordg uhvlvwru UO udwkhu wkdq wr wkh rs dps rxwsxw whuplqdo1
Wkh flufxlw gldjudp lv vkrzq lq Ilj1 417+f,1

Vroxwlrq1 Ehfdxvh l4 . lI @ 3/ lw iroorzv wkdw yL@U4 . yR@UI @ 31 Wklv fdq vroyhg iru
wkh yrowdjh jdlq wr rewdlq yR@yL @ ýUI@U41 Ehfdxvh wklv lv lqghshqghqw ri UO/ lw iroorzv
wkdw wkh rxwsxw uhvlvwdqfh ri wkh flufxlw lv }hur1 Wkxv wkh flufxlw orrnv olnh wkh ruljlqdo
flufxlw ri Ilj1 417+e, zlwk UR @ 31 Zlwk UR 9@ 3/ wkh rs dps pxvw sxw rxw d odujhu yrowdjh
lq rughu wr pdlqwdlq d ordg yrowdjh wkdw lv lqghshqghqw ri UR1 Ohw y3R eh wkh yrowdjh dw wkh
rs0dps rxwsxw whuplqdo1 E| yrowdjh glylvlrq/ yR lv jlyhq e|

yR @ y
3
R

UOnUI
UOnUI .UR @

y3R
4 .UR@ +UOnUI ,

Wkxv y3R lv odujhu wkdq yR e| wkh idfwru 4.UR@ +UOnUI ,1 Li d ordg uhvlvwru lv dgghg wr wkh
flufxlw/ y3R zloo eh hyhq odujhu iru d jlyhq yR1

�ë2ë2 Aüi W?ñih|ð?} ú4T*ð�ih êð|ü A 6ii_M@U! ûi|êLh!

Li d kljk0jdlq lqyhuwlqj dpsolñhu lv uhtxluhg/ Ht1 +416, vkrzv wkdw hlwkhu UI pxvw eh odujh/
U4 pxvw eh vpdoo/ ru erwk1 Li U4 lv vpdoo/ wkh lqsxw uhvlvwdqfh jlyhq e| Ht1 +417, pd| eh
wrr orz wr phhw vshflñfdwlrqv1 Wkh lqyhuwlqj dpsolñhu zlwk d W ihhgedfn qhwzrun vkrzq lq
Ilj1 418+d, fdq eh xvhg wr rewdlq d kljk yrowdjh jdlq zlwkrxw d vpdoo ydoxh iru U4 ru yhu|
odujh ydoxhv iru wkh ihhgedfn uhvlvwruv1
Wkh vroxwlrq iru wkh yrowdjh jdlq lv vlpsolñhg e| pdnlqj d Wkhyhqlq htxlydohqw flufxlw

orrnlqj lqwr U5 iurp wkh yý whuplqdo1 Wkh flufxlw gldjudp lv jlyhq lq Ilj1 418+e,1 Ehfdxvh
l4 . lI @ 3/ lw iroorzv wkdw

yL
U4

.
yRU6
U6 .U7

û 4

U5 .U6nU7 @ 3 +419,

Wklv fdq eh vroyhg iru wkh jdlq wr rewdlq

yR
yL
@ ý

é
U5
U4

.
U7
U4

ë
4 .

U5
U6

êè
+41:,

Wkh rxwsxw uhvlvwdqfh lv }hur1 Wkh lqsxw uhvlvwdqfh lv U4=

H{dpsoh 7 Iru wkh lqyhuwlqj dpsolñhu lq Ilj1 418+d,/ vshfli| wkh uhvlvwru ydoxhv zklfk jlyh
dq lqsxw uhvlvwdqfh ri 43 nó dqg d jdlq ri ý4331 Wkh pd{lpxp uhvlvwru ydoxh lq wkh flufxlw
lv olplwhg wr 433 nó1
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Iljxuh 418= +d, Lqyhuwlqj dpsolñhu zlwk W ihhgedfn qhwzrun1 +e, Htxlydohqw flufxlw iru
fdofxodwlqj yR1

Vroxwlrq1 Wr phhw wkh lqsxw uhvlvwdqfh vshflñfdwlrq/ ohw U4 @ 43 nó1 Ohw U5 @ U7 @
433 nó1 Lw iroorzv iurp Ht1 +41:, wkdw U6 lv jlyhq e|

U6 @ U5

é
U4
U7

ë
yR
yL
.
U5
U4

ê
ý 4
èý4

@ 45=8 nó

�ë2ëô Aüi çýhhi?|í|LíVL*|@}i çL?ñih|ih

Wkh flufxlw gldjudp ri d fxuuhqw0wr0yrowdjh frqyhuwhu lv jlyhq lq Ilj1 419+d,1 Wkh flufxlw
lv d vshfldo fdvh ri dq lqyhuwlqj dpsolñhu zkhuh wkh lqsxw uhvlvwru lv uhsodfhg zlwk d vkruw
flufxlw1 Ehfdxvh wkh yý whuplqdo lv d yluwxdo jurxqg/ wkh lqsxw uhvlvwdqfh lv }hur1 Wkh rxwsxw
uhvlvwdqfh lv dovr }hur1 Ehfdxvh l4 . lI @ 3 dqg yR @ lIUI / lw iroorzv wkdw yR@l4 lv jlyhq
e|

yR
l4
@ ýUI +41;,

Iljxuh 419= +d, Fxuuhqw0wr0yrowdjh frqyhuwhu1 +e, Flufxlw zlwk dq lqsxw fxuuhqw vrxufh1

Wkh flufxlw ri Ilj1 419+e, vkrzv wkh fxuuhqw0wr0yrowdjh frqyhuwhu zlwk d fxuuhqw vrxufh
frqqhfwhg wr lwv lqsxw1 Ehfdxvh UV frqqhfwv iurp d yluwxdo jurxqg wr jurxqg/ wkh fxuuhqw
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wkurxjk lw lv }hur1 Lw iroorzv wkdw l4 @ lV dqg yR @ ýUI lV 1 Wkxv wkh rxwsxw yrowdjh lv
lqghshqghqw ri UV 1

�ëô ûL?íW?ñih|ð?} ú4T*ð�iht

�ëôë� Aüi ûL?íW?ñih|ð?} ú4T*ð�ih

Iljxuh 41:+d, vkrzv wkh flufxlw gldjudp ri d qrq0lqyhuwlqj dpsolñhu1 Wkh lqsxw yrowdjh
yL lv dssolhg wr wkh qrq0lqyhuwlqj rs0dps lqsxw1 D yrowdjh glylghu frqvlvwlqj ri uhvlvwruv
UI dqg U4 frqqhfwv iurp wkh rxwsxw qrgh wr wkh lqyhuwlqj lqsxw1 Wkh flufxlw lv fdoohg d
qrq0lqyhuwlqj dpsolñhu ehfdxvh lwv yrowdjh jdlq lv srvlwlyh1 Li wkh flufxlwv ri wkh lqyhuwlqj
dqg wkh qrq0lqyhuwlqj dpsolñhuv duh frpsduhg/ lw fdq eh vhhq wkdw wkh wzr duh wkh vdph li
yL @ 31 Wkxv wkh rqo| glòhuhqfh ehwzhhq wkh wzr dpsolñhuv lv wkh qrgh wr zklfk wkh lqsxw
yrowdjh lv dssolhg1

Iljxuh 41:= +d, Qrq0lqyhuwlqj dpsolñhu1 +e, Frqwuroohg0vrxufh prgho1

Iru wkh flufxlw ri Ilj1 41:+d,/ wkh yrowdjh glòhuhqfh ehwzhhq wkh wzr rs0dps lqsxwv lv
y. ý yý @ yR@D1 Iru yR ñqlwh dqg D$4/ lw iroorzv wkdw y. $ yý1 Ehfdxvh wkhuh lv qr
yrowdjh ehwzhhq wkh wzr lqsxwv/ d yluwxdo vkruw flufxlw lv vdlg wr h{lvw ehwzhhq wkhp1 Iru
lý @ 3/ wkh frqglwlrq wkdw y. @ yý uhtxluhv yL dqg yR wr vdwlvi| wkh htxdwlrq

y. @ yý , yL @ yR
U4

UI .U4
+41<,

zkhuh d yrowdjh glylvlrq kdv ehhq xvhg iru yý1 Wklv fdq eh vroyhg iru wkh jdlq wr rewdlq

yR
yL
@ 4 .

UI
U4

+4143,

Wkh lqsxw dqg rxwsxw uhvlvwdqfhv duh jlyhq e|

uLQ @4 +4144,
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uRXW @ 3 +4145,

Wkh frqwuroohg vrxufh prgho iru wkh qrq0lqyhuwlqj dpsolñhu lv vkrzq lq Ilj1 41:+e,1

H{dpsoh 8 Ghvljq d qrq0lqyhuwlqj dpsolñhu zklfk kdv dq lqsxw uhvlvwdqfh ri 43 nó/ dq
rshq0flufxlw yrowdjh jdlq ri 53/ dqg dq rxwsxw uhvlvwdqfh ri 933 ó1 Wkh ihhgedfn qhwzrun lv
vshflñhg wr gudz qr pruh wkdq 3=4 pD iurp wkh rs0dps rxwsxw zkhq wkh shdn rshq0flufxlw
rxwsxw yrowdjh lv 43 Y1

Iljxuh 41;= Flufxlw iru H{dpsoh 81

Vroxwlrq1 Wkh flufxlw gldjudp lv vkrzq lq Ilj1 41;1 Wkh lqsxw dqg rxwsxw uhvlvwdqfh
vshflñfdwlrqv uhtxluh Ul @ 43 nó dqg UR @ 933 ó1 Iru wkh vshflñhg fxuuhqw lq wkh ihhgedfn
qhwzrun/ zh pxvw kdyh 3=4 pD é 43@ +UI .U4,1 Li htxdolw| lv xvhg/ zh rewdlq UI .U4 @
433 nó1 Iru wkh vshflñhg rshq0flufxlw yrowdjh jdlq/ Ht1 +4143, jlyhv 4 . UI@U4 @ 53 ru
UI @ 4<U41 Lw iroorzv wkdw U4 @ 8 nó dqg UI @ <8 nó1

H{dpsoh 9 1 H{dplqh wkh hòhfw ri d frqqhfwlqj d uhvlvwru ehwzhhq wkh y. qrgh dqg wkh
yý qrgh lq wkh qrq0lqyhuwlqj dpsolñhu ri Ilj1 41:1

Vroxwlrq1 Iru dq lghdo rs dps/ y.ýyý @ 31 Lw iroorzv wkdw d uhvlvwru frqqhfwhg ehwzhhq
wkh lqsxwv kdv qr fxuuhqw ðrzlqj wkurxjk lw1 Wkhuhiruh/ wkh uhvlvwru kdv qr dssduhqw hòhfw
rq wkh flufxlw1 Wklv frqfoxvlrq dssolhv dovr iru wkh lqyhuwlqj dpsolñhu flufxlw ri Ilj1 4161
Zlwk sk|vlfdo rs dpsv/ krzhyhu/ d uhvlvwru frqqhfwhg ehwzhhq wkh y. dqg wkh yý whuplqdov
fdq dòhfw wkh shuirupdqfh ri wkh flufxlw e| hòhfwlyho| uhgxflqj wkh rshq0orrs jdlq ri wkh
rs dps1

�ëôë2 Aüi VL*|@}i 6L**Lêih

Wkh yrowdjh iroorzhu ru xqlw|0jdlq exòhu lv d qrq0lqyhuwlqj dpsolñhu zlwk xqlw| jdlq1 Wkh
flufxlw gldjudp lv vkrzq lq Ilj1 41<1 Ehfdxvh wkh rxwsxw qrgh lv frqqhfwhg gluhfwo| wr wkh
lqyhuwlqj lqsxw/ wkh flufxlw lv vdlg wr kdyh 433( ihhgedfn1 Ehfdxvh y. @ yý/ lw iroorzv wkdw
yR @ yL 1 Wkhuhiruh/ wkh flufxlw kdv xqlw| yrowdjh jdlq1 Wkh yrowdjh iroorzhu lv riwhq xvhg
wr lvrodwh d orz0uhvlvwdqfh ordg iurp d vrxufh kdylqj d kljk rxwsxw uhvlvwdqfh1 Wkdw lv/ wkh
yrowdjh iroorzhu vxssolhv wkh fxuuhqw wr gulyh wkh ordg zkloh gudzlqj qr fxuuhqw iurp wkh
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lqsxw flufxlw1 Lw lv dovr xvhg dv d exòhu lq dssolfdwlrqv zkhuh lw lv ghvluhg wr suhyhqw wkh
iuhtxhqf| uhvsrqvh ri d flufxlw iurp ehlqj d ixqfwlrq ri wkh rxwsxw uhvlvwdqfh ri wkh vrxufh
ru d ixqfwlrq ri wkh ordg uhvlvwdqfh1

Iljxuh 41<= Yrowdjh iroorzhu ru xqlw|0jdlq exòhu1

�ëôëô Aüi ûL?íW?ñih|ð?} ú4T*ð�ih êð|ü VL*|@}i @?_ çýhhi?| 6ii_í
M@U!

