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ABSTRACT

Radar imaging is often posed as a problem of estimating deterministic reflectances observed through a linear mapping
and additive Gaussian receiver noise. We consider an alternative view which considers the reflectances themselves
to be a realization of a random process; imaging then involves estimating the parameters of that underlying process.
Purely diffuse radar targets are modeled by a zero-mean Gaussian process, while specular targets introduce an additive
component with fixed amplitude and random uniform phase. When conventional stepped frequency waveforms are
employed, the linear mapping amounts to a Fourier transform, and parameter estimation is straightforward. If
more complicated waveforms are employed, maximum-likelihood parameter estimates cannot be readily computed
analytically; hence, we explore an iterative expectation-maximization algorithm proposed by Snyder, O’Sullivan,
and Miller. Although this algorithm was designed for diffuse radar imaging, arguments based on the central limit
theorem and computational experiments support its applicability to the specular case.

The resulting estimates tend to be unacceptably rough due to the ill-posed nature of maximum-likelihood esti-
mation of functions from limited data, so some kind of regularization is needed. We explore penalized likelihoods
based on entropy functionals, a roughness penalty proposed by Silverman, and an information-theoretic formulation
of Good’s roughness penalty.

1. INTRODUCTION

In the late 80’s, Snyder, O’Sullivan, and Miller1 proposed an approach to radar imaging which represented a radical
departure from traditional radar techniques. They employed statistical models for radar turns which, although well-
explored in the detection arena, had received relatively little attention in the development of imaging algorithms.
Instead of pre-supposing a certain kind of processing structure, such as linear filtering, they derived an imaging
algorithm based on first-principles estimation-theoretic techniques, resulting in a nonlinear processor consisting of
an iterative expectation-maximization2,3 (EM) algorithm for maximum-likelihood imaging. Intuitively speaking,
the algorithm “deconvolves” the ambiguity function associated with traditional matched filtering by fully exploiting
statistical knowledge of the underlying data generation mechanism.

Most modern high-resolution radar systems employ stepped frequency waveforms. Such waveforms are not neces-
sarily optimal from any theoretical point of view; instead, their popularity arises from the simplicity of the resulting
processing algorithms, which often reduce to two-dimensional fast Fourier transforms. A wide variety of other wave-
forms have been proposed, including sequences with a varying chirp rate,4–6 decaying exponential envelopes,7,8

frequency-hopping pulse trains built from Costas arrays,9 constant-power, amplitude-modulated pulse trains based
on Barker codes or pseudorandom sequences (Ref. 10, Sec. 10.4.2), and random signal radar (RSR) waveforms.11

In addition to these active waveforms, passive radar applications12 which employ commercial television or FM radio
signals have garnered increasing interest recently. The framework of Snyder, O’Sullivan, and Miller allows easy
incorporation of any type of transmitted waveform.

Although the approach and resulting algorithm was presented over a decade ago, surprisingly little work has been
reported on it, especially compared with other applications of EM algorithms, such as Poisson imaging in emission
tomography,13,14 astronomy,15 and optical sectioning microscopy.16 This is most likely due to its computational
complexity. The original 1989 paper which presented the imaging algorithm1 contained no examples of its execution;
examples of it in the literature have been mostly restricted to the special case of stepped frequency waveforms,17,18

which permit some substantial simplifications that allow great reductions in computational complexity. Considering
the rapid advancement of computer power, we feel that it is time to reintroduce this algorithm to the radar imaging
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community. To our knowledge, this paper is the first to report an implementation of the algorithm for transmitted
signals which are not stepped frequency waveforms.

Section 2 outlines our probabilistic formulation of radar imaging, including specialization to the delay-doppler
paradigm explored here. Section 3 derives an EM algorithm for maximum-likelihood imaging which is applied to
simulated data in Sec. 4. These simulations illustrate the need for regularization as discussed in Sec. 5. Section 6
postulates some directions for future work.

