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Summary

Knowledgeof the channelis valuablefor equalizerdesign.To estimatethe channela
training sequenceknown to the transmitterand the recever, is normally transmitted.
However, transmissionof a training sequencealecreaseshe systemthroughput.Blind
channelestimationusesonly the statisticsof the transmittedsignal. Thus, it requiresno

training sequence, increasing the throughput.

Mostreal-life communicatiorsystememploy someform of errorcontrolcode(ECC)
to improve the systemperformanceaundernoise.In fact, with the adwent of turbo codes
and turbo equalization,reliable transmissionat a signal to noiseratio (SNR) close to
capacityis now feasible.However, blind estimatorghatignore the codemay fail at low
SNR. Recently blind estimatorshave beenproposedhat exploit the ECC andwork well
at low SNR. Thesealgorithms are inspired by turbo equalizersand the expectation-

maximization (EM) channel estimator

The objectve of this researchis to develop a low-compleity ECC-avare blind
channelestimator We brst proposethe extended-windw (EW) algorithm, a channel
estimator that is less complex than the EM estimator and has better corvergence
properties.Furthermore the EM algorithm usesthe computationallycomplex forward-
backwardrecursion(BCJRalgorithm)for symbolestimation With the EW estimatoyary

soft-output equalizer may be used, ailog for further compleity reduction.

Xii



We then proposethe soft-feedbackequalizer (SFE), a low-complity soft-output
equalizethatcanusea priori informationon thetransmittecsymbols,andis thussuitable
for turbo equalization.The coefcientsof the SFE are chosento minimize the mean-
squarederror betweenthe equalizeroutputandthe transmittedsymbols,and dependon
the Oquality©f the a priori informationandthe equalizeroutput. Simulationresultsshov
that the SFE may perform within 1 dB of a systemusing a BCJR equalizey and

outperforms other schemes of comparable coxitgle

Finally, we shav how the SFEandthe EW algorithmsmay be combinedto form the
turbo estimator(TE), a linearcompleity ECC-avare blind channelestimator We showv
thatthe TE performscloseto systemswith channeknowledgeat low SNR,whereECC-

ignorant channel estimatorailf

Xiii



CHAPTER 1

Intr oduction

Error-controlcodes(ECC), or channelkodesallow for reliabletransmissiorof digital
information in the presenceof noise. Through this process,an information-bearing
sequencef lengthK, calleda message, is mappedpr encodedinto anothersequencef
lengthN > K, calleda codevord. Thisencodingntroducesedundany, but it alsorestricts
the numberof possibletransmittedcodevords, allowing for reliable communicatiorat a
lower signal-to-noiseratio (SNR) [1]. The codevord is then modulatedand transmitted
throughthe communicationschannel. The receved signalis a distortedversion of the
modulatedcodevord; in particular communicationshannelsntroducenoise,normally
modeledas additive white Gaussiamoise (AWGN), and intersymbolinterference(ISl),
the efects of which are normally modeled by a linear Plter

Therecever goalcanbevery clearlyandconciselydescribedthetransmittednessage
bits shouldbe estimatedat therecever accordingo arule thatminimizesthebit errorrate
(BER). Assuming equally likely messagebits, this rule can be implementedwith a
maximume-likelihood (ML) detectoywhich estimateseachmessagéit soasto maximize

the likelihood of observing the reseid signal conditioned on the message bit [1].



ML detectorgointly andoptimally performall recevertasks suchassynchronization,
timing recovery, channel estimation, equalization, demodulation and decoding.
Unfortunately the computationalcompleity of ML recevers is prohibitive. In some
cases,such as codedsystemswith interleavers, an ML recever hasto considerevery
possible transmittedmessagendependently For messagef 1,000 bits, this means
considering2'%%° messagesmuch more than the current estimatefor the number of
atomsin the universe[2]. Until the promiseof quantumcomputergwhich theoretically
could analyzeall possiblemessagesimultaneously)is realized[3], or until a better
stratgy is discovered, exact ML detectionwill remaina benchmarkand an object of
theoretical inestigation.

Traditionally, recevers employ a suboptimal divide-and-conquerapproach for
recoveringthetransmittednessagdérom therecevedsignal.First, timing is estimated1]
andthe signalis sampledThenthe equalizemparameterareestimated1,4-8]. After that,
theequalizeremovesthelSI introducedby the channel1], sothatits outputcanbe seen
asa noise-corruptedersionof the transmittedcodevord. Finally, the equalizeroutputis
fed to the channeldecoderwhich, exploiting the benebciakffects of channelencoding,
estimates the transmitted message [2].

The divide-and-conqueapproachis clearly suboptimal.Considey for instance the
problemof channelestimation.Traditionally, the channelis estimatedoy transmittinga
known sequence,called a training sequence[1,4,5], and the receved samples
correspondingo the training sequenceare usedfor estimation.However, this approach,
known astrainedestimation,ignoresreceved samplescorrespondindo the information

bits, and thus doesnot use all the information available at the recever. To improve



performancethe channelmay be estimatedbasedon all receved samples,n what is
known assemi-blindestimation6]. Channekestimations still possibleevenif notraining
sequenceis available. In this case,we obtain blind channel estimates[7,8]. When
performing blind or semi-blind channel estimation under the divide-and-conquer
framawork, the fact that the transmittedsignalis restrictedto be a codevord of a given
channelcode is not exploited. However, it seemsclear that performancewould be
improved if the channel encoding were ¢akinto account.

In this work, we proposethe blind turbo estimator (TE), a low computational
complity techniquefor exploiting the presencef ECCin blind andsemi-blindchannel
estimation. This work has four facets: channel estimation, blind and semi-blind
techniguesthe exploitation of ECC, andlow computationatompleity. The importance

of each &cet is discussed balo

¥ Channelestimation Channelestimatesarerequiredby the ML equalizeyandcan

be usedto computethe coetrcientsof suboptimabut lower-compleity equalizers
suchastheminimummean-squaredrror(MMSE) linearequalizeLE) [1], or the
MMSE decision-feedbackqualizer(DFE) [1]. Eventhoughthe MMSE-LE and
the MMSE-DFE canbe estimatedlirectly, having the channelestimatesllows us
to choosewhich equalizeris more appropriatefor the channel.For instance,in

channels with deep spectral nulls, DFE iswkndo perform better than LE.

¥ Blind and semi-blind technigues By using every available channeloutput for

channelestimation,semi-blind techniquesperform better than techniquesbased
solelyonthechannebutputscorrespondingo trainingsymbolsandthuscanusea

shortertraining sequencg6]. Therefore semi-blindandblind techniquesncrease



thethroughpuif a systemby requiringa smalltrainingsequencer nonewhatso-
ever. Eavesdroppings anotherapplicationof blind channelestimation.The eares-
droppemay notknow whatthetrainingsequencé andhencehasto rely on blind

estimation techniques.

Exploitation of ECC. Most of the existing blind channelestimationtechniques

operatewithin the divide-and-conqueframework, ignoring the presenceof ECC,
and normally assuminghat the transmittedsymbolsare independentaindidenti-
cally distributed (iid). This approachworks well at high signal-to-noiseratio
(SNR). However, the last decadehasseenthe discovery of powerful ECC tech-
niquessuchasturbo codesand low-density parity checkcodes[9-11] that, with

reasonableompleity, allow reliable transmissiorat an SNR only fractionsof a
dB from channelcapacity Whenpowerful codesare usedand systemsoperateat
low SNR,blind andsemi-blindestimationtechniqueshatignoreECCaredoomed
to fail. This obsenation motivatedthe studyof blind ECC-avare channelestima-

tors in [12-17].

Low computationalcompleity. The persymbol computationalcompleity of

existing ECC-avarechannelestimatordgs exponentialin the memoryof the chan-
nel. However, in applicationssuchasxDSL andhigh-densitymagneticrecording,
the channelimpulsecanhave tensor even hundredsof coebcients.For channels
with long memory existing ECC-avarechannelestimatorsare prohibitively com-

plex, which motvates the study of Wo-compleity techniques.



Examplesaboundthat shawv that it is possibleto improve the performanceof the
divide-and-conquerapproachsimply by having the recever componentscooperate
through an iteratve exchangeof information. For instance,in turbo equalizerg[18,19]
(whichassumehanneknowledge) thedecodeoutputis usedby theequalizerasa priori
informationon thetransmittedsymbols.This producesmproved equalizeroutputs,which
in turn produceimproved decoderoutputs,andso on. By iteratingbetweenthe equalizer
andthedecoderturboequalizersachieve aBER muchsmallerthanthatof the divide-and-
conguerapproachwith reasonableompleity. Iteratve channelestimator46,20-28]are
anotherimportantclassof iterative algorithmsthat performbetterthantheir noniteratve
counterpartsin thesealgorithms aninitial channelestimatas usedby a symbolestimator
to provide tentatve estimateof the brst-and/orsecond-ordestatisticsof the transmitted
symbol sequenceThesestatisticsare then usedby a channelestimatorto improve the
channekestimatesTheimproved channelestimatesrethenusedby the symbolestimator
to improve the estimates of the statistics, and so on.

Turbo equalizersand iteratve channel estimatorsnormally rely on the forward-
backwardalgorithmby Bahl, Cocke, JelinekandRaviv (BCJR)[29] for equalizationThis
algorithm computeghe a posteriori probabilities(APP) of the channelinputs given the
channeloutput, channelestimatesanda priori probabilitieson the channelinputs,and
assuminghat the channelinputs are independentln otherwords,if an ECC is present,
this presence is ignored.

The BCJRalgorithmis well-suitedfor iterative systemssinceit canusethe a priori
information at its input to improve the quality of its outputand sinceit computessoft

symbolestimatesn the form of APP. However, its persymbolcomputationabompleity



increasesxponentiallywith the channelmemory and henceis prohibitive for channels
with along impulseresponseThis hasmotivatedthe developmentof reduced-compbaty
alternatves to the BCJR algorithm, such as the equalizersproposedin [30-38]. The
structuresgproposedn [30-35] usea linear plter to equalizethe receved sequenceThe
output of this Plter containsresidual ISI, which is estimatedbasedon the a priori
information, and then cancelled.Reduced-statalgorithmsare investicated in [36-38];
however, these are more compléhan the structures based on linear Plters.

In this work, we proposethe soft-feedbalc equalizer (SFE), a low-compleity
alternatve to the BCJRalgorithmbasedon bltersthatis similar to thoseproposedn [30-
35]. Oneimportantdifferences thatthe SFEusesa structuresimilarto a DFE, combining
the equalizeroutputsand a priori information to form more reliable estimatesof the
residuallSI. A similar systemis proposedn [35] thatusesharddecisionsonthe equalizer
outputto estimatetheresiduallSI. However, becausdarddecisionsareusedandbecause
the equalizeroutputis not combinedwith the a priori information beforea decisionis
made, the DFE-li& system of [35] performsarse than schemes without feedback.

As in [32-35], the SFEdoesnot rely solely oninterferencecancellation(IC). Instead,
the SFE coebcientsare computedso as to minimize the mean-squareerror (MSE)
betweenthe equalizer output and the transmitted symbol. The resulting equalizer
coebcientsdependon the quality of the equalizeroutputandthea priori information.By
assuminga statisticalmodel for the equalizeroutputsandthe a priori information, we
obtaina linearcompleity, time-invariantequalizer In contrastthe MMSE structuresn

[32-35] have to be computedor every symbol,resultingin a persymbolcompleity that



is quadraticin the length of the equalizer A similar statisticalmodelis usedin [39] to
obtain a time-invariant, linearcompleity, hard-input hard-outputequalizer with ISl
cancellation.

We will seethatin specialcasesthe SFEreduceso an MMSE-LE, an MMSE-DFE,
or an IC. We will shav that the SFE performsreasonablywell when comparedto the
BCJRalgorithmandthe quadraticcompleity algorithmsin [32-35], while it outperforms
other structures of comparable conxitye proposed in the literature.

Iterative channelestimators®tthe iterative paradigmdepictedin Fig. 1. In this ®gure,
a symbol estimatorproducessoft information on the transmittedsymbolsbasedon the
channelestimates,¥, and the noise varianceestimate, $°, provided by the channel
estimatorThechannekstimatoithenuseghe softinformationonthetransmittedsymbols
to computeimproved channelestimatesThe new channelestimatesarethenusedby the
symbol estimatorto computebetter soft information, and so on. The most important
iterative estimatoy on which mostotheriterative estimatorsarebasedjs the expectation-
maximization(EM) algorithm[40,41].In this algorithm,the symbolestimatorin Fig. 1 is
basedon the BCJR algorithm and producessoft estimatesof the ®rst-and second-order

statistics of the transmitted symbols.

CHANNEL SYMBOL
ESTIMAOR ESTIMAOR

Fig. 1. Blind iteratve channel estimation.



The EM algorithmhastwo sourcesof compleity. First, it involvesthe computation
andinversionof a squarematrix whoseorderis equalto the channellength.Secondand
mostimportant,it useshe BCJRalgorithmfor equalizationin this work, we will obtaina
simplipedEM (SEM) algorithm that avoids the matrix inversion without signi®cantly
affecting performancetesultingin acompleity thatis proportionalto the channelength.
More interestingly basedon the SEM, the soft symbol estimatormay be implemented
with any of a numberof low-complity alternatvesto the BCJR algorithm,suchasthe
SFE. Low compleity alternatves to the EM channelestimatorare also proposedin
[25,26]. However, in thesestratgiesthe compleity is reducedhroughthe useof a low-
complity alternatve to the BCJIR algorithm. Therefore they areintrinsically tied to an
equalizationscheme Furthermore the estimatorsproposedn [25,26] do not avoid the
matrix irversion, resulting in a quadratic computational coxipte

In this work, we will alsoinvestigate corvergenceissuesregardingiteratve channel
estimators.The EM algorithm generatesa sequenceof estimateswith nondecreasing
likelihood.Hence the EM estimatesnaycorvergeto the ML solution.However, they may
alsogettrappedn anongloballocal maximumof thelik elihoodfunction.We will propose
a simple modi®cationcalled the extended-windoveEM (EW) algorithm, which greatly
decreasesthe probability of miscorvergence without signi®cantly increasing the
computational compiety.

Finally, by viewing a turbo equalizeras a soft symbol estimatoy we combineturbo
equalizatiorwith iterative channelestimation Sinceturbo equalizergrovide soft symbol
estimateghat bene®from the presencef channelcoding,the resultingturbo estimation

schemds an ECC-avarechannelestimator Thus,we have proposedhe turbo estimator



(TE), a linear compleity blind channelestimatorthat bene®tsdrom the presenceof
channekoding.OtherECC-avarechannelestimatorsvereproposed12-16], but they are
all basedon the EM algorithm and hencesuffer all the complity and corvergence
problems mentioned abe.

To summarize, the main contuittons of this werk are:

The soft-feedbackequalizer(SFE), a linear complity equalizerthat produces

soft symbol estimates and bene®ts feopriori information at its input.

The simpli®edEM (SEM) algorithm, an iteratve channelestimatorthat is less
comple thanthe EM algorithmandis notintrinsically tied to the BCIJRequalizey

which opens the door for further comxitg reduction.

The extendedwindow (EW) algorithm, an iterative channelestimatorthatis less

prone to miscovergence than the EM algorithm.

The turbo estimator(TE), an iteratve channelestimatorthat bene®tdrom the

presence of ECC to produce reliable channel estimates &Ndr.

This thesisis organizedasfollows. In Chapter2, we presentthe channelmodeland
describethe problemwe will investigate,andprovide somebackgroundnaterialon turbo
equalizationand iterative channelestimationvia the EM algorithm. In Chapter3, we
proposethe SEM, a channelestimatorthat is lesscomplex thanthe EM algorithm. In
Chapter4, we proposehe EW algorithm,anextensionto the SEM algorithmthatmakesit
is lesslikely thanthe EM to get trappedin a local maximum of the joint likelihood
function.In Chapter5, we proposethe SFE,a linearcompleity alternatve to the BCJR

equalizer In Chapter6, we describethe applicationof the SFE to turbo equalization.



Pleasenote that Chapterss and 6 are not relatedto Chapters3 and4. In Chapter7, we
proposethe TE, a linear compleity ECC-avarechannelestimatorthatcombineshe EW
algorithmof Chapter4 with the SFE-basedurbo equalizerof Chapter6. In Chapter8 we

summarize the contnitions of this thesis and present directions for futuvekw
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CHAPTER 2

Problem Statement and Backgound

In this chapterwe describeéhe modelwe will usefor the communicationsystemand
de®nehe probleminvesticatedin this researchWe alsoprovide backgroundmaterialon
two iterative technigueghat solve partsof this problem:turbo equalizationanditerative

channel estimation.

2.1 Problem Statement

We considerthe systemmodelshavn in Fig. 2, wherea binary messagen = [mg, %
mypq Of lengthK is transmittedacrossa linear AWGN channelwith memorym The
channelandthe noiseareassumedo bereal.A binary ECC encodemwith rateK (N maps
m to a sequencef binary phase-shifkeying (BPSK) symbolsc = [cy, ¥4 cypq] Of length

N. As with wirelesssystemsandsystemsemploying turboequalizationthe codevordc is

AWGN

m ECC c a o % r
ENCODER > P k

INTRLEXER ISI

\i

Fig. 2. Channel model.
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permutedaccordingto the interleaver p beforetransmissionLet {p (0), ¥ p(N £ 1)} bea
permutationof {0, ¥ N + 1}. Then,theinterleaver outputis a = [ag, ¥4 ay+1], With a; =
Cp(k)-
Letr =[rq, ¥ r| + 1] denote the recetd sequence of length= N + m where
re=hTag+ng, 1)
wherethe channelimpulseresponseés h = [hg, ¥ h]T, wherea, = [ay, ¥ ay.q]' IS the
channelinput, and where n, representsadditve white Gaussiannoise (AWGN) with
variances?. For notationaleasewe restrictour presentatiorto the BPSK alphabetwhere
a, 1 {1}. Theresultsin thiswork canbe extendedo otheralphabetsisingthetechniques

described in [33].

