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Abstract: Large inductance requirements (for accuracy) in switching power supplies for portable applications
impede system-on-chip (SoC) integration and therefore form-factor reduction because on-chip inductances are
invariably low and off-chip inductors intolerably obtrusive. Cancelling the current ripple of innately small on-
chip inductors, however, keeps the effective output current ripple and its resulting output voltage variation
(i.e. accuracy) within acceptable window limits (e.g. 50�200 mA and 20�50 mV), effectively multiplying the
on-chip inductance and circumventing the need for bulky off-chip inductors. To this end, while gyrators and
other voltage-mode inductor multiplier circuitry simulate relatively high inductances, they cannot supply the
250�750 mW loads typically attached to battery-powered switching regulators, which the predictive current-
mode multipliers discussed in this paper can. The basic objective is to cancel the ac inductor current ripple
with an inverting ac replica and allow the on-chip inductor to source the full dc load. Ac mismatches in the
form of amplitude, delay and non-linearity, however, limit the extent to which the original ac ripple is
cancelled, constraining the inductor multiplication factor to �nite values. The foregoing paper describes,
illustrates and derives the effects of these mismatches on the multiplication factor and shows how realistic
non-idealities (e.g. up to 10% gain error and less than 10 ns of delay) can yield inductance multiplication
factors of 125 H/H at 100 kHz and 11.5 H/H at 10 MHz in a practical switching dc�dc power-supply integrated
circuit (IC).
1 Inductor multiplication
Switching dc�dc supplies are bulky, yet essential �xtures in
portable and stationary microelectronic applications. The
fact is state-of-the-art dc�dc converters used to drive
processors, backlights, power ampli�ers (PAs) and the like,
require discrete off-chip power inductors. The magnetic-
based buck converter shown in Fig. 1, for example,
converts a 2.7�4.2 V Li-ion voltage (i.e. VIN) into a steady
1.2 V supply (i.e. vO) by modulating how often transistor
MP connects switching node vSW to VIN; in other words,
because inductor L is a short circuit at dc, the average value
of vSW equates to the average value of vO

vO(avg) ; VO … vSW(avg) … VINdMP (1)
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where VO is the average value of vO and dMP the duty cycle of
MP. The switching action of vSW, however, causes the
voltage across the inductor to alternate between VIN2vO
and 2vO and its current iL to rise and fall as a result. The
rippling current (ac component) ultimately �ows into
output capacitor CO and produces an ac voltage at the
output. This ac ripple voltage, which constitutes accuracy
degradation, is inversely proportional to inductance LO,
which is why large off-chip inductors are typically used.
Although on-chip inductors with plated ferromagnetic
layers are promising [1�4], state-of-the-art on-chip
inductances are prohibitively low, on the order of 20�
100 nH, and increasing the number of turns increases the
ohmic losses across its increased equivalent series resistance
(ESR) while using cores with higher permeability decreases
the onset of saturation conditions. Note MN conducts
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whenever MP does not, which means MN�s duty cycle
complements dMP and is equal to 1 2 dMP, or by
convention, d 0

MP.

The �linear-assisted converters� in [5, 6], �gyrators� in [7, 8],
�active �lters� in [9�11] and �inductor multipliers� in [12, 13]
attenuate the ac ripple current driven into CO by subtracting a
circuit-derived complementary ripple replica current iR from
on-chip inductor current iL (Fig. 1), the difference of which
constitutes a smaller effective ripple current (i.e. iL(eff)) that
produces less voltage variations in vO (i.e. across CO). If iR
were an exact inverting replica of the ac component of iL,
iL(eff) would carry no ac component to drive into CO and
vO would consequently be free of ripple. Because a larger
inductor induces lower ripple currents, the circuit
generating iR is said to be an inductor multiplier, and since
an in�nitely large inductor produces no ripple, an exact
inverting copy yields in�nite inductor gain (i.e. in�nitely
high inductor multiplication factor). Note increasing
switching frequency also reduces the ripple current, but
additional passives and burst-mode operation are required
to implement the resonant topologies that mitigate the
increased switching losses, and so reductions in the physical
area and voltage ripple are never fully realised. The fact is
increasing the switching frequency enough for on-chip
inductors to be viable can be impractical in some
applications (e.g. when restricted to low-voltage process
technology) and might negate the ef�ciency advantage
switching regulators have over their linear counterparts [14,
15], which are considerably easier and less costly to
integrate. Inductor multipliers present their own challenges
and also heavily impact converter ef�ciency, but an
integrated prototype has been developed that demonstrates
current-ripple suppression of more than an order of
magnitude and also compares favourably with other
strategies in terms of ef�ciency.

