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ABSTRACT

We address image estimation from sparse Fourier sam-
ples. The problem is formulated as joint estimation of the
supports of unknown sparse objects in the image, and pixel
values on these supports. The domain and the pixel values
are alternately estimated using the level-set method and the
conjugate gradient method, respectively. Our level-set evo-
lution shows a unique switching behavior, which stabilizes
the level-set evolution. Furthermore, the trade-off between
the stability and the speed of evolution can be easily con-
trolled by the number of the conjugate gradient steps, hence
removing the re-initialization steps in conventional level set
approaches.

1. INTRODUCTION

In Fourier imaging problems, the goal is to reconstruct an
image from samples of its Fourier transform. Examples in-
clude synthetic aperture radar (SAR), radio astronomy, and
magnetic resonance imaging (MRI). If sufficient number of
Fourier samples are available, the reconstruction can be eas-
ily obtained using the inverse Fourier transform. However,
in many practical situations, owing to physical or economic
limitations, only a small number of Fourier samples is avail-
able. Our motivating example is a passive radar imaging
problem [1], where the sampling pattern in Fourier space is
determined by the locations of the radars and commercial
TV /FM stations, and the trajectory of the airborne targets.

With sparse Fourier data, the reconstruction problem
becomes ill-posed, because it does not admit a unique so-
lution. However, if the image can be assumed to consist of
objects supported on a small unknown set D on a known
background (Fig. 1(a)), a unique solution exists, provided
the sampling pattern satisfies appropriate so-called univer-
sality conditions [2-4]. These conditions are typically satis-
fied by random sampling patterns, such as those arising in
our motivating radar imaging example. The computation
of the reconstruction requires, however, the solution of a
difficult nonlinear problem.

An alternative approach to such problems developed
over the past decade is based on edge preserving regulariza-
tion (EPR). EPR has been extensively employed for many
ill-posed inverse problems such as computed tomography
(CT) and positron emission tomography (PET) [5]. In an-
other deterministic form of EPR known as ARTUR [6], the
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analog edge map of the image is iteratively updated, re-
ducing smoothing across the edges. Delaney and Bresler
[7] provided a convergence proof for a generalized version
of ARTUR, and showed excellent image reconstruction re-
sults in limited-angle tomography problems .

EPR does not make explicit use of the prior knowledge
of sparse objects on a homogeneous background, and there-
fore may not offer optimum performance with sparse data.
Instead, in this paper we explicitly use this prior knowl-
edge, and formulate the problem as the estimation of the
support D as well as the pixel values in it. To solve the
associated nonlinear problem, we derive a gradient-based
nonlinear optimization technique, where we alternately es-
timate the domain D and the pixel values using a level-set
evolution method and the conjugate gradient (CG) tech-
nique, respectively.

Related work on domain estimation algorithm using
level-set approaches has appeared in [8], which considers
a binary image. Our approach addresses a more general
problem, where both support domain and pixel values are
unknown, and are estimated jointly. In addition to re-
constructing non-constant objects, our approach allows to
reconstruct objects on a known non-homogeneous back-
ground, neither of which is possible using the approach in
[8]. The latter feature is important in tasks of “change de-
tection” in a reference image acquired at an earlier time.
Furthermore, in our level-set approach the embedding level
function is initialized using the direct Fourier inversion es-
timate of pixel value, rather than the conventional signed
distance function. This formulation has several unique ad-
vantages. First, the initialization of the level-set and the
necessary extension of the evolution velocity are simplified.
Second, the resultant level-set evolution shows a switching
behavior with significant stabilizing effects, hence the level
function is never re-initialized. Finally, by combining with
CG steps of pixel value update, the stability and the speed
of the level-set evolution can be easily controlled by the
number of the CG steps.