Ideally, we would like to solwe the joint-ML blind channelestimationand symbol

detection problem,e., ®nd

(M, F\yi » My, ) = argmax log py s(r| m), @
where log py, s(r| m) is the log-likelihood function, de®nedas the logarithm of the
probabilitydensityfunction (pdf) of therecevedsignalr conditionedonthechanneinput
m andparametrizedby h ands. Intuitively, the ML estimatesfy,, , #\, , andm,, are
thosethatbestexplaintherecevedsequencan thesensdhatwe arelesslikely to obsene
thechannebutputif we assumery othersetof parameterso becorrect,i.e., p, s(r| m) £
prﬁWL’%L(H M, )" h,s, m. Besidesthis intuitive interpretation, ML estimateshave
mary interestingtheoreticalpropertied4]. Underfairly generalconditions, ML estimates
areasymptoticallyjunbiasedand ef®cient.In otherwords,underthesegeneralconditions

andasthenumberof transmittedsymbolsN tendsto in®nity, the expectedvalueof the ML

12



estimategendsto the actualvalue of the parameterswhile the varianceof the estimates
tendsto the CramZfRaobound,which is the lowestvarianceachievableby any unbiased

estimator

Unfortunately the computational complity of ®nding the ML estimatesis
prohibitive. In this work, we will study iterative approacheghat provide approximate
solutionsto the maximization problemin (2). The reasonfor the focus on iterative
approachess thatiterative techniquesuccessfullyprovide approximateML solutionsto

otherwise intractable problems, such as the iofig:

On a codedsystemwith channelknowledge, turbo equalizersproducea good
approximationwith reasonableomputationatompleity, to the maximizationof

log p(r| m).

On an uncodedsystem,the EM algorithm provides a simple approximateML
channel estimate for the blind ECC-ignorant problem of maximizing
log pp 5(r| @). Here,a is not restrictedto be a permutationof a codevord, but

instead can be gnvector of symbols of lengt.

Thesetechniquesare formulatedin a framewvork that makesit almoststraightforvard to
combinethemin a more generaliterative algorithmthat performschannelidenti®cation

and decoding, as we will see in chapter

One key ingredientof a successfuliteratve algorithm is the use of soft symbol
estimatesn the form of APP®. For ageneralalphabetd, the APPis a functionfrom A to
theinterval [0,1] givenby Pr(a, = a| r), fora 1 A. For aBPSKconstellationthe APPis

fully captured by what is loosely referred to as the logliltood ratio (LLR), de®ned as

13



_ Pr(a, = +1]r)
Lk = Ogm )

TheLLR hassomeinterestingoropertiesFor a BPSKalphabetthesignof L, determines
the maximuma posteriori (MAP) estimateof a,, which minimizesthe probability of a
decisionerror, and its magnitudeprovides a measureof the reliability of the decision.
Furthermore L, canbe usedto obtainthe MMSE estimateof a,, which, for a BPSK

alphabet, is gien bytanh(L, / 2).

Unfortunately exact evaluationof the APP is computationallyhard. In the next two
sectionswe will briel3yreview turboequalizersandthe EM algorithm,which areiterative
techniquesthat addresssimpler problemsand are the building blocks for the system

proposed in this ark.

2.2 Turbo Equalization

Assumingchanneknowledge,the goal of the decodelis to estimatePr(m, = 1| r) for
eachmessageit my, which is a computationallyhard problem. Turbo equalizers®rst
proposedn [18], provide alow complity approximatesolutionto this problem.In this
section, we ra@ew the turbo equalization algorithm.

Turboequalizersonsistof onesoft-inputsoft-output(SISO)equalizeyoneinterleaver

p, onedeinterleaer p*!, andoneSISOchanneldecoderasshown in Fig. 3 for a BPSK

N ECC
DECODER
d
L

p

—» EQ.

apriori

Fig. 3. Turbo equalizer
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alphabetKey to thelow compleity of turboequalizerss thefactthatthe SISOequalizer
ignoresthe presencef ECC, andthe SISO decoderngnoresthe presencef the channel.
Theresultingcompl«ity is thusof the sameorderof magnitudeasthatof the divide-and-
conquer approach empiog the same equalizer and decoder

Turbo equalizationis aniterative, block-processinglgorithmwhose®rstiterationis
thesameasadivide-and-conquedetectorindeedthevectorof a priori informationatthe
equalizerinput, | =[5, % | y 4 1, is initially setto zero. The SISO equalizerthen
computesthe LLR vector L®= [Lg, Ya LeN + 1] of the codevord symbolsa, given the
channelobsenrationsr. TheseLLRs arecomputedexploiting only the structureof the ISI
channel;the ECC encoderis ignored. The equalizeroutputis then deinterleaed by the
deinterleaer p*! andpassedo the decoderFinally, usingthe deinterleaed valuesof L®
and exploiting the code structure(the ISI channelis ignored, presumablybecausehe
equalizer has removed its effects), the SISO decodercomputesnev LLRs of each
codevord symboI,LOI = [L%, Ya LdN +1]-

The differencebetweernthe ®rstiterationandthe later onesis that, for lateriterations,
informationis fed backfrom the decoderto the equalizerthroughl ¢ whichis usedasa
priori informationby the equalizer This feedbackof informationallows the equalizerto
bene®from the codestructure which providesimproved soft informationat the decoder
output. However, | ® doesnot correspondo the full probabilitiesat the decoderoutput.
Insteadasseenin Fig. 3, it is the differencebetweerthe LLRs attheinput andthe output
of thedecoderWith this subtraction| ﬁ is notafunctionof Lﬁ, avoiding positive feedback

of informationbackto theequalizerThe LLRs in | ¢ arecalledextrinsic informationand
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canbe seenasthe informationon the transmittedsymbolsgleanedoy exploiting only the
structureof the decoder The extrinsic information at the decoderinput, | d, can be

similarly de®ned.

2.2.1 The BCJR Algorithm

Ideally, theequalizeiin Fig. 3 shouldbeimplementedvith the BCJRalgorithm,which
computeshe APPsof the transmittedsymbolsgiven their a priori probabilitiesandthe
channelobsenations.(Note thatthe only way ECC affectsthe BCIJRequalizeris through
the a priori information;it is otherwiseignored.)Actually, the BCJR algorithm can be
de®nedfor ary trellis, and hencecan also be usedto implementthe decoderfor a
convolutionalcode.In thesequelwe will describethe BCJRalgorithmfor equalizationn
detailandthendiscusghedifferencedetweerthe BCIJRequalizerandthe BCIJRdecoder

Lety, T {0, 1, ¥ Q * 1} denotea stateof the channelrellis attime k, whereQ = |A|™
is the numberof statesand|A| is the numberof elementsn thealphabetNotethatthereis
a one-to-onecorrespondencbetweenthe value of y, andthe vectorof symbolsin the
channelmemory [ay 4 ; ¥4 ay . Also, let a9 be the channelinput that causeshe

transition from state to statey. Then, the APPr(a, = a| r) can be computed as [29]

Pr(ay=a| r)= a Priyxk=p;yk+1=4dlr). @)
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Thekey obsenationleadingto the BCJRalgorithmis thatthe termsin the summation
in (4) canbe decomposedhto threefactors,onedependingonly on pastchanneloutputs
groupedin the vectorr ., onedependingonly on future channeloutputsgroupedin the
vectorr s, and one dependingon the currentchanneloutputr,. Indeed,exploiting the

factthatthetrellis correspond$o a Markov processye get,aftersomemanipulation29],

Pr(yx =p; Yk+1=0l ) =ax(p) &(p.a) by + 1(q) 7 p(r), ®)
where
ak(P) = Pk =P N'<k): (6)
by +1(a@) = P(riskl Yk +1=0), Q)
&P.a) = PYk+1= "kl Yk = P). 8

Note that, sincewe areinterestedn probability ratios, the factorp(r) in equation(5) is
irrelevant.
After further manipulationand consideratiorof the Markov property the following

recursions can be found for computegp) andby(p) [29]:

Q1

ak(P) = Q ak«1(a) %(@.p) (9)
q=0
Q1

bk(P) = & b+ 1(9) G (p.0). (10)
q=0

The recursionsin (9) and (10) canleadto underf3av on ®nite precisioncomputers.To
avoid this problem, it is commonto normalize a, and b, at eachtime k, so that
S, ag(p) = 1 andS,, by(p) = 1 [42].

Finally, to computey(p, q), write
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&M, ) = PYk+1=d Tkl Yk =P) (11)

POkl Yk =P Yk+1=APr(Yk+1=0l Yk =P). (12)
The secondtermin equation(12) is the probability that the channelinput is the onethat
causes transitionfrom statep to stateg, a®®%. Thus,thistermis thea priori information
of the input of the SISOblock. For a BPSK alphabetwhenthis a priori informationis
given in the form of the LLFRE, we get

a(p,q)| E‘Q

e
Priyk+1=0dlyk=p) = —

— (13)
g2 o2

Note thatthe denominatoiin (13) is commonto all statetransitions.Thus, sincewe are

interested in computing probability ratios, the denominator in (13) may be ignored.

Assuming AVGN, the ®rst term of equation (12) can be computed as

P Yic= P Yir 17 Q) = s explet] nexr® 9] 2y, (14)

wherer® 9 s the noiselesshanneloutputassociateavith the transitionfrom statep to

stateq. This completes the description of the BCJR algorithm for equalization.

Sincecorvolutional codesmay also be de®nedy a trellis, the BCIR algorithmmay
also be usedfor decodingthesecodes.The algorithmsfor decodingand equalization

proceed in a similar mann@rhe main difierences are as folis:

The equalizercomputesonly the APPs of the channelinputs. In contrast,the

decodercomputeghe APP of the encodemutput,a,, aswell asthe encodelnput

m,, which will provide a MAP estimateof the transmittedmessageBoth these
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APPsmaybecomputediy consideringheappropriatestatetransitionsn thesum-

mation in (4).

While for the equalizereachtrellis stagecorrespondso a single channeloutput,
for the decodera trellis stagemay correspondo multiple outputs.For instancea

rate 1/2 corvolutional codehastwo outputsfor every statetransition.In general,
for aratek/n convolutionalcode)| ry + r® 9| in (14)is thedistancebetweervec-

tors of lengtm.

For turbo equalizerssuchasthe structuredepictedin Fig. 3, the decoderoesnot
have accesgo the channeloutput. Therefore,(14) reducego a constantandthe

state transition probability (p, q) depends only on theepriori information.

2.3 Blind Iterative Channel Estimation with the EM Algorithm

In mary ML estimationproblems the dif®cultyin ®ndinga solution stemsfrom the
fact that someinformation abouthow the obsened datawas generateds missing. For
instance,in the blind channelestimationproblem, ®ndingthe ML channelestimates
would be easyif the channelinputswereknown. For ML problemsthatwould be easily
solvableif themissingdatawereavailable,the EM algorithmis aninterestingapproachlt
is a low-compleity iterative algorithmthat generates sequencef estimateswvith non-
decreasindik elihood. Thus,with properinitialization, or if the likelihood function does
not possedocal maxima,the EM algorithm will corverge to the ML solution. In the
remaindelof this sectionwe will describehe EM algorithmfor blind channekestimation,

as ®rst proposed in [22].
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In its mostgeneralform [40,41], the EM algorithmcanbe describedasfollows. Let
py(r) be the likelihood function of the receved samples,where g is the vector of
parametersve aretrying to estimateLet a bethe missingdata,andr bethe sequencef
obsenations. Assumewe have an estimateqg of the parametersDe®nethe auxiliary

function

Qa, ) = (log(pq(r, @))py (al r)da =E,  [log(pg(r, @)l al, (15)

whereE, q is the expectedvaluewith respecto thevariablea, assuminghatthe actual

parametersare g. Now, considercomputinga new estimateq ., of the parameters

according to
G+1 = argmax(Q(a, q)). (16)
The key obsenrations leading to the EM algorithm are that

with an appropriatechoiceof a, computingand maximizing Q(q, ) may be an

easy task.

thelikelihoodof thenew estimate , 4 is notsmallerthanthatof g, i.e., P, +l(r )3
Py (1)
Givenaninitial estimateqg, the EM algorithmiteratively computesen estimatesusing
(15) and (16) until a stop criterion is met, thus generatinga sequencef estimateswith
nondecreasing lidihood.
Whenappliedto the problemof blind channelestimationthe EM algorithmmay be

describedn more speci®derms.In this case,we aretrying to maximizethe likelihood

functionpy(r) = log pp s(r), whereq = [h, s] is the vectorof parametersve aretrying to
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estimateAs mentionedefore ®ndingthevaluesof h ands thatmaximizethislik elihood
function is prohibitively complex. However, it is easyto determinethe parameterghat

maximizep(r| a), in which case the solution is a simple MMSE channel estimate [4]:

A_ae Nzl Talo Nx1
2 1o N1 AT .2
& = Nékzo(rkiﬁ\ a,) . (18)

Thus, the transmitted symbalsare a good candidate for hidden information.

Having de®nedhe missingvariables,we can apply (15) and (16) to computenew

channel estimates. Let

A 1 o N1 T

R, = Nak:OE[akak‘r] (19)
~ 1 o N1

B, = NakzorkE[ak“]. (20)

A1 = A5 A, (21)

Il
Z|-
Qo

rdZ =Wy, (22)

Il
Z|+~
Qo

where the last equality folles from (21).

Note the similarities between(17) and (21), and between(18) and (22). The only
differencebetweertheseequationss thatin (17) and(18) theactualtransmittedsequence

is used,while in (21) and(22) the conditionala posteriori expectedvaluesare used.In

21



fact, B, and B, are similar to the estimatedautocorrelationmatrix of a and the
estimatedcross-correlatiorvector betweena andr, respectrely. The main differenceis
thatwe use E[akaur] andrE[a,| r] to compute®, and A, . while akal andr,ay
are usedto estimatethe autocorrelationmatrix of a and the cross-correlatiorvector
betweena andr. Thus,we saythat F@a is an a posteriori sampleautocorrelatiormatrix
and g, , is ana posteriorisample cross-correlatioreator

We still have to computethe valuesof E[akaur] andE[a,]| r] at every iterationi.
This canbe donewith the BCJR algorithm,which is usedunderthe assumptiorthat the
channel parametersare given by P{\, and 4. Since the BCJR algorithm computes
Pr(ay| r), obtainingE[a,] r] is straightforvard. Also, notethateachstatetransitionin the
channeltrellis actually correspondgo a vector a,. Thus, since the BCJR algorithm
computesthe probabilitiesof statetransition,Pr[y, =p; Yy +1 =9l r], we in fact have
access to the joint APP of theatora,, which can be used to complﬁ{aakal r].

The EM algorithm for blind channelestimationis summarizedin the following

pseudocode:
Given: initial channel estimates l‘(\) and NZ.
i=0;
repeat
run the BCJR algqrzithm, assuming the channel is given by

W and & ;
compute R, and ﬁ\ar as in (19) and (20);
compute the new parameter estimates as in (21) and (22);
until a stop criterion is found

This pseudocode&an be representedjraphically asin Fig. 4. In this ®gure,the BCJR
algorithmis usedto c:omputeFé\a and B, , basednthechannekstimateprovidedby the
channelestimator The channelestimatorthenusesthe outputsof the BCIJRalgorithmto

compute n& channel estimates, which are then used by the BCJR algorithm, and so on.
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EM CHANNEL BCJR
ESTIMAOR ALGORITHM

Fig. 4. The EM algorithm for blind iterate channel estimation.

The main drevbacks of the EM algorithm are that
it useshe BCJRalgorithmto producetentatve symbolestimatesimplying acom-

putational compbety that is eponential in the channel memory;

it requiresthe computationof F@a andthe solution of the linear systemin (21),

which have a computational complity that is quadratic in the channel memory;

it may gettrappedin a local maximumof the likelihood function, corverging to

wrong channel estimates;
it may cowerge slavly.

