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ABSTRACT

RonaldMahler'sProbabilityHypothesisDensity(PHD)providesapromisingframework for thepassivecoherentlocation
of targetsobservedvia multiplebistaticradarmeasurements.Weconsidertrackingtargetsusingonly rangemeasurements
from a simplenon-directionalreceiver thatexploits non-cooperative FM radio transmittersasits “illuminators of oppor-
tunity.” A targetcannotbe locatedat a singlepoint by a particulartransmitter-receiver pair, but ratherit is locatedalong
a bistatic rangeellipsedeterminedby the positionof the target relative to the receiver and transmitter. Target location
is resolved by usingmultiple transmitter-receiver pairsandlocatingthe target at the intersectionof the resultingbistatic
ellipses.Determiningtheintersectionof thesebistaticrangeellipsesandresolvingtheresultantghosttargetsis generallya
complex task.However, thePHD providesa convenientandsimplemeansof fusingtogetherthemultiple rangemeasure-
mentsto locatetargets.We incorporatesignal-to-noiseratios,probabilitiesof detectionandfalsealarm,andbistaticrange
variancesinto oursimulation.

Keywords: MultitargetTracking,ProbabilityHypothesisDensity, Passive Radar, SensorFusion,Passive CoherentLoca-
tion

1. INTRODUCTION

In Ref. 1 we presentedaninitial applicationof a ProbabilityHypothesisDensity(PHD) basedparticle�lter to multitarget
trackingusingpassive radar. We now considerrange-onlymeasurementsandmodify our simulationto matcha poten-
tial real-world scenario.Realistictransmitter, receiver, andtarget parametersare incorporatedinto our simulation,and
thecorrespondingSignal-to-Noiseratios(SN R) andprobabilitiesof Detection(pD ) arecomputed.We alsomodify the
particle-�lter initialization andintroducea new methodfor placingbirth-particles,which areusedto modeltarget entry
into theradarFieldof View (FoV).

We introducetheconceptof passive coherentlocationin Sec.2, andSec.3 providesa descriptionof thebistaticradar
con�gurationused.Our PHD particle�lter implementationis thesubjectof Sec.4, anda summaryof theSN R, pD , and
sensorlikelihoodfunctionusedis provided in Sec.5. Simulationresults,anexplanationof the importanceof high SNR,
andadescriptionof anew birth particlemethodarepresentedin Sec.6. Section7 containsourconclusionsandlists future
work.

2. PASSIVE COHERENT LOCATION (PCL)

A bistaticradar, consistingof a passive receiver andan independenttransmittingantenna,providesthe following range
measurementobservations:

Robser ved = RT + RR (1)

whereRT is thedistancefrom targetto transmitter, andRR is thedistancefrom targetto receiver. Hence,a targetcanbe
locatedalonganellipse,wherethereceiverandtransmitterarelocatedat thefoci of theellipse.

It is dif�cult to build highly directionalreceiver antennasthat operateat the low frequenciesof interestin a passive
radarsystemexploiting FM broadcasts.Hence,ratherthantrying to exploit angle-of-arrival information,weareinterested
in resolvinga target's locationby employing multiple transmitter-receiver pairs.This allows thetargetto betrackedat the
intersectionof theresultingbistaticrangeellipses.Figure2(a)andFig. 3 containexamplesof theseellipses.
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3. SCENARIO CONFIGURATION

TheFoV in oursimulationconsistsof an80km � 80km stretchof theWashingtonD.C.area.Thereceiving antennais in
themiddleof theFoV andis assumedto belocatedontheLockheedMartin MissionSystemsbuilding. Wesupposethatwe
areusinga receiver suchasLockheedMartin's SilentSentryr system,exceptwith a simplerantenna.The“illuminators
of opportunity”consistof threenon-cooperative FM transmitters.Thetransmitterspeci�cationsaregivenin Table1, and
their locationscan be seenin Fig. 2(a). The receiver coordinatesand systemspeci�cationsare listed in Table 2. All
antennasareassumedto beomni-directional,andthusthey haveunity gain. Thenoise�gure listedis assumedto beavalid
approximationfor anurbanenvironmentsuchasWashingtonD.C.2

Table1. Transmittingantennaspeci�cations.