Iljxuh 4143+d, vkrzv wkh flufxlw gldjudp ri d qrq0lqyhuwlqj dpsolñhu lq zklfk wkh yrowdjh
ihg edfn wr wkh rs0dps lqyhuwlqj lqsxw lv d ixqfwlrq ri erwk wkh ordg yrowdjh dqg wkh ordg
fxuuhqw1 Wr vroyh iru wkh rxwsxw yrowdjh/ lw lv frqyhqlhqw wr ñuvw irup wkh Wkhyhqlq htxlydohqw
flufxlw vhhq e| UO1 Wkh flufxlw lv vkrzq lq Ilj1 4143+e,1 Wkh vrxufh kdv d ydoxh htxdo wr wkh
rshq0flufxlw ordg yrowdjh/ l1h1 wkh rxwsxw yrowdjh zlwk UO $ 41 Wkh uhvlvwru kdv d ydoxh
htxdo wr wkh udwlr ri wkh rshq0flufxlw ordg yrowdjh wr wkh vkruw0flufxlw ordg fxuuhqw/ l1h1 wkh
rxwsxw fxuuhqw zlwk UO @ 31

Iljxuh 4143= +d, Qrq0lqyhuwlqj dpsolñhu zlwk yrowdjh dqg fxuuhqw ihhgedfn1 +e, Wkhyhqlq
htxlydohqw flufxlw vhhq e| wkh ordg1

Zlwk UO @4/ wkh rxwsxw yrowdjh lv jlyhq e| yR+RF, @ l4 û +UI .U4,1 Ehfdxvh wkhuh
lv d yluwxdo vkruw ehwzhhq wkh y. dqg wkh yý whuplqdov/ lw iroorzv wkdw l4 @ yL@ +U4 .U5,1
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Wkxv yR+RF, fdq eh zulwwhq

yR+RF, @ yL
UI .U4
U4 .U5

+4146,

Zlwk UO @ 3/ wkhuh fdq eh qr fxuuhqw wkurxjk UI ru U4 vr wkdw yL @ yý @ lR+VF,U51 Wkxv
lR+VF, lv jlyhq e|

lR+VF, @
yL
U5

+4147,

Wkh rxwsxw uhvlvwdqfh lv jlyhq e|

uRXW @
yR+RF,
lR+VF,

@ U5
UI .U4
U4 .U5

+4148,

E| yrowdjh glylvlrq/ lw iroorzv iurp Ilj1 4143+e, dqg Ht1 +4146, wkdw wkh rxwsxw yrowdjh fdq
eh zulwwhq

yR @ yR+RF,
UO

uRXW .UO
@ yL

UI .U4
U4 .U5

UO
uRXW .UO

+4149,

�ëôëe Aüi ûi}@|ðñi +itðt|@?Ui çL?ñih|ih

Dowkrxjk lw lv qrw dq dpsolñhu/ wkh qhjdwlyh uhvlvwdqfh frqyhuwhu lv dq dssolfdwlrq ri wkh
qrq0lqyhuwlqj frqñjxudwlrq1 Wkh flufxlw gldjudp lv vkrzq lq Ilj1 41441 Wkh uhvlvwru U
eulgjhv wkh lqsxw dqg rxwsxw whuplqdov ri d qrq0lqyhuwlqj dpsolñhu1 Zh fdq zulwh

uLQ @
yL
l4

+414:,

l4 @
yL ý yR
U

+414;,

yR @

ë
4.

UI
U4

ê
yL +414<,

Vroxwlrq iru uLQ |lhogv

uLQ @ ýU4
UI

U +4153,

Wkxv wkh flufxlw kdv d qhjdwlyh lqsxw uhvlvwdqfh1
D uhvlvwru lq sdudooho zlwk dqrwkhu uhvlvwru htxdo wr lwv qhjdwlyh lv dq rshq flufxlw1 Lw

iroorzv wkdw wkh rxwsxw uhvlvwdqfh ri d qrq0lghdo fxuuhqw vrxufh/ l1h1 rqh kdylqj d qrq0lqñqlwh
rxwsxw uhvlvwdqfh/ fdq eh lqñqlwh e| dgglqj d qhjdwlyh uhvlvwdqfh lq sdudooho zlwk wkh fxuuhqw
vrxufh1 Qhjdwlyh uhvlvwruv gr qrw devrue srzhu iurp d flufxlw1 Lqvwhdg/ wkh| vxsso| srzhu1
Iru h{dpsoh/ li d fdsdflwru zlwk dq lqlwldo yrowdjh rq lw lv frqqhfwhg lq sdudooho zlwk d
qhjdwlyh uhvlvwru/ wkh yrowdjh rq wkh fdsdflwru zloo lqfuhdvh zlwk wlph1 Uhod{dwlrq rvfloodwruv
duh zdyhirup jhqhudwru flufxlwv zklfk xvh d qhjdwlyh uhvlvwdqfh lq sdudooho zlwk d fdsdflwru
wr jhqhudwh df zdyhirupv1
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Iljxuh 4144= Qhjdwlyh uhvlvwdqfh frqyhuwhu1

�ëe 5ý44ð?} ú4T*ð�iht

�ëeë� Aüi W?ñih|ð?} 5ý44ih

Wkh lqyhuwlqj vxpphu lv d edvlf rs0dps flufxlw wkdw lv xvhg wr vxp wzr ru pruh vljqdo
yrowdjhv/ wr vxp d gf yrowdjh zlwk d vljqdo yrowdjh/ hwf1 Wkh flufxlw gldjudp ri d irxu0
lqsxw lqyhuwlqj vxpphu lv vkrzq lq Ilj1 41451 Li doo lqsxwv duh jurxqghg h{fhsw wkh m wk
lqsxw/ zkhuh m @ 4/ 5/ 6/ ru 7/ Ht1 +416, iru wkh lqyhuwlqj dpsolñhu fdq eh xvhg wr zulwh
yR @ ý +UI@Um, yLm 1 Lw iroorzv e| vxshusrvlwlrq wkdw wkh wrwdo rxwsxw yrowdjh lv jlyhq e|

yR @ ýUI
U4
yL4 ý UI

U5
yL5 ý UI

U6
yL6 ý UI

U7
yL7 +4154,

Wkh lqsxw uhvlvwdqfh wr wkh m wk lqsxw lv Um1 Wkh rxwsxw uhvlvwdqfh ri wkh flufxlw lv }hur1

Iljxuh 4145= Irxu lqsxw lqyhuwlqj vxpphu1

H{dpsoh : Ghvljq dq lqyhuwlqj vxpphu zklfk kdv dq rxwsxw yrowdjh jlyhq e| yR @ 6ý5yL 1
Dvvxph wkdw .48 Y dqg ý48 Y vxsso| yrowdjhv duh dydlodeoh1
Vroxwlrq1 Wkh rxwsxw frqwdlqv d gf frpsrqhqw ri .6 Y1 Wklv fdq eh uhdol}hg e| xvlqj

wkh ý48 Y vxsso| dv rqh lqsxw1 Wkh flufxlw gldjudp lv vkrzq lq Ilj1 41461 Iru wkh vshflñhg
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Iljxuh 4146= Flufxlw iru H{dpsoh :1

rxwsxw/ zh fdq zulwh +ý48,û +ýUI @U4, @ 6 dqg ýUI@U5 @ ý51 Li zh fkrrvh UI @ 6 nó/
lw iroorzv wkdw U4 @ 48 nó dqg U5 @ 4=8 nó1

�ëeë2 Aüi ûL?íW?ñih|ð?} 5ý44ih

D qrq0lqyhuwlqj vxpphu fdq eh uhdol}hg e| frqqhfwlqj wkh lqsxwv wkurxjk uhvlvwruv wr wkh
lqsxw whuplqdo ri d qrq0lqyhuwlqj dpsolñhu1 Xqolnh wkh lqyhuwlqj dpsolñhu/ wkh lqsxw uhvlvwruv
gr qrw frqqhfw wr d yluwxdo jurxqg1 Wkxv d fxuuhqw ðrzv lq hdfk lqsxw uhvlvwru wkdw lv d
ixqfwlrq ri wkh yrowdjh dw wkh rwkhu lqsxwv1 Wklv pdnhv lw lpsrvvleoh wr ghñqh wkh lqsxw
uhvlvwdqfh iru dq| rqh lqsxw xqohvv doo rwkhu lqsxwv duh jurxqghg1 Wkh flufxlw gldjudp iru d
irxu0lqsxw qrq0lqyhuwlqj vxpphu lv vkrzq lq Ilj1 4147+d,1 Wr vroyh iru wkh rxwsxw yrowdjh/
lw lv frqyhqlhqw wr ñuvw pdnh Qruwrq htxlydohqw flufxlwv dw wkh y. whuplqdo iru hdfk ri wkh
lqsxwv1 Wkh flufxlw lv vkrzq lq Ilj1 4147+e,1 Ht1 +4143, fdq eh xvhg wr zulwh wkh htxdwlrq
iru yR dv iroorzv=

yR @

ë
4 .

UI
U9

ê
y.

@

ë
4 .

UI
U9

êë
yL4
U4

.
yL5
U5

.
yL6
U6

.
yL7
U7

ê
+U4nU5nU6nU7nU8, +4155,

Wkh rxwsxw uhvlvwdqfh ri wkh flufxlw lv }hur1 Li wkh yL5 wkurxjk yL7 lqsxwv duh jurxqghg/ wkh
lqsxw uhvlvwdqfh wr wkh yL4 qrgh lv jlyhq e|

uLQ @ U4 .U5nU6nU7nU8 +4156,

Wkh lqsxw uhvlvwdqfh wr wkh rwkhu lqsxwv fdq eh zulwwhq vlploduo|1

H{dpsoh ; Ghvljq d wzr0lqsxw qrq0lqyhuwlqj vxpphu zklfk kdv dq rxwsxw yrowdjh jlyhq
e| yR @ ;+yL4 . yL5,1 Zlwk hlwkhu lqsxw jurxqghg/ wkh lqsxw uhvlvwdqfh wr wkh rwkhu lqsxw lv
vshflñhg wr eh 43 nó1 Lq dgglwlrq/ wkh fxuuhqw zklfk ðrzv lq wkh jurxqghg lqsxw ohdg lv wr
eh 3=4 wlphv wkh fxuuhqw wkdw ðrzv lq wkh xqjurxqghg ohdg1

Vroxwlrq1 Wkh flufxlw gldjudp lv vkrzq lq Ilj1 41481 E| v|pphwu|/ lw iroorzv wkdw
U4 @ U51 Iru uLQ4 @ 43 nó zkhq yL5 @ 3/ zh kdyh U4 .U4nU6 @ 43 nó1 Iru yL5 @ 3/ l5 lv
jlyhq e| l5 @ ýl4U6@ +U6 .U4,1 Wkxv/ iru l5 @ ý3=4l4/ zh pxvw kdyh U6@ +U6 .U4, @ 3=41
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Iljxuh 4147= +d, Irxu lqsxw qrq0lqyhuwlqj vxpphu1 +e, Htxlydohqw flufxlw1

Iljxuh 4148= Iljxuh iru H{dpsoh ;1
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Lw iroorzv iurp wkhvh wzr htxdwlrqv wkdw U6 @ 43@<=< nó @ 4=34 nó dqg U4 @ U5 @ <U6 @
43@4=4 nó @ <=3< nó1 Li yL4 @ yL5 @ yL / zh fdq zulwh yR@yL @ 491 Wkxv zh fdq zulwh wkh
ghvljq htxdwlrq

49 @
y.
yL
û yR
y.

@
U6

U6 .U4nU5

ë
4 .