In thefollowing chaptersye proposeechniquego circumwentthesedravbacks.We will
proposea linear complity techniquethat avoids some of the local maxima of the

likelihood function that trap the EM algorithm.
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CHAPTER 3

A Simplified EM Algorithm

As mentionedin Chapter2, someof the complity issuesassociatedvith the EM
algorithm stem from the need to compute and invert the a posteriori sample
autocorrelatiormatrix F@\a de®nedn (19). In this chaptey we derive the simpli®edEM
algorithm (SEM), an alternatve iterative channelestimatorthat ignoresl’@a andyetdoes
not signi®cantlydegradethe performancerelative to the EM algorithm. For notational
conveniencejn whatfollows we assumehat the transmittedsymbolsbelongto a BPSK

constellation. Generalization to other constellations is straighaforw

3.1 Derivation of the SEM Algorithm
Consider the channel model in equation (1), repeated here f@rience
Mg = hTak + Ny. (23)

Assuming that the transmitted symbols are uncorrelated, vee ha

hn = E[rkaken (24)
= E[ryPr(akpn =+ 1| rl = E[ryPr(agpn = £ 1] ry)] (25)
= E[ryPr(agpn=+ 1| r) £ r¢Pr(agpn =+ 1| r)] (26)
= E[rx E[akpn| r1l- @7)
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This equationleadsto a simple channelestimator Unfortunately the channelestimator
hasno accesgo E[a,| r], which requiresexact channelknowvledge.However, basedon

theiterative paradigmof Fig. 1, atthei-th iterationthe channekestimatordoeshave access
to a(ki) = E[ak|r; HN’\,{\] = tanh(L, (2). Using this value in (27), and also replacing

ensembleaveragewith time average the channelestimateat the i+ 1-st iterationis given

by:

N _1 .
ﬁ\n,i+l = %ék * rktanh éﬂo. (28)

Thus, (28) providesa methodfor estimatingthe channelgiven the soft symbolestimates
Ly, and can be usedin the samecontet as the channelestimationstep of the EM
algorithm. Clearly, its implementatiorhasa persymbol complity thatis linearin the

length of the channel if the LLRs arevgn.

For estimatingthe noisevariances? atthei-th iteration,we proposeusingthe channel
estimatesn (28) andthe bit estimatebtainedfrom L, to estimatethe noisecomponent
of therecevedsignal,which arethenusedto estimatethe noisevariance.n otherwords,
letting & = [& % &, ], whered, =sign(L), we estimate the noisanance as

2 1Nt um:
~ o ~
Ha=g A ‘rki—wkpﬁ+l
k=0
wherel\ .1 = [Hy i+1, % Wiyi+1]". Thisestimatediffersfrom the EM estimaten (22),

2
: (29)

but in our simulationswe notedthatusing &, insteadof E[ay| r] for estimatingthe noise
variancemproved corvergencespeedFurtherjusti®catiorfor the useof harddecisionsn

(29) will be gven in the net section.

The resulting algorithm is described by the faflog pseudocode:
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initialize channel estimates Ay and s?%;
repoat
use channel estimates to compute symbol estimates Ly, for
k=0, Ya N-1;
_upqate channel estimates using (28) and (29);
until a slt(;pI :ri%érion is met
This algorithmwill be referredto as simpli®edEM (SEM). Indeed,using the notation
from chapter2, comparing(20) and(28) we seethat Pﬁ +1 = Py, . Therefore(28) canbe
seenasa simpli®catiorof the EM algorithmwherein B, is replacedoy I. It is important
to point out that, from (19), Iéh\a » | is areasonabla@pproximationlin fact, E[akaur] is
the MMSE estimateof akaI giventhe currentchannelestimate Thus, thesetwo values
are expectedto be approximatelythe same,so that F@\a is approximatelya time-average
estimateof the autocorrelatiomrmatrix of the transmittedsymbols.Sincewe assumedhat

the channelinput is white, basedon the law of large numbersP@a shouldbe closeto the

identity for lage enougN.

An importantimplication of ignoring the matrix F@\a is that the channelestimator
requiresonly the soft symbolestimated. . Thus,we mayrepresenthe simpli®edchannel

estimatoras in Fig.5, where the symbol estimatoris not restrictedto be the BCJR

2|

CHANNEL SYMBOL
ESTIMAOR ESTIMAOR

N

Fig. 5. Blind iteratve channel estimation with the SEM algorithm.
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equalizerIn fact, ary equalizerthat producessoft symbol estimatesan be used,which
allows for a low-compleity implementationof the blind iteratve channelestimator
Contrasthis ®gurewith Fig. 4, which representshe EM algorithm.In the EM algorithm,
the equalizeris restrictedto be the BCJRalgorithm,andit alsomustprovide a matrix to

the channel estimator

3.2 Analysis of the Scalar Channel Estimator

In this sectionwe provide a detailedanalysisof the SEM algorithmappliedto a scalar
channel Although a detailedanalysisof the SEM algorithmfor a generalchanneiwould
be of moreinterest,this analysisis dif®cult. Furthermore scalarchannelsestimatorsare
important,beingusedin systemshat are subjectto R3at fading[43] andin systemshat
employ multicarriermodulation[44]. In performingthis analysis,we will alsocompare
the performancef systemausingsoftandharddecisionsin particular we will justify the
use of hard decisions for estimating the noegawice in (29).

Considerthe transmissiorof a sequencef uncorrelatecits a, 1 {+1,+1} througha
scalarchannelwith gain A, the outputof which is corruptedby an AWGN component,
with variances?. The recaied signal can be written as

re=Aag+ng. (30)

Given initial estimatesA, and #y, the channelgain and noise variancecan be

estimated with an iterat algorithm. Possible estimators can kpressed as

N+1

rkdecAg%l'_&,rkg, (31)
0

1
A‘leﬁ

Qo

k
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1

Qo |,

N
1 ~ ~ ]2
$\|2+1 = N rki |+1decsgl'_6‘|l’kj y (32)
k

=0
wherei is the iteration number I'_°‘I = 2@,/9512 is the estimatedchannelreliability and
where decy (3 and decg (¥ aredecisionfunctions,givenby either tanh(3 or sign(3. We
will considerfour differentestimatorsdenotedSS,SH,HS andHH, wherethe®rstS or H
indicateswhethersoft or hardinformation, respectrely, is usedfor gain estimation,and
the secondS or H indicateswhethersoft or hard information, respectiely, is usedfor
estimatingnoisevariance.Note thatthe SH estimatorcorrespondso the SEM algorithm
appliedto a scalarchannel.The EM algorithm,on the otherhand,cannotbe expressedn
this framework. Its channelgain estimatorcan be expressedasin (31), with dec, (3 =

tanh 5 (3. Its noise ariance estimatphowever, is gven by

R
1

.
e T 12, R2 i A6
ORI | [|rk| + A 1x2r, A, tanh g%lﬁrkg}

L8 nfeAL (33)

Now supposéhenumberof obsenationstendsto in®nity. In this casewe mayusethe
law of largenumberdn (31),and(32). Thus,in thisasymptoticcasethechanneHH, SH,

SS and HS estimators may be written as

A= E[rkdecAg%l_A,rkg] (34)
~ o ~ .| 2
$\|2+1 :E[rki ,+1de(‘sg%lﬁrk3‘ i| (35)
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Equation(34) alsodescribeghe gain estimatorof the EM algorithm. The noisevariance
estimatorfor the EM algorithmis obtainedby applyingthe law of large numbersn (33),

yielding

R
1

Eqfr®t As (36)

A2+s2+ A 37)
For the HH estimator it is shavn in Appendix A that (34) and (35) may be written in

closed form as

2..
A, = a6 [2 ZAO
A1 A(ltZQéSg)+ psengiZSZ;'a' (38)
and
2,1 =A2+s2x ALy, (39)

with A/A2 +s23 As A, Thereforefor theHH estimatomeitherA, +1 nor&? . ; depend
on theiterationnumberi. Unfortunatelyif softinformationis used,equation(34) cannot

be computed in closed form, so we must resort to numericglatien.

From (34), (35) and(37), we seethat,asN tendsto in®nity, /§~, +1, andconsequently

g’S\Z

\", 1 » IS @ function of just A . The fact that both /§~. +1 and 5?\|2+ , dependon a single

parameteallows for a graphicalstudy of the iterative processThis analysisis clearerif

we considertheratio a; = A /L insteadof A, wherea; is therelative estimatecchannel
reliability, de®nedistheratio betweerthe estimatecchannereliability atthei-th iteration
and the actual channelreliability L = 2A (2. For the graphicalanalysis,we view one

iterationof the SEM algorithmasa function whoseinput is a; andwhoseoutputis a; ;.
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This function is plotted in a graph,along with the line a;,; = a;. Sincethe algorithm
converges when a; = a;,1, the ®ed points of the SEM algorithm are given by the
intersection of the tcunes.

In Fig. 6 we plot a;,; versusa, for the ®e estimatorsassumingA = /2 andanSNR
= A2 (62 = 2dB. We also plot the line a;,; = a;, which allows for the graphical
determinationof the behaior of the algorithms as follows. Initially, at the zero-th
iteration, a value a is given. The estimatorthen producesa value of a4, which canbe
determinedyraphicallyasshown by theverticalarrow in Fig. 6 for the EM algorithmand
ag = 2.2. Thevalueof a; for the next iterationcannow be found by the verticalarrow in
Fig. 6, which connectghe point (ay, a) to thepoint (a4, a;). Now thevalueof a, canbe

determinedoy a vertical line, not shavn in Fig. 6, that connectghe point (a4, a;) to the

Qjt1

Fig. 6. Estimated relatie channel reliability; as a function of itsalue in the
previous iterationa; .
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EM cune. Theprocesshenrepeatslt is clearthattheiterationsstopwhenthe curve for a
givenalgorithmintersectgheline a;,; = a;. Thevaluesfor whichthis happensa”, arethe
®xed point of the algorithms and are nmeakvith GO in Fig6.

Someinterestingobsenationscanbe madefrom Fig. 6. Considerfor instancethe HH
estimator For this estimatoywe seein Fig. 6 thatthevalueof a;,; doesnotdepencdn a;.
Thus, following the iterative procedurewe seethat the HH algorithm corvergesin a
singleiteration,aswasexpectedfrom the analysisin (38) and(39). We canalsoseethat
theEM andthe SEM algorithmsgenerateamonotonesequence,;. In otherwords,if these
algorithmsareinitialized with ana, larger (smaller)thantheir ®xed pointa”, thena; will
monotonicallydecreasé€increase)until they corverge. On the otherhand,the a; for the
HS and SS algorithms eventually becomegreaterthan a”. After that happens they
alternate betweerelues that are greater than and smaller #ian

Using Fig. 6, we candeterminethe value of a after corvergencefor eachalgorithm.
Then, we can use (34) and (35) to determinethe expectedvalues of A and & after
convergence.The resulting estimationerrors are listed in Tablel. As we can see,the
valuesin Tablel indicate that the best stratgy is the EM algorithm, and the SEM

estimator produces the second best results.

Table 1Expected ¥lues of Estimation Error After Ceargence

Estimator type | |& +A| 2 (dB) | | & +s| 2 (dB)
Ss 217 -10.5
SEM 253 116.2
HH -19.1 -16.1
HS -19.1 -10.4
EM B¥ P¥
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Eventhoughthe EM algorithmis expectedo produceexactestimatesits corvergence
canbevery slow. This canbeseenin Fig. 7, wherewe plot the expectedrajectoriesof the
EM andthe SEM algorithms,assuminghat both algorithmsareinitialized usingthe HH
estimatesThe HH estimatesarea good candidatefor initialization: they have reasonable
performancendcorvergein oneiteration.As we canseein Fig. 7, the SEM estimatoris
expectedto corverge in roughly 2 iterations,while the EM estimatoris expectedto
cornverge in roughly 7 iterations.

Theperformancef theestimatorsanbe computedusingthe methoddescribedabove
for othervaluesof SNR, yielding the plots of the estimationerrorsfor A and 2 versus
SNR shown in the dashedinesin Fig. 8 andFig. 9, respectirely. Again, we seethatthe
EM algorithm gives the bestoverall performancefollowed by the SEM estimator For

comparisonyve alsoshav simulationresultsin Fig. 8 andFig. 9. Thesecorrespondo the

15 T T T T T

i1

11 / 4

0.9 1 1 1 1 1
0.9 1 11 12 13 1.4 15

a;
Fig. 7. Tracking the trajectories of the EM and the SEM estimators for a scal
channel.
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Fig. 8. Asymptotic error of gin estimates as a function of SNR. Dashed lines
correspond to theoretical predictions, solid lines correspond to a

simulation with 16 transmitted bits.
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Fig. 9. Asymptotic error of noiseariance estimates as a function of SNR.
Dashed lines correspond to theoretical predictions, solid lines

correspond to a simulation with @ansmitted bits.
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solid lines,andwereobtainedusing10° transmittecbits, andthe channelestimatorsvere
rununtil | & + A 1] < 10%5 orthenumberof iterationsexceeded0. As we cansee the
theoreticalcurves predictthe performanceof the estimatorsvery closely exceptfor the
EM algorithm.An explanationfor the differencebetweenthe theoreticaland simulation

curwes for the EM algorithm could not be found.

3.3 The Impact ofthe Estimated Noise Vriance

It is interestingto note that while substitutingthe actualvaluesof h or a for their
estimateswill alwaysimprove the performanceof the iterative algorithm,the sameis not
true for s. Indeed,substitutings for & will often resultin performancedegradation.
Intuitively, onecanthink of & asplayingtwo roles:in additionto measurings, it alsoacts
as a measue of reliability in the channelestimatetf®. Considera decompositiorof the

channel output:

=W a+(h+W)Ta, +n,. (40)
Theterm(h + P{\)Tak representshe contritution to r, from the estimationerror. By using
 to modelthe channelin the BCJRalgorithm,we arein effect lumping the estimation
error with the noise. Combining the two resultsin an effective noise sequencewith
variancelargerthans?. It is thusappropriatethat & shouldexceeds whenever A differs
from h. Alternatively, it standsto reasonthat an unreliable channelestimateshould
translateto anunreliable(i.e., with smallmagnitude)symbolestimate yegardlessof how
well # a, matches . Using a large value of 4 in the BCJR equalizerensureghat its
outputwill have a small magnitude Fortunately the noisevarianceestimateproducedoy

(29) measureshe enegy of both the secondand the third termin (40). If W is a poor
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channelestimate,a will also be a poor estimatefor a, and convolving & and # will

produce a poor match for so that (29) will produce a z& estimated noiseaxiance.

3.4 Simulation Results

In section3.2, we sawv thatthe EM algorithm outperformsthe SEM algorithmfor a
scalarchannelandasthe numberof obsenationsN tendsto in®nity In this section,we
presensimulationresultsshaving thatthe performancealegradationincurredby ignoring
the matrix B, in the EM algorithm is not signi®cantfor ®niteN and a channelthat
introduced SI. We usedthe simulationscenarioof [22]. The channels givenby h =[0.5
0.7 0.5], andthe noisevarianceis chosensothat SNR = 11 dB, whereSNR = ||h||2/32.

We initialized the estimates #y = [0, 4, 0], and

R -1 (41)

Thus,we have initialized our estimateof the SNRto 0 dB, andthe valuesof #y, and #,

agreewith the enegy of the receved signal.In Fig. 10, we showv the estimatesof the
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Fig. 10. Performanceomparisonchannebhndnoisestandardieviationestimates
as a function of iteration for EM (light solid) and simpli®ed EM (solid)
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channelkoef®cientsandthe noisestandardieviation asa functionof iterationfor the EM
andthe SEM algorithms,averagedover 100 independenblocks of 256 BPSK symbols.
As expectedthe SEM algorithmyields a larger estimationerror thanthe EM algorithm,
thoughthe performancdossis not signi®cantAs in the scalarchannelcase,the SEM

algorithm conerges aster than EM in thisxperiment.

In this chapterwe only simulatedthe performanceof the SEM algorithmfor onelSI
channel.In Chapter, we introducea modi®cationto the SEM algorithm that greatly

improves its comergence. More simulations will be conducted then.

3.5 Summary

In this section,we proposedhe SEM algorithm,aniterative blind channelestimator
that is less complex than the EM algorithm in two ways: it does not require the
computationandinversionof the autocorrelatiormatrix, andit is notintrinsically tied to
the BCJR equalizer We presentedan asymptotic analysis of different estimators,
including the SEM and EM algorithms, for a scalar channeland as the number of
obsenrations tends to in®nity We shaved that the EM algorithm provides the best
estimatesn this case followed by the SEM algorithm.We also shaved that for a scalar
channelthe SEM algorithmis expectedto corverge fasterthanthe EM algorithm.For a
channelthat introduceslSI, simulationresultsindicatethat the performancdoss of the
SEM is not signi®cantvhencomparedo the EM algorithm,andthatthe SEM estimates

cornverge faster than the EM estimates.
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CHAPTER 4

The Extended-Window Algorithm (EW)

As we discussedn section2.3, the EM algorithmgenerates sequencef estimates
with nondecreasintik elihood.Thus,it is proneto miscorvergence de®nedn the present
contect asthe corvergenceto a nongloballocal maximumof thelik elihoodfunction. The
traditionalapproachto this problemis eitherto completelyignore miscorvergenceor to
assumeheavailability of agoodinitialization. For instancethe simulationin the previous
sectioninvolvedsomecheatingthe channelestimatesvereinitialized to animpulseatthe
centertap, which happengo matchthe main tap of the channel.However, thereis no
reasorfor usingsuchinitialization otherthanthe factthatwe know thatthe centertap of
the actualchannelis dominant,a knowledgethat obviously would not be availablein a
real-world blind application. In this chaptey we shav that the estimates after

miscorvergence may he a structure that alles some local maxima to be escaped.