2. PROBLEM FORMULATION

In the statistical approach to high-resolution radar imaging, the received data is modeled as r = Γ†c + w, where c

is the complex target reflectance, Γ represents a linear observation mechanism, and the receiver noise vector w is
i.i.d. complex Gaussian with variance N0. We will let Γ be rather general. For simple range profiling, the rows of
Γ contain samples of the transmitted waveform; for delay-doppler imaging, it will contain the transmitted waveform
multiplied by complex sinusoids associated with doppler shifts; for tomographic imaging, Γ may also represent scene
rotations. In addition to radar imaging, power spectrum estimation can also be formulated this way, in which case Γ

holds complex exponentials. Our algorithm will result from performing optimal statistical inference using this model,
and not presuppose any particular kind of processing structure such as matched filtering.

Although statistical models for the radar reflectance c have enjoyed frequent application in analyzing the per-
formance of target detection systems,10 their application in radar imaging has been far less frequent; typically,
radar imaging is posed as a deterministic reconstruction problem amenable to traditional filtering techniques, with
c treated as a nonrandom parameter.

Shapiro et al.19 have suggested modeling c as a random process consisting of specular (glint) and diffuse (speckle)
components. Diffuse returns may be modeled as cd ∼ CN(0,Σ), where Σ is a diagonal covariance matrix. The
vector of its diagonal entries σ = diag(Σ) is called the scattering function.∗ Specular returns are modeled as
cs = b × exp[jθ], where θ is an i.i.d. uniform random vector over [0, 2π), b is the deterministic glint reflection

coefficient function, and × represents elementwise multiplication.

Under a purely diffuse model, r ∼ CN(0,Kr) where Kr = Γ†ΣΓ + N0I and estimating the scattering function
brings us to the structured covariance estimation waters first charted by Burg.20 The loglikelihood for the data is

Lid(Σ) = − ln detKr − rHKr

−1r. (1)

If Γ is unitary (for instance, in the case of properly chosen stepped-frequency waveforms), then one can orthog-
onalize the data by computing r̃ = Γr, and the ML estimate is just σi = max(0, |r̃i|2 −N0); otherwise, there is no
closed-form solution for the maximizer of (1). Section 3 reviews an iterative expectation-maximization algorithm for
computing ML estimates of σ from r proposed by Snyder et al.1

When the reflectance process has a specular component, the distribution of r becomes more complicated. If
Γ is unitary, the data can be orthogonalized, and |̃r| consists of independent Rician random variables amenable
to estimation algorithms described in Refs. 21–23. If no such orthogonalization is available, we are not aware of
any closed form for the density of r, which would make pure maximum-likelihood estimation a formidable task.
However, note that if the columns of Γ have a sufficient number of non-zero entries, then the elements of r consist
of sums of independent zero-mean random variables; by the central limit theorem, the marginals on r appear to be
Gaussian (although the joint distribution will be more intricate), and r overall appears “nearly Gaussian” in the
sense of Mallows.24 This observation, along with recent computational experience, has motivated applying the diffuse-
reflectance EM algorithm described above in situations where the reflectance process contains specular components.

2.1. Specialization to Delay-Doppler Imaging

Let s(t) denote the continuous-time transmitted signal. We adopt the discretization technique employed by Moulin
(Sec. 2.3, Ref. 25). Suppose we want to compute the delay-doppler scattering function on a discrete grid at delay
times τ`, ` = 1, . . . , IR, with a spacing of δτ , and at doppler frequencies fk, k = 1, . . . , ICR, with a spacing of δf . The
vector σ represents the scattering function at delay τ` and doppler fk with the element σf+`ICR

. One can imagine
the IR by ICR 2-D image being unwrapped and strung along a length IRICR 1-D vector.

∗To avoid some cumbersome double-superscripting in later sections, we use σ to represent variance instead of the traditional σ
2.



Suppose that N samples of the radar return are taken at a spacing of δt. The (n, k + `ICR)th entry of the N × I
matrix ΓH (where I = IRICR) is given by (Eq. 16 of Ref. 25)

exp[j2πfk(nδt − τ`/2)]s(nδt − τ`). (2)

One could develop Γ matrices for other imaging models, such as the tomographic paradigm of Munson et al.26

In this case, Γ would incorporate angle-limited Radon transforms.

3. AN EM ALGORITHM FOR MAXIMUM-LIKELIHOOD IMAGING

Maximum-likelihood imaging requires us to find the Σ = diag(σ) which maximizes (1). Since no simple solution is
evident for this difficult optimization problem, we turn to an expectation-maximization algorithm derived by Snyder,
O’Sullivan, and Miller1; the algorithm is also reviewed in the overall context of information-theoretic imaging in Sec.
IX.C of Ref. 27. In the context of the EM algorithm, r is called the incomplete data and (1) is the incomplete data

loglikelihood.

