Signhal Processing First

Lecture 17
IR Filters: H(z) and
Frequency Response

READING ASSIGNMENTS

This Lecture:
Chapter 8, Sects. 8-4 8-5 & 8-6

Other Reading:

Recitation: Chapter 8, all
POLE-ZERO PLOTS
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LECTURE OBJECTIVES

SYSTEM FUNCTION: GE—
H(z) has and ZEROS

FREQUENCY RESPONSE of IIR
Get H(z) first

H(e'”)=H(2)
THREE-DOMAIN APPROACH
h[n]<> H(z) < H (eif)

7=g®
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THREE DOMAINS

Use H(z) to get
Freq. Response

TIME-DOMAIN FREQ-DOMAIN
L V 3 b eIk
yInl=> a,yIn— ]+ > b x[n—K] B 2. be
=1 k=0 H(el?) = k=0N
_ —jar
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H(z) = z-Transform{ h[n] }

FIRST-ORDER IIR FILTER:
y[n] = ay[n —1]+bx[n]

h[n] =1, (a,)"u[n]
by
1-az
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H(z) =

-1

Typical IMPULSE Response

-4 -2 0 2 4

h[n]= by (a,)"uln] =3(0.8)"u[n]

3 T a T T Ll T T T Ll
2f /

1 -
6 8 10 12 14 16
Time Index (n)
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First-Order Transform Pair

DELAY PROPERTY of X(z)

b

h[n]=ba"un] < H(@)=—

-1

GEOMETRIC SEQUENCE:

H(z)= bozainz_n = boZ(aiz_l)n
n=0 n=0

b :
— it
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DELAY in TIME<-->Multiply X(z) by z1
X[n]<> X(2)

X[n -1] < 27 X(2)

Proof: > x[n-1z" = > x[/]z ‘"
N=—o0 { =—o0
=7 Y X[z = 77X(2)

(=—00
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Z-Transform of IIR Filter SYSTEM FUNCTION of IIR

DERIVE the SYSTEM FUNCTION H(2) NOTE the FILTER COEFFICIENTS

Use
YINT= ay[n —1]+ B X[N] + X [N —1] Y(z)—az Y(2) =b,X(2) + bz X(2)
Y(@) =az Y(2) + b,X(2) + bz X(2) (L-az )Y (@)= (b, +hz)X()
| EASIER with DELAY PROPERTY | )
Time delay of ny samples multiplies the z-transform by 77" H( ) = Y (Z) = bo + bl Z_l = B(Z)
xn—ng] = X() X(z) | 1-az A(2)
SYSTEM FUNCTION CONVOLUTION PROPERTY
DIFFERENCE EQUATION: of z-TRANSFORMS
y[n] = 0.8y[n —1]+ 3x[n] —2x[n—1] X(z) Y(z) = H(2) X(2)

—_— H(Z) —

the FILTER COEFFS:  JH(2)

in TIME-DOMAIN

Y (z)= [ 3-2z" X (2) X[n] y[n] = h[n]=*x[n]

—p h[n] e

IMPULSE
RESPONSE
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POLES & ZEROS

ROOTS of Numerator & Denominator

-1
H(z)_b+bzl—>H()_bZ+b1
1-az I—a
by
bz+b, =0 =z=——| [zErRo:
by| [H@z)=0

EXAMPLE: Poles & Zeros

z2—a,=0 =z=a] [poLE: HE) > inf
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VALUE of H(z) at POLES is INFINITE

2+2771

H(z)=———
(2) 1-0.8z71

2+2(-1)

H(z) =

ZERO at z=-1

1-0.8(-1)

2+2(4)7

H(z) =

POLE at z=0.8

9
- TN 2
1- 08( )—1 0
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POLE-ZERO PLOT

FREQUENCY RESPONSE

ZEROatz=1 ||
051 \. ' _ :
0 g
051 - |POLE at
2+227 | _;| i (2208
1-0.87" -1 0 I
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SYSTEM FUNCTION:
H(z) has
FREQUENCY RESPONSE of IIR

We have H(z) R
H(e') = H(z)

THREE-DOMAIN APPROACH

E—

h[ﬁ\](—) H(z) PN H(e’ﬁ’)

z=el?




FREQUENCY RESPONSE

EVALUATE on the UNIT CIRCLE
H(e'”) = H(2),_

by + bz}
1 —az7!