2. PROBLEM FORMULATION

Let  C R? denote the image domain and the open set D
a subset (which may be disconnected) of Q2. Suppose the
unknown image v(x) (x € Q) has the following form:

w={ 00 X8, 0

where v(x) is an unknown pixel value at x € D. Thus, the
objects may have arbitrary values over their support. The



model (1) includes more general cases of known background
since in those cases the unknown image u(x) of (1) can be
regarded as the unknown difference image. The noiseless
measurement in the Fourier imaging problem is given by:

FPuy(f) = /Dexp (—jf - x)o(x)dx" , fedCR*(2)

where f € R? is the frequency, ® denotes the set of 2-D
frequency sample locations, and dx’ denotes the differential
surface element. Suppose we have noisy samples y(f),f € .
Our goal is to fit (2) to the noisy samples while penalizing
the length of the boundary of the domain D. The resul-
tant penalized least-squares estimator of D and v can be
computed by

(1 D 2
IB}gGIIy—F v||q>+oc/FdF) (3)

where [|z]|3 = [, |2(F)]?df, the second integral is a line-
integral along the boundary I' = 9D (hence the length of
the domain boundary), and « is a regularization constant.
This form of penalized likelihood can be motivated by var-
ious ways, including one based on Risannen’s minimum de-
scription length (MDL) [9].

3. ALTERNATING MINIMIZATION

To solve the optimization problem (3), we use an alternat-
ing minimization of the cost function with respect to the
pixel value v and the domain D. For fixed D, the optimiza-
tion problem is simple, admitting the linear least-squares
solution

b= (FD)Ty (4)

where AT denotes the pseudo inverse of A and ¢ is defined
only on D. Because of the large dimensions of the matrix
involved in the discrete form of (4), the estimator ¢ of (4) is
preferably obtained using the conjugate gradient algorithm,
without ever having to form the matrix itself.

4. THE SHAPE DERIVATIVES
4.1. Shape Deformation

The main technical difficulty of the optimization problem
(3) is the estimation of the shape D. This is a problem
of shape optimization consisting of finding the geometries
which minimizes a cost functional while satisfying certain
of constraints. Usually, such problems are solved by using
iterative gradient-based nonlinear optimization techniques.
Calculation of the gradient requires the sensitivity analysis
of functionals with respect to the shape deformation. Such
a shape deformation is described by constructing a family
of shapes D, Dy = D that are perturbations of D for 0 <
t < €, t being a fictitious time parameter. These admissible
domains D; are assumed to be subsets of a larger fixed
domain €2 and their boundary is assumed to retain the same
regularity C* as that of the original domain.

The next question is how to define this family of per-
turbations. One could use ideas developed in continuum
mechanics where a family of transformations T : O — R?
for t € [0, €) is constructed such that [10]

D, =Ty(D) , (5)

where 13(D) is defined by
Tu(D) = {x¢ : x¢ = Ti(x), x € D} . (6)
The perturbation of the identity
Ty(x) = x + tn(x) (7)

where 7 is of class C*, is a possible form for these transfor-
mations. One could also use a more general method known
as the speed method [10]. Instead of being defined by its
transformation 7%, the deformation is defined by its speed
field V'(t,x) € C ([0,€), VF(2)) where C ([0, €), VF(Q2)) de-
notes the space of functions continuously differentiable with
respect to ¢t € [0,€) and k-continuously differentiable with
respect to x with compact support included in 2 and such
that these functions leave the boundary 02 unchanged in
order that the admissible domain D; remain a subset of €2,
that is:

V(t,x)-n(x)=0 , forae x€0Q (8)

V(t,x)=0 , for all singular points x , (9)

where n(x) denote the outer-normal unit vector on the
boundary 92, and a singular point is a point where n(x)
is not defined. In fact, these two definitions of the pertur-
bation are equivalent. Indeed, under appropriate regularity
conditions, it is possible to associate a unique velocity field
V(t,x) to a given transformation, and vice versa [10].

Now, let x(t) denote the solution to the system of ordi-
nary differential equation

ox(t)
ot
Then, the following result from shape analysis allows us to
use a gradient-based approach for the domain update:

=V(t,x(t), z(0)eD. (10)

Proposition 1 (Sokolowski and Zolesio [10]) Let the
domain functions Q(D) and L(D) be given by

Q(D):/ vdx | L(D):/Ydr, (11)
D r
where T is of class C*. Suppose Dy is deformed by (10)

where V(t,x) € C ([0,€), V'(Q)). Then, the domain func-
tions Q(D) and L(D) are shape differentiable,

(% /m de)t_o :/FYFdF (12)

/K?YFdF, (13)
r

Q(D,V)

L'(D,V)

where F =< V(0),n > denotes the component of the ve-
locity mormal to the boundary I' at t = 0, n denotes outer
normal vector on I', and k denotes the curvature of T.