Given the systematic nature of inductor current iL � it rises
and falls on cue and in proportion to VIN and VO � both [10,
13] predict (rather than sense) and reproduce the ac
component of iL via inverting replica iR. The basic idea is
that integrating the voltage across LO with a capacitor
produces an ac triangular voltage that is analogous to iL so
converting this ripple voltage into a current with an
inverting transconductor yields iR. Unfortunately, neither
the transconductance nor the capacitance track LO so iR is

Figure 1 Current-mode inductor multiplication in a buck
switching dc�dc supply circuit
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not entirely accurate, plus iR lags iL (in time) and �nite
resistances across the integrating capacitor distort the
otherwise triangular voltage. Irrespective of the scheme,
however, errors in amplitude, delay and linearity such as
these change the ultimate amplitude and shape of the
current driven into CO (i.e. iL(eff)), limiting the ef�cacy of
the multiplying circuit in switching regulator applications
(i.e. the amount by which the effective inductance appears
larger). For example, the amplitude of iL(eff) is still almost
half of iL in one experiment with the integrated prototype
inductor multiplier shown in Fig. 2a, and as shown in
Fig. 2b, its waveform is not triangular. (Although the
copper wires added to capture these waveforms with a
current probe introduced several nanohenries to the circuit,
LO was 4.7 mH so the parasitic effects of the wires were
negligible, and considering the wires were only included for
the sake of the measurement, their effects do not apply to
practical applications, even when using small on-chip
inductors.) The ripple suppression in this example is
limited because iR (which is not shown) is only 260 mAPP
and delayed by 35 ns relative to iL. While literature of
multiphase converters, such as [16, 17], analyse the
cancellation effect of complementary current ripples with
respect to amplitude errors, delay and non-linearity effects
because of �nite time constants, either of which can

Figure 2 Prototyped inductor multiplier IC
a Assembled text board
b Experimental waveforms
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dominate the cancellation factor and both of which are
inherent in any active-circuit technique, remain largely
unexplored. This paper describes, illustrates and derives the
individual (Section 2) and combined (Section 3) effects of
non-idealities such as these on a switching power supply
circuit (Section 4), drawing and discussing relevant
conclusions (Section 5).

Note 1: Since analysing these errors by comparing the ac
portions of iR to iL only (and ignoring their dc
components) is easier, to help delineate one from the other,
the following sections use all lowercase variables (e.g. ir and
il) for ac signals only, all uppercase variables (e.g., IR and
IL) for dc and lowercase�uppercase combinations (e.g., iR
and iL) for both ac and dc. Notice, nevertheless, that
removing the dc component does not affect the peak-to-
peak magnitude of a signal, which means, for example,
Dil(eff) equals (by de�nition) DiL(eff) even if il(eff) differs
from iL(eff) by a dc value.

Note 2: A ripple in vO constitutes a ripple voltage across
LO, which causes variations in iL. The extent to which the
ripple in vO affects iL�s large-signal response depends on its
percent variation, which in the case of state-of-the-art
dc�dc converters is on the order of 5�10 mV/V, in other
words, at most 1% of VOUT. In deriving iL, as a result,
assuming vO reduces to its dc value of VO produces errors
well below 1%. Neglecting this error in the foregoing
analysis is therefore reasonable (and practical) because other
errors, as results will show, swamp its effects, ultimately
yielding suf�ciently accurate and insightful expressions
from which to draw meaningful design-oriented
conclusions. Incidentally, lower ripples, which result from
higher multiplication factors, reduce the impact of this
error. Nevertheless, for validation and accuracy, all
simulation results in this paper include this error (i.e. the
effects of a ripple in vO) so the graphs and tables shown
are accurate, proving the validity of this assumption.