To formulate an EM algorithm, one postulates a set of complete data† which, if available, would make the maxi-
mization problem easier. Here we take the complete data to be {c,w}, where c ∼ CN(0,Σ) and w ∼ CN(0, N0I).

Traditional EM formulations requires that there be a many-to-one mapping from the complete data to the
incomplete data; this is provided by r = ΓHc + w. The complete data loglikelihood is

Lcd(Σ) = − ln detΣ− cHΣc = −
I

∑

i=1

σi −
I

∑

i=1

|ci|2
σi

. (3)

Let Q denote the expectation of the complete-data loglikelihood given the incomplete data and the estimate from
the previous iteration:

Q[Σ|Σold]
df
= E[Lcd(Σ)|Σold, r] = −

I
∑

i=1

ln σi −
I

∑

i=1

E[|ci|2|Σold, r]

σi

. (4)

At each iteration of the EM algorithm, we get the new estimate by maximizing Q. The derivative of (4) with
respect to σi is

− 1

σi

+
E[|ci|2|Σold, r]

σ2
i

. (5)

Equating (5) with zero yields the simple update

σnew
i = E[|ci|2|Σold, r]. (6)

Computing the expectation in (6) is a standard problem in estimation theory texts; see, for instance, Eq. 7.112
on p. 303 of Scharf28 or Eqs. V.B.21 and 7.B.22 on p. 221 of Poor.29 This results in the explicit update

σnew
i = σold

i − (σold
i )2[ΓK−1ΓH − ΓK−1SK−1ΓH ]ii, (7)

where K = ΓHΣoldΓ + N0I and S = rrH .

Notice that the data only enters into the inference via its empirical covariance S. We have written (7) in a way
to show the symmetric structure of the matrix computations. In implementation, it is more efficient to compute the
term in brackets by calculating Ξ = ΓKr

old followed by Ξ[ΓH − SΞH ]. Since only the diagonal terms are needed,
the final matrix multiplication only requires I inner products.

†We call the resulting algorithm “an” EM algorithm instead of “the” EM algorithm since different choices of complete data may result
in different algorithms.



4. EXAMPLES

This section explores two different kinds of targets. One consists of three distinct point scatterers. The other is a 10
meter diameter sphere rotating at a rate of 100 revolutions‡ per second; one can imagine a styrofoam ball wrapped
in crinkled aluminum foil. (Such an experiment is described in Ref. 18). The theoretical delay-doppler scattering
functions of these targets is shown in Fig. 1. The scattering function of the sphere was calculated as described in
Appendix B of Ref. 30. To avoid an aliased appearance, the sphere image was compute on a grid four times denser
and then downsampled via averaging.

Figure 1. Two ideal scattering functions used in the simulations.

We will explore data generated under both diffuse and specular models. In the specular experiments, we take
b =

√
σ. Note that the scattering function for the sphere was derived under the diffuse assumption; we do not

necessarily expect that in reality a rotating smooth sphere would generate specular reflections based on the diffuse
scattering function. We do this to provide a comparison of the overall effect of the different kind of underlying
statistical models on an even footing.

Our simulations employ a center frequency of 15 GHz. The transmitted waveform is a 2.13 microsecond long
constant-power waveform consisting of 64 equally spaced segments; the amplitude of each segment was independently
set to -1 or 1, with equal probabilities. Such waveforms are known to have good ambiguity properties (Ref. 10, Sec.
10.4.2). The waveform and its autocorrelation are shown in Fig. 2.
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Figure 2. Left panel: Transmitted waveform. Right panel: Autocorrelation of transmitted waveform.

We discretize the delay-doppler space into a 20× 20 grid. We desire a range and velocity spacing of δr = 1 meter
and δcr = 100 meters per second, so we choose spacings of δτ = 2δr/c ≈ 6.7 nanoseconds per pixel in delay and

‡Such high rotation rates are unlikely to be encountered in practice. We use it here in our initial studies since it permits the doppler
spread of the system ambiguity function to fit reasonably within our small 20 by 20 reconstruction grid for Σ. Future experiments on
larger grids will allow more realistic velocities.