Call Letters Latitude Longitude Frequency (f ) Power (PT )

WAMU 38.936� N 77.093� W 88.5MHz 50.0kW

WETA 38.892� N 77.132� W 90.9MHz 75.0kW

WPGC 38.864� N 76.911� W 95.5MHz 50.0kW

Table2. Receiver systemspeci�cations.

Latitude 39.153� N

Longitude 77.215� W

CoherentProcessingInterval (CPI ) 0.5sec

SystemTemperature(TS ) 290K

NoiseFigure(NF ) 30dB

Gain(GR ) 0 dB

4. THE PHD-BASED PARTICLE FILTER

RonaldMahler introducedthe conceptof a probability hypothesisdensity, which is de�ned asbeingany function that,
whenintegratedover any givenarea,speci�estheexpectednumberof targetspresentin thatarea.More speci�cally, the
PHDis thefactorialmomentdensityfoundin pointprocesstheory, andit providesastraightforwardmethodof estimating
the numberof targetsin a region underobservation. Using probability generatingfunctionalsandsetcalculus,Mahler
derivesBayesiantime-updateanddata-updateequationsthatusethePHD to performmotionpredictionandincorporate
sensorobservations,respectively.3{7

We usetheparticle�lter implementationof theupdateequations,8 wherebythePHD is representedby a collectionof
particlesandtheircorrespondingweights.At time-stepk, eachparticlein our�lter isavectorof theform � i = [x i yi _x i _yi ]T

andhasa weightwi;k , where(x i ; yi ) specifytheparticle's locationand( _x i ; _yi ) specifyits velocity components.As per
thede�ning propertyof thePHD,

Nk jk =
X

i

wi;k (2)

and
~N = E[no: of tar gets] = [Nk jk ]near est integ er : (3)



4.1. Initialization

Thesimulationstartswith 9;000particles.Theparticleweightsareinitialized to zero,sincewe do not expectany targets
to bepresentat time k = 0. This is a differentinitialization from thatof Ref. 1, whereit wasrequiredto assumethatone
targetwaspresentatk = 0. Theassumption,however, is unnecessary. Furthermore,any suspectedtargetscanbemodelled
by usingthebirth particlesin thetime-updatestep.

4.2.Time Update

Thetime-updatestepof theparticle�lter involvespropagatingeachparticleby asimpletransitionconstant-velocitymatrix
andaddinguniform processnoise.1;000birth particlesarealsoaddedto thetime-updatedPHD; this is discussedin more
detail in Sec.6.3. Our simulationassumesthat targetswill not spontaneouslydisappear, nor will they spawn new targets.
Theresultsof the time-updatesteparethepropagatedparticlesandtheir associatedweights,indicatedby ~wi;k +1 , which
representthepredictedPHDfor time-stepk + 1.

4.3.Data Update

In thedata-updatestep,thetime-predicted~wi;k +1 areconvertedto the�nal PHDparticleweights,wi;k +1 , by incorporating
the radarobservationsat time k. Given a singlesensorwith the setof observationsZs = f z1; :::; zm g madeat time k,
probability of detectionpD (� ), single-target likelihoodfunction f (zj� ), anda Poisson-distributedfalsealarmratewith
parameter� anddensityc(z), thenthedata-updatedweightsarecomputedby:

wi;k +1 = (
mX

n =1

ui;n ) + ~wi;k +1 (1 � pD (� )) (4)

where

ui;n =
pD (� i )f (zn j� i ) ~wi;k +1

�c (zn ) +
P N

j =1 pD (� j )f (zn j� j ) ~wj ;k +1

(5)

for i = 1; : : : ; N , whereN is thetotal numberof particles.

In thebistaticpassiveradarcase,eachreceiverandtransmitterpairconstitutesasensor. Thus,therearethreesensorsin
ourcon�guration,andthreesetsof rangeobservationsarecollectedateachtimestep,namelyf Z1; Z2; Z3g. To determine
the �nal weightsfor this multisensorcase,(4) and(5) were�rst appliedto Z1. The resultingwi;k +1 werethenusedas
the ~wi;k +1 to reiterate(4) and(5) over Z2. Thelatterprocedurewasrepeatedfor Z3 to �nd the�nal multisensorparticle
weights.