2 Individual errors
2.1 Linear (amplitude) error
The �rst error to consider is a variation in amplitude when
the peak-to-peak value of inverting replica current iR differs
from that of the ac component in inductor current iL (i.e.
il), as depicted in Fig. 3. This error has been acknowledged
before in the context of multiphase converters [16], in
which the ripple currents through two or more inductors
are meant to cancel each other. With a linear error of this
sort, the effective ripple current driven into CO (i.e. il(eff)),
which is the sum of il and iR, retains a triangular shape but
with smaller amplitude

DiL(eff ) … DiL þ DiR … DiL � DiL(1 � KA) … KADiL (2)

where KA is the fractional amplitude-error coef�cient, which
can be positive or negative. Because the ultimate metric in a
IET Power Electron., 2010, Vol. 3, Iss. 1, pp. 43�53
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switching power supply is its peak-to-peak output ripple
voltage, the inductor multiplication factor amounts to the
peak-to-peak ratio of DiL to DiL(eff), which in this case is
the reciprocal of KA

MI:A ;
LEff
LO

;
DiL

DiL(eff )
…

1
KA

(3)

or equivalently, by de�nition, the ratio of equivalent
inductance LEff that would have produced iL(eff) and on-
chip inductance LO, where MI.A is the multiplication factor
when only an error in amplitude exists.

2.2 Delay (timing) error
A delay error in inverting replica current iR with respect to iL
is more problematic because its effect on effective output
current DiL(eff) is to substantially increase its ac ripple,
especially under high diL/dt conditions, when the voltage
across the inductor is relatively large, and with increasing
switching frequencies, as delay td becomes a larger fraction
of switching period TSW. Fig. 4 illustrates a replica current
iR that, other than being delayed by td, is perfectly matched
to the ac portion of iL. The effect of the delay on iL(eff)
when iL and 2iR both rise (or fall) is a constant difference
DiL(eff).R (or DiL(eff).F). During the times iL rises and 2iR
falls, and vice versa, iL(eff) rises and falls linearly to and
from peak values DiL(eff).R and 2DiL(eff).F, the net result of
which is a trapezoidal ac current into output capacitor CO,
as shown in Fig. 4. The trapezoidal shape is an unfortunate
result in so far as it complicates control of a switching

Figure 3 Spice simulation results showing the effect of
amplitude error KA in replica current iR on output ripple
current il(eff)
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regulator. Since this shape is a result of delay, which cannot
be completely eliminated in any active �lter, it will always
be a feature of iL(eff) that may in some cases dominate
other errors, so it must be characterised.

Rising difference DiL(eff).R is the product of rising rate
diLþ/dt and delay td, which is inversely proportional to LO
and directly proportional to the voltage across LO when
switch MP conducts, that is, VIN 2 vO, or equivalently,
VIN(1 2 dMP) or VINd 0

MP

DiL(eff ):R …
diþL
dt

� �
td …

VIN � vO
LO

� �
td

…
VIN 1 � dMP

� �

LO

� �
td …

VINd 0
MP

LO

� �
td (4)

Similarly, falling difference DiL(eff).F is the product of diL2/dt
and td and inversely proportional to LO and directly
proportional to vO, or VINdMP

DiL(eff ):F …
di�L
dt

� �
td …

vO
LO

� �
td …

VINdMP
LO

� �
td (5)

The total ac peak-to-peak current in iL(eff) is the sum of the
aforementioned rising and falling difference currents (i.e.
DiL(eff) … DiL(eff).R þ DiL(eff).F) whereas the peak-to-peak
current in iL (i.e. DiL) is the product of rising rate diLþ/dt
and MP�s on time, the latter of which is the product of

Figure 4 Spice simulation results showing the effect of
delay error td in replica current iR on output ripple current
il(eff)
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switching period TSW and dMP (i.e. ton/TSW)

DiL …
diþL
dt

� �
dMPTSW …

VIN � vO
LO

� �
dMP
fSW

…
Ve 1 � dMP
� �

LO

� �
dMP
fSW

…
VINd 0

MPdMP
LO fSW

(6)

where fSW is the switching frequency 1/TSW. As before,
within the context of switching power supplies, the
effective inductor multiplication factor is the ratio of DiL(eff)
and DiL, which in the presence of a delay yields a factor
that is directly proportional to dMPd 0

MP and inversely
proportional to td and fSW, or inversely proportional to the
percentage of time td is with respect to TSW

MI:D ;
Leff
LO

;
DiL

DiL(eff )
…

DiL
DiL(eff ):R þ DiL(eff ):F

…
dMPd 0

MP
td fSW

… dMPd 0
MP

TSW
td

� �
(7)

where MI.D is the effective inductor multiplication factor in
the presence of a delay. Note that, unlike an amplitude
mismatch, a delay error changes the shape of DiL(eff) to
trapezoidal and its impact is worse under higher switching
frequencies.