δf = 2δcrfc/c ≈ 10 kilohertz per pixel in doppler. The radar return is sampled with a spacing of δt = δτ . At this
sampling rate (150 MHz), the transmitted waveform is 319 samples long. We take collect 400 returned samples, so
the resulting Γ matrix is square.

Fig. 3 shows the magnitude of data simulated using the three-point scatterer. (We do not present the phases
since they are not very informative to a human observer.) A specular model was assumed in which each point was
assigned a random uniform phase. The leftmost panel of Fig. 4 shows |Γr|2, the magnitude squared of the output
of a matched filter. Notice that only two points are evident in the matched-filtered output. The remaining panels
show the results of successive iterations of the EM algorithm. At 10 iterations, the scatterers are quite well resolved.
By 20 iterations, the background energy has been removed.
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Figure 3. Magnitude of data from a specular realization of the three-point scatterer.

Figure 4. Matched-filtered output and EM iterations for the three-point scatterer. Leftmost panel shows the
squared magnitude of the matched-filtered output. From left to right, the remaining panels show results at 1, 5, 10,
and 20 iterations.

Figure 5. Squared-magnitudes of two realizations of the underlying diffuse random process c from the sphere.
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Figure 6. Magnitude of data from two diffuse (left panel) and two specular (right panel) realizations from the
sphere. For the left panel, the solid line corresponds to the left panel of Fig. 5; dotted line corresponds to the right
panel.

Figure 5 illustrates two realizations of the random process c associated with a diffuse radar model. The left
panel of Fig. 6 presents the data resulting from these realizations. The different rows of Fig. 7 show the result of
processing the two data sets. The top row corresponds to the left panel of Fig. 5, and the bottom row corresponds
to the right panel. The leftmost column shows the results of matched filtering; the remaining columns show results
of EM iterations. Note that in the top matched-filtered reconstruction, the overall location of the sphere is correctly
indicated, albeit blurred. However, in the lower matched-filtered image, the most evident location of the sphere is
incorrect. By contrast, in even as few as five iterations, the location of the sphere is obvious (although suffering
from blurring in the doppler direction). Further iterations make the overall outline of the scatterer quite evident
and sharp, although the reconstruction suffers from a spiky, noisy appearance. Section 5 will revisit this unpleasant
behavior and discuss methods of addressing it.

Figure 7. Matched-filtered output and EM iterations for diffuse data generated from the sphere. Leftmost column
shows the squared magnitude of the matched-filtered output. From left to right, the remaining columns show results
at 1, 5, 10, and 20 iterations. Top and bottom rows correspond to different diffuse data realizations.

Figure 8 reproduces the sphere experiment, except specular instead of diffuse reflections are used. The data is



shown in the right panel of Fig. 6. In this case, only the phases of the underlying process c are random, so the
equivalent of Fig. 5 would look simply like the sphere image of Fig. 1. Although the algorithm was not designed for
specular scatterers, it appears to do as well as it did for the diffuse case.

Figure 8. Matched-filter output and EM iterations for specular data generated from the sphere. Leftmost column
shows the squared magnitude of the matched-filtered output. From left to right, the remaining columns show results
at 1, 5, 10, and 20 iterations. Top and bottom rows correspond to different specular data realizations.

5. REGULARIZATION

The roughness associated with increasing EM iterations observed in Figs. 7 and 8 is indicative of the ill-posed nature
of maximum-likelihood estimation of functions from limited data. In most numerical algorithms, accuracy improves
as the discretization is refined. Here, the opposite is true; as the grid is refined, the problem becomes increasingly
ill-posed and the solutions increasingly ill-behaved. This phenomena, called dimensional instability by Tapia and
Thompson,31 would manifest itself in any algorithm which maximizes the loglikelihood, and is not a problem with
the EM algorithm itself per se.

These issues have been extensively studied in the context of Poisson intensity estimation in applications such as
medical imaging (see Refs. 32, 33, and Chapter 3 of Ref. 34). Several solutions have been proposed for Poisson
imaging which we can adapt to our radar imaging problem.

