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Summary

Knowledgeof thechannelis valuablefor equalizerdesign.To estimatethechannel,a

training sequence,known to the transmitterand the receiver, is normally transmitted.

However, transmissionof a training sequencedecreasesthe systemthroughput.Blind

channelestimationusesonly the statisticsof the transmittedsignal.Thus,it requiresno

training sequence, increasing the throughput.

Most real-lifecommunicationsystemsemploy someform of error-controlcode(ECC)

to improve the systemperformanceundernoise.In fact, with the advent of turbo codes

and turbo equalization,reliable transmissionat a signal to noise ratio (SNR) close to

capacityis now feasible.However, blind estimatorsthat ignorethe codemay fail at low

SNR.Recently, blind estimatorshave beenproposedthatexploit theECCandwork well

at low SNR. Thesealgorithms are inspired by turbo equalizersand the expectation-

maximization (EM) channel estimator.

The objective of this researchis to develop a low-complexity ECC-aware blind

channelestimator. We Þrst proposethe extended-window (EW) algorithm, a channel

estimator that is less complex than the EM estimator, and has better convergence

properties.Furthermore,the EM algorithm usesthe computationallycomplex forward-

backwardrecursion(BCJRalgorithm)for symbolestimation.With theEW estimator, any

soft-output equalizer may be used, allowing for further complexity reduction.
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We then proposethe soft-feedbackequalizer(SFE), a low-complexity soft-output

equalizerthatcanusea priori informationon thetransmittedsymbols,andis thussuitable

for turbo equalization.The coefÞcientsof the SFE are chosento minimize the mean-

squarederror betweenthe equalizeroutputandthe transmittedsymbols,anddependon

theÒqualityÓof thea priori informationandtheequalizeroutput.Simulationresultsshow

that the SFE may perform within 1 dB of a system using a BCJR equalizer, and

outperforms other schemes of comparable complexity.

Finally, we show how theSFEandtheEW algorithmsmaybecombinedto form the

turbo estimator(TE), a linear-complexity ECC-awareblind channelestimator. We show

that theTE performscloseto systemswith channelknowledgeat low SNR,whereECC-

ignorant channel estimators fail.
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CHAPTER 1

Intr oduction

Error-controlcodes(ECC),or channelcodes,allow for reliabletransmissionof digital

information in the presenceof noise. Through this process,an information-bearing

sequenceof lengthK, calleda message, is mapped,or encoded,into anothersequenceof

lengthN > K, calledacodeword. Thisencodingintroducesredundancy, but it alsorestricts

the numberof possibletransmittedcodewords,allowing for reliablecommunicationat a

lower signal-to-noiseratio (SNR) [1]. The codeword is thenmodulatedand transmitted

throughthe communicationschannel.The received signal is a distortedversionof the

modulatedcodeword; in particular, communicationschannelsintroducenoise,normally

modeledasadditive white Gaussiannoise(AWGN), and intersymbolinterference(ISI),

the effects of which are normally modeled by a linear Þlter.

Thereceivergoalcanbeveryclearlyandconciselydescribed:thetransmittedmessage

bitsshouldbeestimatedat thereceiveraccordingto a rule thatminimizesthebit errorrate

(BER). Assuming equally likely messagebits, this rule can be implementedwith a

maximum-likelihood(ML) detector, which estimateseachmessagebit soasto maximize

the likelihood of observing the received signal conditioned on the message bit [1].
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ML detectorsjointly andoptimallyperformall receiver tasks,suchassynchronization,

timing recovery, channel estimation, equalization, demodulation and decoding.

Unfortunately, the computationalcomplexity of ML receivers is prohibitive. In some

cases,such as codedsystemswith interleavers, an ML receiver has to considerevery

possible transmittedmessageindependently. For messagesof 1,000 bits, this means

considering21,000 messages,much more than the current estimatefor the numberof

atomsin the universe[2]. Until the promiseof quantumcomputers(which theoretically

could analyzeall possiblemessagessimultaneously)is realized [3], or until a better

strategy is discovered,exact ML detectionwill remain a benchmarkand an object of

theoretical investigation.