4.2. Shape Derivatives of the Cost Functional

We wish to obtain a closed form for the derivatives of the
cost functional (3) with respect to a perturbation of the
geometry. Using Proposition 1, we can show that the first
term of (3)

1
C(D) = 5lly — Full3 (14)



has the shape derivative

Re [/F (L(FDv(f)—y(f))*ejf'xdf) v(x)F(x)dI‘} , (15)

where x € T' and the superscript * denotes the complex
conjugate and Re[-] denotes the real part of its argument.
Similarly, the shape derivative of the second term of (3) is
given by

/andr : (16)

Therefore, the Cauchy-Schwartz inequality tells us that the
steepest descent direction of the domain update for the min-
imization problem (3) is given by a normal boundary speed
function F () (boundary flow) of the form

F = —(E+akr)xr (17)
E Re [v* (FD)* (FDU - y)] (18)

where xr denotes the indicator function of the boundary I'.

5. SELF-REFERENCING LEVEL-SET
METHOD

5.1. Shape Evolution by Level-Sets

The problem of minimizing the cost function (3) with re-
spect to the domain D has now been reduced to deform-
ing or evolving the boundary T" by the boundary flow F.
This will provide a steepest descent procedure for the min-
imization of (3). However, rather than evolve the bound-
ary directly, we adopt the powerful level-set approach pi-
oneered by Sethian and Osher [11]. They described the
evolution of boundary I'; in (10) and the domain Dy as a
zero-level set of the three-dimensional embedding function
#(t,x) : RT x R? = R:

Ft -
Dy =

{x € R?|(t,x) = 0}
{x € R*|¢(t,x) < 0} . (19)

For a given boundary flow F, the evolution of the domain
is then given by

¢

L = r1vl. (20)
Eq. (20) is a Hamilton-Jacobi-type equation in continuum
mechanics [11]. Using (20), topological changes of the do-
main evolution can be handled easily. Furthermore, the
level-set algorithm can be implemented in a fixed Cartesian
grid throughout the iterative process. For our problem,
is given by (17).

5.2. The Velocity Extension Problem

A somewhat hidden aspect of the level-set method (20) is
that F is assumed defined on all €2, not just on I". Thus,
not only is the interface embedded in a higher dimensional
function, but the normal speed of the interface is itself em-
bedded in a higher dimensional function:

9 _

5 = —Felvel (21)

where F . is some normal boundary speed field which, at the
zero level-set, equals the given speed f =< V(0),n >. This
new speed field f . is known as the “extension velocity”, and
must be chosen judiciously.

The freedom to choose the extension velocity is equiva-
lent to the freedom to choose the embedding of the bound-
ary curve I" into the level-set function ¢. Indeed, for a given
boundary I" at time ¢, (19) specifies little more than the zero
level curve of ¢(t,-). The rest of ¢(¢,-) can be either spec-
ified directly, giving rise (through the evolution equation
(21)) to a natural velocity extension F ., or indirectly, by
specifying F ., and letting ¢ be determined by (21).

There are various approaches to constructing the ex-
tension velocity. Sethian’s original level-set calculations
[11] were concerned with interface problems with geomet-
ric propagation speeds such as curvature flow, leading to a
natural construction of an extension velocity by using the
geometry of the given level-set. In these flows, the evo-
lution equation (20) converges to a correct boundary for
any choice of the embedding function that satisfies certain
smoothness conditions. Based on this, the signed distance
function is usually used as a level function owing to its
simplicity. Adalsteinsson and Sethian [12] proposed a fast
extension method of the velocity which preserves the signed
distance in narrow band around the zero level curve.

However, neither the signed distance, nor this choice of
velocity extension are effective for our problem, for the fol-
lowing reasons. If the signed distance is used as a level func-
tion, the level function must be re-initialized after several
iterations to preserve the signed distance. Usually this is
done by solving another PDE of the level function [11]. This
procedure is time-consuming, but it is essential to stabilize
the level-set evolution. However, the more frequent the re-
initialization iteration, the more the zero level set may stray
from the expected position [11]. The advantage of our ap-
proach over such re-initialization is the “switching” behav-
ior of our level-set evolution, which keeps the level function
stable avoiding the problematic re-initialization step.