Having generatedthe �nal particleweights,wi;k +1 , we computethe expectednumberof targetsin the FoV via (3).
The locationsof the ~N expectedtargetsarefoundby extractingthe ~N highestpeaksfrom thePHD representedby these
weights.Wehave usedanEM algorithmfor thisextraction.1

4.4.Resampling

Beforeiteratingtheparticle�lter over thenext time step,theparticlesareresampledvia a MonteCarlomethodto obtain
9;000equallyweightedparticleswhere X

i

wi =
X

i

wi;k +1 : (6)

5. BISTATIC RADAR VARIABLES

5.1.Signal-to-Noiseratio, SN R

To computef (zn j� i ) andpD (� i ), it is �rst necessaryto computeeachsensor's signal-to-noiseratio for eachparticle.The
SNRis calculatedasfollows9, 10:

SN R(� ) =
K

R2
T R2

R
(7)



whereRT andRR areasgivenin (1), and

K =
PT GT GR � 2

f � r cs F 2
T F 2

R

(4� )3k TS ( 1
C P I )(NF )

(8)

and� f = c
f , wherec is the speedof light, andf is the frequency of the FM signalgiven in Table1. The transmitter

power (PT ) andtransmittergain (GT ) arealsotakenfrom Table1. Thereceiver gain (GR ), systemnoise(TS ), coherent
processinginterval (CPI ), andnoise�gure (NF ) aretaken from Table2. The Boltzmannconstantis representedby k,
andFT andFR arethesignalpropagationfactors.For this study, we assumethatsignalpropagationgainsandlossesare
negligible. Thetarget's bistaticradarcrosssectionis denotedby � r cs .

5.2.Probability of Detection,pD

Thebistaticradar'sprobabilityof detectionis calculatedbasedonits SN R andtheprobabilityof falsealarm,pF A . At low
frequencies,thetargetmayreasonablybeassumedto beslowly �uctuating; hence,weemploy aRiciantargetmodel.

pD (� ) = Q
� p

2SN R(� ) ;

s

2 ln
�

1
pF A

� �
(9)

whereQ is theMarcumQ-function,SN R(� ) is givenby (7), andpF A is setto a �x edvalue.11 Thelarger thepF A , the
smallerthepD . For a �x edpF A , again in SN R correspondsto anincreasein pD .

In our simulation,we chosepF A = 10� 4. This allows usto achieve a pD = 0:9999with anSN R = 14:94 dB, anda
pD = 0:1 whenSN R = 6:19dB.11 For reasonablesimulation,pD wasrestrictedto amaximumvalueof 0:99999.

Note that thepD (� ) in (4) doesnot dependon any speci�c radarobservation,sincethe(1 � pD (� )) termdealswith
potentialmissedtargets.Thuswemustchoosea � r cs thatwesupposea potentialmissedtargetwouldhave weretheradar
to detectit. In oursimulation,weset� r cs = 10dB, asweusethisvaluefor all our targets.

5.3.Single-TargetLik elihood, f (zj� )

Thesingle-target likelihoodfunctionof eachbistaticradarantennapair determineshow closeeachparticle's (x; y) values
areto theobservedtarget's location,giventhattheradarobservesonly therangemeasurementgivenby (1). Eachparticle's
correspondingbistaticrangemeasurementis computed(R � i ), aswell asthedifferencebetweenit andtheobservedrange.

f (zi j� i ) is a normaldensityfunctionwith meanR � i andvariance� 2
r , where� 2

r is thevarianceof thebistaticrangeas
givenby:

� 2
r = � 2

t � c2 (10)

and12

� 2
t =

1
2� 2 SN R(� i )

(11)

where� is thetransmitterbandwidth,whichwe take to be25kH z, andSN R(� i ) is givenby (7).

5.4.Typical measurements

Table3 lists rangesof typical valuesthatwehave observedfor thevariablesintroducedin Sec.5.

6. OBSERVATIONS

6.1.Simulation Run

Our simulationcontainstwo targets. The �rst entersat time k = 7 at location(80km; 20km) on our FoV andtravels
Westat 395km=hr (190:7m=s). The secondentersat time k = 9 from location (50km; 0km) and travels North at
340km=hr (94:4m=s). They arebothassumedto have a � r cs = 10dB.