Traditionally, receivers employ a suboptimal divide-and-conquerapproach for

recoveringthetransmittedmessagefrom thereceivedsignal.First, timing is estimated[1]

andthesignalis sampled.Thentheequalizerparametersareestimated[1,4-8]. After that,

theequalizerremovestheISI introducedby thechannel[1], sothat its outputcanbeseen

asa noise-corruptedversionof the transmittedcodeword. Finally, theequalizeroutputis

fed to the channeldecoderwhich, exploiting the beneÞcialeffectsof channelencoding,

estimates the transmitted message [2].

The divide-and-conquerapproachis clearly suboptimal.Consider, for instance,the

problemof channelestimation.Traditionally, the channelis estimatedby transmittinga

known sequence,called a training sequence[1,4,5], and the received samples

correspondingto the training sequenceareusedfor estimation.However, this approach,

known astrainedestimation,ignoresreceived samplescorrespondingto the information

bits, and thus doesnot use all the information available at the receiver. To improve
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performance,the channelmay be estimatedbasedon all received samples,in what is

known assemi-blindestimation[6]. Channelestimationis still possibleevenif no training

sequenceis available. In this case,we obtain blind channel estimates[7,8]. When

performing blind or semi-blind channel estimation under the divide-and-conquer

framework, the fact that the transmittedsignal is restrictedto be a codeword of a given

channel code is not exploited. However, it seemsclear that performancewould be

improved if the channel encoding were taken into account.

In this work, we proposethe blind turbo estimator (TE), a low computational

complexity techniquefor exploiting thepresenceof ECCin blind andsemi-blindchannel

estimation. This work has four facets: channel estimation, blind and semi-blind

techniques,the exploitation of ECC,andlow computationalcomplexity. The importance

of each facet is discussed below:

¥ Channelestimation. Channelestimatesarerequiredby theML equalizer, andcan

beusedto computethecoefÞcientsof suboptimalbut lower-complexity equalizers

suchastheminimummean-squarederror(MMSE) linearequalizer(LE) [1], or the

MMSE decision-feedbackequalizer(DFE) [1]. Even thoughthe MMSE-LE and

theMMSE-DFEcanbeestimateddirectly, having thechannelestimatesallows us

to choosewhich equalizeris more appropriatefor the channel.For instance,in

channels with deep spectral nulls, DFE is known to perform better than LE.

¥ Blind and semi-blind techniques. By using every available channeloutput for

channelestimation,semi-blindtechniquesperform better than techniquesbased

solelyon thechanneloutputscorrespondingto trainingsymbolsandthuscanusea

shortertrainingsequence[6]. Therefore,semi-blindandblind techniquesincrease
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thethroughputof a systemby requiringa small trainingsequenceor nonewhatso-

ever. Eavesdroppingis anotherapplicationof blind channelestimation.Theeaves-

droppermaynotknow whatthetrainingsequenceis andhencehasto rely onblind

estimation techniques.

· Exploitation of ECC. Most of the existing blind channelestimationtechniques

operatewithin thedivide-and-conquerframework, ignoring thepresenceof ECC,

andnormally assumingthat the transmittedsymbolsare independentand identi-

cally distributed (iid). This approachworks well at high signal-to-noiseratio

(SNR). However, the last decadehasseenthe discovery of powerful ECC tech-

niquessuchas turbo codesand low-densityparity checkcodes[9-11] that, with

reasonablecomplexity, allow reliabletransmissionat an SNR only fractionsof a

dB from channelcapacity. Whenpowerful codesareusedandsystemsoperateat

low SNR,blind andsemi-blindestimationtechniquesthatignoreECCaredoomed

to fail. This observationmotivatedthestudyof blind ECC-awarechannelestima-

tors in [12-17].