We are aware that in the narrow-band level set method
[11], the velocity extension method provides a way to up-
date an interface such a way that the signed distance func-
tion is maintained, and the front is never re-initialized.
However, in comparison to narrow-band extension meth-
ods, our velocity extension is easily obtained from the level
function evolution, reducing the computation and simplify-
ing the algorithm . In the following, we explain the details
of our new level-set formulation.

5.3. Velocity Extension

Recall the normal velocity field (17). One may think that a
simple extension of (18) to the whole domain §2 is obtained
by removing the indicator function:

N (Re s (FD) " (FPy - v + om) . (22)

However, since the image estimate v is restricted to D, the
first term in (22) is only defined on D.

In a binary image reconstruction problem [8], the deriva-
tion of the velocity extension is also based on the form of
the steepest descent direction boundary flow at I'. In this
problem, the image is assumed to take the known constant
values Vi, and voue on D and Q2 \ D, respectively. Santosa



showed that in this binary problem, the required velocity
field at the boundary (without including the curvature flow)
is given by

F'= =(in = vour) Re[(F”)" (Fvin —)Ixr (23)

where A* denotes the adjoint of an operator A, and xr de-
notes the indicator function of the boundary I". By remov-
ing the indicator function from (23) and replacing (FP)*
by (F?)* = (FP)* 4+ (F®\P)*, he obtained the velocity
extension:

Fo = —(Vin — Vout) (Re [(FD)* (FDvm — y)]
+Re [(FQ\D)* (FPvin — y)]) . (24)
where the first and the second terms are defined on D and

on Q\ D, respectively. A straightforward analogy of (24)
applicable to our problem is

Fe = —(Ee+ak) (25)
E. = Re [v* (FD)* (FPv— y)]
+Re [w (FQ\D) C(FPy - y)] . (26)

for some nonzero complex-valued function w defined on 2\
D. Using (26), the level set evolution is now given by

0

20 — BLIV6| + anl V] (27)
In order to avoid technical difficulties such as scaling and
phase mismatch, a good candidate for w is an estimate of
v defined on 2\ D or 2. What functions w(-) can be used
? The following sections answer this question.

5.4. A Self-Referencing Level-Set Method
In many Fourier imaging problem, the inverse Fourier trans-
form image

a0 = (F) 'y = (F") "y, (28)

is used as a reconstructed image or at least as an initial
guess for image enhancement algorithms. However, in the
level set algorithm for binary image reconstruction prob-
lems [8], such information has not been utilized explicitly.

How can we inject the information (28) into the level
set algorithm 7 Recall from our earlier discussion, that we
have freedom in the choice of a level-set function. One idea
is to use (28) to initialize the level function. Indeed in an
inverse scattering problem of permittivity inversion, Dorn,
Miller and Rappaport [13] already used the approximate
solution from the nonlinear inverse scattering solver as a
level function initialization.

Such a formulation of the level function has several ad-
vantages over the signed distance function. First, the new
level function has approximate informations about the im-
age intensity. Hence, the level function has multiple valleys
at the desired locations, which allows fast evolution of the
level set. Second, since the term |V¢| of (21) works as an
edge map of the level function, we can expect more rapid
evolution of the level function in the edge area of the ap-
proximate images.

Based on these observation, we define an image magni-
tude function m(t,x), and initialize it to the magnitude
of the inverse Fourier reconstruction of (28), m(0,x) =
|fio(x)]. We then pick the level-set function to be

o(t,x) = glm(t,x)] Vvt =0 (29)

where ¢ : Rt — R is a decreasing invertible continuous dif-
ferentiable function. For example, an adequate choice might
be g(z) = Tu — z, where Ty is an appropriate threshold
value, which is less than the maximum value of m(0,x) =
|w(0,x)|. This choice then initializes the level set to

¢(O’ X) = g[m(07 X)} s

Importantly, Eq. (29) can now be used to provide a
new evolution equation for w(t, x), which can be used for
our velocity extension (26).

m(0,x) = |io(x)| . (30)

Proposition 2 Suppose the level set ¢(t,x) is defined as in
(29), and ¢ is a solution to the evolution equation (27) with
initial conditions (30). Then the magnitude function m =
gfl(qﬁ) is a solution to the following evolution equation:

om
ot
m(0,x) =

= —E.|Vm|+ akm|Vm|, (31)
|0 ()| (32)
where kmy, denotes the curvature of m(t, x).