5.1. The Method of Sieves

One approach is to restrict the solution to lie in a restricted subset called a sieve.35 One possibility is to require
it to be a sum of weighted basis functions. Gaussian basis yielded much success in emission tomography.36,33,37

In the radar problem, the EM algorithm of Sec. 3 can be extended to incorporate such a sieve constraint; Refs.
17,18 present the extended algorithm and specific examples employing B-splines. Moulin38 has also explored wavelet
thresholding techniques for denoising diffuse radar imagery when an orthogonalization of the data is available as
described in Sec. 2. To avoid difficulties with nonnegativity, the wavelets are used to represent the logarithm of
the scattering function. The logarithm turns the multiplicative noise inherent in speckle imagery into additive noise
amenable to traditional wavelet denoising.

5.2. The Method of Penalties

Another philosophically appealing approach to regularization is to subtract a penalty Φ(Σ) which discourages unac-
ceptably rough estimates and maximize the penalized loglikelihood

P (Σ) = Lid(Σ)− αΦ(Σ). (8)



Bayesians may think of this as maximum a posteriori estimation using a (usually improper) prior proportional to
exp[−αΦ(Σ)]. Although the method of penalties has enjoyed much success in Poisson imaging applications, it has
not yet been explored in the maximum-likelihood radar imaging context.

The EM algorithm can be easily extended to maximize this penalized loglikelihood. The Q function (4) is
generalized to

QP [Σ|Σold]
df
= E[Lcd(Σ)|Σold, r]− αΦ(Σ) (9)

= −
I

∑

i=1

ln σi −
I

∑

i=1

E[|ci|2|Σold, r]

σi

− αΦ(Σ).

To maximize (10), we can take derivatives (analogous to (5)) and solve the set of equations:

− 1

σi

+
E[c2

i |Σold, r]

σ2
i

− α
∂Φ(Σ)

∂σi

= 0, (10)

alternatively written as

− 1

σi

+
σuc

i (Σold)

σ2
i

− α
∂Φ(Σ)

∂σi

= 0, (11)

where σ
uc(Σold) is the result of the unconstrained update specified by (7). At each iteration, we take the updated

value Σnew to be the Σ which solves (11).

The remainder of this section explores various penalty choices. These are currently being implemented.

5.2.1. Entropy functional

Beginning with Frieden,39 numerous authors40–48 have proposed regularizing a variety of inverse problems with
nonnegativity constraints via the entropy functional

ΦE(Σ) =
∑

i

σi ln σi. (12)

At each iteration, the new Σ is found by finding the zero of

−σi + σuc
i (Σold)− ασ2

i (1 + ln σi) (13)

for each i. This is convenient since the solution is decoupled from pixel to pixel. Molina and Ripley49 suggest that
entropy “corresponds to a rather peculiar prior, since it depends only on the marginal distribution of greylevels and
not on their spatial locations. It is thus surprising that maximum entropy solutions appear smooth in many published
examples.” Donoho, Johnstone, Hoch, and Stern50 offer a highly practical discussion of the how entropy regularization
operates in practice. They suggest that nonlinearities of the form induced by (13) encourage a “shrinking” of estimates
towards a nominal value of 1/e.

Borden51 proposed a generalization of this maximum entropy formulation for regularizing estimates of complex
reflectances in radar imaging. Since (12) is inappropriate for complex imagery, he instead employs the cross-entropy
between densities parameterized by the reflectance.

5.2.2. Good’s roughness

Good’s roughness penalty52 was originally formulated for smoothing estimates in nonparametric probability density
estimation; a thorough analysis in this context is given by Tapia and Thompson.31 Following the suggestion of
Snyder and Miller (Ref. 32, Sec. II.1), Good’s roughness was later applied to closely related problems of Poisson
intensity estimation in PET,53 SPECT,54–57 and optical sectioning microscopy.16

In one dimension, Good’s continuous first-order roughness penalty may be written in several equivalent ways:

4

∫
[

d

dτ

√

σ(τ)

]2

dτ =

∫

σ(τ)

[

d

dτ
ln σ(τ)

]2

dτ =

∫

σ′(τ)

σ(τ)
dτ = −

∫

σ(τ)
d2

dτ2
ln σ(τ)dτ (14)



The last equality in (14), established in Ref. 58, follows from analogy with steps in the proof the Cramer-Rao
bound. Consider the rightmost expression. The penalty is straightforwardly extended to two dimensions (see pp.
155-156 of 34 or Sec. 3 of 53):

−
∫ ∫

σ(τ, f)

(

∂2

∂τ2
+

∂2

∂f2

)

ln σ(τ, f)dxdy. (15)

Discretizing (15) yields

ΦG(σ) = −
∑

`,k

σ`,k[ln σ`+1,k + ln σ`−1,k + ln σ`,k+1 + ln σ`,k−1 − 4 lnσ`,k]. (16)

As noted by O’Sullivan,58 the discretized penalty (16) has an appealing information-theoretic interpretation in terms
of I-divergences between neighboring pixel values.