4.1 A Study of Miscorvergence

To studyanexampleof miscorvergence considerusingthe SEM algorithmto identify
the maximum-phasehannelh = [1 2 3 4 5]T at SNR = 24 dB, with a BPSK input
sequenceWith the channelestimatedeinginitialized to I{\) =[10000]" and€, =1,

after 20 iterations the SEM algorithm eerged to a point of
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M =[2.1785 3.0727 4.1076 5.0919 0.1197]". (42)
The algorithmthusfails. But the estimatedchannelis roughly a shifted versionof h. A
possibleexplanationfor this behaior is that,if the channeiis not minimum phasethenit
introducessomedelayd thatcannotbe compensatetbr at the symbolestimatorof Fig. 5.
Thus,thesoft symbolestimate., producedoy thesymbolestimatomrmayin factberelated
to a delayedsymbola , g, i.€.,, Ly » log Pr(ay +q=+ 1| r) (Pr(ay + 4= 1| r). Therefore,
when using equation(28) to estimateh,,, we may be estimatingh,, , 4 instead.In this
example thedelayis 1. Apartfrom this delay thealgorithmseemso performwell, andin

fact if it were to also compute

E [r tanh gé%g} , (43)

it would also be able to accuratelyestimateh,. Hence,to estimateall the channel
coefdcientsin this example, we must compute equation (28) for more values than

originally suggested by the EM algorithm.

For a generalchannel we have obsened that, after corvergence the sign of the LLR
producedoy the BCJIRalgorithmis relatedto theactualsymbola, by sign(L) » ay - ¢, for
someinteger delayd satisfying| d| £ m Eventhougha proof of this boundfor the delay
could not be obtained, there is an intuitive explanation for this behaior. Let d =
argmaxogj gl hjl . If theactualchannelwereknown to the symbolestimatorthenr, is
the channebutputthathasthelargestimpacton thedecisionmadeon a . 4. Now assume
thatthe channelestimatorpassesﬁ"\ to the symbolestimatoy andlet & = argmax o gj g m
| |4~\j| . With this channelestimatethe symbolestimatomwill besuchthatr, is thechannel

output that has the largestimpact on the decisionmadeon a, , x. If this estimateis
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reasonablethen & , x » ay .4, Sincethey are both mostly inBuencedby ry. In other
words, after corvergence,sign(L,) » A pdady Now letd = d + &. Sinced, &1
{0, %2 m}, we indeed hae| d| £m

To illustrate the effects of the delayin channelestimation,considerfor instancethe
channeh =[1 eee€]’ for somesmalle, andassumethatthechannelestimatorpasses’is\
=[0 0 0 0 1]T andagiven #? to the symbolestimator With thesevalues the outputof the
symbolestimatomwould essentiallybe L, = 2r, , o/#2. But we know that,for the channel
h, sign(ry) » a,, andhencesign(L,) » ay + 4. Thus,if we compute(28)for n = +4, v, 0, as
originally suggested, we will ner get a chance to compute, for instance,

A = rtanh(Ly 1 5 ). (44)

1
N
k

n Qo =

N
o 1
a k&s1> Yy
=1 k

Likewise,if h = [eeee1]T, andthechannelestimatorpassesﬁﬂ\ =[10000]" andagiven
#? to the symbol estimatoy thenwe would have L, = 2r,/#\?, sothatsign(L,) » ay 4 4.
Thus,if we compute(28) for thegivenwindow n = +4, % 0, we would never geta chance
to estimatelé\l. For that, we would have to useL , 3. Eventhoughtheseare extreme

examples, the illustrate well the décts of the delay in the iteradi process.

4.2 The EW Channel Estimator

In light of the discussionaborve, it is clearthatif we areto correctly estimatethe
channelwe cannotrestrictthe computatiorof (28) to thewindow n = +m % 0. Thus,we
proposean extendedwindow EM (EW) algorithm. To determinehow muchthe window

must be extended,we again considerthe extreme cases.When sign(L,) » ay +,, tO
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estimateny andh,,we needto compute(28) for n = tmandn = 0, respectrely. Likewise,
whensign(L,) » ay + , to estimatehy andh,,we needto compute(28) for n = mandn =

2m respectiely. Thus, we propose to compute an auxiliaggterg as

o N k+ng _
a, . 1[rktanh gé—_—z-—g} ,forn=+m¥%, 2m (45)

Z|~

On =

Notethatonly m+1 adjacentlementf g areexpectedio be non-zeroWith thatin mind,
we proposethatthe channelestimates® be the mr1 adjacentlementf g with highest

enegy.

4.2.1 Delay and Noise Variance Estimator

Let B = [0:q: ¥4 O:q+ | be the portion of g with largest enegy. Note that after
convergencewe expectthat R = h, i.e., g.q = hg. But comparing(25) and (45), we note

that this is equialent to saying that

ay » tanh ok +ds . (46)

In other words, by choosing W to be the current channelestimatewe are inherently
assuminghat the estimatedsequences a delayedversionof the transmittedone,where
the delay is d. This delay should be taken into accountin the estimationof the noise
variance With thatin mind, we proposeto estimates? usinga modi®edversionof (29),

namely

~2 ~T X 2
= ‘rkia\(mpﬁ+l .

1
+1°N (47)

n Qo =

k
The EW algorithm is summarized in the foliomg pseudocode:
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initialize channel estimates My and {%
i=0.
repeat
use current channel estimates to compute symbol estimates
Ly, fork =0, Ya N-1.
Computeg ,,n ==m % 2masin (45).
Let MW =[g .4 Y4 Q9. + o  bethe  ml consecutive entries
of g with highest energy.
Update the noise variance estimate according to (47).
i=i+1.
until a stop criterion is met

4.3 Simulation Results

In this section,we presentsomesimulationresultscomparingthe performanceof the
EW algorithmto the EM algorithmandto trainedchannekestimationalgorithms.in all the
simulations,we have useda BCJR equalizerwith the EW algorithm,to allow for a fair
comparisorwith the EM algorithm.Theresultspresentedh this sectionall correctfor the
aforementionedelaysin the channelestimationprocessin otherwords,whencomputing
estimationerror or averagingchannelestimatesthe estimatesvere shiftedto bestmatch
the actual channel.Note that this doesnot affect the channelestimatesn the iteratve
procedure.

As a®rsttestof theextended-windw algorithm,we simulatedthetransmissiorof K =
600 bits over the channelh = [+0.2287, 0.3964, 0.7623, 0.3964, +0.2287]" from [26],
whosefrequeng responseas shavn in Fig. 11. We have usedSNR = ||h||2/s2 =9dB. To
stressthe fact that the proposedalgorithm is not sensitve to initial conditions, we
initialized ® randomly using I'{\(o) = udg dull, where u ~ N(0, 1) and 5\20) =
é::':;ri (BN. (This implies an initial estimatedSNR of 0 dB, with valuesconsistent

with the receved enegy.) In Fig. 12, we shav the cornvergencebehaior of the SEM
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[HW)I* (dB)

Fig. 11. Frequeng response of = [+0.2287, 0.3964, 0.7623, 0.3964, +0.2287].

channelestimates,averagedover 200 independentruns of this experiment. Only the
cornvergenceof Pﬁ) Iﬁ and}’;\z is shavn; the behaior of }’;\3 and |4~\4 is similar to that of
HN\Z and Iéb respectrely, but we shav only thosewith worse convergence.The shaded
regions around the channel estimatescorrespondto plus and minus one standard

deviation. For comparisonwe shawv the averagebehaior of the EM estimatesn Fig. 13.

0 2 4 6 8 10 12 14 16 18 20
ITERATION

Fig. 12. Estimates oh = [+0.2287, 0.3964, 0.7623, 0.3964, +0.2287], producec
by the etended-windw algorithm.
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ITERATION

Fig. 13. EM estimates of = [£0.2287, 0.3964, 0.7623, 0.3964, +0.2287].

Unlike the goodperformanceof the extendedwindow algorithm,the EM algorithmeven
failsto corvergein themeanto thecorrectestimatesespeciallwf’b . Thishappendecause
the EM algorithmgetstrappedin local maximaof thelikelihoodfunction[40], while the
extended-windw avoidsmary of thesdocal maxima.The bettercorvergencebehaior of
the EW algorithm is even more clear in Fig. 14, where we shav the noise variance

estimates.

0.9 T T T T T T T T T

0 2 4 6 8 10 12 14 16 18 20
ITERATION

Fig. 14. Estimates o2, produced by thextended-windw algorithm.
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The performanceof the EW estimatorwas alsocomparedo a trainedestimatorthat
estimateghe channelcoef®cientsusingequation(28) with the actualtransmittedsymbol
a +n substitutingheestimateai'\(jZ£n . Thistrainedestimatiortechniqueknown aschannel
probing,is notthetrainedMMSE estimatorof (17) and(18). For comparisorpurposeswe
also shav the performanceof the EM algorithm and the trained MMSE estimator We
have simulatedthe transmissiorof 200 blocks of K = 600 bits over the channelh = [+
0.2287, 0.3964, 0.7623, 0.3964, +0.2287]". For eachblock, the channelestimatedor the
EM and EW algorithmswereinitialized with the randomestimatesusedin the previous
experiment.

In Fig. 15 we shav the estimationerror as a function of the SNR for the trained
estimatesandfor the EM and EW estimatesafter 20 iterations.In Fig. 16, we shav the
resulting BER. Again we see that the EW algorithm performs better than the EM
algorithm.lt is interestingto noticethatthe performanceof the EW algorithmapproaches

that of its trainedcounterpartthe channelprobing estimator Onewould thus expectthe

-10

KN
(6]

I = A (B

Channel Probing
-20 -
MMSE
1

-25

0 2 4 6 8 10
SNR (dB)

Fig. 15. Estimationerrorfor thechanneprobing, MMSE, EM andEW estimates
after 20 iterations.
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Fig. 16. Bit errorrateusingthetrained,EM andEW estimatesfter20 iterations.

performanceof the EM algorithmto approachthat of its trainedcounterpartthe MMSE
algorithm.However, aswe canseefrom Fig. 15 andFig. 16, the EM algorithmperforms
worsethanchannelprobing,which is in turn worsethanthe MMSE estimator Finally, it
should be pointed out that even thoughthe channelestimatesprovided by the MMSE
algorithm are better than those of the channelprobing, the BER of both estimatesis
similar. In otherwords, the channelprobingestimatesare OgoocenoughGandthe added
complity of the MMSE estimatordoesnot have muchimpacton the BER performance
in the SNR range considered here.

To further supportthe claim that the proposedalgorithm avoids most of the local
maximaof thelik elihoodfunctionthattrapthe EM algorithm,we ranbothalgorithmson
1,000 randomchannelof memorym= 4, generatedsh = u/|lu|, whereu ~ N(0, I). The
estimatesvereinitializedto s?% = é_szi;ri (2N and#y, = (0, 0, #,,0,0)7,i.e, thecenter

tap of Yy, is initialized tod),. We usedSNR = 18 dB, and blocks oK = 1000 bits.
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Fig. 17. WER for the EW and the EM algorithms for an ensemble of 1,000
random channels.

In Fig. 17 we showv the word error rate (WER) (percentagef blocks detectedwith
errors) of the EW and EM algorithmsversusiteration. It is again clear that the EW
algorithm has a better performancethan the EM algorithm. This can also be seenin
Fig. 18, where we shov histogramsof the estimationerrors (in dB) for the channel

probing,EW, andEM estimatescomputedafter 40 iterations.We seethatwhile only 3%
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™ —=— EW
160 (X —o— EM i

- A - Channel Probing

Number of Occurrences

I« W (g

Fig. 18. Histograms of estimation errors for the EW and the EM algorithvas o
an ensemble of 1,000 random channels.
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of the EW estimateshave an error largerthan-16 dB, 35% of the EM estimatehave an
errorlargerthan-16 dB. In fact,the histogramfor the EW algorithmis very similar to that
of the channelprobing estimatesyhich again shavs the good corvergencepropertiesof
the EW algorithm.

It is alsointerestingto notein Fig. 18 thatthe EM estimatediave a bimodalbehaior:
the estimationerrorsproducedoy the EM algorithmaregroupedaround-11 dB and-43
dB. These groups are respectiely better than and worse than the channel probing
estimates.This bimodal behaior can be explained by the fact that the EM algorithm
cornvergesto inaccurateestimatesvery often, leadingto large estimationerrors.On the
other hand, when the EM algorithm corverges to accurateestimates,then the EM
estimatesare close to the MMSE estimateswhich are better than those producedby
channelprobing. However, aswe previously obsered, the betterquality of the channel
estimateshasno signi®canimpacton the BER performancethe equalizerbasedon the

channel probing estimates detected all transmitted sequences correctly

4.4 Summary

In this chaptey we studiedsomeaspectof the corvergenceof the EM andthe SEM
algorithm. We shaved that the EM and SEM estimatesafter miscorvergencemay be a
shifted version of the channel.With that in mind, we proposedthe EW algorithm, a
modi®cationof the SEM algorithm that exploits the structureof the estimatesafter
miscorvergenceto greatly decreasehe probability of miscorvergence.We shaved via
simulations that the EW algorithm has better corvergence propertiesthan the EM

algorithm when the initialization and/or the channelis random, yielding a better

47



performancebothin termsof BER andchannelestimationerror. In simulations,we also
comparedhe performanceof the EW algorithmto a systemthat estimateshe channel
using channelprobing and knowledge of the transmittedsymbols.We shoved that the
performancegap betweerthe EW systemandthe onewith training is surprisinglysmall.
It shouldbe pointedout that the trained estimatorsusedin this sectionare unrealistic,
since they assumeknowledge of the whole transmittedsequenceTherefore,the gap

between the EW and trained estimates should/ée emaller in a practical system.
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CHAPTER 5

The Soft-Feedback Equalizer

In section2.3, the EM algorithm was shovn to have three problems: slow
convergence miscorvergenceandhigh computationatompleity, stemmingfrom needto
computeandinvertthe a posteriorisampleautocorrelatiommatrix F@\a de®nedn (19)and
from the useof the BCJRequalizerin chapter3, we proposedhe SEM algorithm,which
converges faster than the EM algorithm and does not require matrix inversion. In
chapte4, we proposedthe EW algorithm, which decreasesthe probability of
miscorvergence.In this chapter we will addressthe remaining problem of the EM
algorithm:the compleity that resultsfrom usingthe BCJR algorithmfor estimatingthe
transmitted symbol.

The SEM andEW algorithmsarenotintrinsically tied to the BCJRequalizerandmay
be usedwith ary equalizerthat producessoft symbolinformation. With thatin mind, in
this chapterwe proposethe soft decisionfeedbackequalizerwith priors (SFE), a low
compleity alternatve to the BCJRalgorithmthatretainsmary of its attractve featuresin
particular it outputssoftinformationin theform of anestimateof thea posterioriLLR. It
alsoexploits a priori informationon thetransmittedsymbols,in theform a priori LLR | ﬁ
Thus, it is well suitedfor applicationssuch as turbo equalization(where the a priori

probabilitiesare provided by the channeldecoder) semi-blindsystems(in which the a
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priori probabilities stem from the fact that some symbols are known), and iterative
equalization(in which the a priori probabilitiescome from a previous iteration of the
equalizer).

The SFEwiIll bedervedin a generalcontext, in which we assumehe availability of
channelestimatesand a priori probabilities. That way, the SFE is not tied to a single

application, such as iterati channel estimation or turbo equalization.

5.1 Previous Work on Interfer ence Cancellation

Thereduced-compbaty equalizatiortechniquegproposedn [30-35], which arebased
on linear ®ltersand exploit a priori information, have the structureshavn in Fig. 19. In
this ®guretherecevedsignalis ®lteredby alinear®lterf, whoseoutputcontainsresidual
ISI. Thea priori information is used to estimate and cancel this residual ISI.

Interferencecancellation (IC) proceedsas follows. Assume that, at time k, the
equalizerseekgo estimatea,. Thea priori informationis usedto producesoft estimates

{#& . (} of the interfering symbolg, . |}, according to:
& =E[a| I ] =tanh(I 7). (48)

If theseestimatesrecorrect,their effectontheoutputof f canbeestimatecandcancelled

throughlinear ®lteringand subtraction.Speci®callyasshavn in Fig. 19, aninterference

Mk Zy 2A I

k/d%(g

Fig. 19. Interference canceller with priori information

e C)
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cancellerfeedsthe soft decisionsthrough a ®lter g, whoseresponses relatedto the
residuallSI at the outputof f. Sincethe equalizeroutputwill be usedto estimatea,, the
inBuenceof a, on the equalizeroutput should not be cancelled.Hence,the zero-th
coefdcientof g is constrainedo be zero. The equalizersof [30-35] chooseg underthe

assumption that its input symbol estimates are correct, yiedgingi hf, ., whenk t 0.

Sincethezero-thtapof g is zerq the equalizeroutputattimek, z,, is notafunctionof
| ﬁ Thus, z, canonly be usedto produceextrinsic information, which can be done by
writing the equalizer output as

z = Aay + Vi, (49)
whereA = E[za,] = &,hf,, andv, includesthe effect of channeloiseandresiduallSI.
Note that, from this de®nition,v is independenbf a,. The computationof the extrinsic
LLR I, from z, is easywhenv, is approximatedoy a Gaussiarrandomvariablewith

variances\zl . In this case, we ®nd that

[ k= 2AZk @\2/ . (50)
The full LLR at the equalizer output is thewen byL, =1, + | ﬁ

The equalizersproposedin [30] and [31], which we refer to as decision-aided
equalizers(DAE), choosef underthe assumptionthat the soft decisionsof (48) are
correct,which leadsto the matched-®ltesolutionf, = h,,. In the equalizerproposedn
[32,34] andin oneof thosein [35], f isan MMSE-LE. This equalizerdependsn | ﬁ and
must be recomputedevery time instantk, resultingin a time-varying equalizer(TVE)
whosecomputationatompleity is quadratian the numberof equalizercoef®cientsAlso

proposedin [32,35] are approximationsthat yield time-invariant ®ltersf and g. In
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particular the switched-equalize(SE) stratgy proposedin [35] choosed as either a
traditional MMSE equalizeror a matched®Iter (MF). A simple criterion to choose
betweenthesetwo equalizersis proposedthat dependson the quality of the a priori

information.In all caseg30-35], thecancellatior®lterg is designedindertheassumption

that its input symbol estimates are correct, namgly & hf .| fork * 0.