Proof : See Appendix. O

Note that the flow (31) and (32) is an anisotropic dif-
fusion of the magnitude image |Go(x)| produced by direct
Fourier inversion. Related anisotropic diffusions have been
used for edge enhancement and noise removal. For exam-
ple, if E. = 0, then the flow (31) and (32) becomes a cur-
vature flow [11], where sharp boundaries are preserved and
smoothing takes place inside a region, but not across region
boundaries. Based on this observation, we propose to use
m(t,x) as an estimate of the image magnitude |v(¢,x)| on
Q\ D. Now, by assuming that the phase of the image on
Q\ D does not change significantly during the evolution, we
obtain the following evolution for w(t, x):

w(t,x) = m(t;x)el 70> (33)

where Z denotes the argument of a complex quantity. Note
that with this definition of w(t,x), we have w(0, x) = to(x),
so that w(0,x) agrees with unconstrained Fourier recon-
struction on 2\ D.

Because the level function is initialized as a function of
the image estimate (rather than e.g., a signed distance func-
tion), we will call this level-set formulation a self-referencing
level set method.

5.5. Stability of Level Function

Recall that for the choice of the signed distance function
as a level function, periodic re-initialization is performed to
maintain the signed distance, and hence stabilize the evo-
lution [11]. Likewise, in order to stabilize their evolution,
Dorn, Miller and Rappaport [13] periodically solve the heat
equation for ¢(¢,x), smoothing out irregular behavior of
the level function during the evolution. (Such an approach
tends to drive the zero level curve away from the expected



position.) In contrast, the proposed self-referencing level
set method has no explicit formula for stabilizing the level-
function evolution. This raises some questions about its
stability.

The main contribution of our algorithm is that such
re-initialization steps are not necessary. Note that by sub-
stituting (4) into (26), the extension velocity is simplified
as:

E.

Re [U* (FD)* Péy} + Re [w* (FQ\D)* Pﬁy}

Re [w* (F\?)" Pay] (39)

where P35 is the orthogonal projection onto the range space
of F'P, or, equivalently, onto the null space of (F'” )*, and

the second equality follows because (F b )* P =0.
Note that E. in (34) is nonzero only in Q\ D. Therefore,
the level-set evolution is given by

ol - ak|Vo(t, )|, x€D
B¢ (%) = { (Ee + ar)|Vo(t,x)|, x¢D (%)

Eq. (35) tells us that if x ¢ D the level-set evolution is
driven by the data-driven force E. and the roughness of the
level-set |V¢|. If the estimate of D is incorrect, there will be
data mismatch (i.e., P5y # 0) resulting in a nonzero data-
driven force F. and allowing the level-set to keep evolving.
However, for x € D the curvature flow will stabilize the
level-set evolution. Thus, the evolution exhibits a switch-
ing behavior between the interior and exterior of the domain
D. Whatever the estimated domain D, within D ¢ only un-
dergoes smoothing by non-isotropic diffusion, and outside
D it evolves under data influence.’

This “switching” controls the minimum value of the
level function. More specifically, consider the adequate
choice ¢g(z) = Ty — z with Ty constant throughout the
evolution iteration. If ¢(¢,x) < 0, then x becomes an el-
ement of D, and the value of ¢(t,x) is now suppressed to
zero by the curvature flow. Similarly, if ¢(¢,x) > 0, then
x € Q\ D hence it is evolving by the data driven flow. Ow-
ing to this feedback cycle, we can show that asymptotically
the minimum vale of the level function is zero, hence

max lim |w(t, x)| = T4 (36)

Without such “switching” behavior, the contribution of
E. on D may not be negligible and the evolution of ¢ may
not converge even for the correct domain D if the mea-
surement y is noisy. For example, in the velocity extension
method (24) for binary image reconstruction problem [8],
if the measurement y is noisy, F # 0 even for the correct
domain D, hence there is no explicit way to stop the evolu-
tion.