· Low computationalcomplexity. The per-symbol computationalcomplexity of

existing ECC-awarechannelestimatorsis exponentialin thememoryof thechan-

nel. However, in applicationssuchasxDSL andhigh-densitymagneticrecording,

the channelimpulsecanhave tensor even hundredsof coefÞcients.For channels

with long memory, existing ECC-awarechannelestimatorsareprohibitively com-

plex, which motivates the study of low-complexity techniques.
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Examplesaboundthat show that it is possibleto improve the performanceof the

divide-and-conquerapproachsimply by having the receiver componentscooperate

throughan iterative exchangeof information. For instance,in turbo equalizers[18,19]

(whichassumechannelknowledge),thedecoderoutputis usedby theequalizerasa priori

informationon thetransmittedsymbols.Thisproducesimprovedequalizeroutputs,which

in turn produceimproveddecoderoutputs,andsoon. By iteratingbetweentheequalizer

andthedecoder, turboequalizersachieveaBERmuchsmallerthanthatof thedivide-and-

conquerapproach,with reasonablecomplexity. Iterative channelestimators[6,20-28]are

anotherimportantclassof iterative algorithmsthat performbetterthantheir noniterative

counterparts.In thesealgorithms,aninitial channelestimateis usedby asymbolestimator

to provide tentative estimatesof theÞrst-and/orsecond-orderstatisticsof thetransmitted

symbol sequence.Thesestatisticsare then usedby a channelestimatorto improve the

channelestimates.Theimprovedchannelestimatesarethenusedby thesymbolestimator

to improve the estimates of the statistics, and so on.

Turbo equalizersand iterative channelestimatorsnormally rely on the forward-

backwardalgorithmby Bahl,Cocke,JelinekandRaviv (BCJR)[29] for equalization.This

algorithmcomputesthe a posteriori probabilities(APP) of the channelinputsgiven the

channeloutput,channelestimates,anda priori probabilitieson the channelinputs,and

assumingthat the channelinputsare independent.In otherwords,if an ECC is present,

this presence is ignored.

The BCJRalgorithmis well-suitedfor iterative systems,sinceit canusethe a priori

information at its input to improve the quality of its output and sinceit computessoft

symbolestimatesin theform of APP. However, its per-symbolcomputationalcomplexity
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increasesexponentiallywith the channelmemory, andhenceis prohibitive for channels

with a long impulseresponse.This hasmotivatedthedevelopmentof reduced-complexity

alternatives to the BCJR algorithm, such as the equalizersproposedin [30-38]. The

structuresproposedin [30-35] usea linear Þlter to equalizethe received sequence.The

output of this Þlter containsresidual ISI, which is estimatedbasedon the a priori

information, and then cancelled.Reduced-statealgorithmsare investigated in [36-38];

however, these are more complex than the structures based on linear Þlters.

In this work, we propose the soft-feedback equalizer (SFE), a low-complexity

alternative to theBCJRalgorithmbasedon Þltersthat is similar to thoseproposedin [30-

35]. Oneimportantdifferenceis thattheSFEusesastructuresimilar to aDFE,combining

the equalizeroutputsand a priori information to form more reliable estimatesof the

residualISI. A similar systemis proposedin [35] thatusesharddecisionson theequalizer

outputto estimatetheresidualISI. However, becauseharddecisionsareusedandbecause

the equalizeroutput is not combinedwith the a priori information beforea decisionis

made, the DFE-like system of [35] performs worse than schemes without feedback.

As in [32-35], theSFEdoesnot rely solelyon interferencecancellation(IC). Instead,

the SFE coefÞcientsare computedso as to minimize the mean-squarederror (MSE)

between the equalizer output and the transmitted symbol. The resulting equalizer

coefÞcientsdependon thequality of theequalizeroutputandthea priori information.By

assuminga statisticalmodel for the equalizeroutputsand the a priori information,we

obtaina linear-complexity, time-invariantequalizer. In contrast,the MMSE structuresin

[32-35] have to becomputedfor every symbol,resultingin a per-symbolcomplexity that
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is quadraticin the lengthof the equalizer. A similar statisticalmodel is usedin [39] to

obtain a time-invariant, linear-complexity, hard-input hard-outputequalizer with ISI

cancellation.

We will seethat in specialcases,theSFEreducesto anMMSE-LE, anMMSE-DFE,

or an IC. We will show that the SFE performsreasonablywell when comparedto the

BCJRalgorithmandthequadraticcomplexity algorithmsin [32-35],while it outperforms

other structures of comparable complexity proposed in the literature.