UI
U7

ê
Lw iroorzv iurp wklv htxdwlrq wkdw 4.UI@U7 @ ;;1 Wklv lv vdwlvñhg li zh fkrrvh U7 @ 5:3 ó
dqg UI @ 56=8 nó1

�ëD #ðgihi?|ð@* ú4T*ð�iht

�ëDë� Aüi 5ð?}*i ïTíú4T #ðgíú4T

D glòhuhqwldo dpsolñhu ru glò dps lv dq dpsolñhu zklfk kdv wzr lqsxwv dqg rqh rxwsxw1
Zkhq d vljqdo lv dssolhg wr rqh lqsxw/ lw rshudwhv dv d qrq0lqyhuwlqj dpsolñhu1 Zkhq d vljqdo
lv dssolhg wr wkh rwkhu lqsxw/ lw rshudwhv dv dq lqyhuwlqj dpsolñhu1 Wkh flufxlw gldjudp ri
d vlqjoh rs0dps glò dps lv vkrzq lq Ilj1 41491 Vxshusrvlwlrq fdq eh xvhg wr zulwh wkh
htxdwlrq iru yR dv iroorzv=

yR @ y.

ë
4 .

UI
U6

ê
ý yL5UI

U6
@ yL4

U5
U4 .U5

ë
4 .

UI
U6

ê
ý yL5UI

U6
+4157,

zkhuh Htv1 +416, dqg +4143, kdyh ehhq xvhg1

Iljxuh 4149= +d, Vlqjoh rs0dps glòhuhqwldo dpsolñhu1 +e, Htxlydohqw flufxlw iru wkh wuxh glò
dps1

Wkh glò0dps rxwsxw uhvlvwdqfh lv }hur1 Wkh lqsxw uhvlvwdqfh wr wkh yL4 qrgh lv

uLQ4 @ U4 .U5 +4158,
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Wkh fxuuhqw l5 zklfk ðrzv lq wkh yL5 lqsxw ohdg lv d ixqfwlrq ri wkh yrowdjh dw wkh yL4 lqsxw
dqg lv jlyhq e|

l5 @
yL5 ý yý
U6

@
4

U6

ë
yL5 ý yL4 U5

U4 .U5

ê
+4159,

zkhuh yý @ y. kdv ehhq xvhg1 Wkh lqsxw uhvlvwdqfh wr wkh yL5 qrgh lv jlyhq e| uLQ5 @
yL5@l5/ zklfk ghshqgv ri yL41 Iru h{dpsoh/ yL4 @ 3 jlyhv uLQ5 @ U6/ yL4 @ ýyL5 jlyhv
uLQ5 @ U6 +U4 .U5, @ +U4 . 5U5,/ yL4 @ .yL5 jlyhv uLQ5 @ U6 +4 .U5@U4,/ hwf1 Lq wkh
fdvh wkdw yL5 lv qrq0}hur dqg lqghshqghqw ri yL4/ uLQ5 @ U6 exw dq dgglwlrqdo fxuuhqw ðrzv
lq wkh yL5 lqsxw wkdw lv gxh wr yL41

�ëDë2 Aüi Ahýi #ðgíú4T

Wkh rxwsxw yrowdjh ri d wuxh glò dps lv }hur li yL4 @ yL51 Lw iroorzv iurp Ht1 +4157, wkdw
wkh frqglwlrq iru d wuxh glò dps lv

U5
U4

@
UI
U6

+415:,

Wr dfklhyh wklv frqglwlrq/ lw lv frpprq wr pdnh U4 @ U6 dqg U5 @ UI 1 Lq wklv fdvh/ wkh
rxwsxw yrowdjh fdq eh zulwwhq

yR @
UI
U6

+yL4 ý yL5, +415;,

Wkh frqwuroohg0vrxufh htxlydohqw flufxlw ri wkh wuxh glò dps lv vkrzq lq Ilj1 41814+e,1

H{dpsoh < Iru wkh glò0dps flufxlw ri Ilj1 4149/ lw lv jlyhq wkdw U4 @ U6 @ 43 nó dqg
U5 @ UI @ 53 nó1 Vroyh iru wkh rxwsxw yrowdjh ri wkh flufxlw/ wkh lqsxw uhvlvwdqfh wr wkh
yL4 whuplqdo/ dqg wkh lqsxw uhvlvwdqfh wr wkh yL5 whuplqdo iru wkh wkuhh fdvhv= yL4 @ 3/
yL4 @ ýyL5/ dqg yL4 @ .yL51

Vroxwlrq1 Ehfdxvh UI @U6 @ U5@U4/ wkh rxwsxw yrowdjh lv jlyhq e| Ht1 +415;,1 Lw lv
yR @ 5 +yL4 ý yL5,1 Wkh lqsxw uhvlvwdqfh wr wkh yL4 qrgh lv 63 nó1 Dv ghvfulehg deryh/
wkh lqsxw uhvlvwdqfh wr wkh yL5 whuplqdo lv d ixqfwlrq ri yL41 Iru yL4 @ 3/ lw lv 43 nó1 Iru
yL4 @ ýyL5/ lw lv 9 nó1 Iru yL4 @ .yL5/ lw lv 73 nó=

�ëDëô #ðgihi?|ð@* @?_ çL44L?í�L_i VL*|@}i B@ð?t

Iljxuh 414: vkrzv d glò0dps flufxlw zlwk wkuhh vrxufhv dw lwv lqsxw1 Wkh wzr lqsxw yrowdjhv
duh jlyhq e|

yL4 @ yFP .
yG
5

+415<,

yL5 @ yFP ý yG
5

+4163,
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Iljxuh 414:= Glò dps zlwk glòhuhqwldo dqg frpprq0prgh lqsxwv1

Wkh yrowdjh yFP lv fdoohg wkh frpprq0prgh lqsxw yrowdjh ehfdxvh lw dsshduv htxdoo| dw
erwk lqsxwv1 Wkh yrowdjh yG lv fdoohg wkh glòhuhqwldo lqsxw yrowdjh ehfdxvh rqh0kdoi ri lwv
ydoxh dsshduv dw hdfk lqsxw zlwk rssrvlwh srodulwlhv1
Lw lv riwhq frqyhqlhqw wr dqdo|}h glò0dps flufxlwv e| h{suhvvlqj wkh lqsxw yrowdjhv lq

whupv ri frpprq0prgh dqg glòhuhqwldo frpsrqhqwv1 Wkh yrowdjhv yG dqg yFP fdq eh
h{suhvvhg lq whupv ri yL4 dqg yL5 dv iroorzv=

yG @ yL4 ý yL5 +4164,

yFP @
yL4 . yL5

5
+4165,

Wkhvh wzr htxdwlrqv fdq eh xvhg wr uhvroyh dq| wzr duelwudu| lqsxw yrowdjhv lqwr glòhuhqwldo
dqg frpprq0prgh frpsrqhqwv1 Iru h{dpsoh/ yL5 @ 3 jlyhv yG @ yL4 dqg yFP @ yL4@5/
yL5 @ ýyL4 jlyhv yG @ 5yL4 dqg yFP @ 3/ yL5 @ yL4 jlyhv yG @ 3 dqg yFP @ yL4/ hwf1
E| Ht1 +4157,/ wkh rxwsxw yrowdjh ri wkh glò dps lq Ilj1 414: fdq eh zulwwhq

yR @
í
yFP .

yG
5

ì U5
U4 .U5

ë
4 .

UI
U6

ê
ý
í
yFP ý yG

5

ì UI
U6

@ yFP
U5

U4 .U5

ë
4ý UIU4

U5U6

ê
.
yG
5

UI
U6

ë
4 .

U5 +U6 .UI ,

UI +U4 .U5,

ê
+4166,

Wklv htxdwlrq fdq eh xvhg wr ghñqh wkh glòhuhqwldo dqg frpprq0prgh yrowdjh jdlqv/ uh0
vshfwlyho|/ dv iroorzv=

Dg @
yR
yG

@
UI
5U6

ë
4 .

U5 +U6 .UI ,

UI +U4 .U5,

ê
+4167,

Dfp @
yR
yFP

@
U5

U4 .U5

ë
4ý UIU4

U5U6

ê
+4168,

Li UI @U5 @ U6@U4/ wkhvh htxdwlrqv jlyh Dg @ UI @U6 dqg Dfp @ 31
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�ëDëe Aüi çL44L?í�L_i +iéiU|ðL? +@|ðL

Iru d wuxh glò dps/ wkh frpprq0prgh yrowdjh jdlq lv }hur1 Lq sudfwlfh/ lw lv glïfxow wr
dfklhyh d frpprq0prgh jdlq wkdw lv h{dfwo| }hur ehfdxvh ri uhvlvwru wrohudqfhv dqg qrq0lghdo
rs0dps fkdudfwhulvwlfv1 D ñjxuh ri phulw iru wkh wuxh glò dps lv wkh udwlr ri lwv glòhuhqwldo
yrowdjh jdlq wr lwv frpprq0prgh yrowdjh jdlq1 Wklv lv fdoohg wkh frpprq0prgh uhmhfwlrq
udwlr ru FPUU1 Lghdoo|/ lw lv lqñqlwh1 Wkh FPUU ri wkh flufxlw lq Ilj1 414: lv jlyhq e|

FPUU @
Dg
Dfp

@

UI
5U6

í
4 . U5+U6.UI ,

UI +U4.U5,

ì
U5

U4.U5

í
4ý UIU4

U5U6

ì +4169,

Wklv lv riwhq h{suhvvhg lq ghflehov e| wkh uhodwlrq 53 orj +FPUU,1

H{dpsoh 43 Iru wkh glò0dps flufxlw ri Ilj1 414;/ vroyh iru yR/ wkh fxuuhqw l/ wkh uhvlvwdqfh
vhhq e| wkh jhqhudwru/ wkh lqsxw yrowdjhv yL4dqg yL5/ dqg wkh frpprq0prgh lqsxw yrowdjh1

Iljxuh 414;= Flufxlw iru H{dpsoh 431

Vroxwlrq1 E| Ht1 +415;,/ yR lv jlyhq e|

yR @
UI
U6
yG

Ehfdxvh wkhuh lv d yluwxdo vkruw flufxlw ehwzhhq wkh rs0dps lqyhuwlqj dqg qrq0lqyhuwlqj
lqsxwv/ lw iroorzv wkdw l lv jlyhq e|

l @
yG
5U6

Wkxv wkh jhqhudwru vhhv wkh uhvlvwdqfh 5U61
Wr vroyh iru yL4 dqg yL5/ zh fdq zulwh

yL4 @ l +U6 .UI , @
yG
5U6

+U6 .UI , @
yG
5

ë
UI
U6

. 4

ê
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yL5 @ yL4 ý yG @ yG
5

ë
UI
U6

ý 4
ê

Wkh frpprq0prgh frpsrqhqw ri yL4 dqg yL5 lv jlyhq e|

yFP @
yL4 . yL5

5
@
UI
U6

û yG
5
@
yR
5

Wkxv wkh rs dps irufhv d frpprq0prgh yrowdjh dw wkh wzr glò0dps lqsxwv wkdw lv htxdo wr
rqh0kdoi wkh rxwsxw yrowdjh1

�ëDëD Aüi 5êð|Uü Oð||ih

Wkh vlqjoh rs0dps glò dps flufxlw ri Ilj1 414<+d, lv nqrzq dv d vzlwfk klwwhu1 Wkh vljqdo
dssolhg wr wkh y. rs0dps lqsxw lv wdnhq iurp wkh zlshu ri d srwhqwlrphwhu1 Wr vroyh iru
wkh rxwsxw yrowdjh dv d ixqfwlrq ri wkh srvlwlrq ri wkh zlshu/ zh ghqrwh wkh srwhqwlrphwhu
uhvlvwdqfh iurp zlshu wr jurxqg e| {Us/ zkhuh 3 é { é 41 E| yrowdjh glylvlrq/ lw iroorzv
wkdw y. @ {yL 1 Wkh flufxlw lv uhgudzq lq Ilj1 414<+e, zlwk vhsdudwh vrxufhv gulylqj wkh
lqyhuwlqj dqg wkh qrq0lqyhuwlqj lqsxwv1 E| vxshusrvlwlrq ri wkh wzr vrxufhv/ wkh rxwsxw
yrowdjh fdq eh zulwwhq

yR @ 5y. ý yL @ +5{ý 4, yL +416:,

zkhuh Htv1 +416, dqg +4143, kdyh ehhq xvhg1 Lw iroorzv wkdw wkh yrowdjh jdlq ri wkh flufxlw
lv 5{ ý 41 Wkh jdlq lv ý4 iru { @ 3/ 3 iru { @ 3=8/ dqg .4 iru { @ 41 Wkxv wkh jdlq fdq
eh ydulhg iurp ý4 wkurxjk 3 wr .4 dv wkh srvlwlrq ri wkh srwhqwlrphwhu zlshu lv ydulhg1
Vxfk d flufxlw pljkw eh xvhg zkhq lw lv ghvluhg wr fkdqjh wkh srodulw| ri d vljqdo zkhq lw lv
vxpphg zlwk rwkhu vljqdov/ h1j1 lq d vrxqg pl{lqj frqvroh1