2.3 Non-linear error
Non-linearities in replica current iR constitute another error
source (as amplitude and delay errors are linear effects).
These non-linear errors result from non-idealities in the
circuit, such as the exponential response of RC poles in the
signal path. For instance, driving and sinking a constant
square current into and from a capacitor produces a
triangular voltage, which when multiplied by a
transconductor generates the triangular current desired in
iR. However, considering current levels are low to decrease
quiescent power losses and therefore extend battery life, the
presence of a parasitic resistance across the aforementioned
�lter capacitor, as shown in Fig. 5a, distorts the otherwise
linear response with higher order components (i.e. the
exponential RC time-constant response produces non-
linearities in iR). Note the equivalent series resistance
(RESR.L) of LO in the power stage of a switching supply
(Fig. 5b) also produces similar effects in iL, except LO and

Figure 5 The non-linear effects
a Parasitic �lter resistor in the replica-current circuit on replica
current iR
b Inductor�s equivalent series resistance RESR.L in the power stage
of a switching buck regulator on inductor current iL
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RESR.L are typically large and small enough, respectively, to
produce unobservable non-linear effects in iL.

A second-order polynomial with respect to time
approximates the effects of the exponential relationship in
iR and iL reasonably well while simultaneously simplifying
the math. The fact is the coef�cient of the second-order
term of an exponential is considerably larger than those of
higher order components, as seen from its Taylor-series
expansion

eAt … eAt��
t…0þ

1
1!

� �
d1 eAt� �

dt1

�����
t…0

� t þ � � � þ
1
n!

� �
dn(eAt)

dtn

�����
t…0

tN

… 1 þ At þ
A2

2

 !

t2 þ
A3

6

 !

t3 þ � � � þ
An

n!

� �
tn (8)

where second-order coef�cient A2/2 is greater than the third
and all others. (Amplitude and delay errors already account
for errors in linear term At.) Fig. 6 shows how this
simplifying assumption preserves the general characteristics
of the nonlinearity shown in Fig. 5. Adding the second-
order term, however, also affects the amplitude of the
signal, which was already addressed in the analysis of
fractional amplitude-error coef�cient KA. As a result,
scaling factor K is used to normalise the otherwise
amplitude-affected replica current i0

R (shown as its inverse
2i0

R in Fig. 6 to appreciate how it relates to iL) into 2iR
to decouple non-linear effects from amplitude and delay
errors.

To understand the impact of non-linearity on il(eff), it is
helpful to �rst recall that the rising and falling inductor
current is a function of the rising and falling rates of
iL when subjecting LO to on- and off-time voltages of

Figure 6 Spice simulations showing the effect of non-
linearity in replica current iR on output ripple current iL(eff)
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VIN�vO and 2vO, respectively, as MP switches on and off

il:R …
diþL
dt

� �
t …

VIN � vO
LO

� �
t …

VINd 0
MP

LO

� �
t ; mRt

(9)

and

il:F …
di�L
dt

� �
t …

�vO
LO

� �
t …

�VINdMP
LO

� �
t

…
�mRdMP

d 0
MP

� �
t ; �mFt (10)

where the effects of parasitic resistor RESR.L are negligible
and mR and mF are the linear rising and falling coef�cients
of il. Inverting replica current 2iR must therefore include
scaling factor K and the aforementioned linear rising and
falling coef�cients to retain the amplitude and �rst-order
term of iL while succumbing to the effects of rising and
falling non-linear terms aR and aF

�iR:R … K (mRt � aRt2) (11)

and

�iR:F … K (�mFt þ aFt2) (12)

where K, by de�nition, is the constant that equates the
amplitudes of il and 2iR (i.e. il.R and 2iR.R at time ton and
il.F and 2iR.F at toff)

il:R
��
ton

… mRton ; �iR:R
��
ton

… K (mRton � aRt2
on) (13)

or

K …
mR

mR � aRton
(14)

which, for the purpose of this discussion, is a constant. The
sign of non-linear terms aR and aF is consistent with
exponential distortion in iR (Fig. 6).