Iterative channelestimators®ttheiterative paradigmdepictedin Fig. 1. In this ®gure,

a symbol estimatorproducessoft information on the transmittedsymbolsbasedon the

channelestimates, , and the noise varianceestimate, , provided by the channel

estimator. Thechannelestimatorthenusesthesoft informationonthetransmittedsymbols

to computeimprovedchannelestimates.Thenew channelestimatesarethenusedby the

symbol estimatorto computebetter soft information, and so on. The most important

iterative estimator, on which mostotheriterative estimatorsarebased,is theexpectation-

maximization(EM) algorithm[40,41]. In this algorithm,thesymbolestimatorin Fig. 1 is

basedon the BCJRalgorithmandproducessoft estimatesof the ®rst-andsecond-order

statistics of the transmitted symbols.

 Fig. 1. Blind iterative channel estimation.

hö sö,

SYMBOL
ESTIMATOR

CHANNEL
ESTIMATOR

hö sö
2
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The EM algorithmhastwo sourcesof complexity. First, it involvesthe computation

andinversionof a squarematrix whoseorderis equalto thechannellength.Second,and

mostimportant,it usestheBCJRalgorithmfor equalization.In thiswork, wewill obtaina

simpliÞedEM (SEM) algorithm that avoids the matrix inversion without signi®cantly

affectingperformance,resultingin acomplexity thatis proportionalto thechannellength.

More interestingly, basedon the SEM, the soft symbol estimatormay be implemented

with any of a numberof low-complexity alternativesto the BCJRalgorithm,suchasthe

SFE. Low complexity alternatives to the EM channelestimatorare also proposedin

[25,26].However, in thesestrategiesthecomplexity is reducedthroughtheuseof a low-

complexity alternative to the BCJRalgorithm.Therefore,they areintrinsically tied to an

equalizationscheme.Furthermore,the estimatorsproposedin [25,26] do not avoid the

matrix inversion, resulting in a quadratic computational complexity.

In this work, we will also investigateconvergenceissuesregarding iterative channel

estimators.The EM algorithm generatesa sequenceof estimateswith nondecreasing

likelihood.Hence,theEM estimatesmayconvergeto theML solution.However, they may

alsogettrappedin anongloballocalmaximumof thelikelihoodfunction.Wewill propose

a simple modi®cation,called the extended-windowEM (EW) algorithm, which greatly

decreasesthe probability of misconvergence without signi®cantly increasing the

computational complexity.

Finally, by viewing a turbo equalizerasa soft symbolestimator, we combineturbo

equalizationwith iterative channelestimation.Sinceturboequalizersprovide soft symbol

estimatesthatbene®tfrom thepresenceof channelcoding,theresultingturboestimation

schemeis anECC-awarechannelestimator. Thus,we have proposedthe turbo estimator
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(TE), a linear complexity blind channelestimatorthat bene®tsfrom the presenceof

channelcoding.OtherECC-awarechannelestimatorswereproposed[12-16],but they are

all basedon the EM algorithm and hencesuffer all the complexity and convergence

problems mentioned above.

To summarize, the main contributions of this work are:

· The soft-feedbackequalizer(SFE), a linear complexity equalizerthat produces

soft symbol estimates and bene®ts froma priori information at its input.

· The simpli®edEM (SEM) algorithm, an iterative channelestimatorthat is less

complex thantheEM algorithmandis not intrinsically tied to theBCJRequalizer,

which opens the door for further complexity reduction.

· The extendedwindow (EW) algorithm,an iterative channelestimatorthat is less

prone to misconvergence than the EM algorithm.

· The turbo estimator(TE), an iterative channelestimatorthat bene®tsfrom the

presence of ECC to produce reliable channel estimates at low SNR.