At each iteration, the new Σ may be found by solving a set of nonlinear difference equations:

− 1

σ`,k

+
σun

`,k(Σold)

σ2
`,k

+ α[(ln σ`+1,k + ln σ`−1,k + ln σ`,k+1 + ln σ`,k−1 − 4 lnσ`,k)

+
1

σ`,k

(σ`+1,k + σ`−1,k + σ`,k+1 + σ`,k−1 − 4σ`,k)] = 0. (17)

5.2.3. Silverman’s roughness

Inspired by the work of Good and Gaskins,52 Silverman59 suggested alternative penalties which employ differential
operators of the logarithm§ of the function. Like Good’s roughness, Silverman proposed his penalty in the context
of density estimation. We consider the special case

∫ ∫
[(

∂

∂τ
+

∂

∂f

)

ln σ(τ, f)

]2

dτdf. (18)

Discretizing (18) yields

ΦS(σ) =
∑

τ,f

[(ln σ`+1,k − ln σ`,k)2 + (ln σ`,k+1 − ln σ`,k)2]. (19)

Using this penalty requires solving the following set of nonlinear equations at each iteration of the EM algorithm:

− 1

σ`,k

+
σun

`,k(Σold)

σ2
`,k

+ α
2

σ`,k

[ln σ`+1,k + ln σ`−1,k + ln σ`,k+1 + ln σ`,k−1 − 4 lnσ`,k] = 0 (20)

6. DIRECTIONS FOR FUTURE WORK

One of the main difficulties with EM algorithms in general is their slow convergence rate. A variety of EM variants
have been proposed which boast faster convergence. For instance the Space-Alternating Generalized EM (SAGE)
algorithm of Fessler and Hero60 updates the parameters in groups instead of all at once; each group has its own
associated hidden data space, which would be a complete data space if the remaining parameters were known. We
are exploring applying SAGE to the radar imaging problem.

The most formidable obstacle to making the EM algorithm practical in this particular application is the compu-
tational complexity of inverting K in (7). This was the primary reason for the exploration of small 20× 20 images
in Sec. 4. Table 1 presents approximate computation times for our MATLAB implementation running on a Sun
Enterprise 3500. The MATLAB code is highly vectorized, so it runs relatively efficiently; we do not expect substantial
gains to be made by, for instance, recoding it in C.

§In the realm of astronomical imaging, Molina and Ripley49 suggest smoothing the logarithm of the image, noticing that “astronomers
tend to look at the raw data on a logarithmic scale.” The same observation often seems true of radar engineers.



Image size Total time Time for inverse
20 x 20 15 seconds 6 seconds
32 x 32 8 minutes 4 minutes
40 x 40 32 minutes 13 minutes

Table 1. Computation time for one step of the EM algorithm, assuming that the collected data vector equals the
number of pixels in the image.

As discussed in Ref. 61, K may have some structure which can aid in crafting faster inverse algorithms, although
it would be preferable to avoid having to compute a direct, brute-force inverse altogether. One possible approach
would be to exploit the fact that since Σ will not change drastically from iteration to iteration, K is unlikely to
change drastically either, so the K from a previous EM iteration might be helpful as an initial value in an inner
iteration which finds a new K.

An appealing aspect of the statistical formulation is that it allows the prediction of estimator performance via
Cramer-Rao bounds. This provides a method for selecting the transmitted waveform in various applications.62 For
large images, inverting the Fisher information can become cumbersome; Hero and Fessler63 propose an iterative
algorithm for computing Cramer-Rao bounds on parameter subsets which avoids explicit inversion of the Fisher
information matrix via a complete/incomplete data formulation analogous with the EM algorithm.
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