Another advantage of our algorithm is that the “switch-
ing” effect can be easily controlled by the number of CG
steps. For examples, if a small number of CG steps are
used, 9 # (FP)'y and the contribution of F on D may

L As revealed by the derivation leading to (35), this feature
is obtained owing to the problem formulation and the choice of
steepest descent — and has little to do with the particular velocity
extension. The latter only affects the evolution on Q \ D.

be significant. This tends to allow rapid evolution of the
level function. On the contrary, for large number of CG
steps, the contribution of F' becomes negligible, hence the
level function is stabilized. Therefore, the number of CG
steps will be used to control the evolution speed and the
stability of evolution. In practice, we will use small number
of CG iterations in the early phase of evolution in order
to allow rapid evolutions, and increases the number of CG
steps according to the evolution in order to keep the level
set stable.

6. NUMERICAL IMPLEMENTATION

Once the velocity is chosen, all coefficients that are in-
volved in the Hamilton-Jacobi equation are defined. Now
we describe the numerical algorithm for Equation (27). We
assume that the image domain 2 is rectangular and dis-
cretized into N x N pixels of size Ax and Ay. Define
®%; = ¢ (t,iAz, jAy). The Hamilton-Jacobi equation is re-
placed by

1 t t t t t t
N (¢J1 — ¢ij) = Ei;H(d5;) + akg H(di;) (37)

where wfj denotes the value taken by the function w at the
point (iAz, jAy) € Q at time ¢ and where H corresponds to
the numerical Hamiltonian, which is in fact an approxima-
tion of the gradient |V¢|, and H,ﬁj denotes an approximation
of the curvature.

Three issues need to be addressed in the implementation
of (37). The first is how to define the numerical Hamilto-
nian and curvature. In order to ensure the stability of the
numerical evolution, we follow Sethian’s proposal for the
upwinding finite difference scheme [11] for H, which is de-
termined by the sign of the velocity E;; in (37). The choice
ensures that the domain expands when the velocity is pos-
itive:

e if F;; <0, the numerical Hamiltonian is given by

H(¢;)* = max(D?4;,0)" + min(D7 ¢}, 0)?

+  max(DY ¢};,0)* + min(DY ¢};, 0)*(38)
o if F;; > 0, then
H(¢i;)* = min(D”¢i;,0)* + max(D} 45, 0)*
+  min(DY ¢};,0)* + max(D% ¢};,0)*(39)

where Di@ﬁj = (¢§+1,j - ¢§,j)/A$ and D?idﬁj = (¢§,j -
®% ;_1)/Ay. However, the numerical Hamiltonian in the
last term of (37) is implemented using the following central
difference approximation:

H(¢4)? = (D"¢%)" + (Do) (40)

where D¢f; = PHHLZ8iol and DYgf; = LLitifiiot
Since the expression for the curvature of the zero level set
assigned to the interface itself is given by

. ( Vo ) _ 9220} = 2036005y + byd?

Vol )T wreppr W

its numerical approximation Kﬁj is implemented using the
central difference formula.




The second issue concerns the boundary conditions to
impose on the level-set. Since the velocity is such that the
boundary of the domain €2 should remain fixed, the level-set
function satisfies a Neumann boundary condition:

Vo(t,x)-n(x)=0 , x€N. (42)
This condition too is implemented using a finite difference
approximation to V¢(t,x). For the rectangular  in the
examples we consider, the normal vector n(x) is parallel to
the = or y-axis. Therefore, the boundary condition V¢ -
n = 0 is discretized to one of the four conditions DY = 0,
DY =0, D =0, or D} =0, depending on the location of
the boundary. In each case, the choice between D_ or Dy
is made so that only pixels in 2 are involved.

The third implementation issue concerns the time step
At. There are inherent time step requirements in the above
discrete implementation. We have a Courant-Friedrich-Leroy
condition [11] which requires the front to cross no more than
one grid cell each time step. Thus, we require that

max |F| At < min{Az, Ay} (43)

where the maximum is taken over values for F for all pos-
sible grid points. We use the following time step size:

0.99 min{Az, Ay}

At .
max; ; |Ef; + okt

(44)

In practice, x}; in (44) becomes very large in a flat region?,
so At becomes very small. In order to avoid this situation,
we compute At in (44) assuming o« = 0.