As before, the effective inductor multiplication factor, as it
relates to switching converters, is the ratio of the peak-to-
peak values of iL and iL(eff). Effective output ripple ac
current il(eff) is the sum of il and iR (or the difference
between il and 2iR) so rising and falling il(eff) with a non-
linear error amount to

il(eff ):R … il:R þ iR:R … mRt � K (mRt � aRt2)

… mR(1 � K )t þ KaRt2 (15)
47
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and

il(eff ):F … il:F þ iR:F … �mFt � K (�mFt þ aFt2)

… �mF(1 � K )t � KaFt2 (16)

The polarity of the second-order (i.e. squared) term indicates
il(eff) is concave and larger than il.R during MP�s on time (i.e.
rising portion of iL) and convex and smaller than il.F during
MP�s off time (i.e. falling part of iL), as seen in Fig. 6. Unlike
the amplitude and delay errors, however, the maximum error
(i.e. DiL(eff)) does not occur at transitional points ton or toff.
Differentiating il(eff).R and il(eff).F and equating to zero
reveals the maximum error occurs half-way through ton and
toff

dil(eff )R

dt

����
t…0:5ton

… 0 (17)

and

dil(eff )F

dt

����
t…0:5toff

… 0 (18)

which means the amplitude of il(eff) is

DiL(eff ) ; DiL(eff ):R þ DiL(eff ):F … �il(eff )Rj0:5ton
þ il(eff )Fj0:5toff

… �mR(1 � K )
ton
2

	 

� KaR

ton
2

	 
2

� mF(1 � K )
toff
2

	 

� K aF

toff
2

	 
2
(19)

Similar to how dMP/d 0
MP relates mR and mF (i.e. mF is

mRdMP/d 0
MP), ton and toff correlate (with respect to

switching period TSW)

ton … dMPTSW … dMPTSW
d 0

MP
d 0

MP

� �
… d 0

MPTSW
dMP
d 0

MP

� �

… toff
dMP
d 0

MP

� �
(20)

Additionally, for equilibrium and steady-state conditions, the
ripple must rise as much as it falls every period, which means
iR.R at ton must equate to 2iR.F at toff and second-order
coef�cients aR and aF consequently also relate through the
ratio of d 0

MP and dMP

iR:R
��
ton

… K mRton � aRt2
on

� �
; �iR:F

��
toff

… �K (�mFtoff þ aFt2
off

)

… K mR
dMP
d 0

MP

� �
ton

d 0
MP

dMP

� �
� aFt2

on
d 0

MP
dMP

� �2
 !

(21)
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or

aR … aF
d 0

MP
dMP

� �2

(22)

where mRdMP/d 0
MP and tond 0

MP/dMP replace mF and toff,
respectively. Using these simplifying relations reduces
DiL(eff) to

DiL(eff ) … �2KaR
ton
2

	 
2
�2 mR(1 � K )

ton
2

	 


… 2 il(eff ):Rj0:5ton

���
��� … 2 il(eff ):Fj0:5toff

���
��� (23)

which means the worst-case variation during a rising il event
equals that of its falling counterpart. Recalling DiL is the
product of rising rate mR and ton and the current-based
inductor multiplication factor is the ratio of DiL and DiL(eff)

MI:N ;
LEff
LO

;
DiL

DiL(eff )

…
mRton

�2KaR(ton=2)2 � 2 mR(1 � K )(ton=2)

…
mR

�K (0:5aRton � mR) � mR
… 2

mR
aRton

� 1
� �

(24)

where MI.N is the multiplication factor in the presence of non-
linear error a, reveals that the decreasing effect of a non-
linearity in iR on MI.N is more pronounced with slower rise
and fall times because the mid on- and off-time (i.e. worst
case) differences between a linear and an exponential (or
second-order) response is worse (i.e. greater) as more time
elapses (i.e. slower diL/dt rates). Given the true nature of
non-linearity effects in RC circuits, it is useful to consider
the time constant that produced a in the �rst place with
respect to switching period TSW, in other words, RTCT or
LO/RESR.L time-constant ta. In this sense, a is inversely
proportional to ta (i.e. a small a value corresponds to a large
ta), which means an in�nitely large ta produces no
discernable non-linear effects in iR within �nite switching
period TSW (i.e. the multiplier circuit integrates its square
input current perfectly and therefore produces a nearly
�awless triangular current) and yields a substantially high
inductor multiplication factor.