Iljxuh 414<= +d, Vzlwfk klwwhu1 +e, Htxlydohqw flufxlw1

�ëDëS Aüi AêL ïTíú4T #ðgíú4T

D wzr rs0dps glò dps lv vkrzq lq Ilj1 41531 E| vxshusrvlwlrq/ wkh rxwsxw yrowdjh lv jlyhq
e|

yR @ ýUI5
U6

y34 ý UI 5
U5

yL5 @
UI 4UI5
U4U6

yL4 ý UI5
U5

yL5 +416;,
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zkhuh Ht1 +416, kdv ehhq xvhg1 Wkh flufxlw rshudwhv dv d wuxh glò dps li rqh ri wzr
frqglwlrqv lv vdwlvñhg1 Rqh frqglwlrq lv U4 @ UI4 dqg U6 @ U51 Wkh rwkhu lv U4 @ U5 dqg
UI4 @ U61 Xqghu hlwkhu frqglwlrq/ yR lv jlyhq e|

yR @
UI 5
U5

+yL4 ý yL5, +416<,

Wkh lqsxw uhvlvwdqfh wr wkh yL4 lqsxw lv U41 Wkh lqsxw uhvlvwdqfh wr wkh yL5 lqsxw lv U51
Wkh rxwsxw uhvlvwdqfh lv }hur1

Iljxuh 4153= Wzr rs0dps glò dps1

Wkh wzr rs0dps glò dps kdv vhyhudo dgydqwdjhv ryhu wkh vlqjoh rs0dps glò dps1 Wkh
lqsxw uhvlvwdqfh wr hlwkhu lqsxw lv qrw d ixqfwlrq ri wkh yrowdjh dw wkh rwkhu lqsxw1 Wkh
frpprq0prgh yrowdjh dw wkh lqsxwv lv qrw d ixqfwlrq ri wkh rxwsxw yrowdjh1 Zkhq wkh
flufxlw lv xvhg dv d wuxh glò dps/ wkh glòhuhqwldo yrowdjh jdlq fdq eh ydulhg e| ydu|lqj d
vlqjoh uhvlvwru1 Wklv uhvlvwru lv UI51 Wkh vlqjoh rs0dps glò dps grhv qrw kdyh wklv ihdwxuh1

H{dpsoh 44 Ghvljq d wzr rs0dps glò dps zklfk kdv d glòhuhqwldo yrowdjh jdlq ri 53/ d
frpprq0prgh yrowdjh jdlq ri 3/ dqg dq lqsxw uhvlvwdqfh wr hdfk lqsxw ri 43 nó=

Vroxwlrq1 Iru wkh flufxlw ri Ilj1 4153/ wkh lqsxw uhvlvwdqfh vshflñfdwlrqv fdq eh phw zlwk
U4 @ U5 @ 43 nó1 Iru wkh glòhuhqwldo jdlq vshflñfdwlrq/ lw iroorzv iurp Ht1 +416<, wkdw
UI5@U5 @ 531 Wkxv zh pxvw kdyh UI 5 @ 533 nó1 Iru d frpprq0prgh jdlq ri }hur/ zh
pxvw kdyh hlwkhu U4 @ UI4 dqg U6 @ U5 ru U4 @ U5 dqg UI4 @ U61 Ehfdxvh zh kdyh
douhdg| vshflñhg wkdw U4 @ U5/ zh pxvw kdyh UI 4 @ U61 Wkh ydoxh iru wkhvh uhvlvwruv lv
duelwudu|1 Ohw UI 4 @ U6 @ 533 nó=

�ëDë. Aüi W?t|hý4i?|@|ðL? ú4T*ð�ih

Wkh glò0dps flufxlw ri Ilj1 4154 lv nqrzq dv dq lqvwuxphqwdwlrq dpsolñhu1 Lq vrph dssolfd0
wlrqv/ lw lv fdoohg dq dfwlyh wudqviruphu1 Wr vroyh iru yR/ zh xvh vxshusrvlwlrq ri wkh lqsxwv
yL4 dqg yL51 Zlwk yL5 @ 3/ wkh yý whuplqdo ri rs dps 5 lv dw yluwxdo jurxqg dqg rs dps 4
rshudwhv dv d qrq0lqyhuwlqj dpsolñhu1 E| Ht1 +4143,/ lwv rxwsxw yrowdjh lv jlyhq e|

yR4 @

ë
4 .

UI 4
U4

ê
yL4 +4173,
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Ehfdxvh wkhuh lv d yluwxdo vkruw flufxlw ehwzhhq wkh y. dqg yý lqsxwv ri rs dps 4/ wkh
yrowdjh dw wkh orzhu qrgh ri U4 lv yL41 Lw iroorzv wkdw rs dps 5 rshudwhv dv dq lqyhuwlqj
dpsolñhu1 E| Ht1 +416,/ lwv rxwsxw yrowdjh lv jlyhq e|

yR5 @ ýUI 4
U4

yL4 +4174,

Rs0dps 6 rshudwhv dv d wuxh glò dps1 E| Ht1 +415;,/ lwv rxwsxw yrowdjh lv jlyhq e|

yR @
UI5
U5

+yR4 ý yR5, @ UI5
U5

ë
4 . 5

UI4
U4

ê
yL4 +4175,

Iljxuh 4154= Lqvwuxphqwdwlrq dpsolñhu1

Vlploduo|/ iru yL4 @ 3/ yR lv jlyhq e|

yR @ ýUI 5
U5

ë
4 . 5

UI4
U4

ê
yL5 +4176,

E| vxshusrvlwlrq/ wkh wrwdo rxwsxw yrowdjh lv

yR @
UI 5
U5

ë
4 . 5

UI4
U4

ê
+yL4 ý yL5, +4177,

Wklv lv wkh yrowdjh rxwsxw ri d wuxh glò dps1 Wkh lqsxw uhvlvwdqfh wr hdfk lqsxw ri wkh
dpsolñhu lv lqñqlwh1 Wkh rxwsxw uhvlvwdqfh lv }hur1
Wkh lqvwuxphqwdwlrq dpsolñhu fdq eh wkrxjkw ri dv wkh fdvfdgh frqqhfwlrq ri wzr dp0

solñhuv1 Wkh ñuvw vwdjh frqvlvwv ri rs dpsv 4 dqg 51 Ohw lwv yrowdjh jdlq eh ghqrwhg e| D41
Wkh vhfrqg vwdjh frqvlvwv ri rs dps 61 Ohw lwv yrowdjh jdlq eh ghqrwhg e| D51 Wkh wzr
jdlqv duh jlyhq e|

D4 @
yR4 ý yR5
yL4 ý yL5 @ 4 . 5

UI 4
U4

+4178,
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D5 @
yR

yR4 ý yR5 @
UI 5
U5

+4179,

Lw fdq eh vhhq wkdw D4 uhsuhvhqwv wkh udwlr ri d glòhuhqwldo rxwsxw yrowdjh wr d glòhuhqwldo
lqsxw yrowdjh dqg D5 uhsuhvhqwv wkh udwlr ri d vlqjoh0hqghg rxwsxw yrowdjh wr d glòhuhqwldo
lqsxw yrowdjh1
Wkh lqvwuxphqwdwlrq dpsolñhu lv xvhg lq dssolfdwlrqv zkhuh d wuxh glò dps lv uhtxluhg

zlwk d yhu| kljk lqsxw uhvlvwdqfh dqg d yhu| kljk frpprq0prgh uhmhfwlrq udwlr1 D srwhq0
wlrphwhu frqqhfwhg dv d yduldeoh uhvlvwru lq vhulhv zlwk U4 fdq eh xvhg wr dgmxvw wkh yrowdjh
jdlq1 D srwhqwlrphwhu frqqhfwhg dv d yduldeoh uhvlvwru lq vhulhv zlwk U6 fdq eh xvhg wr
rswlpl}h wkh FPUU1 Wr gr wklv h{shulphqwdoo|/ wkh wzr lqsxwv duh frqqhfwhg wrjhwkhu dqg
d frpprq0prgh vljqdo yrowdjh dssolhg1 Wkh srwhqwlrphwhu lq vhulhv zlwk U6 lv dgmxvwhg iru
plqlpxp rxwsxw yrowdjh1

H{dpsoh 45 Ghvljq dq lqvwuxphqwdwlrq dpsolñhu zklfk kdv d glòhuhqwldo yrowdjh jdlq ri
433 +d ghfleho jdlq ri 73 gE, dqg d frpprq0prgh yrowdjh jdlq ri }hur1

Vroxwlrq1 Wkh jdlq ri 433 pxvw eh glylghg ehwzhhq wkh wzr vwdjhv ri wkh flufxlw1 Lw
lv frqyhqlhqw wr jlyh wkh lqsxw vwdjh/ frqvlvwlqj ri rs dpsv 4 dqg 5/ d jdlq ri 43 dqg wkh
vhfrqg vwdjh/ frqvlvwlqj ri rs dps 6/ d jdlq ri 431 Xvlqj Htv1 +4178, dqg +4179,/ zh fdq
zulwh wkh wzr ghvljq htxdwlrqv

4 . 5
UI4
U4

@ 43 dqg
UI 5
U5

@ 43

Zlwk wzr htxdwlrqv dqg irxu xqnqrzqv/ lw lv qhfhvvdu| wr dvvljq ydoxhv wr wzr ri wkh uhvlvwruv1
Ohw UI4 @ UI5 @ 43 nó1 Lw iroorzv wkdw U5 @ 4 nó dqg U4 @ 43@7=8 nó @ 5=55 nó1

�ëDëH Aüi #ðgihi?|ð@* ïý|Tý| ú4T*ð�ih

Iljxuh 4155 vkrzv wkh flufxlw gldjudp ri d glòhuhqwldo rxwsxw dpsolñhu1 Wklv flufxlw kdv wzr
rxwsxw yrowdjhv zklfk kdyh rssrvlwh srodulwlhv1 Wkdw lv/ li yR4 lv srvlwlyh/ yR5 lv qhjdwlyh/
dqg ylfh yhuvd1 Ehfdxvh wkh orzhu qrgh ri uhvlvwru U4 lv dw yluwxdo jurxqg/ Ht1 +4143, fdq
eh xvhg wr zulwh iru yR4

yR4 @

ë
4.