7. COMPUTATIONAL COST

The main computational burden of the algorithm are the
CG steps for the pixel-value update and the computation
of the extension velocity (26). First consider the CG step.
Specifically, we use the Polak-Ribiere version of the conju-
gate gradient algorithm.

Initialize:
q=(FP)y, =0 d’°=q (45)
For k=0,1,--,
Mt = 0"+ apdt (46)
. (FD)*FDﬁkJrl S (47)
A = =" 4 Bed” (48)
where
< E+1 _ K k+1>
T rT,Tr
= ~ '/ 49
B <rk k> (49)
< Tk,dr >
= ks 50
ak T (FP) Fod; (50)

For a regular grid, the computation of ¢ in (45) can be
implemented using the fast Fourier transform (FFT) af-
ter zero padding y on Q\ ®. In (47), the computation of
(FP)*FP#**! can be implemented by computing the FFT

2However, mng(d)gj) is well defined.

of 9", zero-padding on Q \ @, and finally performing the

inverse FFT (IFFT). Computation of o can be done simi-
larly using one FFT of dj. In total, for £k > 1 one iteration
of CG algorithm requires two FFT and one IFFT.

To compute the extension velocity E. of (26), we need
to compute

v* (FD)*(y—FDv) , (51)

which can be again implemented using one FFT and addi-
tional IFFT. Therefore, overall complexity of the algorithm
per evolution iteration is given by O (N 2log N ) for N x N
images.

8. NUMERICAL RESULTS

We provide four examples to evaluate the performance of
our algorithm. We use the function g(z) = Tz — z for all
our simulation where T is a threshold value, which is set
depending on each problem. The regularization parameter
« in (27) is hand-picked for best performance. To describe
the experiments, we introduce the following definitions. For
N x N-pixel image we measure region sizes, |D| |®| and
|2] = N? by the number of pixels they contain. The frac-
tion n = |D|/N? of the image occupied by the supports
of the objects is called the occupancy rate. Likewise, be-
cause the total number of Fourier samples is |®|, we call
p = |®|/N? the sampling rate. Theoretical analysis indi-
cates that reliable reconstruction requires p > n, often by
some factor [14].
Example 1. The original piecewise constant 128 x 128
image (Fig. 1(a)) consists of two rectangles and a circle
with different pixel values (2.353, 1.568, and 0.784). The
occupancy rate is 7 = 25%. In this experiment, we recon-
struct the pixel values and the domain from randomly cho-
sen samples in the 2-D Fourier domain, with sampling rate
p = 50% = 2n. Additive complex Gaussian noise is added
to the samples at an rms level of 5%. The direct Fourier
inversion result 4o (x) after zero-padding (Fig. 1(b)) is quite
blurred.

In order to control the evolution speed and stability, we
use the following rule for the number of the CG steps in

25 where Neg

and Ngy denote the number of CG steps and the evolution
number, respectively, and |z] denotes the largest integer
less than or equal to x. Asymptotically, the choice of Nca
guarantees that the level set becomes stable.

The magnitude of the pixel values and the domain esti-
mates are compared to ground truth in Figs. 2(a)-(b). Ac-
curate pixel value estimates and nearly perfect domain esti-
mate are obtained. The resulting level-function (Fig. 2(c),
Tu — ¢(t,x) shown) appears to have a well-behaved form,
free of spurious excursions. Its value is clipped at ¢ = T,
as predicted by the discussion in Sec. 5.5. Here, the thresh-
old Ty and the regularization parameter o are set to 60%
of the maximum value of m(0,x) and 0.3, respectively.
Example 2. The test image is generated by cutting the
Lena image as shown in Fig. 3. The pixel values are nor-
malized to have maximum value of 2, and Ty and « are
set to 60% of the maximum value of m(0,x) and 0.1, re-
spectively. The domain D, occupancy, and the noise level
are all the same as in Example 1. We reduce the sampling