5.2 The Soft-Feedback Equalizer

We now proposethe SFE, a soft-output equalizationschemethat sharesmary
similaritieswith the interference-cancellatioscheme®f [30-35]; however, our approach

differs in two substantial ays:

At time k, when computingz,, the previous equalizeroutputs{l , .;: j > 0} are
known. With thesevalues,we may computethe full LLR Ly . =1 ﬁij +1 e
which providesa betterestimateof ay . ; thanl iij alone Thus, insteadof using
& . to cancelinterference we proposeto useay . = E[ay 4| Ly +;] for j > 0.
Thisis similarin spirit to the principle behinda DFE. A DFE-basedystemis also
proposedn [35]. However, the systemof [35] feedsback hard decisionson the
equalizeroutput,withoutcombiningthemwith thea priori information,andit per-
formsworsethanthe systemawithout feedbaclkdescribedn section5.1.1n [20], a
DFE wasproposedo be usedwith a priori information.However, it doesnot use
thea priori informationto cancelpost-cursotSl, andit computegshe DFE coef®-

cients assuming correct decisions.

As in [32-35], insteadof trying to cancelall the interferenceywe passa, and#),

throughlinear ®lterswhosecoef®cientsalongwith f, are computedto minimize
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the MSE E[| z + a,| 2]. However, following [39,45], we usea Gaussiarapproxi-
mationto | ﬁ andl y thatleadsto time-irvariant SFE coefdcientsand henceto a
persymbolcomputationatompleity thatis proportionalto the numberof equal-

izer coe®cients, as opposed to the quadratiesgearbol complgity of the TVE.

Applying theabove two changedo Fig. 19 leadsto the proposedSFEstructureshovn
in Fig. 20, where the ®lters g, and g, are strictly anticausaland strictly causal,
respectrely, andthe®ltersf, g, andg, arechoserto minimizethe MSE. Thethicker line

in the feedback loop represents the only actual change frorh%ig.

5.2.1 The SFE Coeficients

Let the SFE output, be written as
zo=fTrxg & gl a,, (51)

wheref = [fam, 1/4fM2]T’ Me=[Meam ¥ rkiMz]T’ 91=[Gum,» ¥ 9:11", 92 = [01,
Y, gM2+m]T, & =&y, " A1 a =8, % aki(Merm)]T, the superscripT
denotedransposeandM; andM, determinethe lengthsof the ®lters.Now, assumehat

E[# a] =E[a,a] = E[é‘kaj] = 0whenk ! j. Thisseemgeasonablesinced) anda, are

Mg Zy 2A Ik

— s f —; + s—\zl 1
/ ék g1 —~ g2 k / T +
. '
0 0
Fig. 20. The proposed SFE equaliz&he thicler line in the feedback loop
represents the only actual change from E8y.
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approximatelyequalto a, andthe transmittedsymbolsareuncorrelatedThen,asshavn

in Appendix B, the alues off, g; andg, that minimizeg|| z, + a,| %] are gen by

2 2
a a
f=(HHT+ = HH] £ Z2HoHZ +s2)*hg (52)
1 2
91 = (a; (Eq)H{ T (53)
, T
92 = (ag Ep) Hf, (54)

whereH is theM *~ (M + m) channel covolution matrix:

hohy % h,0 0 % O
|0 hohy % hyo v 0] 55
Ve Vo Va Ya Ya Va4 Ya Y

M=M;+M,+1, and

E; = Ell 412, (56)
E;=E[ &2, (57)
a; = E[ &) ay], (58)
a, = E[a, ay]. (59)

The vectorh is the 0-th columnof H, wherethe columnsof H are numberedasH =

[hiMl, Y4 h ]. Also,H{ = [hiMl,1/4 hyi andH, =[hq, % h ]. Theconstants

M, +m M, +m
A and 53' neededn (50) to computetheLLR | | from the equalizeroutput,areshovn in

Appendix B to be gien byA = fTh, ands\zl =A (1 £A). Thus,

1, =2z U1l+fThg). (60)
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Note that, from the de®nitionof &, anda,, attime k we only attemptto cancelthe
interference from th#!, future symbols and the, + mpast symbols. Heever,
rg =Hag+ny, (61)
whereny = [N,y % Niay, 1" andag=[a, .y ¥ 8y, +ml'- Thus,theoutputof
thelinear®lterf sufferstheinterferenceof a . forj = +M4, % M, + m In otherwords,at
time k the output of f hasresidualinterferencefrom the M, future symbolsand the
M, + mpastsymbols.This explainstheindex rangein the de®nitionof &, anda, . Also,
notethatg, andg, areproportionato thestrictly causabndanticausaportionsof a hf .
1, Wherethe constantsof proportionalitydependon the quality of & and a, through

a; oE:I_ andaz QEz.

5.2.2 Computing the Expected Values

Exploiting symmetriesit is not hardto seefrom (56)-(59)thatg,, a;, E, anda, may
be computed by conditioning on a,=1. In other words, E; = E[| & | 2l a = 1],
E, =E[l &% a=1],a; = E[#] & = 1], anda, = E[&, | a = 1].

Now, assume thatﬁ Is computed from an eaqalent AVGN channel with output

Ik =ag + wy, (62)

2

wherew, is AWGN with variances,,

assumedo be independenbf the transmitted
sequencethe actualchannelnoiseand the equalizeroutputat time k [45]. Assuminga
BPSKalphabetthis meanghat! 'ﬁ =g I, Whereg, =2 rs\i is proportionalto the SNR of

the egualent channel that generatéis Then, conditioning oay = 1, | i~ N(g, 2g,), SO

a;

Y 1(%). (63)

E1 = yaq). (64)
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where
y 1(9) = E[tanh( u/2)], u ~ N(g 29), (65)

y »(9) = E[tanh 2(u/2)], u ~ N(g 29). (66)
Unfortunately thereare no closed-formformulasfor y 1(g) andy ,(g). However, theseare
well-behaed functions that may be talulated or computed by simple numerical

algorithms.

Similarly, notethatL = | T(+ | .. Now, considerthe Gaussiarapproximationo | | in
(49) and (50), andlet g, = 2A2 rs\z, be a parametethatis proportionalto the SNR of the
equivalent channel that generatgs Then,

L = (% + %) ax + GW + GVy, (67)
so that, conditioningon a, =1, Ly ~ N(g, + & 2 (g, + &))- Thus, using the Gaussian

assumptions;, anda, are gven by
ar=yi(p+ % (68)
Ex=ya(g *+ %) (69)
To computeE 4, a,, E; anday, the valuesof g, andg, needto be estimatedBecause

SHNEE gi +2 ¢, the ML estimate of, is

+1. (70)

1o
4 = [1+ R4
To determineg,, we note that, as shavn in AppendixB, A =fTh, and 5\2/ =A(1zA).

. _ 2 2
Thus, sincey, = 2A“ =, we hae that

e=2f"Thga(l+f hy). (71)
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Note thatwe needg, to computeE, anda,, but we needE, anda, to computeg.. To

®nd both simultaneoushywe propose that, gn an initial alue forg,, we compute:

2 2
a y1(9,+9e) T
f=(HHT+ Z2HH] £+ Z2B e p T 452t 72
( E]_ L 1 yz(gp+ge) 2 2 ) 0 ( )
e=2f"Thga(1+fThy). (73)

iteratively, until a stopcriterionis met. The corverge behaior of this iterative procedure
canbe studiedwith the sametechniquesisedin section3.2 to analyzethe scalarchannel
estimator Indeed for a ®ed channelnoisevarianceandg,, the iterative proceduremay
be seenasa mappingfrom the valueof g, at thei-th iteration,g!, to the valueof g, at the
i+1-th iteration,g/**. With thatin mind, considerFig. 21, wherewe plot g *! asa function
of gl for g, = 0, h = [0.227 0.46 0.688 0.46 0.227], M; = 10, M, = 5, andSNR = 10 dB.
Also shavn in Fig. 21is theline gi*! = gl. Sincetheiterative procedurecorvergeswhen

gt = gl, Fig. 21 suggestshe existenceof a single®ed-pointfor this particularexample,

10 T T T T T T T T T

@

Fig. 21. Graphical analysis of the cegrgence of (72), (73): estimatedlue of
g.*! as a function of itsalue at the prdous iterationg.
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marked by a“ . Furthermorethe dynamicbehaior of the iterative procedurewheng, is
initialized to zero, is illustratedin Fig. 21 by the dottedarrowns. As seenin Fig. 21, the
algorithmis expectedto corverge after 3 iterationsin this case.We have obsered the

same &st conergence and unimodal behar in all scenarios we ka studied.

To summarize, the SFE c@afients are computed as in the fwilog pseudocode:
Estimate g, using (70);
Estimate g, using the iterative procedure in (72) and (73);

Compute E4, a;, E,and a, using (63), (64), (68), (69);
Compute the SFE coefficients using (52), (53), (54).

5.2.3 Special Cases and Approximations

Thevaluesof g, andg, areproportionafto the SNR of the equivalentAWGN channels
thatgenerate ﬁ andl ., respectrely, andhencerel3ectthequality of thesechannelsBased
on this obsenation, someinterestingconclusionsmay be dravn from a study of the
behaior of y 1(9), y 1(d) / y »(9) andy %(g) 'y »(d), which areplottedin Fig. 22 asa function

of g

10t T T T
Yy 1(9)

y,(9)

102 101 100 10t 102

Fig. 22. The behsior of y (0, y 1(9/y ,(9), andy 5 (@)/y 9.
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Consideyfor instancethe casein which g, or g. tendsto zero.It canbe shavn that,as
g tendsto zero, the ratio y 1(g) / y »(9) tendsto in®nity, as suggestedn Fig. 22. From
equationg53) and(54), thisimpliesthatthe coef®cientsof the interferencecancellergo
to in®nity as the reliability of their inputs goesto zero. Hence,it seemsthat the less
reliablethe symbolestimatesthe morewe try to canceltheir interferenceHowever, this
obsenationis nottrue. In fact,underthe Gaussiarassumptiorit is not hardto show that
the outputsof the interferencecancellersare zero-mearrandomvariableswith variance
(a2 1E|HTf|”* and(a3 /x| It |”. it is alsopossibleto shaw thaty 2(g) / y »(g) tends
to zeroasthe reliability g tendsto zero,assuggestedn Fig. 22. Thus,althoughthe ®lter
coef®cientgyrow large, the outputof the interferencecancellergoesto zeroin the mean-
square sense, and ict no interference cancellation is done.

Basedon Fig. 22, the analysisabore, anda carefulinspectionof (52) + (54), it canbe

shavn that the SFE reduces to well-kwoequalizers for certairalues ofg, andg..

In the limit asg, andg, grov small, we have alreadyshavn thatno IC is per-
formed. Furthermoresincea; (E; ® 0 asg, ® 0 and a5 (E,® 0asg® 0, f
reducedo a traditional MMSE-LE. Therefore,in this case the SFEreducedo a
corventionallinear MMSE equalizer This is intuitively pleasingsincesmall val-
uesof g, andg, suggestow levels of reliability, andin this casethereceveris bet-

ter of not attempting anform of interference cancellation.

In thelimit asg, ® 0 andg. ® ¥, the SFEreducedo a corventionaMMSE-DFE.
Thisis intuitive, sincesmallg, impliesunreliablepriors,andhenceno cancellation

of precursoiSI shouldbe performed Furthermorelarge g, impliesreliableequal-
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izer outputs,in which casepostcursorinterferencecan be effectively cancelled

using decision-feedback.

In thelimit asg, ® ¥, the SFEreducedo atraditionallSI canceller This is intui-
tive becausevheng, is large, the equalizerhasaccesdo reliableestimategor all
interfering symbols.When the interfering symbolsare known, the interference

canceller is knen to be optimal.

Theplotofy (9 /y (g in Fig. 22 alsoindicateshatwe couldreplacea, / E; anda, /

E, by 1, anapproximationthat is clearly accuratefor g> 0.1. To analyzethe effects of

this approximationfor g< 0.1, we obsere that the feedforward ®lter f, as well as the
varianceof the outputof the interferencecancellersdependon a? / E; anda3 / E,. In
otherwords,we have to analyzetheimpactof the approximatiorona? / E; anda3 / E,.
However, assuggestedn Fig. 22, the differencebetweeny ;(g andy f(g) /'y »(g) tendsto
zeroasgtendsto zero.Thus,a? / E; anda3 / E, arecloseto a; anda,, respectiely, even
for unreliable channels.Therefore,approximatinga, / E; and a,/E, by 1 doesnot
greatly affect the equalizeroutput. The resultingapproximate®lter coef®cientsare thus

computed as

f=(HHT+xa; HH] + a,HoH, +5s2)*thy, (74)
g1=H{f, (75)
g2 = Haf. (76)

It is interestingto noticethat,underthis approximationthe coefdcientf theinterference
cancellersy; andg, arethosethatwould be obtainedassumingcorrectdecisions.Thus,

the amountof interferencecancellationto be performedby the equalizeris controlled
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mostly by the amplitude of the soft information, not by the interferencecancellation

coefdcients.

5.3 Performance Analysis

In this section,we presentananalysisof the performancef the SFEalgorithm,using
computersimulationsand theoreticalresultsbasedon the Gaussiamapproximation.We
also compare the SFE to a traditional DFE.

We beagin by shaving the validity of the Gaussianapproximation.To that end, in
Fig. 23 we shav the estimatedprobability densityfunction (pdf) of the SFE output, | ,
basedon the transmissiorof 32,000bits throughthe channelh = [0.23 0.42 0.52 0.52
0.42 0.23] at SNR = 20 dB. The equalizethasM = 20, M, = 15, andwe do notassume
thepresencef a priori information,i.e., we assume T( = 0 for all k. In this®gurewe also
shav the pdf of the LLR at the output of a Gaussiarnchannelwith SNR = fThy (1 +

fThy), computed using the SFE parameters. As we can see, both pdfs are similar

0.05

0.04 |-

0.03 |-

0.02

0.01

0 1 1 1 1 1

-30 -20 -10 0 10 20 30

Fig. 23. Estimated pdf of the SFE output, compared to the pdf of the LLR of ai
AWGN channel.
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We may usethefactthatthe SFEoutputis similarto theLLR of anAWGN channetlo
predictthe performanceof the equalizerIn fact, sincethe SNR of the equvalentAWGN
channel i Thy a1 + fThy), the BER at the SFE output should be close to
& ¢T 0
c f'h

0 - 77)

s O T

To shaw the accuray of this computation,we simulate the transmissionof 10’ bits
throughthechanneh =[0.227 0.46 0.688 0.46 0.227], usingequalizersvith M, = 10, M,
= 5. In Fig. 24, we shav the BER performancef the SFEcomputedhroughsimulations
and using (77). As we can see,the theoreticalcomputationin (77) gives a reasonable
predictionof the performanceof the SFE,especiallyfor low SNR.However, we canalso

see that equation (77) is normally too optimistic.

10t E E|
w0? E E
@ = =
T — 3
) B N
103 E E|
- —=— SFE (Simulation) ]
. B —— SFE (Theoretical) ]
10" E | —e— DFE
108 1 1 1 1 1

0 2 4 6 8 10 12 14 16 18 20 22
SNR (dB)

Fig. 24. BER (theoreticabandsimulation)of anSFEwith noa priori information.
The BER of a DFE is also siva.
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In Fig. 24, we alsoshowv the BER performancef a DFE. It is interestingto noticethat
as the SNR increaseghe performanceof the DFE and the SFE becomesimilar. This
agreeswith the previous analysis,which predictedthat the SFE becomesa DFE asthe
SNRtendsto in®nity It is alsointerestingto noticethatthe SFEoutperformshe DFE for
SNRIlessthan8 dB, while the DFE is betterthanthe SFEfor SNR greaterthan8 dB. This
indicatesthat, for this channelthereis an SNR thresholdabore which soft information
becomestoo tentatve, and the equalizeris better off using hard decisions.A similar
behaior wasobsenedfor otherchannelsin fact,our simulationsndicatethatif the SNR
at the SFE output,fThy a(1 + fThy), is greaterthan one, thenthe DFE performsbetter
thanthe SFE.Unfortunately atheoreticakcomputatiorof this SNRthresholdcouldnotbe

determined for a general channel.

5.4 Summary

In this chapter we proposedthe SFE, a low-compleity soft-outputequalizerthat
exploits a priori informationaboutthe transmittedsymbolsto perform soft interference
cancellation. The SFE achiaves a compromisebetweenlinear equalization,decision
feedbackequalizatiorandinterferencecancellatiorby choosingthe equalizercoef®cients
accordingto the quality of the priorsandof the equalizeroutput.Sincethe SFEexploits a
priori information, it may replace the BCJR equalizer in applications.

The SFEdiffersfrom similar structureg30-35] in two ways.First, it successfullyuses
softfeedbaclof theequalizeroutputsto improve interferencecancellationin contrastthe

decision-feedbacktructureproposedn [35] performsworsethanits linear counterpart.
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Also, by assuminga statisticalmodel for the priors, we obtain a time-invariant, linear
complity equalizerasopposedo the quadraticcompleity of the MMSE structuresn
[32-35].