H(z) =

byt bye

H(e'?) = H(z)|

FREQ. RESPONSE FORMULA

2+22‘1 2 42 i@
H(z)="—"— ploy— 27°2%
@ 1-0.827" ™) 1-0.8e1”

(242677 [ 242e71% 242e
1-0.8¢77%] 1-08e7/% 1-0.8e!°

‘H(ej“A’)‘2 _

A+ 4+ 40730 4 4017 8+8cos®
1+0.64—0.8¢71? —0.8e}? |1.64-1.6c08®

-_e,,m) - . . —J’(IJ
L= e @a=0, |HE?)| 8+8_4oo @d=r?
Frequency Response Plot
- UNIT CIRCLE
— _2+2e | -
N 1-0.8¢7 ¢ MAPPING BETWEEN Z and o
|H(€'“D) 10 , The (.‘muplgcx z-Plane ja'\)
5 It ...... ...... *_:(rr'; Z —_ e
" % ‘ h T __.-;‘\‘~Z= 1 & w=0
[H( j(r)) - E s ;:—Uml Circle ~
. : - TT~i=-1 & o=tz
_x 1=t © w=t371

Freq uency (m) 20

-1 -0.5 0 0.5 1

Real Part
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3-D VIEWPOINT:
EVALUATE H(z) EVERYWHERE

WHERE is
the POLE ?

UNIT CIRCLE

MOVIE for H(z) in 3-D

POLES to H(z) to Frequency Reponse
TWO POLES SHOWN

PealngResponss iy

Complox abeme phot o1 487" + 8917
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Frequency Response from H(z)

Walking around the Unit Circle

ctitingh ™

41312006 _e— 24

3 DOMAINS MOVIE: IIR

0.8 1
s 1-0.9z7 )

502
E o Q X 10
T2
5

04

DTFT: HAGHNITUDE RESPONSE
T T T T T T

0.6
0.8

8

[

1

-1 2
05 [ 0.5 1

Real part 32

3 04 03 02 01 L 0.1 0.2 03 04 05

| POLE MOVES

IMPULSE RESPONSE: hinl

i®
DTFT: PHASE RESPOMNSE (DEGREES) H (e )

1F ) 180
05 [l[ﬂ a0 & % z z -
- nmmm«-—...... 0 /—\//
45 h [n] -a0 5 : =
-5 o 5 1o 13 20 23 30 35 718—1“1,5 N4 03 02 01 o ol 0z 0z 04 ns
5

Mormalized Frequency wi2s




PeZ Demo: Pole-Zero Placing
SINUSOIDAL RESPONSE

Fio Edt Cptions  Help

Fe|zz|pe|£|2|A| [AddRapsaisdy | Adduin Conjugais | Zoom Ennbls | CickEnsble | | Usink | Fiker Cosficients | Show Gragh |

Pole-Zero Plot

x[n] = SINUSOID => y[n] is SINUSOID
Get MAGNITUDE & PHASE from H(z2)

d J if x[n]=el""
then y[n]=H(e*)el"

Pole Location Zero Location

m imnaginany part - A
e R R I W h Ja)
. = = where H(e!”)=H(z2)| " .
; [
ll“ S A 7—el
o 10 20 el o
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POP QUIZ Evaluate FREQ. RESPONSE

= 1 |S C(’) = 0 Magnitude Response 2 -1
2 — + 27 o
’ N —at®=0.257
1-0.82z

Given: 242771 s
H(z)=———
=108 j

T zero at @=n

Find the Impulse Response, h[n] : T/
Find the output, y[n]

When Ix[n] = cos(0.25zn)

Phase (Radians)

"6 _4 2 0 2 4 6

- ali= - . o
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POP QUIZ: Eval Freq. Resp.

Given: H(z) =

1

2+27
1-0.8z7"

Find output, y[n],

when

7 — @l0257

Evaluate at

CASCADE EQUIVALENT

X[n]=co0s(0.257zn)

2+2(4-%)

H(z) =

1-0.8e 1°%"

— 5 182e—j1.309

y[n] = 5.182¢0s(0.257zn — 0.417 x)

Multiply the System Functions

x[n]

H,(2)

x[n]

SYSTEM

EQUIVALENT
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Hy(2) —

H (Z) y[n]

H(z)=H,(2)H,(2)

McClellan & RW Schafer