This thesisis organizedasfollows. In Chapter2, we presentthe channelmodeland

describetheproblemwe will investigate,andprovide somebackgroundmaterialon turbo

equalizationand iterative channelestimationvia the EM algorithm. In Chapter3, we

proposethe SEM, a channelestimatorthat is lesscomplex than the EM algorithm. In

Chapter4, weproposetheEW algorithm,anextensionto theSEMalgorithmthatmakesit

is less likely than the EM to get trappedin a local maximum of the joint likelihood

function. In Chapter5, we proposethe SFE,a linear-complexity alternative to the BCJR

equalizer. In Chapter6, we describethe applicationof the SFE to turbo equalization.
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Pleasenotethat Chapters5 and6 arenot relatedto Chapters3 and4. In Chapter7, we

proposetheTE, a linearcomplexity ECC-awarechannelestimatorthatcombinestheEW

algorithmof Chapter4 with theSFE-basedturboequalizerof Chapter6. In Chapter8 we

summarize the contributions of this thesis and present directions for future work.
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CHAPTER 2

Problem Statement and Background

In this chapter, we describethemodelwe will usefor thecommunicationssystemand

de®netheprobleminvestigatedin this research.We alsoprovide backgroundmaterialon

two iterative techniquesthat solve partsof this problem:turbo equalizationanditerative

channel estimation.

2.1 Problem Statement

We considerthesystemmodelshown in Fig. 2, wherea binarymessagem = [m0, ¼

mKÐ1] of length K is transmittedacrossa linear AWGN channelwith memorym. The

channelandthenoiseareassumedto bereal.A binaryECCencoderwith rateK ÚN maps

m to a sequenceof binaryphase-shiftkeying (BPSK)symbolsc = [c0, ¼ cNÐ1] of length

N . As with wirelesssystemsandsystemsemploying turboequalization,thecodeword c is

 Fig. 2. Channel model.

ISI

hk
m a r

p
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INTRLEAVER

AWGN
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permutedaccordingto the interleaver p beforetransmission.Let {p (0), ¼ p(N ± 1)} bea

permutationof { 0, ¼ N ± 1} . Then,the interleaver outputis a = [a0, ¼ aN±1], with ak =

cp(k).

Let r  = [r0, ¼ rL ± 1] denote the received sequence of lengthL = N + m, where

rk = h T ak + nk, (1)

wherethechannelimpulseresponseis h = [h0, ¼ hm]T, whereak = [ak, ¼ ak±m]T is the

channelinput, and where nk representsadditive white Gaussiannoise (AWGN) with

variances2. For notationalease,we restrictour presentationto theBPSKalphabet,where

ak Î {±1}. Theresultsin thiswork canbeextendedto otheralphabetsusingthetechniques

described in [33].

Ideally, we would like to solve the joint-ML blind channelestimationand symbol

detection problem,i.e., ®nd

( , , ) = argmax log ph ,s(r | m), (2)

where log ph ,s(r | m) is the log-likelihood function, de®nedas the logarithm of the

probabilitydensityfunction(pdf) of thereceivedsignalr conditionedonthechannelinput

m andparametrizedby h ands . Intuitively, theML estimates , , and are

thosethatbestexplain thereceivedsequence,in thesensethatwearelesslikely to observe

thechanneloutputif weassumeany othersetof parametersto becorrect,i.e., ph ,s(r | m) £

(r | ) " h , s , m . Besidesthis intuitive interpretation,ML estimateshave

many interestingtheoreticalproperties[4]. Underfairly generalconditions,ML estimates

areasymptoticallyunbiasedandef®cient.In otherwords,underthesegeneralconditions

andasthenumberof transmittedsymbolsN tendsto in®nity, theexpectedvalueof theML

hÃML sÃML mÃML

hÃML sÃML mÃML

p
hÃML sÃML,

mÃML
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estimatestendsto the actualvalueof the parameters,while the varianceof the estimates

tendsto theCramŽr-Raobound,which is the lowestvarianceachievableby any unbiased

estimator.

Unfortunately, the computational complexity of ®nding the ML estimates is

prohibitive. In this work, we will study iterative approachesthat provide approximate

solutions to the maximization problem in (2). The reasonfor the focus on iterative

approachesis that iterative techniquessuccessfullyprovide approximateML solutionsto

otherwise intractable problems, such as the following:

· On a codedsystemwith channelknowledge, turbo equalizersproducea good

approximation,with reasonablecomputationalcomplexity, to themaximizationof

log p(r | m).

· On an uncodedsystem,the EM algorithm provides a simple approximateML

channel estimate for the blind ECC-ignorant problem of maximizing

log ph ,s(r | a). Here, a is not restrictedto be a permutationof a codeword, but

instead can be any vector of symbols of lengthN .