ThePHDparticle�lter is seento identify thecorrectnumberof targetspresentateachtimestep.Furthermore,the�lter
correctlyignorestheghosttarget locations.At present,theEM peakextractionalgorithmthatwasusedin Ref. 1 hasnot
yetbeenfully appliedto thecurrentsimulationdata.However, ascanbeseenin Fig. 2(b)andFig. 4, theexpectedlocation
of thetargetscanbefoundat thepeaksin the�nal PHDateachtimestep.



Table3.Typical rangesof bistaticradarvariablesobservedin oursimulation.SeeSec.6.3for anexplanationof birth particleplacement.

Variable min max Birth particleplacement

pD 0:62 0.99999 Uniform

SN R 10dB 32.5dB Uniform

pD 0:948 0.99999 Targetedclusters

SN R 12:2 dB 32.5dB Targetedclusters

� r 89m 1:5km -

6.2. Importance of High SNR
Initially, the simulationwasrun usinga receiver noise�gure of 45 dB to explore a worst-casescenario.However, this
wasfoundto bean inappropriatemodelof theWashingtonD.C. scenario,sinceit producedanSN R which wastoo low
over mostof the80km � 80km coveragearea.With suchpoorSN R, thepD wasonly above 0.9 for theimmediatearea
aroundtheantennapairs,while mostof theFoV hadapD closeto zero(seeFig. 1(a)).

Theprevalenceof low pD causedthe�lter to becomeunstable.Becausethebirth particlesthatwereaddedto the�lter
in thetime-updatestepwerelocatedin anareaof low pD , the ~wi;k +1 (1 � pD (� )) termof (4) continuallyincreasedateach
time step,predictingmany targetsthat did not exist. This makessense,sincethe �lter canonly assumethat targetsare
appearingin theareaof low SN R basedon thebirth particlemodel.It doesnot receiveany radarobservationinformation
to contradicttheassumption.

Thepeakfoundin theupper-left cornerof thePHD shown in Fig. 1(b) is anexampleof this phenomenon.In theFoV
of our simulation,in which thenoise�gure wasreducedto thestill reasonableassumptionof 30 dB, this is theonly area
thatretainsasuf�ciently low SN R to produceapD < 0:9.

It is assumedthatrestrictingbirth particleplacementto regionsof highSN R, or simply restrictingtheFoV to include
only regionsof suf�ciently highSN R, will mitigatetheeffectof areasof low pD on the�lter .

6.3.ClusteredBirth Particles
Birth particlesare usedin the time-updatestepof the PHD particle �lter (seeSec.4.2) to representthe PHD of new
targetsthat enterthe FoV. Thus, they indicatewherenew targetsare likely to appearat the currenttime step. Initially,
theplacementof thebirth particleswasuniform alongtheedgesof theFoV, asshown in Fig. 3. However, analternative
approachis to usetargetedclusterplacementof birth particles.Initially designedto economizeon thenumberof particles
used,targetedclusteringalsoachievesbettertargettrackingresults.Targetedclusteringworksby placingbirth particlesin
clusterscenteredat thepointswherethebistaticrangeellipsesintersecttheedgesof theFoV. Eachclusteris spreadabout
its centeraccordingto anormaldistributionwith varianceequivalentto thevarianceof abistaticrangecell. Thecalculation
for this bistaticrangecell varianceis given in Sec.6.3.1. An exampleof targetedclusteringcanbeseenin Fig. 2(a). We
revert to uniform placementof birth particlesaroundthe edgesof the FoV whenno bistaticellipsesintersectthe FoV
boundaries.In bothplacementmethods,all 1;000birth particlesaregivenequalweighting,suchthat

P
wbir th i = 1, since

weassumethatonly onetargetmightentertheFoV ateachtimestep.

Without targetedclusterplacementof birth particles,thePHD�lter failedto detectoneof thetargetsfrom timek = 12
until k = 22. Whenusingtargetedclustering,however, bothtargetsweredetectedandcontinuedto bedetectedassoonas
they appeared.This is to beexpected,sinceby performingtargetedclusterplacementof thebirth particles,we introduced
additionalprior informationinto the �lter . However, it is assumedthat if onewereto have the computingresourcesto
simulatewith many moreparticles,thenthemarginalbene�t of targetedclusteringwoulddecrease.