UI4
U4

ê
yL +417:,

Ehfdxvh wkhuh lv d yluwxdo vkruw ehwzhhq wkh lqyhuwlqj dqg qrq0lqyhuwlqj lqsxwv wr rs dps
4/ wkh xsshu qrgh ri U4 vhhv wkh lqsxw yrowdjh yL 1 Wkxv Ht1 +416, fdq eh xvh wr zulwh iru
yR5

yR5 @ ýUI 5
U4

yL +417;,

Lq prvw dssolfdwlrqv ri wkh glòhuhqwldo rxwsxw dpsolñhu/ wkh frqglwlrq yR5 @ ýyR4 lv
ghvluhg1 Zkhq wklv lv vdwlvñhg/ wkh dpsolñhu lv vdlg wr eh d edodqfhg glòhuhqwldo rxwsxw
dpsolñhu1 Wklv uhtxluhv wkh frqglwlrq 4 .UI4@U4 @ UI5@U4 zklfk uhgxfhv wr

UI4 @ UI5 ýU4 +417<,
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Iljxuh 4155= Glòhuhqwldo rxwsxw dpsolñhu1

Lq wklv fdvh/ wkh rxwsxw yrowdjhv fdq eh zulwwhq

yR4 @ ýyR5 @ UI 5
U4

yL +4183,

Wkh glòhuhqwldo rxwsxw yrowdjh lv jlyhq e|

yR @ yR4 ý yR5 @ 5UI 5
U4

yL +4184,

H{dpsoh 46 Ghvljq d edodqfhg glòhuhqwldo rxwsxw dpsolñhu zlwk dq rshq0flufxlw yrowdjh
jdlq ri 7/ dq lqsxw uhvlvwdqfh ri 43 nó/ dqg d edodqfhg rxwsxw uhvlvwdqfh ri 933 ó1 Wkh
dpsolñhu lv wr gulyh d 933 ó ordg1 Li wkh pd{lpxp shdn rxwsxw yrowdjh iurp hdfk rs dps lv
÷45 Y/ fdofxodwh wkh pd{lpxp shdn ordg yrowdjh dqg wkh rxwsxw ohyho lq gEp iru d vlqh zdyh
lqsxw vljqdo1 +Wkh gEp lv wkh ghfleho rxwsxw srzhu uhihuhqfhg wr wkh srzhu Shiu @ 4 pZ1,

Vroxwlrq1 Wkh flufxlw gldjudp lv vkrzq lq Ilj1 41561 Iru wkh lqsxw uhvlvwdqfh vshflñfd0
wlrq/ zh kdyh Ul @ 43 nó1 Iru dq rshq0flufxlw yrowdjh jdlq ri 7/ lw iroorzv iurp Ht1 +4184,
wkdw 5UI5@U4 @ 71 Wklv fdq eh vdwlvñhg e| fkrrvlqj UI5 @ 53 nó dqg U4 @ 43 nó1 Ht1
+417<, jlyhv UI4 @ 43 nó1 Wr dfklhyh d 933 ó edodqfhg rxwsxw uhvlvwdqfh/ zh pxvw kdyh
UR4 @ UR5 dqg UR4 . UR5 @ 9331 Lw iroorzv wkdw UR4 @ UR5 @ 633 ó1 Li wkh yrowdjh
rxwsxw ri rs dps 4 shdnv dw .45 Y/ wkh yrowdjh rxwsxw iurp rs dps 5 shdnv dw ý45 Y
dqg wkh shdn ordg yrowdjh lv yS @ 57 û 933@ +933 . 933, @ 45 Y/ zkhuh d yrowdjh glylghu
uhodwlrq kdv ehhq xvhg1 Wkh rxwsxw ohyho lq gEp lv jlyhq e|

Rxwsxw Ohyho @ 43 orj

é
y5S@5UO
Suhi

è
@ 43 orj

é
455@4533

3=334

è
@ 53=; gEp
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Iljxuh 4156= Flufxlw iru H{dpsoh 461

�ëS ïTíú4T #ðgihi?|ð@|Lht

�ëSë� Aüi W_i@* #ðgihi?|ð@|Lh

D glòhuhqwldwru kdv dq rxwsxw yrowdjh wkdw lv sursruwlrqdo wr wkh wlph ghulydwlyh ri lwv
lqsxw yrowdjh1 Ilj1 4157 jlyhv wkh flufxlw gldjudp ri wkh rs0dps glòhuhqwldwru1 Wkh flufxlw
lv vlplodu wr wkh lqyhuwlqj dpsolñhu lq Ilj1 416 zlwk wkh h{fhswlrq wkdw uhvlvwru U4 lv uhsodfhg
e| d fdsdflwru1 Lw iroorzv wkdw Ht1 +416, fdq eh xvhg wr vroyh iru wkh yrowdjh jdlq wudqvihu
ixqfwlrq e| uhsodflqj U4 zlwk wkh lpshgdqfh ri wkh fdsdflwru1 Wkh wudqvihu ixqfwlrq lv jlyhq
e|

Yr
Yl
@ ý UI

+4@F4v,
@ ýUIF4v +4185,

Iljxuh 4157= Lghdo glòhuhqwldwru1

Ehfdxvh d pxowlsolfdwlrq e| v lq wkh frpsoh{ iuhtxhqf| grpdlq lv htxlydohqw wr d gli0
ihuhqwldwlrq lq wkh wlph grpdlq/ lw iroorzv iurp wkh deryh htxdwlrq wkdw wkh wlph grpdlq
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rxwsxw yrowdjh lv jlyhq e|

yR +w, @ ýUIF4gyL +w,
gw

+4186,

Wkxv wkh flufxlw kdv wkh wudqvihu ixqfwlrq ri dq lqyhuwlqj glòhuhqwldwru zlwk wkh jdlq frqvwdqw
UIF41 Ehfdxvh wkh jdlq frqvwdqw kdv wkh xqlwv ri vhfrqgv/ lw lv fdoohg wkh glòhuhqwldwru wlph
frqvwdqw1 Wkh rxwsxw uhvlvwdqfh ri wkh flufxlw lv }hur1 Wkh lqsxw lpshgdqfh wudqvihu ixqfwlrq
lv wkdw ri wkh fdsdflwru F4 wr yluwxdo jurxqg jlyhq e|

]lq @
4

F4v
+4187,

Zlwk v @ m$/ lw iroorzv wkdw m]lqm $ 3 dv $ ehfrphv odujh1 Wklv lv d glvdgydqwdjh ehfdxvh
d orz lqsxw lpshgdqfh fdq fdxvh odujh fxuuhqwv wr ðrz lq wkh lqsxw flufxlw1

�ëSë2 Aüi �L_ð�i_ #ðgihi?|ð@|Lh

Zlwk v @ m$/ lw iroorzv iurp Ht1 +4185, wkdw wkh pdjqlwxgh ri wkh yrowdjh jdlq ri wkh
glòhuhqwldwru lv $UIF41 Iru odujh $/ wkh jdlq fdq jhw yhu| kljk1 Wklv lv d glvdgydqwdjh
lq flufxlwv zkhuh rxw0ri0edqg kljk0iuhtxhqf| qrlvh fdq eh d sureohp1 Wr olplw wkh kljk0
iuhtxhqf| jdlq/ d uhvlvwru fdq eh xvhg lq vhulhv zlwk F4 dv vkrzq lq Ilj1 4158+d,1 Wklv dovr
kdv wkh dgydqwdjh wkdw wkh kljk0iuhtxhqf| lqsxw lpshgdqfh grhv qrw dssurdfk }hur1 Dw
kljk iuhtxhqflhv zkhuh F4 lv d vkruw/ wkh jdlq pdjqlwxgh lv olplwhg wr wkh ydoxh UI @U4 dqg
wkh lqsxw lpshgdqfh dssurdfkhv U41 Wkh yrowdjh jdlq wudqvihu ixqfwlrq ri wkh flufxlw zlwk
U4 lv jlyhq e|

Yr
Yl
@ ý UI

U4 . 4@F4v
@ ýUIF4vû 4

4 .U4F4v
+4188,

Wklv lv ri wkh irup ri wkh wudqvihu ixqfwlrq ri dq lghdo glòhuhqwldwru pxowlsolhg e| wkh wudqvihu
ixqfwlrq ri d orz0sdvv ñowhu zklfk kdv d sroh wlph frqvwdqw U4F41

Wkh Ergh pdjqlwxgh sorw iru Ht1 +4188, lv jlyhq lq Ilj1 4158+e,1 Iru $ ?? 4@U4F4/ wkh
dv|pswrwlf sorw h{klelwv d vorsh ri .4 ghf2ghf dqg wkh jdlq lv jlyhq e| Yr@Yl å@ ým$UIF41
Dw $ @ 4/ mYr@Ylm å@ UIF41 Iru $ AA 4@U4F4/ wkh dv|pswrwlf vorsh lv 3 dqg wkh jdlq
vkhoyhv dw wkh ydoxh UI @U41 Lw iroorzv wkdw wkh flufxlw zlwk U4 dfwv dv d glòhuhqwldwru rqo|
iru iuhtxhqflhv vxfk wkdw $ ?? 4@U4F41 Wkh lqsxw lpshgdqfh wudqvihu ixqfwlrq lv jlyhq e|

]lq @ U4 .
4

F4v
@ U4 û 4 .U4F4v

U4F4v
+4189,

Wklv lv ri wkh irup ri d frqvwdqw pxowlsolhg e| wkh uhflsurfdo ri d kljk0sdvv wudqvihu ixqfwlrq1
Iru v @ m$/ m]lqm $ U4 dv $ ehfrphv odujh1

H{dpsoh 47 Ghvljq d prglñhg glòhuhqwldwru zklfk kdv d wlph frqvwdqw ri 43 pvhf dqg d
sroh iuhtxhqf| ri 4 nK}1 Iru d 4 Y shdn vlqh0zdyh lqsxw vljqdo dw 433 K}/ fdofxodwh wkh shdn
vlqh zdyh rxwsxw yrowdjh dqg wkh uhodwlyh skdvh ri wkh rxwsxw yrowdjh1
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Iljxuh 4158= +d, Prglñhg glòhuhqwldwru1 +e, Ergh sorw iru mYr@Ylm1

Vroxwlrq1 Wkh flufxlw gldjudp lv vkrzq lq Ilj1 4158+d,1 Wr phhw wkh wlph frqvwdqw
vshflñfdwlrq/ zh kdyh UIF4 @ 3=341 Li zh ohw F4 @ 3=4 çI/ lw iroorzv wkdw UI @ 433 nó1
Iru d sroh iuhtxhqf| ri 4333 K}/ zh pxvw kdyh U4F4 @ 4@5ä43331 Wkxv U4 @ 43> 333@5ä @
4=8< nó1 Iurp Ht1 +4188,/ wkh yrowdjh jdlq dw i @ 433 K} lv jlyhq e|ññññYrYl

ññññ @ ññññý UIF4 +m5ä433,

4 . m5ä433U4F4

ññññ @ 3=34û 5ä433s
4 . 3=45

@ 9=58

Iru d 4 Y shdn lqsxw vlqh zdyh dw 433 K}/ wkh shdn rxwsxw yrowdjh lv 9=58 Y1
Lw iroorzv iurp Ht1 +4188, wkdw wkh skdvh ri wkh rxwsxw vljqdo zlwk uhvshfw wr wkh lqsxw

vljqdo lv

* @ .<3ï ý wdqý4 +5ä433U4F4, @ ;7=6ï

D shuihfw glòhuhqwldwru kdv d skdvh ri .<3ï1 Wkxv wkhuh lv d skdvh huuru ri ý8=:ï1 Qrwh
wkdw wkh qhjdwlyh vljq lq Ht1 +4188, grhv qrw dòhfw wkh skdvh1 Wklv lv ehfdxvh d qhjdwlyh
vljq lqglfdwhv dq lqyhuvlrq zkhuhdv d skdvh vkliw lv dvvrfldwhg zlwk d vkliw lq wlph1 Li d vlqh
zdyh lv revhuyhg rq wkh vfuhhq ri dq rvfloorvfrsh/ dq lqyhuvlrq ðlsv wkh vlqh zdyh derxw wkh
wlph d{lv1 D skdvh vkliw fdxvhv wkh srvlwlrq ri wkh }hur furvvlqjv wr vkliw dorqj wkh wlph
d{lv1

�ë. ïTíú4T W?|i}h@|Lht

�ë.ë� Aüi W_i@* W?ñih|ð?} W?|i}h@|Lh

Dq lqwhjudwru kdv dq rxwsxw yrowdjh wkdw lv sursruwlrqdo wr wkh wlph lqwhjudo ri lwv lqsxw
yrowdjh1 Wkh flufxlw iru wkh lqwhjudwru fdq eh rewdlqhg e| lqwhufkdqjlqj wkh uhvlvwru dqg
wkh fdsdflwru lq wkh glòhuhqwldwru ri Ilj1 41571 Lw lv vkrzq lq Ilj1 41591 Wkh yrowdjh jdlq
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wudqvihu ixqfwlrq lv rewdlqhg iurp Ht1 +416, e| uhsodflqj UI zlwk wkh frpsoh{ lpshgdqfh
ri wkh fdsdflwru FI wr rewdlq

Yr
Yl
@ ý +4@FI v,

U4
@ ý 4

U4FI v
+418:,

Iljxuh 4159= Lqyhuwlqj lqwhjudwru1

Ehfdxvh d glylvlrq e| v lq wkh frpsoh{ iuhtxhqf| grpdlq lv htxlydohqw wr dq lqwhjudwlrq
lq wkh wlph grpdlq/ lw iroorzv iurp wklv htxdwlrq wkdw wkh wlph grpdlq rxwsxw yrowdjh lv
jlyhq e|

yR +w, @ ý 4

U4FI

] w

ý4
yL +w

3, gw3 +418;,

Wkh flufxlw kdv wkh wudqvihu ixqfwlrq ri dq lqyhuwlqj lqwhjudwru zlwk wkh jdlq frqvwdqw
4@U4FI 1 Ehfdxvh U4FI kdv wkh xqlwv ri vhfrqgv/ lw lv fdoohg wkh lqwhjudwru wlph frqvwdqw1
Wkh lqsxw uhvlvwdqfh wr wkh flufxlw lv U41 Wkh rxwsxw uhvlvwdqfh lv }hur1