Thesetechniquesareformulatedin a framework that makesit almoststraightforward to

combinethemin a moregeneraliterative algorithmthat performschannelidenti®cation

and decoding, as we will see in chapter7.

One key ingredient of a successfuliterative algorithm is the use of soft symbol

estimatesin theform of APPÕs.For a generalalphabetA, theAPPis a functionfrom A to

the interval [0,1] givenby Pr(ak = a| r ), for a Î A. For a BPSKconstellation,theAPPis

fully captured by what is loosely referred to as the log-likelihood ratio (LLR), de®ned as
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Lk = log . (3)

TheLLR hassomeinterestingproperties.For a BPSKalphabet,thesignof Lk determines

the maximuma posteriori (MAP) estimateof ak, which minimizesthe probability of a

decisionerror, and its magnitudeprovides a measureof the reliability of the decision.

Furthermore,Lk can be usedto obtain the MMSE estimateof ak, which, for a BPSK

alphabet, is given bytanh( Lk / 2).

Unfortunately, exact evaluationof the APP is computationallyhard.In the next two

sections,wewill brießyreview turboequalizersandtheEM algorithm,whichareiterative

techniquesthat addresssimpler problemsand are the building blocks for the system

proposed in this work.

2.2 Turbo Equalization

Assumingchannelknowledge,thegoalof thedecoderis to estimatePr(mk = 1| r ) for

eachmessagebit mk, which is a computationallyhard problem.Turbo equalizers,®rst

proposedin [18], provide a low complexity approximatesolutionto this problem.In this

section, we review the turbo equalization algorithm.

Turboequalizersconsistof onesoft-inputsoft-output(SISO)equalizer, oneinterleaver

p, onedeinterleaver p±1, andoneSISOchanneldecoder, asshown in Fig. 3 for a BPSK

Pr ak +1 r=( )

Pr ak 1± r=( )
------------------------------------

 Fig. 3. Turbo equalizer.

EQ.
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alphabet.Key to thelow complexity of turboequalizersis thefactthattheSISOequalizer

ignoresthepresenceof ECC,andtheSISOdecoderignoresthepresenceof thechannel.

Theresultingcomplexity is thusof thesameorderof magnitudeasthatof thedivide-and-

conquer approach employing the same equalizer and decoder.

Turbo equalizationis an iterative, block-processingalgorithmwhose®rstiterationis

thesameasadivide-and-conquerdetector. Indeed,thevectorof a priori informationat the

equalizer input, l
e

= [l
e
0, ¼ l

e
N ± 1], is initially set to zero. The SISO equalizerthen

computesthe LLR vector L
e

= [L
e
0, ¼ L

e
N ± 1] of the codeword symbolsak given the

channelobservationsr . TheseLLRs arecomputedexploiting only thestructureof theISI

channel;the ECC encoderis ignored.The equalizeroutput is thendeinterleaved by the

deinterleaver p±1 andpassedto thedecoder. Finally, usingthedeinterleavedvaluesof L
e

and exploiting the codestructure(the ISI channelis ignored,presumablybecausethe

equalizer has removed its effects), the SISO decodercomputesnew LLRs of each

codeword symbol,L
d

= [L
d
0, ¼ L

d
N ± 1].

Thedifferencebetweenthe®rstiterationandthelateronesis that,for later iterations,

informationis fed backfrom thedecoderto theequalizerthroughl
e
, which is usedasa

priori informationby theequalizer. This feedbackof informationallows theequalizerto

bene®tfrom thecodestructure,which providesimprovedsoft informationat thedecoder

output.However, l
e

doesnot correspondto the full probabilitiesat the decoderoutput.

Instead,asseenin Fig. 3, it is thedifferencebetweentheLLRs at theinput andtheoutput

of thedecoder. With thissubtraction,l
e
k is nota functionof L

e
k, avoidingpositive feedback

of informationbackto theequalizer. TheLLRs in l
e

arecalledextrinsic informationand
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canbeseenastheinformationon thetransmittedsymbolsgleanedby exploiting only the

structureof the decoder. The extrinsic information at the decoderinput, l
d
, can be

similarly de®ned.