6.3.1.Bistatic RangeCells

A bistaticrangecell is the resolutionat which a bistaticradarcanpinpoint a target's location. The bistaticrangecell is
approximatedby9:

� RB �
c�

2cos(  
2 )

(12)



where� is thecompressedpulsewidth and is thebistaticangle:

 = cos� 1
�

R2
T + R2

R � L 2

2RR RT

�
(13)

whereL is thedistancebetweentransmitterandreceiver.

Thus,

� RB �
c�

p
RR RTp

1 + R2
T + R2

R � L 2
: (14)

So,

� 2
R B

�
c2� 2

t RR RT

1 + R2
T + R2

R � L 2 (15)

where� 2
t is asgivenin (11).

Valuesof � R B in oursimulationarefoundto rangeon theorderof 100m to 550m.

7. CONCLUSIONS AND FUTURE WORK

7.1.Conclusions

The multitarget trackingPHD particle �lter , usingonly bistatic rangemeasurements,was shown to have promisein a
simulationdesignedto mimic a potentialreal-world scenario.We have found that Mahler's PHD formulationseemsto
becomeunstableif oneattemptsto tracktargetsin regionswheretheSNRis too low. For computationalreasons,we have
proposeda targetedclusterplacementapproachfor dealingwith thebirth particles.This approachhasbeenobserved to
improve targettracking,giventhatwearelimited in thenumberof particleswecanreasonablyuse.

7.2.Futur eWork

Somedirectionsfor futurework include:

� An expectation-maximization(EM) algorithmwasusedin Ref. 1 to extract the locationsof thepeaksof thePHD.
This EM algorithmneedsto beperformedon thecurrentsimulation. As shown in Table4, preliminaryresultsare
promising.

� WeusedbistaticDopplermeasurements,in additionto bistaticrange,in ouroriginalPHDparticle�lter describedin
Ref. 1. Wearecurrentlyimplementingthisadditionalsourceof datain ourWashington,D.C.scenario.

� Thenumberof targetsappearinganddisappearinghave yet to bevaried,andadditionaltargetcon�gurationswill be
tested.Various�ight patterns,includingavarietyof velocitiesandaccelerations,will alsobesimulated.

� Theeffectsof interferencefrom thedirect-pathsignalalsoneedto beincludedin themodel.

� Finally, wewill introducecoarsedirectionof arrival measurementsinto thesimulation,aswell.
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Table 4. TheEM peakextractionalgorithmwasrun on thePHD shown in Fig. 2. Theresultsareprovidedbelow. Note that theerror
betweentheexpectedlocationobtainedfrom thePHDandthetruetargetlocationis onthesameorderof magnitudeasthebistaticrange
cell describedin Sec.6.3.1.

Parameter True(m) Expected(m) Error

Target1; x 79561:11 79704:50 143:39m

Target1; y 20000:00 19776:02 � 223:98m

Target2; x 50000:00 49931:12 � 68:88m

Target2; y 189:89 129:20 � 60:69m
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(a) (b)

Figure 1. These�gures indicatetheimportanceof SN R in thesimulation.Figure1(a) indicatestheprobabilityof detectionwhenthe
noise�gure of the receiver is 45dB . Note thatmostof the �eld of view (FoV) hasa pD < 0:6. Whenthenoise�gure is reducedto
30dB , the SN R increases,andthe areaof low pD is con�ned to the far upper-left cornerof the FoV. It' s effect on the PHD in the
absenceof targetsis shown in Fig. 1(b).
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(a) ThePHDparticle�lter andrangeellipses.Thehexagonrepresentsthelocationof the
receiving antenna,andthetrianglesrepresentthetransmittingantennas.Targetpositions
areindicatedby diamonds.Eachparticleof the�lter is pictured.Notethetargetedcluster
placementof birth particles.

(b) Theparticleweightsof thePHD�lter . Thesumof theweightsis 1:765.

Figure2. ThePHDparticle�lter at timek = 11.
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Figure3. ThePHDparticle�lter at time k = 158. Notetheuniformplacementof birth particles,whichappearasa rectanglealongthe
edgeof theFoV, sincenoneof thebistaticrangeellipsesintersecttheFoV boundaries.Notealsothatall ghosttargetshavevanished.

Figure4. ThePHDparticle�lter at timek = 283, afterthetargets'pathshavecrossed.Thesumof theparticleweightsis 1:940.