We shawved that the SFE collapsedo well-known equalizerdn limiting caseswvhere
the a priori informationandthe equalizeroutputarevery reliableor very unreliable.We
conductedsimulationsdemonstratingthe validity of the Gaussianapproximationand
comparinghe performancef the SFEto a DFE. In thesesimulationswe shavedthatthe
SFEoutperformghe DFE for low SNR.For high SNR,the performancef bothequalizers
is similar. For theintermediateéSNRrange the DFE outperformghe SFE,suggestinghat
soft informationmay be too tentatve for this SNR range,andbetterresultsareachieved
with hardinformation.This behaior wasalsoobsenedin othersimulationsve conducted
for differentchannelsput we could not devise a generalstratey to determinewhenhard

information yields better results than soft information.
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CHAPTER 6

Turbo Equalization with the SFE

Consider the turbo equalizer shovn in Fig. 25, which is repeatedhere from
section2.2. As discussedn section2.2, the equalizerin a turbo equalizercomputeshe
LLR of the transmittedsymbols,L €, basedon the receved samples andthe vector of
extrinsic information| ©, and otherwiseignoring the presenceof ECC. The vector| ®is
usedby the equalizerasa priori information on the transmittedsymbols;it feedsback
informationfrom the decoderto the equalizer allowing the equalizerto bene®from the
code structure.Normally, the equalizerin a turbo equalizationschemeis implemented
with the BCJR algorithm.

In chapters, we proposedhe SFE,anequalizetthat computesan estimateof LLR of
the transmittedsymbols, basedon the receved samplesr and the vector of extrinsic
information| °. Thus,the SFEis well-suitedfor applicationin turbo equalizationlIn this

chapteywe study this application of the SFE.

—» EQ.

N ECC
DECODER
d
L

p

apriori

Fig. 25. Turbo equalizer
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6.1 An SFE-Based Trbo Equalizer

An SFE-basedurboequalizelis obtainedby usingthe SFE,depictedn Fig. 20, asthe
equalizerin the turbo equalizationschemedepictedin Fig. 25. The resulting systemis
depictedin Fig. 26. Note that the SFE coef®cientsdependon the quality of the a priori
information.However, in aturboequalizerthe quality of thea priori informationchanges
with iteration. Therefore the SFE coef®cientshave to be computedat the beginning of
every turboiteration.In this section,we briel3y describeour implementatiorof the SFE-
based turbo equalizer

First, the computationof the SFE coef®cientsn a turbo equalizationcontext may be
simpli®ed.In the derivation of the SFE,we proposedo computethe parameter, using
the iterative proceduredescribedn equationg72) and(73). If we usedthis stratgy in a
turbo equalizeyr we would have to repeatthe iterative procedurefor every turboiteration.
However, we have obseredthatthereis no needto this. In fact,the iterative proceduren

equations(72) and (73) may be usedonly in the ®rstturbo iterations.In later turbo

+ ECC 4
< ()‘ p peCcoDer|™ p*t[e

r ]

Fig. 26. An SFE-based turbo equalizer
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iterations,we may computethe equalizercoef®cientausingthe valueg, from the previous

turbo iteration. An updatedvalueof g, is thencomputedand passedn to the next turbo

iteration.We have obsenedthatno performancdossis incurredif theiterative procedure
in equations (72) and (73) is used only in the ®rst turbo iteration.

Also, at the ®rst turbo iteration when g, =0, we get E; =a; =0. To avoid the
indeterminatea; ®E; in (52)+ (54), we arti®cially set E; =1, a; =0 for the initial
iteration. This is reasonablesince,at the ®rstiteration,we do not wantto performary IC
basedon the a priori probabilities.In fact, algorithmsbasedsolely on IC often have a
problematthe®rstturboiteration,whenno a priori informationis available.For example,
to solve this problem,[31] proposeghatthe BCJRalgorithmbe usedfor the ®rstiteration.
Notethatif we areusingthe approximateSFEcoefdcientan (74)-(76)theratioa,; oE is
never computedsothereis noneedto arti®ciallysetg, = 1, a; = 0 for theinitial iteration.

Finally, we have obsered thata turbo equalizermay bene®from valuesof g, andg,
more pessimistichanthoseobtainedusing (70) and(71). Optimistic valuesfor g, andg,
may causethe equalizerto output valuesof |, that have the wrong sign but a large
magnitude,which may causethe turbo equalizerto corverge slowly or to a wrong
codevord. Performanceanbe improvedif g, andg, areestimatedusingthe SEM scalar
channelestimatoranalyzedn section3.2, repeatederefor corveniencelf z, = Aay + v,
is the equalizeroutput,then,giveninitial estimates&o andi%, g Is computedteratively

using
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1o L=l A A2
A :Eék Otanh(/&‘iilquﬁil)zk’

i”&.sign (z) zk“z,

. 2
&) = 2K (78)

wheretheindex i > 0 refersto theturboiteration.If we replacez, by | 'ﬁ in the equations
above, we obtainanestimatefor g,. Theinitial values,[?\o and55§ requiredto computeég)

are obtainedfrom the iterative proceduredescribedin equations(72) and (73). For
computing @(pi) we set #2 = 2/§\0, which ref3ectsour initial approximationthat | E IS
consistentlyGaussianA consistentlyGaussianrandomvariableis a Gaussianrandom

variable whose ariance is equal to twice its mean.

6.2 Simulation Results

We presensimulationresultsof turboequalizerdasedn severaldifferentsoft-output
equalizersln all the simulations,the transmittedsymbolsare encodeda recursve rate-
1 o2 corvolutional encoderwith parity generator(1+ D?) o(1 + D + D?) followed by an
interleaver whoselength is equalto the block length. For thesesimulations,we also
assume that the channel parameters arekno

We begin by usingthe samesimulationscenarioas[35], in which K = 21° message
bits are encodedand transmittedthrough the channelh = [0.227, 0.46, 0.688, 0.46,
0.227], whosefrequeng responseés shavn in Fig. 27. TheequalizersiseM; =9, M, = 5,

andthe SNR permessageit is E, /N, = (E4/R)/(2s?), wheres? is the noisevarianceR is
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Fig. 27. Frequeng response of = [0.227, 0.46, 0.688, 0.46, 0.227].

the coderate(in this casel/2) andEg = |h ||2 is the symbolenegy at the channeloutput.
We have estimatedhe BER performanceasafunctionof E,/N of turboequalizerdased
on the BCJR algorithm, the SFE, the time-varying equalizer(TVE) from [35], andthe
switchedequalize(SE) from [35], after 14 iterationsof the turbo equalizerWe have also
estimatedthe BER performanceof the codein an AWGN channel,which does not
introducelSI. Theresults,shavn in Fig. 28, areaveragedover 100 trials. As we cansee,
the proposecequalizemperformsalmostaswell asthe TVE (quadraticcompleity), while
its compleity is comparable to that of the SE (linear comjiig.

In Fig. 28, it is also interestingto seethat the performanceof all the equalizers
eventually approacheghat of the coded systemin an AWGN channel. Thus, turbo
equalizatiorallows for almostperfectlSI removal. In otherwords,for largeenoughSNR,
turbosystemsnayoperateasif thechanneintroducedno ISI. Furthermorein Fig. 28 we

shav the capacity limit, de®nedas the minimum Eg/N o required for errorfree
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Fig. 28. BER performance for the simulation scenario of [35].

transmissionusing rate 1/2 codesand BPSK transmissionas predictedby Shannorg)
theory [46]. This limit was computedusing the techniquesproposedin [47]. For the
channelconsideredn this simulation,the capacitylimit is E,/N o = 3.06 dB. As seenin
Fig. 28, the gap betweenthe turbo-basedsystemsand the capacity is not wide.
Furthermore, the BCJR-basedsystem behaes like an AWGN system for E/
Ng > 3.70 dB, suggestinghat the code,ratherthanthe ISI channel,is responsibleor a
signi®cant part of thisag. In fct, the gp can be made nawer if better codes are used.
As seenin Fig. 28, the BCJR equalizeryields the best performanceamongall the
equalizersThereis, therefore atrade-of betweertheaddedcompleity of theBCJRand
its performancegain. To quantify this trade-of, in Fig.29 we shov the number of
operationgadditionsandmultiplications)requiredby the BCJR-andthe SFE-basedurbo
equalizerso achieve a BER of 102 at a given E,/N,. In this ®gure we do not take the

decodingcompleity into accountsincethisis commonto all equalizersFurthermorewe
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Fig. 29. Compleity-performance trade-of

do not considerothercomplicatingfactorsof the BCJRalgorithm,suchasthe signi®cant
memoryrequirementsandthe constantuseof lookup tableto computeexponentialsand
logarithms. Even without taking thesefactorsinto account,we seein Fig. 29 that the
BCJR-basedurboequalizerequiresl.8timesasmary operationsasthe SFE-basedurbo
equalizerto achieve a BER of 103 at E,/N, = 7 dB. Likewise, if we arelimited to 300
operationsthe SFE-basedystemcan operateat an E,,/Ny 2.7 dB lessthan that made
possible by the BCIJR-based system.

The performancegap betweenthe different techniquesis a strong function of the
channel.To seethis, we simulatethe transmissiorof N = 211 encodedbits throughh =
[0.23, 0.42, 0.52, 0.52, 0.42, 0.23], whosefrequeng responsés shavn in Fig. 30. Thisis
the 6-tap channelthat causesnaximum performancedegradationfor the ML sequence

detectowhencomparedo the matched®lterbound[48]. We usedM ; = 15 andM, = 10.
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Fig. 30. Frequenyg response dfi = [0.23, 0.42, 0.52, 0.52, 0.42, 0.23].

For eachvalueof E,, N, andevery 30 codavords,we checled the total numberof words
detectedin error If this numberwas greaterthan 100, we would stop running the
simulationfor thatvalueof Ey, INy. A maximumof 1000 codevordswastransmittedfor
eachg, IN,,.

Theperformancef theturboequalizerdasedn BCIR,DAE, SEandthe SFEfor the
simulationscenariodescribedabove is shavn in Fig. 31, wherewe plot the BER versus
Ep, (N for the turbo equalizers.The maximum numberof iterationsshovn for each
schemas thatafterwhichtheequalizerstoppedmproving. It is interestingto noticethat,
for the DAE, errorpropagtionis a problemfor E,, (N, < 10 dB, asevidencedby its poor
performancen this SNR range.After this value,the performancemprovesrapidly with
increasingE, W. It is importantto point out that the ®rst turbo iteration for this
algorithmusesa BCJR equalizey which precludests applicationto channelswith long

memory We can also seein Fig. 31 that the SFE is around2.6 dB betterthan the SE
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Fig. 31. BER performancef someturboequalizerdor h=[0.23,0.42,0.52,0.52,
0.42, 0.23]. The BPSK capacity limit for this scenarioj8Ng = 4.2 dB.

equalizerfor the samenumberof iterationsand a BER of 10*3. However, performance
cannotbefurtherimprovedwith the SE equalizer On the otherhand,with the SFEa gain
of 0.65 dB is possiblewith 2 extra iterations,anda 1.4 dB gain is possiblewith 10 more
iterations.Onepossibleexplanationfor this performanceapis that,asseenn Fig. 30,the
channelused in this simulation introducessevere ISI. For such channels,decision
feedbackstructuressuch as the proposedalgorithm tend to perform better than linear
®lters.

The BPSK capacity limit for the simulation scenarioused to generateFig. 31,
computedusingthetechniquegproposedn [47], iS E,/Ng = 4.2 dB. Thereforethegapto
capacityfor this particularchanneis largerthanthegapin Fig. 28, thusindicatingthatthe
gap to capacitydependson the channelcharacteristicslt shouldbe mentionedthat the
turbo systemsconsideredn Fig. 31 do approactthe performanceof an ISI-free system;

however, this happens at aloBER, for which we h&e no results.
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The channelsve have consideredsofar have a fairly shortimpulseresponseUsinga
BCJR equalizerfor thesechannelss a feasibleoption, andthereis a trade-of between
someextra computationaburdenandsomeperformancegain. However, in channelswith
very long impulse responseshe compleity of the BCJIR equalizeris prohibitive, and
usingthis equalizeris no longeran option. To obtainthe gains of turbo equalizationin
channelswith long impulse responses)ow-compl«ity equalizershave to be used.
Considey for instancethe microwave channelof [49]. For this example,we focuson the
44-tapsectionof this channel,correspondingo samples98 through141. Furthermore,
sincewe are using a BPSK modulation,we useonly the real part of the channel.The
resultingimpulseresponsas shovn in Fig. 32, andthe frequeng responseds shavn in
Fig. 33. For sucha long channelthe compleity of BCJRis roughly 247 additionsand

multiplicationspersymbolperiteration,andevenquadratic-compbety equalizersuchas

0.7 T T T T ot T T T T
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05 E E .
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02 - i :

01t i i .
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Fig. 32. Impulse response of miasave channel of [49].
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Fig. 33. Frequeng response of micmeave channel of [49].

the TVE aretoo comple. In casedlike this, linear compleity equalizersare the only
feasiblechoice.Therefore to useaturboequalizerfor this channelwe needto useeither
the SFE or the SE.

To determinethe performanceof the SFE- and SE-basedurbo equalizersfor the
microwvave channel,we simulatethe transmissiorof N = 21! encodedbits throughthis
channel We usedequalizersvith M, = 40 andM, = 20. A maximumof 1000 codevords
wastransmittedfor eachgy aNg. For eachvalueof E,, eN, andevery 30 codeavords,we
checledthe total numberof wordsdetectedn error. If this numberwasgreaterthan100,
we would stop running the simulation for that value of Ep aNg. In Fig. 34, we plot
performancef theturboequalizerdasedn the SEandthe SFE,in termsof BER versus
Ep eNg. In this ®gure,the gains of turbo equalizationare clear as evidencedby the
performancegap betweerthe ®rstand8-th iterationof bothturboequalizersWe canalso
seethatthe SFE-basedurbo equalizeroutperformsthe SE-basedurbo equalizey with a

gap of 1.5dB for a BER of 10*3. The capacitylimit for the microvave channelis also
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Fig. 34. BER performance of the SFE- and SE-based turbo equalizers for the
microwave channel.

shawn in Fig. 34. However, sincethe compleity of thetechniqueproposedn [47] grows
exponentiallywith channelmemory computingthe BPSK capacityis not feasiblefor this
channel. Therefore,we shov the power-constrainedcapacity computedusing water
pouring[46]. As we cansee the SFE-basedystemhasa gapto capacityof around3 dB,

which can be made nawer if better codes are used.

6.3 The EXIT Chart

In this section,we describethe extrinsic informationtransfer(EXIT) chart,a design
tool for iterative systemssuchasturbo equalizersWe also comparethe EXIT chartsof
different equalizers.

The EXIT charts were originally proposedin [45] for the analysis of parallel-
concatenatedurbo codes,but they can also be usedfor turbo equalization.The idea

behindthesechartsis thatthe equalizeror the decodelin aniterative detectorcanbe seen
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asa block that mapsextrinsic informationat its input, | ;,, to extrinsic informationat its
output, | 5. Furthermore] ;, can be characterizedby a single parameterthe mutual

information betweeh;, and the transmitted symbols,. For a binary alphabet, we get

ln = & p. (I |a)lo 2Pin([2)
n = 8,1 ayy Pinll 1A%y T2 D)

dl , (79)

wherepi, (I | ) is the pdf of | ;, giventhata was transmitted.The mutual information
between ,,; andthe input sequencel,,;, may be similarly de®nedTherefore,decoders
andequalizerdn an iterative recever may be seenasfunctionsT, and T4, respectiely,
thatmapl;, to I 4, asdepictedn Fig. 35for aturboequalizerThe EXIT chartis aplot of

Te and/orT 4.

For theequalizerthemappingfrom I, to I, is estimatedor aspeci®channelnda
speci®cSNR. We assumethat | ;, is generatedrom an AWGN channelwhosenoise
components independenbf the channelnoiseandthe transmittedsymbols,aswasdone
in (62). Under this assumption/ ;, can be generateddirectly, without regard for the
decoderTo computel ,,;, & long sequencef channeloutputsanda priori informationis
generatedand the equalizeris usedto producea sequenceof valuesl 4. The pdfs

Pout(l [1) andpg,(l [£1) arethenestimatedbasedon histogramsof the equalizeroutput,

& =19
out™ 'in
Te > Td

d
in= lout Decoder

< - -

N e I
Equalizer |

Fig. 35. View of turbo equalization as an itesaiapplication of mappings.
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andl ., is obtainedrrom anumericalcomputatiorof theintegralin (79). Themappingfor
the decoderis estimatedn a similar fashion.The only differenceis thatfor the decoder
there is no channel output, onlytensic information.

The EXIT chart can be usedto graphically predict the behaior of the iterative
algorithm.To seethis, considerFig. 36, wherewe plot the EXIT charts(l 5, asafunction

of 1) for the BCJIR equalizey the SFE and the SE. The chartswere obtainedfor the

n

channelgivenby h =[0.227, 0.46, 0.688, 0.46, 0.227], andfor anE,/N o= 5.1 dB, using

d

107 transmittedsymbols.We alsoshav 19 (which is equalto 12 ,) asa functionof 19 ,

(which is equalto 1) for the recursve rated o2 corvolutional encoderwith parity
generato(1+ D?) o1 + D + D?). Notethat! %, = T*1(19 ). Thus,the plot for the decoder
canbeobtainedoy switchingtheabscissandthe ordinatein thedecodeEXIT chart.The

iteratve procedurefor the BCJR equalizeris representecby the arrawvs in Fig. 36.