2.2.1  The BCJR Algor i thm

Ideally, theequalizerin Fig. 3 shouldbeimplementedwith theBCJRalgorithm,which

computesthe APPsof the transmittedsymbolsgiven their a priori probabilitiesandthe

channelobservations.(Notethat theonly way ECCaffectstheBCJRequalizeris through

the a priori information; it is otherwiseignored.)Actually, the BCJR algorithm can be

de®nedfor any trellis, and hencecan also be used to implement the decoderfor a

convolutionalcode.In thesequel,wewill describetheBCJRalgorithmfor equalizationin

detailandthendiscussthedifferencesbetweentheBCJRequalizerandtheBCJRdecoder.

Let y k Î {0, 1, ¼ Q ± 1} denotea stateof thechanneltrellis at time k, whereQ = |A|m

is thenumberof statesand|A| is thenumberof elementsin thealphabet.Notethatthereis

a one-to-onecorrespondencebetweenthe valueof y k and the vectorof symbolsin the

channelmemory, [ak ± 1 ¼ ak ± m]. Also, let a(p,q) be the channelinput that causesthe

transition from statep to stateq. Then, the APPPr(ak = a| r ) can be computed as [29]

Pr(ak = a| r ) = Pr(y k = p; y k + 1 = q| r ). (4)

p q:a p q,( ), a={ }

å
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Thekey observationleadingto theBCJRalgorithmis thatthetermsin thesummation

in (4) canbedecomposedinto threefactors,onedependingonly on pastchanneloutputs

groupedin the vectorr l<k , onedependingonly on futurechanneloutputsgroupedin the

vector r l>k , andonedependingon the currentchanneloutput rk. Indeed,exploiting the

factthatthetrellis correspondsto aMarkov process,weget,aftersomemanipulation[29],

Pr(y k = p; y k + 1 = q| r ) = ak(p) gk(p,q) bk + 1(q) / p(r ), (5)

where

ak(p) = p(y k = p; r l<k ), (6)

bk + 1(q) = p(r l>k | y k + 1 = q), (7)

gk(p,q) = p(y k + 1 = q; rk| y k = p). (8)

Note that, sincewe are interestedin probability ratios,the factorp(r ) in equation(5) is

irrelevant.

After further manipulationand considerationof the Markov property, the following

recursions can be found for computingak(p) andbk(p) [29]:

ak(p) = ak ± 1(q) gk(q,p) (9)

bk(p) = bk + 1(q) gk(p,q). (10)

The recursionsin (9) and (10) can lead to underßow on ®niteprecisioncomputers.To

avoid this problem, it is common to normalize ak and bk at each time k, so that

Sp ak(p) = 1 andSp bk(p) = 1 [42].

Finally, to computegk(p, q), write

q 0=

Q 1±

å

q 0=

Q 1±

å
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gk(p, q) = p(y k + 1 = q; rk| y k = p) (11)

= p(rk| y k = p; y k + 1 = q)Pr(y k + 1 = q| y k = p). (12)

The secondterm in equation(12) is the probability that the channelinput is the onethat

causesa transitionfrom statep to stateq, a(p,q). Thus,this termis thea priori information

of the input of the SISOblock. For a BPSK alphabet,whenthis a priori information is

given in the form of the LLRl
e
k, we get

Pr(y k + 1 = q| y k = p) = . (13)

Note that the denominatorin (13) is commonto all statetransitions.Thus,sincewe are

interested in computing probability ratios, the denominator in (13) may be ignored.

Assuming AWGN, the ®rst term of equation (12) can be computed as

p(rk| y k = p; y k + 1 = q) = exp | rk ± r (p, q)| 2 , (14)

wherer (p, q) is the noiselesschanneloutputassociatedwith the transitionfrom statep to

stateq. This completes the description of the BCJR algorithm for equalization.

Sinceconvolutional codesmay alsobe de®nedby a trellis, the BCJRalgorithmmay

also be usedfor decodingthesecodes.The algorithmsfor decodingand equalization

proceed in a similar manner. The main differences are as follows:

· The equalizercomputesonly the APPs of the channelinputs. In contrast,the

decodercomputestheAPPof theencoderoutput,ak, aswell astheencoderinput

mk, which will provide a MAP estimateof the transmittedmessage.Both these

e
a

p q,( )
l k

e
2¤

e
l k

e 2¤
e

l k
e± 2¤

+

------------------------------------

1

2ps
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APPsmaybecomputedby consideringtheappropriatestatetransitionsin thesum-

mation in (4).