�ë.ë2 Aüi �L_ð�i_ W?ñih|ð?} W?|i}h@|Lh

Dw }hur iuhtxhqf|/ FI lv dq rshq flufxlw dqg wkh rs dps lq wkh lqwhjudwru orvhv ihhgedfn1
Iru qrq0lghdo rs dpsv/ wklv fdq fdxvh dq xqghvludeoh gf ròvhw yrowdjh dw wkh rxwsxw1 Wr
surylgh ihhgedfn dw gf/ d uhvlvwru fdq eh xvhg lq sdudooho zlwk FI dv vkrzq lq Ilj1 415:+d,1
Dw orz iuhtxhqflhv zkhuh FI lv dq rshq flufxlw/ wkh pdjqlwxgh ri wkh yrowdjh jdlq lv olplwhg
wr wkh ydoxh UI@U41 Wkh wudqvihu ixqfwlrq iru wkh yrowdjh jdlq ri wkh lqwhjudwru zlwk UI lv
jlyhq e|

Yr
Yl
@ ýUI n +4@FI v,

U4
@ ýUI

UV
û 4

4 .UIFI v
@ ý 4

U4FI v
û UIFI v

4 .UIFI v
+418<,

zkhuh +416, kdv ehhq xvhg1 Wklv lv ri wkh irup ri wkh wudqvihu ixqfwlrq ri dq lghdo lqwhjudwru
pxowlsolhg e| wkh wudqvihu ixqfwlrq ri d kljk0sdvv ñowhu zklfk kdv wkh sroh wlph frqvwdqw
UIFI 1 Wkh Ergh pdjqlwxgh sorw lv jlyhq lq Ilj1 415:+e,1 Iru $ ?? 4@UIFI / wkh sorw
h{klelwv d vorsh ri 31 Iru $ AA 4@UIFI / wkh vorsh lv ý4 ghf2ghf1 Wkh flufxlw zlwk UI
dfwv dv dq lqwhjudwru rqo| iru iuhtxhqflhv vxfk wkdw $ AA 4@UIFI 1
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Iljxuh 415:= +d, Prglñhg lqyhuwlqj lqwhjudwru1 +e, Ergh sorw iru mYr@Ylm1

H{dpsoh 48 Ghvljq d prglñhg lqwhjudwru zklfk kdv d wlph frqvwdqw ri 3=4 vhf dqg d sroh
iuhtxhqf| ri 4 K}1 Iru d 4 Y shdn vlqh0zdyh lqsxw vljqdo dw 43 K}/ fdofxodwh wkh shdn
vlqh0zdyh rxwsxw yrowdjh dqg wkh uhodwlyh skdvh ri wkh rxwsxw yrowdjh1

Vroxwlrq1 Wkh flufxlw gldjudp lv vkrzq lq Ilj1 415:+d,1 Iru wkh wlph frqvwdqw vshflñfd0
wlrq/ zh kdyh U4FI @ 3=41 Li zh ohw FI @ 3=4 çI/ lw iroorzv wkdw U4 @ 4 Pó1 Iru wkh sroh
iuhtxhqf| ri 4 K}/ zh pxvw kdyh UIFI @ 4@5ä1 Wklv jlyhv UI @ 4@ +5ä û 3=4ç, @ 4=8< Pó1
Iurp Ht1 +418<,/ wkh jdlq pdjqlwxgh dw i @ 43 K} lvññññYrYl

ññññ @ ññññý 4

m5ä43U4FI
û m5ä43UIFI
4 . m5ä43UIFI

ññññ @ 4=8<s
4 . 435

@ 3=48;

Iru d 4 Y shdn lqsxw vlqh zdyh dw 433 K}/ wkh shdn rxwsxw yrowdjh lv 3=48; Y1
Lw iroorzv iurp Ht1 +418<, wkdw wkh skdvh ri wkh rxwsxw vljqdo zlwk uhvshfw wr wkh lqsxw

vljqdo lv jlyhq e|

* @ ý wdqý4 +5ä43UIFI , @ ý;7=6ï

D shuihfw lqwhjudwru kdv d skdvh ri ý<3ï1 Wkxv wkhuh lv d skdvh huuru ri .8=:ï1 Dv lv
glvfxvvhg lq H{dpsoh 48/ wkh qhjdwlyh vljq lq Ht1 +418<, lqglfdwhv wkdw wkh rxwsxw vljqdo lv
lqyhuwhg zlwk uhvshfw wr wkh lqsxw vljqdo zklfk grhv qrw dòhfw wkh skdvh1

�ë.ëô Aüi ûL?íW?ñih|ð?} W?|i}h@|Lh

Wkh qrq0lqyhuwlqj lqwhjudwru lv vkrzq lq Ilj1 415;+d,1 Wkh yrowdjh rxwsxw iurp wkh rs dps
lv ihg edfn wr erwk lwv lqyhuwlqj lqsxw dqg wr lwv qrq0lqyhuwlqj lqsxw1 Wkxv wkh flufxlw kdv
erwk srvlwlyh dqg qhjdwlyh ihhgedfn1 Wr vroyh iru wkh yrowdjh jdlq wudqvihu ixqfwlrq/ lw lv
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frqyhqlhqw wr pdnh wzr Qruwrq htxlydohqw flufxlwv dw wkh Y. qrgh/ rqh orrnlqj wrzdug wkh
lqsxw wkurxjk wkh ohiw U dqg wkh rwkhu orrnlqj wrzdug wkh rxwsxw wkurxjk wkh uljkw U1 Wkh
flufxlw rewdlqhg lv vkrzq lq Ilj1 415;+e,/ zkhuh wkh wzr sdudooho uhvlvwruv duh frpelqhg lqwr
d vlqjoh uhvlvwru ri ydoxh U@51 Ehfdxvh wkhuh lv d yluwxdo vkruw ehwzhhq wkh Y. dqg wkh Yý
lqsxwv/ zh fdq zulwh

Yr
5
@

é
Yl
U
.
Yr
U

è
û
é
U

5
n 4
Fv

è
@ +Yl . Yr,

4

4 .UFv@5
+4193,

Wklv htxdwlrq fdq eh vroyhg iru wkh yrowdjh jdlq wr rewdlq

Yr
Yl
@

5

UFv
+4194,

Wklv lv wkh wudqvihu ixqfwlrq ri d qrq0lqyhuwlqj lqwhjudwru zlwk wkh jdlq frqvwdqw 5@UF1 Wkh
wlph frqvwdqw lv UF@5=

Iljxuh 415;= +d, Qrq0lqyhuwlqj lqwhjudwru1 +e, Htxlydohqw flufxlw iru Yr1 +f, Htxlydohqw
flufxlw iru ]lq1

Wkh lqsxw fxuuhqw lq wkh flufxlw ri Ilj1 415;+d, lv jlyhq e|

Ll @
Yl ý Y.
U

@
Yl ý Yý
U

@
Yl
U

ë
4ý Yý

Yl

ê
@
Yl
U

ë
4ý 4

UFv

ê
+4195,

zkhuh Yý @ Yr@5 @ Yl@UFv kdv ehhq xvhg1 Wklv htxdwlrq fdq eh vroyhg iru wkh lqsxw
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lpshgdqfh wr rewdlq

]lq @
Yl
Ll
@

U
ýýU5Fvü

U. +ýU5Fv, +4196,

Wkh htxlydohqw flufxlw zklfk kdv wklv lpshgdqfh lv d uhvlvwru U lq sdudooho zlwk d qhjdwlyh
lqgxfwru ýU5F1 Wkh htxlydohqw flufxlw lv jlyhq lq Ilj1 415;+f,1 Ehfdxvh wkh lqgxfwru lv d
vkruw flufxlw dw }hur iuhtxhqf|/ lw iroorzv wkdw wkh lqsxw lpshgdqfh wr wkh flufxlw lv }hur iru
d gf vrxufh1

H{dpsoh 49 Wkh qrq0lqyhuwlqj lqwhjudwru ri Ilj1 415;+d, kdv wkh flufxlw hohphqw ydoxhv
U @ 4 nó dqg F @ 4 çI1 Iru d vlqh zdyh lqsxw vljqdo/ fdofxodwh wkh yrowdjh jdlq ri wkh
flufxlw dw wkh iuhtxhqf| i @ 433 K}1 Lq dgglwlrq/ fdofxodwh qxphulfdo ydoxhv iru wkh flufxlw
hohphqwv lq wkh htxlydohqw flufxlw iru wkh lqsxw lpshgdqfh1

Vroxwlrq1 Wkh jdlq dw i @ 433 K} lv fdofxodwhg iurp Ht1 +4194, dv iroorzv=

Yr
Yl
@

5

436 û 43ý9 û m5ä433 @ ým6=4:

Iurp Ht1 +4196,/ lw iroorzv wkdw wkh lqsxw lpshgdqfh flufxlw frqvlvwv ri d 4333 ó uhvlvwru
wr jurxqg lq sdudooho zlwk d qhjdwlyh lqgxfwru wr jurxqg kdylqj wkh ydoxh ý43335û 43ý9 @
ý4 K1

�ëH wLêíè@tt ú4T*ð�iht

�ëHë� Aüi W?ñih|ð?} wLêíè@tt ú4T*ð�ih

Wklv vhfwlrq fryhuv vhyhudo ri wkh pdq| rs0dps flufxlwv zklfk kdyh d yrowdjh jdlq wudqvihu
ixqfwlrq wkdw lv ri wkh irup ri vlqjoh0sroh orz0sdvv dqg orz0sdvv vkhoylqj wudqvihu ixqfwlrqv1
Ilj1 415<+d, vkrzv wkh flufxlw gldjudp ri dq lqyhuwlqj orz0sdvv dpsolñhu1 Wkh yrowdjh jdlq
lv rewdlqhg iurp Ht1 +416, e| uhsodflqj UI zlwk UI n +4@FI v,1 Lw lv jlyhq e|

Yr
Yl
@ ýUIn +4@FI v,

U4
@ ýUI

U4
û 4

4 .UIFI v
+4197,

Wklv lv ri wkh irup ri d jdlq frqvwdqw ýUI@U4 pxowlsolhg e| d orz0sdvv wudqvihu ixqfwlrq
kdylqj d sroh wlph frqvwdqw UIFI 1 Wkh Ergh sorw mYr@Ylm lv jlyhq lq Ilj1 415<+e,1 Wkh
lqsxw uhvlvwdqfh ri wkh flufxlw lv U41 Wkh rxwsxw uhvlvwdqfh lv }hur1

H{dpsoh 4: Ghvljq dq lqyhuwlqj orz0sdvv dpsolñhu flufxlw zklfk kdv dq lqsxw uhvlvwdqfh
ri 43 nó/ d orz0iuhtxhqf| yrowdjh jdlq ri ý43/ dqg d sroh iuhtxhqf| ri 43 nK}1

Vroxwlrq1 Wkh flufxlw gldjudp lv vkrzq lq Ilj1 415<+d,1 Iru dq lqsxw uhvlvwdqfh ri 43
nó/ zh kdyh U4 @ 43 nó1 Wkh wudqvihu ixqfwlrq lv jlyhq e| Ht1 +4197,1 Iru d orz0iuhtxhqf|
jdlq ri ý43/ zh kdyh UI @ 43U4 @ 433 nó1 Iru d sroh iuhtxhqf| ri 43 nK}/ zh kdyh
FI @ 4@

ý
5ä437UI

ü
@ 48< sI1
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Iljxuh 415<= +d, Lqyhuwlqj orz0sdvv dpsolñhu1 +e, Ergh sorw iru mYr@Ylm1

D vhfrqg lqyhuwlqj orz0sdvv dpsolñhu lv vkrzq lq Ilj1 4;1 Wkh fxuuhqwv L4/ L5/ dqg LI
duh jlyhq e|

L4 @
Yl

U4 . +4@Fv, nU5 +4198,

L5 @ L4
4@Fv

U5 . 4@Fv
@ L4

4

4 .U5Fv
+4199,

LI @
Yr
UI

+419:,

zkhuh zh dvvxph wkdw wkh Yý rs0dps lqsxw lv dw yluwxdo jurxqg dqg fxuuhqw glylvlrq kdv
ehhq xvhg iru L51 Wkh yrowdjh jdlq lv rewdlqhg e| vhwwlqj L5 . LI @ 3 wr rewdlq

Yr
Yl
@ ý UI

U4 .U5
û 4

4 . +U4nU5,Fv +419;,

Wklv lv ri wkh irup ri d jdlq frqvwdqw ýUI @ +U4 .U5, pxowlsolhg e| d orz0sdvv wudqvihu
ixqfwlrq kdylqj d sroh wlph frqvwdqw +U4nU5,F1 Wkh Ergh sorw iru mYr@Ylm lv jlyhq lq Ilj1
4;+e,1
Wkh rxwsxw uhvlvwdqfh ri wkh flufxlw lv }hur1 Wkh lqsxw lpshgdqfh lv jlyhq e|

]lq @ U4 .