—+— BCJR
—=— SFE
—— Decoder
—e— SE

0.2

0 | 1 | |

0 0.2 0.4 0.6 0.8 1

1€ = ¢

n out

Fig. 36. The EXIT charts for the BCJR equaliztre SFE and the SEB{/Ng =

5.1dB andfor h =[0.227,0.46,0.688,0.46,0.227].The RBippeddecoder
chart is also shen.
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Initially, theequalizetasno extrinsicinformation,sothatl!, = 0, soit producesanoutput

with 1€

out = Tel0), representedby the ®rstvertical arrav. The decoderthen producesan

e
out

outputwith 1% = T4(1S ), avaluethatcanbefoundgraphicallythroughthe ®rsthorizontal

arrav. (Remembethatfor thedecodemwenplot 1 = = Tidl(l 2).) With this new valueof 1

out in’
the equalizerproducesa new valuel$, = T¢(l5,), found with the secondvertical arrow.
The iteratve procedure progresses in the saashibn in future iterations.

As seenin Fig. 36, for both the BCJIR equalizerandthe SFE the mutualinformation
tendsto a large value (closeto 1) asthe iterationsprogresswhich implies a smallBER
[45]. For the SE,however, the mutualinformationstopsincreasingat a smallvalue,which
impliesalarge BER. Furthermorewe seethatthe BCIR-basedurboequalizeris expected
to corvergein 5 iterations,while the SFE-basedurboequalizeris expectedto corvergein
6 iterations.Finally, we seein Fig. 36 thatfor no extrinsic information (I, = 0) the SFE
produceshe samel,, asthe SE.However, whenl|€ = 0 the SEchooseshe MMSE-LE.
Thesetwo obsenations indicate that the SFE performs like an MMSE-LE. This is
intuitively pleasing,since in the absenceof a priori information and with unreliable

equalizeroutputs (causedby the low SNR), the SFE should indeed be similar to an

MMSE-LE. We canalsoseein Fig. 36 that, asthereliability of the extrinsic information

e
out*

increasesthe SFE,the SEandthe BCJRequalizeproducethesame © .. Thisagreeswith
the analysisin section5.2.3 that shoved that when the reliability of the extrinsic
informationtendsto in®nity, the SFEtendsto anMF with IC, whichis theML receverin

this case. (Remember that the SE is an MF whea fiveri information is reliable.)
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The EXIT chartmay be usedto determinethe thresholdSNR for a turbo equalizer
de®nedisthe SNRabove which theturboequalizercorvergesto asmallBER, andbelov
which theturboequalizerdoesnot corvergeto a smallBER. Fromtheiterative procedure
describedaborve, it is clearthat the turbo equalizerwill cornverge to a small BER if the
EXIT chartfor the equalizeronly intersectghe inverteddecoderchartat a high value of
themutualinformation.As seenin Fig. 36, theplotsfor the SEandthedecodeintersectt
asmallvalueof %, yielding alarge BER. However, if we increasehe SNR, the curve for
the SE will move up, so that the curves only intersectat a high mutual information,
resultingin a small BER. Thus, the value of SNR that makes the EXIT chart for the
equalizertouchthat of the decoderat a single point for a small mutualinformationis the
SNRthresholdfor thatequalizerUsingthis procedurewe determinehethresholdfor the
BCJRequalizerthe SFEandthe SE. Theresultingthresholddor thechanneh = [0.227,
0.46, 0.688, 0.46, 0.227] are shwn in Table2.

The EXIT charthasanotherinterestingapplication,stemmingfrom the factthatthey
may be generatedor the equalizerand decoderindependentlyThis allows for different
combinationsof codingandequalizationtechniquego be comparedirectly, without the
needto simulatea turbo equalizerfor eachcombination.This propertyof EXIT charts

makes it useful for designing codes for turbo equalization [50].

Table 2:Threshold SNR for Some Equalizers

Equalizer type | SNR Threshold (dB)

BCJR 34
SFE 4.5
SE 5.3
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6.4 Summary

In this chaptey we studiedthe applicationof the SFEfor turbo equalization We ®rst
proposedsomemodi®cationgo the computationof the SFE coef®cientsthat reducethe
computationakompleity of the systemandimprove its performanceWe thenshaved,
through simulations,that an SFE-basedurbo equalizermay perform within 1 dB of a
BCJR-basedurbo equalizer which has exponentialcompleity in the memory of the
channel, and within 0.4 dB of a TVE-basedturbo equalizey which has quadratic
compleity in the memoryof the channel We shaved thatthe SFE-basedurbo equalizer
consistently outperforms turbo equalizers based on other linear catyplgualizers.

We have alsodiscusseEXIT charts,a tool for the designof iteratve systemsWe
have provided the EXIT chartsof the SFE and comparedthem with the chartsfor the
BCJRequalizerandthe SE. As expectedthe SFEis seento performbetweenthe SEand

the BCJR equalizer
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CHAPTER 7

ECC-Aware Blind Channel Estimation

As we have discussedofar, the principle behindthe succes®f iterative techniquess
that of exchanginginformationbetweenblocksso that at every iterationeachblock uses
information from other blocks to improve the reliability of its output. Within that
philosoply, in this chaptemwe combineturboequalizeranditerative channekstimatorsn
a singlesystemin which channelestimationis basedon the decodemutputinsteadof the
equalizeroutput. This way the channelestimatorbene®tgrom the codestructure which
malkes the decoderoutput more reliable than that of the equalizer resultingin a blind
iteratve ECC-avare channelestimator In a way, this is not very differentfrom the EW
channekstimatorof chapter, sincethe combinationof anequalizeranda decodercanbe

seen as a symbol estimator

7.1 ECC-Aware Blind Estimation of a Scalar Channel

In this section,we explain the ideabehindECC-avare channelestimationin simple
terms,by consideringa scalarchannelasshaowvn in Fig. 37. Giveninitial estimates;§~0 and
{\2) , theECC-ignorantapproactio estimatinghe channeain A andthe noisevariances?

computes:
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r tanh( Ajri /), (80)

+1 . A
_, I resion(r) A4l 2 (81)

Theideabehindtheseequationss that2 Airk/sﬁz is anestimateof theLLR of thechannel
input a,, which is equalto 2Ar, / s? if only the channelis taken into account.We may,
however, obtainabetterestimateor thisLLR by takingthe codeinto accountThis canbe

done by considering the output of the BCJR decddehis case, we may estimate

re tanh(1,/2), (82)

+1 . A
_, Iresion(l) Aiyql 2 (83)

7.2 ECC-Avare Blind Estimation of an ISI Channel

In this section,we proposean ECC-avare blind channelestimatorfor a general
channel.The applicationof the principle discussedn the previous sectionto a channel
that introduceslSI is not straightforvard. After all, when discussingurbo equalization,
we saw thatit is hardto obtainthe APP on the transmittedsymbolswhile takingthe code
structureinto account.However, we also sawv that turbo equalizersmay producean

approximationto this APPR In fact, oneimportantaspectof turbo equalizerds thatthey

m m AWGN
R 4
nl| a vor
L o | & A (+)—=[BCIRF—1
P(D) i)
Channel Decoder
ECC ENCODER Gain

Fig. 37. A simple encoded scalar channel.
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provide soft estimatesof the transmittedsequencethat bene®tfrom the ECC code
structure,andare muchmorereliablethanthe estimategprovided by an equalizeralone.
Its seemsaturalthat usingthis informationfor channelestimationshouldprovide better
resultsthanusing ECC-ignoransymbolestimatesasis donein Fig. 5. Thus,we propose
thechannekstimatorof Fig. 38,in whichthesymbolestimatorin Fig. 5 is replacedy the
turbo equalizer of Fig3.

The proposedestimatorof Fig. 38 iteratesbetweerthreeblocks:a channelestimatora
soft-outputequalizey and a soft-outputECC decoderA recever would have to perform
thesefunctionsarnyway, sotheir presencelonedoesnotimply any addedcompleity; the
only addedcompl«ity is dueto the factthatthesefunctionsareperformedmultiple times
as the algorithm iterates.

It is instructve to comparethe proposedestimatorwith a corventionalrecever that
performschannelestimationjust once,thenusestheseestimatesn aturboequalizerThe

proposedestimatorcan be derived from this recever by making just one modi®cation:

EQ.
> apriori
~ e‘
R & I
o
it
Channel 1
> Estimator

4

ECC
DECODER

—
=~ Q
B

e 1

Turbo Equalizer
(Symbol Estimator)

|

k]
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Y

Fig. 38. Integrating channel estimation with turbo equalization.
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rather than using the initial channelestimatesfor every turbo iteration, the proposed
recever occasionallyimproves the channelestimatesbasedon tentatve soft decisions.
Speci®cally every J-th iteration of the turbo equalizey the soft-symbol estimates
producedby the ECC decoderare usedby the EW algorithmto producebetterchannel
estimateswhich arethenusedfor thenext J iterations Key to thegoodperformances the
factthatthe a priori informationfor the turbo equalizeris not initialized to zeroafterJ
iterationsof the turbo equalizer Instead,extrinsic information from the last instanceis
usedas the initial a priori information in the next one. The choice of J is a design
parameter that can affect corvergence speed, steady-statebehaior, and overall
compleity. Becauseof the low compleity of the channelestimatorrelative to the
complity of the equalizerand ECC decoderwe have found empiricallythatd =1 is a
reasonablechoice. With this choice, each time the ECC decoder passesextrinsic
informationto the equalizer the channelestimatesare simultaneouslymproved. This is
only mamginally more complex thana corventionalrecever that usesturbo equalization,
but the performance impvement that results can be signi®cant.
Onecomplicatingfactorfor ECC-avareblind channekstimatorss the presencef the
interleaver. As is well-known [7], the outputof a blind equalizeyor of anequalizetbased
on a blind estimatoy is a delayedversionof the channelinput, andthis delay cannotbe
compensatedor blindly. However, if a delayedsequencas fed to the deinterleaer in
Fig. 38, the decodernnput will be practicallyindependenbf the encoderoutput.In this
casethe decodemutputwill alsobe practicallyindependenbf the channelinput, sothat
the channelestimatesare almostzero. Thus, if a delayis presentthe blind ECC-avare

channelestimatoifails. As seenin chapter, the EW algorithmexploits the knowledgeof
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the channelmemoryto estimatethis delay In this chapter we assumehat the channel
memory is known, so the delay problemis not considered.This memory hasto be
estimatedn practice.If this estimatels not accuratethe delaywill have to be estimated

using some nonblind technique.

7.3 Simulation Results

In this section,we presentsimulationresultsof a systemwith I1SI. We comparethe
performanceof the blind ECC-avare systemto one with channelknowledge. We also
compare the performance of the EQfage and ECC-ignorant estimators.

We beggin by comparingthe performanceof the blind schemeto a turbo equalization
schemewith channelknowvledge.The channelis givenby h = [1 0.9 0.8], andthe BCJR
algorithmis usedto provide estimatesf the LLR of the channelinput a. The generator
polynomial for the channelencoderis P(D) = (1 + D?)/ (1 + D + D?). The channeland
noise variance estimatesare initialized to what we call an impulsive initialization:
{\2) =1 n(2N)é£‘j§|rk|2 andl'{\) = [#y, 0, ¥ 0]. Thisinitializesthechanneto asingle-
tapgain, andinitializesthenoiseto aninitial SNRof 0 dB, while keepingthe valuesof P{\)
and 4y, consistentvith thereceved enepy. Fig. 39 shavs the BER versusE,/N ¢ for the
blind schemeandfor aturboequalizewith channeknowledge. Theresultsareanaverage
of the transmissiorof 320 blocks of 2048 messagéits each.The advantagesof ECC-

aware channelestimationare clear We canseethat the large gap betweenthe blind and

non-blind schemes at one iteration is reduced to virtually nothingen gerations.
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Fig. 39. Comparison between ECQvare blind channel estimation and channel
knowledge in turbo equalization.

It is alsoworthwhile to comparethe performanceof the ECC-avare and the ECC-
ignorantchannelestimatesTo thatend,we run the sameexperimentasbefore.However,
for the ECC-ignoranestimatoythe channels estimatedvith the equalizeroutput,andno
ECCdecodings performedIn Fig. 40, we plot the estimatiorerrorversusg/N, for both
theseestimatorswherethe solid lines representhe errorsafter nine iterationsand the
dottedlines representhe errorsfor previous iterations.We canseethat the ECC-avare

estimator yields agn of abou#t dB when compared to the ECC-ignorant estimator.
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Fig. 40. Comparison between ECQvare and ECC-ignorant blind channel
estimation.

7.4 Study of Corvergence

To studythe corvergenceof the ECC-avare channelestimator andto compareit to
the ECC-ignorantestimatoy we will use both thesealgorithmsto estimaterandomly
generatedchannels.We declarea channelto be successfullyestimatedif the turbo
equalizetbasedntheseestimatesorrectlydetectghetransmitteccodevord, without any
errors.

By de®ninga successfuthannelestimateasthatwhich yieldsno errors,anattemptto
estimatea channelmay fail not becauseof an intrinsic corvergenceproblemwith the
estimationalgorithm,but ratherbecaus@f miscorvergenceof theturboequalizerin fact,
it is known thatthereareObad@equencefor aturbosystemwhich causemary detection

errors.For example,in the transmissiorof say1,000informationbits with a BER of 10*3
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usingturbodetectionpneis notto expectonebit erroratevery block, but ratheroneblock
with around200 bit errorsevery 200 blocks. In otherwords,someof the failuresin the
randomchannelexperimentare due to theseObad@hanneloutputs,not to an inherent
convergenceproblemwith theblind channekestimatorin thatsenseywe mustcomparehe
success of the blind algorithm with the success of the algorithm with chanmdékge.

We basedour analysison the random channelexperiment,in which a set of 400
informationbits were generatecindencodedusinga rate 1/4 serially concatenateturbo
code consisting of two recursve systematic corvolutional codes with generator
polynomial P(D) = (1 + D)/ (1 + D + D?), andan interleaver betweenthe encodersThe
resulting encodedsequencewas then interleaved and transmittedthrough a 5-tap ISI
channel. We have conducted 1,000 such experiments, in which the channel, the
transmittedand noise sequencesand the interleavers were generatedrandomly The
channelcoef®cientsin particularare generatedaccordingto h ~ N(0,I). The signal to
noiseratio waskeptconstaniat E,/Ng = 2 dB. The noisevarianceandchannelestimates
were initialized with an impulge initialization.

For the ECC-ignorant case, we olviously cannot expect that the WER after
equalizationbe zero.However, we may usethe estimategrovided by the ECC-ignorant
estimatolin aturboequalizatiorsetting.In this casethechannekstimatesarenotupdated
astheturboequalizerterates We maythenconsideran ECC-ignoranthannelestimateo
be successfuif the turboequalizerhasedon this estimateproduceseroerrors.Thus,the
succes®f the ECC-ignorantestimatorwas measuredy running a turbo equalizerthat
usesECC-ignoranestimateswhich wereobtainedafter 30 iterationsof the ECC-ignorant

channelestimator In Fig. 41 we plot the word-errorrate (WER) versusiterationfor the
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Fig. 41. Word-error rate (WER) across f#ifent channels.

ECC-avare and ECC-ignorantblind schemesand for a turbo equalizerwith channel
knowledge, henceforthreferredto simply asturbo equalizer We say that the algorithm
produceda word-error at a given iteration if its output did not coincide with the
transmittedcodevord. This plot highlights the dramatic needfor ECC-avare channel
estimation We seethatthe ECC-ignoranestimatesrevery poor, andthatthe codeis not
ableto compensatéor this estimationerror, yielding a high WER. This plot alsoshavs
the factthatthe WER of the blind schemes not 0% not only becausehe blind channel
estimatormay fail, but also becausethe turbo detectionmay fail. In fact, the turbo
equalizerpresentsa WER of 3.5%, when comparedto a WER of 8.6% for the blind
schemeWhatis evenmoreinterestings thatthe blind schemedoesnot fail wheneer the
turbo equalizerfails. Even thoughthis is true for 34 out of the 35 channelsn which the
turboequalizerfails, for onerun of this experimentthe blind schemevasableto correctly

detect the transmitted caslerd while the turbo equalizeras not.
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7.5 Initialization

Oneobviousissuethatarisesfrom the considerationsn the previous sectionis that of
initialization. One may wonderwhethersomefailuresof the blind algorithm could have
beenavoided if the channelestimateswere initialized to a value closerto the actual
channethantheimpulsieinitialization. Anotherpossibleadvantageof goodinitialization
is fastercornvergence hencelower compleity. As seenin Fig. 41, the blind schememay
take longerto corverge thanthe turbo equalizerwith channelknowledge.Thusthereis
room for improving speedof corvergence,andthis may concevably be achieved with a
smart initialization.

In this section,we explore the useof the cumulantmatrix subspacéCMS) algorithm
[51] to initialize the ECC-avareblind estimator This algorithmbelongsto a classof blind
channelestimatordhat exploits the higherorderstatistics{HOS) of the receved signalto
provide a generally simple and closed form channelestimate.These algorithms are
generally used to initialize other HOS blind algorithms that provide better channel
estimatesbut are more complex and more prone to miscorvergence,requiring good
initialization. Given the intendeduseof CMS, it seemsnaturalto usethis algorithmto
initialize iteratve channel estimators.