3 Combined effects
Although replica current iR contains amplitude, delay and non-
linearity errors, one of these often dominates and determines
the nature of the resulting response. The inductor multiplier,
by design, should balance and trade-off the dominant error
for another to minimise the total variation in effective output
inductor current iL(eff), producing in the process a combined
effect. In the case where amplitude (i.e. KA) and delay (i.e. td)
errors overwhelm non-linearity (i.e. ta), the ac component of
iL(eff) mostly conforms to the triangular and trapezoidal
shapes KA and td induce on il(eff), as illustrated in Fig. 7a,
IET Power Electron., 2010, Vol. 3, Iss. 1, pp. 43�53
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yielding a worst-case peak-to-peak ripple at MP�s switching
transitions ton and toff. On the other hand, as shown in
Fig. 7b, in the event ta effects dominate over those of KA and
td, the peak ripple occurs closer to half-way through MP�s on
and off conduction times (i.e. at 0.5ton and 0.5toff).

In the �rst case, when amplitude and delay errors dominate
(Fig. 7a), the total peak-peak error can be divided into two
parts: the portion impacted by all KA, td and ta and the
one only due to KA. The sums of the two parts at the end
of the on time and at the end of the off time are, respectively

DiL(eff ):R … DiKA
þ DiKA,td,ta

…
KA
2

� �
DiL þ K (1 � KA)(mRt � aRt2)

����
ton

ton�td

…
KA
2

(DiL) þ K (1�KA)(mRtd þ aRt2
on� 2aRtontd)

(25)
and

DiL(eff ):F … DiKA
þDiKA,td,ta

…
KA
2

� �
DiL þK (1�KA)(mFt �aFt2)

��toff
toff �td

…
KA
2

� �
DiL þK (1�KA)(mFtd þaFt2

of f �2aFtoff td)

…
KA
2

� �
DiL þK (1�KA)

� mR
dMP
d 0

MP

� �
td

�
þaRt2

on �2aRton
dMP
d 0

MP

� �
td

�

(26)

Figure 7 Spice simulation results showing the effect of non-
linearity time-constant error ta in the presence of
amplitude and delay errors KA and td in replica current iR
on output ripple current il(eff) when KA and td
a Are dominant
b Are not dominant
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Therefore the combination of KA, td and ta, when dominated
by KA and td, yields effective ripple current DiL(eff)

DiL(eff ) … DiL(eff ):R þDiL(eff ):F … KA(DiL)þK (1�KA)

�
mRtd
d 0

MP
þ2aRt2

on �
aRtontd

d 0
MP

� �
(27)

The multiplication factor, again de�ned in terms of current, is
a ratio with DiL in the numerator and the above expression in
the denominator. In the case where a is substantially small (or
ta practically in�nite and scaling factor K nearly one), the
multiplication factor simpli�es to

MI:A:D:N
��
a!0,K!1 ;

DiL
DiL(eff )

…
dMPd 0

MPTSW
td(1�KA)þdMPd 0

MPTSWKA
(28)

The likelihood ta effects dominate over those of KA and td
(Fig. 7b), however, is low because the degree of non-
linearity required to overwhelm amplitude error and delay
errors (given practical KA and td values of 5�10% and 50�
100 ns) is unrealistically high (e.g. ta must be below 5�20%
of TSW). Even if non-linearity is introduced intentionally,
there is no reason to make it dominant.