ë
4

Fv

ê
nU5 @ +U4 .U5, 4 . +U4nU5,Fv

4 .U5Fv
+419<,

Wklv lv lq wkh irup ri d orz0sdvv vkhoylqj ixqfwlrq kdylqj d sroh wlph frqvwdqw U5F dqg
d }hur wlph frqvwdqw +U4nU5,F1 Wkh Ergh sorw iru m]lqm lv jlyhq lq Ilj1 4;+f,1 Wkh orz0
iuhtxhqf| lpshgdqfh lv U4 .U51 Dv iuhtxhqf| lv lqfuhdvhg/ wkh lpshgdqfh ghfuhdvhv dqg
vkhoyhv dw wkh ydoxh U41
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Iljxuh 4163= +d, Lqyhuwlqj orz0sdvv dpsolñhu1 +e, Ergh sorw iru mYr@Ylm1 +f, Ergh sorw iru
m]lqm1
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H{dpsoh 4; Vshfli| wkh flufxlw hohphqw ydoxhv iru wkh flufxlw ri Ilj1 4;+d, iru dq lqyhuwlqj
yrowdjh jdlq ri xqlw| dqg d sroh wlph frqvwdqw ri :8 çv1 Zkdw lv wkh sroh iuhtxhqf| lq wkh
wudqvihu ixqfwlrqB

Vroxwlrq1 Ohw F @ 3=34 çI dqg U5 @ U41 Lw iroorzv iurp Ht1 +419;, wkdw +U4nU5,F @
+U4@5,F @ :8 û 43ý91 Vroxwlrq iru U4 dqg U5 |lhogv U4 @ U5 @ 48 nó1 Iru dq lqyhuwlqj
yrowdjh jdlq ri xqlw|/ zh pxvw kdyh UI @ U4 . U5 @ 63 nó1 Wkh sroh iuhtxhqf| lq wkh
wudqvihu ixqfwlrq kdv wkh iuhtxhqf| i @ 4@

ý
5ä û :8û 43ý9ü @ 5=45 nK}=

�ëHë2 Aüi ûL?íW?ñih|ð?} wLêíè@tt ú4T*ð�ih

Ilj1 4164+d, vkrzv d qrq0lqyhuwlqj orz0sdvv dpsolñhu frqvlvwlqj ri d qrq0lqyhuwlqj dpsolñhu
zlwk d UF orz0sdvv ñowhu dw lwv lqsxw1 Wkh yrowdjh jdlq wudqvihu ixqfwlrq lv jlyhq e|

Yr
Yl
@
Y.
Yl
û Yr
Y.

@
4@Fv

U. 4@Fv

ë
4 .

UI
U4

ê
@

ë
4 .

UI
U4

ê
4

4 .UFv
+41:3,

zkhuh d yrowdjh glylvlrq dqg Ht1 +4143, kdyh ehhq xvhg1 Wklv lv ri wkh irup ri d jdlq
frqvwdqw 4 . UI @U4 pxowlsolhg e| wkh wudqvihu ixqfwlrq ri d orz0sdvv ñowhu kdylqj d sroh
wlph frqvwdqw UF1 Wkh Ergh pdjqlwxgh sorw lv jlyhq lq Ilj1 4164+e,1 Wkh rxwsxw uhvlvwdqfh
ri wkh flufxlw lv }hur1 Wkh lqsxw lpshgdqfh lv jlyhq e|

]lq @ U.
4

Fv
@ Uû 4 .UFv

UFv
+41:4,

Wklv lv ri wkh irup ri d frqvwdqw pxowlsolhg e| wkh uhflsurfdo ri d kljk0sdvv wudqvihu ixqfwlrq1

Iljxuh 4164= +d, Qrq0lqyhuwlqj orz0sdvv dpsolñhu1 +e, Ergh sorw iru mYr@Ylm1

H{dpsoh 4< Wkh qrq0lqyhuwlqj dpsolñhu ri Ilj1 4164+d, lv wr eh ghvljqhg iru d yrowdjh
jdlq ri 451 Wkh lqsxw orz0sdvv ñowhu lv wr kdyh d fxwrò iuhtxhqf| ri 433 nK}1 Vshfli| wkh
hohphqw ydoxhv iru wkh flufxlw1

Vroxwlrq1 Wr phhw wkh fxwrò iuhtxhqf| vshflñfdwlrq/ lw iroorzv iurp Ht1 +41:3, wkdw
UF @ 4@

ý
5ä438

ü
1 Ohw F @ 843 sI1 Lw iroorzv wkdw U @ 6=45 nó1 Iru d jdlq ri 45/ zh pxvw

kdyh 4 .UI@U4 @ 451 Li zh fkrrvh U4 @ 4 nó/ lw iroorzv wkdw UI @ 44 nó1
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D qrq0lqyhuwlqj orz0sdvv vkhoylqj dpsolñhu lv vkrzq lq Ilj1 4165+d,1 Wkh yrowdjh jdlq lv
rewdlqhg iurp Ht1 +4143, e| uhsodflqj UI zlwk UI n +4@FI v,1 Lw lv jlyhq e|

Yr
Yl
@ 4 .

UI n +4@FI v,
U4

@

ë
4 .

UI
U4

ê
û 4 . +UInU4,FI v

4 .UIFI v
+41:5,

Wklv lv ri wkh irup ri d jdlq frqvwdqw 4 .UI@U4 pxowlsolhg e| d orz0sdvv vkhoylqj wudqvihu
ixqfwlrq kdylqj d sroh wlph frqvwdqw UIFI dqg d }hur wlph frqvwdqw +UInU4,FI 1 Wkh
Ergh sorw iru mYr@Ylm lv vkrzq lq Ilj1 4165+e,1 Wkh orz0iuhtxhqf| jdlq lv 4 . UI @U41 Dv
iuhtxhqf| lv lqfuhdvhg/ wkh jdlq ghfuhdvhv dqg vkhoyhv dw xqlw|1

Iljxuh 4165= +d, Qrq0lqyhuwlqj orz0sdvv vkhoylqj dpsolñhu1 +e, Ergh sorw iru mYr@Ylm1

H{dpsoh 53 Wkh flufxlw ri Ilj1 4165+d, lv wr eh ghvljqhg iru d orz0iuhtxhqf| jdlq ri 5 +d
9 gE errvw,1 Wkh }hur iuhtxhqf| lq wkh wudqvihu ixqfwlrq lv wr eh 433 K}1 Vshfli| wkh flufxlw
hohphqw ydoxhv dqg fdofxodwh wkh iuhtxhqf| dw zklfk wkh yrowdjh jdlq lv 6 gE1

Vroxwlrq1 Iru d orz0iuhtxhqf| jdlq ri 5/ lw iroorzv iurp Ht1 +41:5, wkdw 4 .UI @U4 @ 5
zklfk jlyhv UI @ U41 Iru wkh }hur lq wkh wudqvihu ixqfwlrq wr eh dw 433 K}/ zh kdyh
+UInU4,FI @ 4@ +5ä433,1 Li zh fkrrvh FI @ 3=4 çI/ lw iroorzv wkdw U4 @ UI @ 64=; nó1
Zlwk v @ m5äi / wkh wudqvihu ixqfwlrq fdq eh zulwwhq

Yr
Yl
@ 5

4 . mi@433

4 . mi@83

Dw wkh 6 gE errvw iuhtxhqf|/ mYr@Ylm5 @ 4@51 Wklv frqglwlrq jlyhv
4 . +i@433,

5

4 . +i@83,
5 @

4

5

Wklv lv vdwlvñhg iru i @ 433@
s
5 @ :3=: K}1
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�ëb Oð}üíè@tt ú4T*ð�iht

�ëbë� Aüi W?ñih|ð?} Oð}üíè@tt ú4T*ð�ih

Wklv vhfwlrq fryhuv vhyhudo ri wkh pdq| rs0dps flufxlwv zklfk kdyh d yrowdjh jdlq wkdw lv
ri wkh irup ri kljk0sdvv dqg kljk0sdvv vkhoylqj wudqvihu ixqfwlrqv1 Ilj1 4166+d, vkrzv dq
lqyhuwlqj kljk0sdvv dpsolñhu1 Wkh yrowdjh jdlq lv rewdlqhg iurp Ht1 +416, e| uhsodflqj U4
zlwk U4 . 4@F4v1 Lw lv jlyhq e|

Yr
Yl
@ ý UI

U4 . 4@F4v
@ ý UIF4v

4 .U4F4v
@ ýUI

U4
û U4F4v

4 .U4F4v
+41:6,

Wklv lv ri wkh irup ri d jdlq frqvwdqw ýUI @U4 pxowlsolhg e| d kljk0sdvv wudqvihu ixqfwlrq
kdylqj d sroh wlph frqvwdqw U4F41 Wkh Ergh sorw iru mYr@Ylm lv jlyhq lq Ilj1 4166+e,1 Wkh
rxwsxw uhvlvwdqfh ri wkh flufxlw lv }hur1 Wkh lqsxw lpshgdqfh lv jlyhq e|

]lq @ U4 .
4

F4v
@
4 .U4F4v

F4v
@ U4 û 4 .U4F4v

U4F4v
+41:7,

Wklv lv ri wkh irup ri d frqvwdqw pxowlsolhg e| wkh uhflsurfdo ri d kljk0sdvv wudqvihu ixqfwlrq1

Iljxuh 4166= +d, Lqyhuwlqj kljk0sdvv dpsolñhu1 +e, Ergh sorw iru mYr@Ylm1

H{dpsoh 54 Ghvljq dq lqyhuwlqj kljk0sdvv dpsolñhu flufxlw zklfk kdv d jdlq ri ý43 dqg d
sroh wlph frqvwdqw ri 833 çvhf1 Wkh lqsxw lpshgdqfh wr wkh flufxlw lv wr eh 43 nó ru kljkhu1
Fdofxodwh wkh orzhu kdoi0srzhu fxwrò iuhtxhqf| ri wkh dpsolñhu1

Vroxwlrq1 Wkh flufxlw gldjudp lv vkrzq lq Ilj1 4166+d,1 Wkh yrowdjh0jdlq wudqvihu
ixqfwlrq lv jlyhq e| Ht1 +41:6,1 Iru wkh jdlq vshflñfdwlrq/ zh pxvw kdyh UI @U4 @ 431 Iru
wkh sroh wlph frqvwdqw vshflñfdwlrq/ zh pxvw kdyh U4F4 @ 833 û 43ý91 Ehfdxvh wkhuh duh
wkuhh xqnqrzqv dqg rqo| wzr htxdwlrqv/ rqh ri wkh flufxlw hohphqwv pxvw eh vshflñhg ehiruh
wkh rwkhuv fdq eh fdofxodwhg1 Ht1 +41:7, vkrzv wkdw wkh orzhvw ydoxh ri wkh lqsxw lpshgdqfh
lv U41 Wkxv zh pxvw kdyh U4 è 43 nó1 Li U4 @ 43 nó/ lw iroorzv wkdw F4 @ 3=38 çI1 Ohw xv
fkrrvh F4 @ 3=366 çI1 Lw iroorzv wkdw U4 @ 48=5 nó dqg U5 @ 485 nó1 Wkh orzhu kdoi0srzhu
fxwrò iuhtxhqf| ri wkh dpsolñhu lv i @ 4@

ý
5ä û 833û 43ý9ü @ 64; K}1
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Ilj1 416741<15+d, vkrzv d qrq0lqyhuwlqj kljk0sdvv dpsolñhu1 Wkh yrowdjh jdlq wudqvihu ixqf0
wlrq lv jlyhq e|

Yr
Yl
@
Y.
Yl
û Yr
Y.

@
U

U. 4@Fv

ë
4 .

UI
U4

ê
@

ë
4 .