the subsequent simulations: Nog = 5+ LNEVJ



rate down to p = 37.5% = 1.5n. Again, while the direct
Fourier inversion (Fig. 3(b)) is blurry, the reconstruction
by our algorithm after 200 iteration (Fig. 3(c)) is accurate.
The domain estimate (Fig. 3(d)) are also quite accurate.
Example 3. This example is drawn from a passive radar
imaging problem [1], where the sampling pattern in Fourier
space is determined by the locations of the radar and com-
mercial TV /FM stations, and the trajectory of the airborne
targets. The pixel values are normalized to have the maxi-
mum magnitude of 2, and additive complex Gaussian noise
is added to the samples at an rms level of 5%. The occu-
pancy rate is now n = 37%, but the sampling rate is only
p = 0.337n. This is a severely undersampled case, which ac-
cording to theory [15] does not suffice for reconstruction of
even one third of the object support. A true VFY aircraft
reflectance image and the direct Fourier inversion result are
given in Figs. 4(a)(b). The threshold Ty and the regular-
ization parameter a are set to 30% of the maximum value
of m(0,x) and 0.001, respectively. The reconstruction by
our algorithm after 100 iterations (Fig. 4(c)) clearly shows
the structure of the VFY aircraft.

Example 4. This example is drawn from a magnetic reso-
nance imaging problem. The goal is “change detection” in
a complex background, which is however known, from pre-
vious reference scans. Consider the original “Sheep-Logan”
phantom given in Fig. 5(a). The maximum value of the
phantom is normalized to the value of 5. Suppose we add
three “tumors” as shown in Fig. 5(b), which have unknown
additional absorption values of 0.5, 0.6, and 1.0 and sup-
port. Assuming that we know the original healthy phan-
tom of Fig. 5(a), our goal is now to estimate the image in
Fig. 5(b) from its noisy Fourier samples. Again, additive
complex Gaussian noise is added to the samples at an rms
level of 5%. The occupancy rate of the difference image -
which corresponds to three tumors - is now n = 2.3%, and
the sampling rate is only p = 2n = 4.6%. A Fourier re-
construction in Fig. 6(b) is very poor and we cannot locate
any tumors, because of the poor point spread function of
the system. However, the reconstruction after 100 itera-
tions using the new method (Figs. 6(c)) is still good. Here,
the threshold 7Ty and the regularization parameter « are
set to 70% of the maximum value of m(0,x) and 0.0005,
respectively.

9. CONCLUSION

We introduced a new algorithm for image estimation from
sparse Fourier samples. The problem was formulated as
joint estimation of the supports of unknown sparse objects
in the image, and pixel values on these support. The do-
main and the pixel values are alternately estimated using
what we call the self-referencing level-set method and the
conjugate gradient method, respectively. Our level function
was initialized as a function of the magnitude of the direct
Fourier inversion results. This choice also provides an evo-
lution equation for the magnitude image. Furthermore, the
number of the conjugate gradient step controls the speed
and the stability of evolution, which totally removes the re-
initialization step in conventional level set methods. Simu-
lation results suggest that our algorithm provides accurate
image and domain estimates from sparse Fourier samples
(close to the theoretical minimum) and is quite robust to
noise.

10. APPENDIX
Note that ¢(t,x) = g(m(t,x)), where g : R" — R is de-
creasing invertible continuously differentiable function. Us-
ing the chain rule, each term in the evolution equation (27)
can be converted as:

00X gm0 27X (52)
Vot %) = [Vt x)llg (m(t. x))] (53)

_ Vo(t,x

“"V<ww@)

B Vm(t,x)

-V (VrmthVm@xJ

_ / Vm(t, x)

= (g 0n00) V- (56)

= sgn(g'( x))) fm (54)

where k and k,, denotes a curvature of the function ¢(¢, x)
and m(t, x), respectively. This tells us that
om
o = BVl + ag'rm| V] (55)
Because, by assumption, g'(m(t, x)) < 0, it can be cancelled
out, yielding (31). This concludes the proof.
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i Figure 4: Example 3 (a) original VFY aircraft image, (b)
f '4 direct Fourier reconstruction, and (c) reconstruction by our
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Figure 1: (a) Magnitude image of the original ground truth,
and (b) Fourier inversion result with zero-padding.

Figure 5: Example 4 (a) original Sheep-Logan phantom, (b)
modified phantom with three additional tumors.

(a) : . . .
(a) (b) (c)

Figure 2: (a) Magnitude of the estimated image, (b) esti-
Figure 6: Example 4 (a) original phantom image with tu-

mated domain, and (c) level function.
mors, (b) direct Fourier reconstruction, and (c) reconstruc-
tion by our algorithm.