From a design perspective, it helps to reduce the combined
effects of all errors (i.e. MI.A.D.N) into a compact, easy-to-
discern format. Intuitively, and as shown, a dominant error
prevails over the others (i.e. MI.A.D.N is approximately the
worse of MI.A, MI.D and MI.N), and the impact of non-
dominant errors is to reduce MI.A.D.N slightly.
Interestingly, resistors in parallel behave in a similar
fashion, that is, higher resistances (e.g. RHI) pull the
combined resistance (e.g. RTOT) below the lowest
resistance in the network (e.g. RLOW), where the combined
resistance is closest to the lowest (e.g. RTOT � RLOW)
when the lowest is substantially lower than the rest (e.g.
RLOW , 0.1RHI). As such, MI.A.D.N may be empirically
expressed as the (resistive) parallel combination of its
constituent factors, where the lowest individual factor
dominates MI.A.D.N and other factors have a tendency to
decrease MI.A.D.N below the lowest factor

MI:A:D:N � MI:A MI:D
�� ��MI:N

…
MI:AMI:DMI:N

MI:AMI:D þ MI:DMI:N þ MI:NMI:A
(29)

Note, for example, that when non-linearity is negligible (i.e.
MI.N is in�nitely high), (29) reduces to

MI:A:D:N
��
MI:N!1 �

MI:DMI:A
MI:D þ MI:A

…
dMPd 0

MPTSW
td þ dMPd 0

MPTSWKA
(30)
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which is almost identical to (28). To further qualify the
foregoing approximation, consider the practical case where
delay and amplitude errors dominate, such as when td is
20 ns, KA is 0.05, aR is 0.001 A/ms2, dMP is 0.3, TSW is
500 ns, VIN is 3 V and LO is 0.5 mH. MI.A.D.N in this
scenario is 10.21 (from simulation results) and the
simpli�ed expression of (29) predicts 10.17, which
represents a 0.4% error. If on the other hand, error
dominance is less prevalent (i.e. all three errors have similar
impact), such as in the case where td is 10 ns, KA is 0.1, aR
is 0.01 A/ms2, dMP is 0.5, TSW is 1 ms, VIN is 4 V and LO
is 1 mH, MI.A.D.N is 4.58 and (29) predicts 5.19, a value
that is 13% off its target. Simulation results of several cases,
in fact, show the error is usually within 10% and less often
up to 20%. The accuracy ultimately improves when one
factor is considerably larger (i.e. its corresponding error is
negligible) or smaller (i.e. its corresponding error is
dominant) than the others, which is more likely to occur in
a practical application.

4 Realistic inductor multipliers in
switching regulators
Thus far, inductor multiplication factor MI has been de�ned as
the ratio of inductor ripple current DiL to effective ripple current
DiL(eff). However, because the overriding objective of a
switching regulator (Fig. 1) is to suppress variations in output
voltage vO, and increasing (or multiplying) LO is only a
means to reducing steady-state voltage ripple DvO, a current-
based de�nition is not always as meaningful as a voltage-
based one. The fact is output capacitor CO integrates DiL(eff)
and the shape and frequency content of DiL(eff) (not just the
amplitude) determine DvO. For example, while the same
DiL(eff) ripple could result from gain error (as shown with
triangular DiL(eff) in Fig. 8a) or delay (as with trapezoidal
DiL(eff) in Fig. 8b) alone or a combination of both, the same
peak-to-peak output ripple voltage (i.e. DvO) does not
necessarily result. Therefore the ef�cacy of the multiplier (i.e.
the amount by which the effective inductance appears larger)
should also be characterised by the ratio of DvO with and
without the bene�t of iR (as denoted by MV). If the voltage
across RESR.C (i.e. DvESR) overwhelms that of CO (i.e. DvC),
however, output ripple voltage DvO is only a linear translation
of il(eff) (i.e. DvO … DvC þ DvESR � DvESR … RESR.Cil(eff)),
which means current-based multiplication factor MI, when
applied to high-ESR capacitors, is equivalent to its voltage-
based counterpart, that is, MI equals MV. In general, MI does
not account for the shape of iL(eff), and MV accounts for it in
the manner most relevant to switching regulators: output
ripple voltage accuracy.