UI
U4

ê
UFv

4 .UFv
+41:8,

zkhuh yrowdjh glylvlrq dqg Ht1 +4143, kdyh ehhq xvhg1 Wklv lv ri wkh irup ri d jdlq frqvwdqw
4.UI @U4 pxowlsolhg e| d vlqjoh0sroh kljk0sdvv wudqvihu ixqfwlrq kdylqj d sroh wlph frqvwdqw
UF1 Wkh Ergh sorw iru mYr@Ylm lv jlyhq lq Ilj1 4167+e,1 Wkh rxwsxw uhvlvwdqfh ri wkh flufxlw
lv }hur1 Wkh lqsxw lpshgdqfh lv jlyhq e|

]lq @ U.
4

Fv
@ Uû 4 .UFv

UFv
+41:9,

Wklv lv ri wkh irup ri d frqvwdqw pxowlsolhg e| wkh uhflsurfdo ri d kljk0sdvv wudqvihu ixqfwlrq1

Iljxuh 4167= +d, Qrq0lqyhuwlqj kljk0sdvv dpsolñhu1 +e, Ergh sorw iru mYr@Ylm1

H{dpsoh 55 Ghvljq d qrq0lqyhuwlqj kljk0sdvv dpsolñhu zklfk kdv d jdlq ri 48 dqg d orzhu
fxwrò iuhtxhqf| ri 53 K}1 Wkh lqsxw uhvlvwdqfh lv wr eh 43 nó lq wkh sdvvedqg1

Vroxwlrq1 Wkh flufxlw gldjudp lv vkrzq lq Ilj1 4167+d,1 Lq wkh sdvvedqg/ F lv d vkruw
flufxlw1 Wr phhw wkh lqsxw uhvlvwdqfh vshflñfdwlrq/ zh pxvw kdyh U @ 43 nó1 Wkh yrowdjh0
jdlq wudqvihu ixqfwlrq lv jlyhq e| Ht1 +41:8,1 Iru d orzhu kdoi0srzhu fxwrò iuhtxhqf| ri
53 K}/ zh pxvw kdyh UF @ 4@ +5ä53,1 Vroxwlrq iru F |lhogv/ F @ 3=:<9 çI1 Iru wkh jdlq
vshflñfdwlrq/ zh pxvw kdyh 4.UI @U4 @ 48 ru U4 @ UI@471 Li UI @ 89 nó/ lw iroorzv wkdw
U4 @ 7 nó=
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D qrq0lqyhuwlqj kljk0sdvv vkhoylqj dpsolñhu lv vkrzq lq Ilj1 4168+d,1 Wkh yrowdjh jdlq lv
jlyhq e| Ht1 +4143, zlwk U4 uhsodfhg e| U4.4@F4v1 Lw iroorzv wkdw wkh jdlq fdq eh zulwwhq

Yr
Yl
@ 4 .

UI
U4 . +4@F4v,

@
4 . +UI .U4,F4v

4 .U4F4v
+41::,

Wklv lv ri wkh irup ri d kljk0sdvv vkhoylqj wudqvihu ixqfwlrq kdylqj d sroh wlph frqvwdqw
U4F4 dqg d }hur wlph frqvwdqw +UI .U4,F41 Wkh Ergh sorw iru mYr@Ylm lv vkrzq lq Ilj1
4168+e,1 Lw fdq eh vhhq iurp wkh ñjxuh wkdw wkh jdlq dw orz iuhtxhqflhv lv xqlw|1 Dw kljk
iuhtxhqflhv/ wkh jdlq vkhoyhv dw 4 .UI @U41

Iljxuh 4168= +d, Qrq0lqyhuwlqj kljk0sdvv vkhoylqj dpsolñhu1 +e, Ergh sorw iru mYr@Ylm1

H{dpsoh 56 Ghvljq d kljk0sdvv vkhoylqj dpsolñhu zklfk kdv xqlw| jdlq dw orz iuhtxhqflhv/
d sroh lq lwv wudqvihu ixqfwlrq zlwk d wlph frqvwdqw ri :8 çvhf/ dqg d }hur zlwk d wlph
frqvwdqw ri :=8 çvhf1 Zkdw duh wkh sroh dqg }hur iuhtxhqflhv dqg zkdw lv wkh jdlq dw kljk
iuhtxhqflhvB

Vroxwlrq1 Wkh flufxlw gldjudp lv vkrzq lq Ilj1 4168+d,1 Wkh yrowdjh jdlq lv jlyhq e| Ht1
+41::,1 Iru wkh sroh dqg }hur wlph frqvwdqw vshflñfdwlrqv/ zh pxvw kdyhU4F4 @ :=8 çvhf dqg
+U4 .UI ,F4 @ :8 çvhf1 Ehfdxvh wkhuh duh wkuhh flufxlw hohphqwv dqg rqo| wzr htxdwlrqv/
zh pxvw vshfli| rqh hohphqw lq rughu wr fdofxodwh wkh rwkhu wzr1 Ohw F4 @ 3=334 çI1 Lw
iroorzv wkdw U4 @ :=8 nó dqg U5 @ :8 nó ý U4 @ 9:=8 nó1 Wkh iuhtxhqf| ri wkh }hur lv
i} @ 4@

ý
5ä:8û 43ý9ü @ 5=45 nK}1 Wkh iuhtxhqf| ri wkh sroh lv is @ 4@ ý5ä:=8û 43ý9ü @

54=5 nK}1 Wkh jdlq dw kljk iuhtxhqflhv lv jlyhq e| 4 .UI@U4 @ 4. 9:=8@:=8 @ 431
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D frpsdudwru lv d flufxlw zklfk kdv wzr lqsxwv dqg rqh rxwsxw1 Wkh rxwsxw yrowdjh h{klelwv
wzr vwdeoh vwdwhv zklfk ghshqg rq wkh uhodwlyh ydoxh ri rqh lqsxw yrowdjh frpsduhg wr wkh
rwkhu lqsxw yrowdjh1 Wkh rs dps lv riwhq xvhg dv d frpsdudwru1 Ilj1 4169+d, vkrzv wkh
flufxlw gldjudp ri dq rs dps xvhg dv dq lqyhuwlqj frpsdudwru1 Wkh yrowdjh dssolhg wr wkh
qrq0lqyhuwlqj lqsxw lv wkh gf uhihuhqfh yrowdjh YUHI1 Wkh rxwsxw yrowdjh lv jlyhq e|

yR @ D +YUHI ý yL, +41:;,

zkhuh D lv wkh rs0dps jdlq1 Iru dq lghdo rs dps/ zh dvvxph wkdw D $ 41 Wklv lpsolhv
wkdw yR $ 4 iru yL ? YUHI dqg yR $ ý4 iru yL A YUHI1 Krzhyhu/ d sk|vlfdo rs dps
fdqqrw kdyh dq lqñqlwh rxwsxw yrowdjh1 Ohw xv ghqrwh wkh pd{lpxp ydoxh ri wkh pdjqlwxgh
ri wkh rxwsxw yrowdjh e| YVDW1 Zh fdoo YVDW wkh vdwxudwlrq yrowdjh1

Iljxuh 4169= +d, Lqyhuwlqj frpsdudwru1 +e, Sorw ri yR yhuvxv yL 1

Iru dq lghdo rs dps wkdw h{klelwv vdwxudwlrq ri lwv rxwsxw yrowdjh/ wkh rxwsxw yrowdjh ri
wkh lqyhuwlqj frpsdudwru flufxlw lq Ilj1 4169+d, fdq eh zulwwhq

yR @ YVDW vjq +YUHI ý yL, +41:<,

zkhuh vjq +{, lv wkh vljqxp ixqfwlrq ghñqhg e| vjq +{, @ .4 iru { A 3 dqg vjq +{, @ ý4
iru { ? 31 Wkh sorw ri yR yhuvxv yL iru wkh flufxlw lv jlyhq lq Ilj1 4169+e,1

�ë�fë2 Aüi ûL?íW?ñih|ð?} çL4T@h@|Lh

Iljxuh 416:+d, vkrzv wkh flufxlw gldjudp ri dq rs dps xvhg dv d qrq0lqyhuwlqj frpsdudwru1
Wkh rxwsxw yrowdjh lv jlyhq e|

yR @ YVDW vjq +yL ý YUHI, +41;3,

Wkh judsk ri yR yhuvxv yL lv jlyhq lq Ilj1 416:+e,1
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Iljxuh 416:= +d, Qrq0lqyhuwlqj frpsdudwru1 +e, Sorw ri yR yhuvxv yL 1
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Srvlwlyh ihhgedfn lv riwhq xvhg zlwk frpsdudwru flufxlwv1 Wkh ihhgedfn lv dssolhg iurp wkh
rxwsxw wr wkh qrq0lqyhuwlqj lqsxw ri wkh rs dps1 Ilj1 416;+d, vkrzv wkh flufxlw gldjudp ri
dq lqyhuwlqj rs0dps frpsdudwru zlwk srvlwlyh ihhgedfn1 Wkh flufxlw lv dovr fdoohg d Vfkplww
wuljjhu1 Wkh fdsdflwru FI lq wkh ñjxuh lv dvvxphg wr eh dq rshq flufxlw lq wkh iroorzlqj1
Wklv fdsdflwru lv riwhq xvhg wr lpsuryh wkh vzlwfklqj vshhg ri wkh frpsdudwru e| lqfuhdvlqj
wkh dprxqw ri srvlwlyh ihhgedfn dw kljk iuhtxhqflhv1 Lw kdv qr hòhfw rq wkh lqsxw yrowdjh dw
zklfk wkh rs dps vzlwfkhv vwdwhv1

Iljxuh 416;= +d, Vfkplww wuljjhu1 +e, Sorw ri yR yhuvxv yL 1

Wkh rxwsxw yrowdjh iurp wkh flufxlw ri Ilj1 416;+d, fdq eh zulwwhq

yR @ YVDW vjq +y. ý yL, +41;4,

Ehfdxvh yR kdv wkh wzr vwdeoh vwdwhv yR @ .YVDW dqg yR @ ýYVDW/ lw iroorzv wkdw y. fdq
kdyh wzr vwdeoh vwdwhv jlyhq e|

YD @ YUHI
UI

UI .U4
ý YVDW U4

UI .U4
+41;5,
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YE @ YUHI
UI

UI .U4
. YVDW

U4
UI .U4

+41;6,

zkhuh vxshusrvlwlrq dqg yrowdjh glylvlrq kdyh ehhq xvhg iru hdfk htxdwlrq1 Iru yL ? YD/ lw
iroorzv wkdw yR @ .YVDW1 Iru yL A YE/ lw iroorzv wkdw yR @ ýYVDW1 Iru YD ? yL ? YE / yR
fdq kdyh wzr vwdeoh vwdwhv/ l1h1 yR @ ÷YVDW1 Wkh judsk ri yR yhuvxv yL lv vkrzq lq Ilj1
416;+e,1
Wkh ydoxh ri yR iru YD ? yL ? YE ghshqgv rq zkhwkhu yL lqfuhdvhv iurp d ydoxh ohvv

wkdq YD ru yL ghfuhdvhv iurp d ydoxh juhdwhu wkdq YE 1 Wkdw lv/ wkh flufxlw kdv phpru|1 Li
yL ? YD lqlwldoo| dqg yL ehjlqv wr lqfuhdvh/ yR uhpdlqv dw wkh .YVDW vwdwh xqwlo yL ehfrphv
juhdwhu wkdq YE 1 Dw wklv srlqw yR vzlwfkhv wr wkh ýYVDW vwdwh1 Li yL A YE lqlwldoo| dqg yL
ehjlqv wr ghfuhdvh/ yR uhpdlqv dw wkh ýYVDW vwdwh xqwlo yL ehfrphv ohvv wkdq YD1 Wkhq yR
vzlwfkhv wr wkh .YVDW vwdwh1 Wkh sdwk iru yR rq wkh judsk lq Ilj1 416;+e, lv lqglfdwhg zlwk
duurzv1 Wkh orrs lq wkh judsk lv frpprqo| fdoohg d k|vwhuhvlv orrs1

H{dpsoh 57 Wkh Vfkplww wuljjhu flufxlw ri Ilj1 416;+d, kdv wkh hohphqw ydoxhv UI @ 4Pó
dqg U4 @ 66 nó1 Li Yý @ 6 Y dqg wkh rs dps vdwxudwlrq yrowdjh lv Y5úA @ 45 Y/ fdofxodwh
wkh wzr wkuhvkrog yrowdjhv YD dqg YE1

Vroxwlrq1 E| Htv1 +41;5, dqg +41;6,/ zh kdyh

YD @ 6û 4

4 . 3=366
ý 45û 3=366

4 . 3=366
@ 5=85 Y

YE @ 6û 4

4 . 3=366
. 45û 3=366

4 . 3=366
@ 6=5< Y