Beforestudyingtheimpactof aCMSinitialization in ECC-avareestimationwe again
shav moreevidenceof thebene®tsf exploiting the codestructurefor channekstimation.
We do thatwith the sameexperimentusedin generating-ig. 40, i.e., 320 blocksof 2048
bits each are encodedwith a rate 1/2 recursve systematicconvolutional code with
generatopolynomialP(D) = (1 + D?) / (1 + D + D?), interleaved andtransmittecthrough

achannebivenby h =[1 0.9 0.8]. TheBCJRalgorithmis usedto provide estimate®f the
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LLR of the channelinput a. This time, the channeland noise varianceestimatesare
initialized with estimatesprovided by the CMS algorithm. In Fig.42 we shav the
estimationerror of the CMS algorithmand of the ECC-avare estimatorafter 9 iterations
(solid lines), aswell asfor the iterationsin-between(dottedlines). It is clearthat using
ECC-avare estimationafter the CMS algorithm greatly improves the estimateswith a
signi®cant gin of 7 dB of Ey/N ( for estimation errors af20 dB.

To study the impact of CMS initialization on the corvergenceof the ECC-avare
estimatoywe repeatthe randomchannelexperimentusedto generatd=ig. 41, in whichin
which a setof 400 information bits were encodedusing a rate 1/4 serial concatenated
turbo code consistingof two recursve systematiccornvolutional codeswith generator
polynomial P(D) = (1 + D)/ (1 + D + D?), and transmittedthrougha channelgenerated
accordingto h ~ N(0,I), with an E,/N, of 2 dB. We test three different initialization

stratgies, the impulsive initialization, initialization with CMS and a third stratey that

[+ h[? @B)

30 ] ] ] ] ] ]

Ep/N, (dB)

Fig. 42. Comparison between CMS and EC@aae blind channel estimates.
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consistsof initializing the equalizeroutputto sign(r,), i.e., we make decisionson the
transmittedcodevord ignoring noise and ISI. In other words, at the ®rstiteration the
channelis estimatedwith sign(r,) replacingtanh g%kg. The resulting WER for these
initialization stratgies is shavn in Fig.43. As we can see, even though the CMS
algorithmcancertainlyhelp the corvergenceof the ECC-avareestimatorat high SNR, it
is not very helpful at low SNR. This happensbecauseCMS operatesin the uncoded
domain,soin our exampleit Osees@h SNRof +4 dB. In otherwords,in theregion where

the ECC-avareestimatoris mostuseful,thelow SNRregion, CMS is not ableto produce

reliable channel estimates.

T T T T
—==— CMS
—— |Ignoring ISI
—+H— Impulsive

WER

0.1 |

0.08 1 1 1 1

Iteration

Fig. 43. WER for different initialization stratges.
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7.6 Turbo Estimator

In this section,we provide simulationresultsthat shav that the SFE and the EW
algorithmmay be combinedto form the turbo estimator(TE), a linearcompleity ECC-
awareblind channelestimator In fact, asseenbefore,usingan equalizerfor ECC-avare
estimationis not signi®cantlydifferent than using an equalizerfor turbo equalization.
Sincethe SFE canbe usedfor turbo equalization,t shouldbe no surprisethat the SFE
may be used for ECCaare estimation.

To assesshe performanceof the TE, we simulatedthe samescenariausedin Fig. 28,
i.e., 100blocksof K = 21> messagdits wereencodedvith arate1/2 recursie systematic
convolutional code with generator polynomial P(D) = (1 +D?)/(1+D +D?). The
resultingcodevordswasinterlearedandtransmittedhroughthechanneh =[0.227, 0.46,
0.688, 0.46, 0.227]. The SFE usedM, =9, M, =5, and the channelestimateswere
initialized with the impulsive initialization. The resultingchannelestimationerrorsare
shawn in Fig. 44, while the BER performanceof this systemis shavn in Fig. 45. It is
interestingto seethatthe channelestimationerror stopsimproving at 15 iterations,while
the BER performancecontinuesto improve until the 25-th iteration. ComparingFig. 28
andFig. 45, we seethatthe TE performsaswell asthe systemwith channelknowledge,

although the TE carerges more sholy.
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Fig. 44. Channel estimation errors for the SFE-based E®@&r@blind channel
estimator
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Fig. 45. BER performancef the SFE-basedCC-avareblind channelestimator
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7.7 Summary

In this chapter we proposedan ECC-avare blind channelestimatoy an iterative
channelestimatorthatbene®t$érom the presencef coding.We provided examplesof the
good quality of ECC-avare estimatesFor instance,we shaved that a turbo equalizer
usingeCC-avareestimatesnay performalmostaswell asaturboequalizewith channel
knowledge. We also comparedECC-avare estimatesto ECC-ignorantestimates,and
shaved that a gain of asmuchas 7 dB is possiblefor an estimationerror of -20 dB.
Furthermorewe shavedthatsystemdasedon ECC-avareestimatesnay operateat very
low SNR, where ECC-ignorantestimatesyield poor performanceFinally, we proposed
the turbo estimator a linearcompleity ECC-avare channelestimatorbasedon the EW
algorithm of chapted andthe SFE of chapters. We shaved that the SFE-basedCC-

aware estimator retains all the desirable properties of the BCJR-based estimator
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CHAPTER 8

Conclusions

8.1 Summary of Contributions

In this work, we proposedand analyzedlinearcompleity techniquesfor iterative
channelestimationand equalization Becauseof the way thesetechniquesare designed,
they maybene®from the presencef ECC,andhencemaybe usedfor turboequalization
and ECC-ware channel estimation.

In chapter2, the problemof blind channekestimationfor acodedsystemis introduced.
A maximum-likelihood estimatoris prohibitively comple, so this problemis normally
divided in three subproblems:channel estimation, equalization and decoding. We
discussedhe divide andconquerapproachin which eachof thesesubproblemss solved
independently We also discussedturbo equalizersand the EM algorithm. Theseare
iterative algorithmsthat provide approximatesolutionsto otherwiseintractableproblems:
respectrely, joint decodingandequalizatiorfor known channelsandjoint estimationand
equalization for uncoded systems.

Turbo equalizersand the EM algorithm provide better performancethan their non-
iteratve counterpartsCombiningthem into an iteratve recever that provides channel
estimateghatbene®trom the presencef ECCis almoststraightforvard. However, these

techniguesufrer from compleity andcornvergenceproblems.The goal of this thesiswas
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to proposea systemwhosepersymbolcomputationatompleity grows linearly with the
number of coefdcients in the system. The proposed system is less prone to
miscorvergence than systems based on the EM algorithm.

In chapter3, we proposedhe SEM algorithm,a linear compleity channelestimator
[20] that performsalmostas well asthe EM algorithm, whose channelestimatorhas
guadraticcompleity. More importantly the SEM is not intrinsically tied to an equalizey
so further complity reductionis possibleif the BCIJR equalizerin the EM algorithmis
replacedby a lower-compleity equalizer We presented detailedanalysisof the SEM
algorithmfor a scalarchannel,and comparedhe performanceof the SEM andthe EM
algorithmfor channelghatintroducelSl. Simulationsestablishedhatthe performances
not signi®cantly dgaded with the SEM algorithm.

In chapter4, we studiedthe corvergenceissuesof the EM algorithm.We shavedthat
in somecasesof miscorvergenceof the EM algorithm, the resultingchannelestimates
may be seenasshiftedversionsof the actualchannel With this obserationin mind, we
developed the EW algorithm, a linear complity channel estimator with better
convergence properties than the EM algorithm [20].

In chapters, we addressethe complity of the BCIJRequalizerwhichis usedin the
EM algorithmandin turbo equalizers We discussedechniqueghat replacethe BCJR
equalizerby a linear equalizerand an ISI canceller The output of the linear equalizer
contains residual ISI, which is removed by the ISI canceller using the extrinsic

informationat the equalizeroutput.Most of thetechniquegproposedn theliteraturehave
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guadraticcomplity. Somelinearcomplity techniqueshave also beenproposedWe
proposedthe SFE, a linearcomplity soft-outputequalizerthat is suitedfor iterative
applications [52] and that outperformdsting linearcompleity equalizers.

In chapter6, we studiedthe applicationof the SFEin turboequalizationWe discussed
someissuesarising in this application,and we shaved that the SFE outperformsother
linearcomplity equalizerdn this context. We alsodiscusse®EXIT charts,andshaved
the charts of &rious equalizers.

Finally, in chapter7, we proposedhe turbo estimator(TE), an ECC-avare channel
estimatorthat usesthe fact that the transmittedsequencevas encodedo improve blind
andsemi-blindchannelestimatesTheseECC-avarechannelestimatorsnay be seenasa
combinationof the EM or EW algorithmwith aturboequalizer Therefore usingthe SFE
for equalizatiorwe obtainalinearcompleity ECC-avareestimatoif17]. We shavedthat
ECC-avareblind estimatesnayyield a BER performancesimilar to that of systemswith
channelknowledge. We also shaved that ECC-avare blind estimatesallow systemsto
operateat an SNR solow thatotherECC-ignoranblind estimatordail. Becauseof these
obsenations,ECC-avareblind estimatorsmay be essentiafor blind systemdo enjoy the

full bene®ts of turbo equalization.
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8.2 Directions Pbr Futur e Reseach

Even thoughthe EW algorithm improves the cornvergenceof the iteratve channel
estimatoy thereis still a nonzeroprobability that the estimatorwill not corverge to the
correctchannelestimatesA betterunderstandingf the reasondor miscorvergenceis
needed,and a globally corvergent blind iteratve channel estimatoris yet to be
determined.

The performanceof iterative schemess hardto determine which hasmotivatedthe
developmentof approximateanalysistools suchasthe EXIT charts.However, most of
these tools are based on simulations. A purely theoretical tadtivioe of interest.

Whencomparingthe SFEto a DFE, we have obsered that sometimesardfeedback
givesbetterperformancehansoftfeedbackandsometimeshereversehappensA deeper
investication of this behaior should be conducted.For instance,one could try to
determinein which caseshard information works better than soft information, and in
which cases the verse happens.

Thetechniquegproposedn this researctweretestedon generalsimulationchannels.
It would be interestingto testthem in real world applications.One possibility that is
currently under investigation in the CommunicationTheory ResearchGroup at the
Geogia Institute of Technologyis the use of the SFE for equalizationin magnetic
recordingchannelsin magnetiaecordingsystemstherecevedsignalis normally®ltered
with a linear equalizerso that the cascadeof the channelandthe equalizerhasa given
impulseresponseNormally, this impulseresponsés shortenoughthata BCIJRequalizer
may be used.However, as the recordingdensity increasesso doesthe length of the

impulseresponsef the cascadef the channelandthe equalizer Furthermorethelinear
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equalizer introduces some noise enhancementand does not bene®tfrom turbo
equalization.The systemunderinvestigation would replacethe linear equalizerand the
BCJR equalizerby a single SFE. It is expectedthat the SFE-basesystemmay even
outperformthe BCJR-basedystem sincethe latter suffers from the noiseenhancement
introduced by the linear equalizer

Finally, it is awell-known factthatblind channekstimatorsannotaccountfor delays.
In otherwords,the sequenceatthe blind-equalizeoutputmaybe a delayedversionof the
transmittedsequencelf a delayedsequences fed to the deinterleaer, the resulting
sequencavill be uncorrelatedo the decodemutput.In this work, this delayissuedid not
arisesincewe assumedhe channelengthto beknown. In practicalapplicationshowever,
this assumptionis usuallyfalse. Therefore,a techniquefor resolvingthe delay mustbe

found.
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APPENDIX A

Computing Hard Scalar-Channel Estimates

Considera scalarchannel wherethe receved signalis written asr, = A a, + ny. As
seenin chapter3, whenhardinformationis usedfor estimatingthe gain and varianceof
this channelwe obtainthe following asymptotic(asthe numberof obserationstendsto

in®nity) estimates:

léﬁ +1 = E[rksign‘g%L&,rkg}, (84)
B ~ ~ .2
$3‘|2+1 :E[rki ,+1signg%ﬂrkg‘ i| (85)

In this caseijt is possibleto ®ndclosedform formulasfor A and#2. In this appendixwe

derive these formulas.df notational covenience, let, = Ar, s?.

The formulasare particularly simple for 2, and may be expressedn closedform

even if the @in is estimated using soft decisiolmsfact, we may write
#2,, =Ell rcx A g sign( )l 2]
A . x2 .
= Ell rd 2 £2A 41 Elr sign( )] + A+ 1 Elsign(l )]

Lg 52
=A%+s22 2R 41 Ay + A, (A-1)
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where /Qhard is the channelestimatecomputedwith hardinformation,whoseformulawe

derive in the sequel.df notational covenience, we drop the iteration ixde+ 1. Thus,
Atara =Elry sign(l )]
= E[E[ry sign(l )] al]
1 . 1 .
= SE[E[ncsign(l )l & = 11 + SE[E[r sign(l )] a = £1]].  (A-2)

Dueto the symmetryof thedistributionsinvolved,aswell asthe symmetryof thedecision

function, both gpected alues in equation (A-2) are the same, so we may write

A = E[E[ry sign(l )| a = 1]].
= AE[sign( AA + Ié\nk)] + E[ng sign(l’?\A + l@nk)]
= AE[sign( A + ny)] + E[ ny sign(A + ny)], (A-3)
where the last equality folles from the &ct that >0, so thatsign(l'_&x) = sign(x).
The ®rst term in (A-3) can be written as
E[sign(A + n)] =1 Pr[A + n, > 0] £ 1 Pr{A + ny < 0]

=142 Qgi—‘\‘g. (A-4)

Likewise, the second term of equation (A-2) can be written as

® n2 0 ® n2 0
E[ny sign(A + ny)]= J_ QA kexpgi —dn J_ Q¥n eng+2—Ejdnk
2 & p%0
p° P 5 (A-5)
P é2s%

Thus, we can write
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@ A2
A= A+2AQ3¢50+ [ sexpg+—5—— (A-6)
p e 2s ﬂ

concluding our devation.

Now it is well knavn that

1 2
X) £ exp(xx"). A-7
Q(x) Toox p(+x") (A-7)
Thus, revriting (A-6) as
2 .
A-A+2A ﬁ0+ exp 6€,A_9 A-8
Qg _pA = PE | (A-8)

andapplyingthe boundin (A-8) with x = A/ s, we obtainthata 3 A, sothatthe channel
gain is alvays werestimated.

Also, notethatif hardinformationis usedfor estimatingthe noisevariance we obtain
#2 =A2+s2+ A% from (A-1). Now note that #2 is the expectedvalue of a positive
number and henceis itself a positive number Thus, A% + s2 + A s 0. Combiningthe

inequalities, we ®nd that

JAZ+s%3 As A (A-9)

if Ais computed with hard information.

104



APPENDIX B

Computing the SFE Coeficients

To ®nd the alues off, g; andg, that minimizeE[| z, + a,| 2], we ravrite (51) as
2= XY (B-1)
wherey, = [rI, d{ aI]T andx = [fT, +g7, +g7]". Then, the MSE may be written as
?]

Ell z £ ay 2 = E[| xTyy + a

xTELYY Ix £ 2x"Elykad + Ell al 2. (B-2)
From (B-2), it is easy to see that the MMSE solution satis®es
E[ykY} Ix = ElVia, (B-3)

which can be neritten, using the de®nition gf andx, as

E[r o] Elr @] Elr al|[ ¢ Elr a,]
E[dr,] E[d 4] E[da]]| 91| = |E[da,]|- (B-4)

s i —
E[akrl] E[aké{] E[akal] 92 E[a a]

Now, assumethat E[# a] = E[a,a] = E[é\(aj] =0 when k! j. This seems
reasonablesince &, anda, areapproximatelyequalto a, andthe transmittedsymbols
are uncorrelated Furthermore assumethat E[|ak|2] = 1. Using theseassumptionsand

(61), which states thaf = Hap+ n,, we ®nd that the MMSE c@dients satisfy
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HHT +s%l  agH, a,H, ¢ A
0

aH] E,l 0 910 = o] (B-5)
+
a,H, 0 E,l 92) 10

whereE; = E[| & | %],E, =E[| a,| 2], a; = E[# a], anda, = E[a, a]. Thevectorh is
the 0-th columnof H, wherethe columnsof H arenumberedasH = [h,,, , %, hy . ]

=1 2
AlSO,Hl = [hiMl’]/4 hil] andH2: [hl’ Y hM2+m]'

The last tvo block-ravs in (B-5) yield

T
g1 =(agEq) H;f (B-6)
g2 = (ap °Ep) Ha . (B-7)
Using these alues, the ®rstwoof (B-5) may be written as
a2 a2
(HHT+s2l + —2HHT + =2H,HJ )f = hy, (B-8)
Eq E
yielding
a2 612
f:(HHTi—lHlHTi—2H2H£+32|)ilh01 (B-9)

which completes the dedtion of the SFE co@fcients.
Finally, assumehatz, = Aa, + v|, whereA is again andv, anequialentnoisewith

variances\zl, assumedo be Gaussiarand independendf a,. In this case A = E[z.a,].

Using (B-1), this yields A = xTE[y,a,]. However, as seenin (B-5), E[yca,] =

[hg, 0", 0"]". Thus, since = [T, g7, 29717, we hae that

A=fTh,. (B-10)
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Furthermore,E[|zk|2] = A% + ss. However, using (B-1), we may write E[|zk|2] =

xTE[yky} ]x. Then, using (B-3), we get thlé[|zk|2] = x"E[yay] = A. Thus,

sZ=AxA2 (B-11)
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