Voltage-based inductor multiplication factor MV for low-
ESR output capacitors is the ratio of DiL to DiL(eff), but
integrated by CO. Deriving the output voltage ripple effects
of iL alone without the multiplier amounts to integrating
half the ac inductor current ripple into CO from time ta to
tb (i.e. half period TSW) in Fig. 8a, which is the area under
0
The Institution of Engineering and Technology 2009

Authorized licensed use limited to: Georgia Institute of Technology. Downloaded on Janua
the speci�ed triangle
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where DvO.L is the output ripple without the multiplier and ta
and tb mark the points when ac current il crosses zero, which
coincide with the points when ac current il(eff) crosses zero,
but only if amplitude is the dominant error (Fig. 8a). In
general, the boundaries for the integral of il(eff) are not
straightforward because the different combinations of errors
affect the shape of the waveform drastically. However, in a
simple case, such as when delay is the only error,
integrating il(eff) into CO from tc to td in Fig. 8b yields
multiplied output ripple DvO.L(eff), which is proportional to
the area of the highlighted trapezoid (i.e. the average of the
parallel sides times the distance between them)

DvO:L(eff ) …
1

CO

ðtd

tc
iL(eff )dt

 !

…
1

CO

(A þ B)
2

C
� �

…
1

CO
A � Dtð ÞC

…
1

CO
A �

C
(diL(eff )=dt)

" #

C

…
d 0

MPdMPTSW � dMPtd
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� �
dMPVINtd
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� �
(32)

where A, B, C and Dt are the current levels and time intervals
labelled in Fig. 8b. Voltage-based inductor multiplication

Figure 8 Spice simulation results showing the effects of
a Gain KA
b Delay td errors on output voltage ripple DvO
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factor MV for the simpli�ed case of td therefore becomes

MV:D ;
DvO:L

DvO:L(eff )
…

1
8

d 0
MP

d 0
MP(td=TSW) � dMP(td=TSW)2

" #

�
1
8
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� �
(33)

which means MV.D is less sensitive to dMP (and d 0
MP) than MI.D

in the presence of delay errors only. In fact, for a gain of 10 H/H
in terms of MV.D, td can be no more than 1.25% of TSW (e.g. less
than 12.5 ns for a 1 MHz converter and less than 1.25 ns for a
10 MHz converter), unless duty cycles are at their extremes (e.g.
1 or 99%). In feedback schemes, where iL is sensed and then
replicated, sensing and applying iR to vO in less than 1.25�
12.5 ns is considerably dif�cult under low-quiescent current
conditions. Although feed-forward techniques [13] partially
decrease this delay by deriving DiL information from further
back in the ac path, matching and tracking delays down to
1.25�12.5 ns remains a substantial challenge.

Simplifying the case to only delay errors, however, does not
account for the possible cancelling effects of gain error and
non-linearity. Non-linearity errors, in fact, accelerate the
rising rate of 2iR (Fig. 6) and therefore offset the effects of
delay errors. Fig. 9 illustrates an optimal case where time

constant ta is suf�ciently small to offset td and allow 2iR
to lead iL for part of the period, even when td is 10% of
TSW. Even though the impact on DiL(eff) is not as
signi�cant, DiL(eff) now crosses zero more often, as iR shifts
from leading to lagging il, which means DvO rises and falls
more frequently and charges and discharges CO less (i.e.
DvO is smaller). (Fig. 9 also shows how vO, without the
bene�t of iR, exceeds its counterpart substantially because
the unabated inductor current ripple DiL now charges and
discharges CO.) For comparison, MV is 1.25 H/H when td
is 10% of TSW and other errors are negligibly small and
11.5 H/H when td is 10%, KA is 10%, and ta is 22% of
TSW, and for the simulation in Fig. 9 TSW is 10 MHz.

In practice, delay td and gain KA errors are unavoidable,
and offsetting their effects with non-linearity ta is better
but not perfect. With respect to td, the effects on inductor
multiplication factor MV are worse at high frequencies,
when a small delay of 10 ns constitutes 10% of a 100 ns
period TSW, which barring KA and ta errors, constrains
MV to less than 2 H/H, as shown by the black trace in
Fig. 10a. The same delay would only be 0.1% of a 10 ms
period, and so at 100 kHz, MV could be as high as 125 H/
H. Similarly, neglecting other errors, a time constant less
than 200% of TSW or a gain error more than 10% would

Figure 9 Spice simulation results showing how using the
non-linearity (ta) in replica current iR to compensate for
delay error td generates a ripple current DiL(eff) that
crosses zero more often and produces a smaller supply
output ripple voltage DvO

Figure 10 Spice simulation results showing the combined
effects of delay td, non-linearity ta, and gain error KA on
inductor multiplication factor MV with respect to
a td
b ta
c KA
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