· While for the equalizereachtrellis stagecorrespondsto a singlechanneloutput,

for thedecodera trellis stagemaycorrespondto multiple outputs.For instance,a

rate1/2 convolutional codehastwo outputsfor every statetransition.In general,

for aratek/n convolutionalcode,| rk ± r (p, q)| in (14) is thedistancebetweenvec-

tors of lengthn.

· For turboequalizers,suchasthestructuredepictedin Fig. 3, thedecoderdoesnot

have accessto the channeloutput.Therefore,(14) reducesto a constant,andthe

state transition probabilitygk(p, q) depends only on thea priori information.

2.3 Blind Iterati ve Channel Estimation with the EM Algorithm

In many ML estimationproblems,the dif®cultyin ®ndinga solutionstemsfrom the

fact that someinformation abouthow the observed datawas generatedis missing.For

instance,in the blind channelestimationproblem, ®nding the ML channelestimates

would be easyif the channelinputswereknown. For ML problemsthat would be easily

solvableif themissingdatawereavailable,theEM algorithmis aninterestingapproach.It

is a low-complexity iterative algorithmthat generatesa sequenceof estimateswith non-

decreasinglikelihood.Thus,with properinitialization, or if the likelihoodfunction does

not posseslocal maxima, the EM algorithm will converge to the ML solution. In the

remainderof thissection,wewill describetheEM algorithmfor blind channelestimation,

as ®rst proposed in [22].
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In its mostgeneralform [40,41], the EM algorithmcanbe describedasfollows. Let

pq(r ) be the likelihood function of the received samples,where q is the vector of

parameterswe aretrying to estimate.Let a bethemissingdata,andr bethesequenceof

observations. Assumewe have an estimateqi of the parameters.De®nethe auxiliary

function

Q(q, qi ) = log(pq(r, a)) (a | r ) da = [log(pq(r, a))| a ], (15)

where is theexpectedvaluewith respectto thevariablea , assumingthat theactual

parametersare qi . Now, considercomputing a new estimateqi +1 of the parameters

according to

qi +1 = argmax( Q(q, qi )). (16)

The key observations leading to the EM algorithm are that

· with an appropriatechoiceof a , computingandmaximizingQ(q, qi ) may be an

easy task.

· thelikelihoodof thenew estimateqi +1 is notsmallerthanthatof qi , i.e., ³

.

Given an initial estimateq0, the EM algorithmiteratively computesnew estimatesusing

(15) and(16) until a stopcriterion is met, thusgeneratinga sequenceof estimateswith

nondecreasing likelihood.

Whenappliedto the problemof blind channelestimation,the EM algorithmmay be

describedin morespeci®cterms.In this case,we are trying to maximizethe likelihood

functionpq(r ) = log ph ,s(r ), whereq = [h , s] is thevectorof parameterswe aretrying to

ò pqi
Ea qi,

Ea qi,

pqi 1+
r( )

pqi
r( )
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estimate.As mentionedbefore,®ndingthevaluesof h ands thatmaximizethis likelihood

function is prohibitively complex. However, it is easyto determinethe parametersthat

maximizepq(r | a), in which case the solution is a simple MMSE channel estimate [4]:

, (17)

. (18)

Thus, the transmitted symbolsa  are a good candidate for hidden information.

Having de®nedthe missingvariables,we can apply (15) and (16) to computenew

channel estimates. Let

= (19)

= . (20)

Then, it is possible to show that the EM algorithm yields [22]

, (21)

=

 =

 = , (22)

where the last equality follows from (21).

Note the similarities between(17) and (21), and between(18) and (22). The only

differencebetweentheseequationsis thatin (17)and(18) theactualtransmittedsequence

is used,while in (21) and(22) the conditionala posteriori expectedvaluesareused.In
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fact, and are similar to the estimatedautocorrelationmatrix of a and the

estimatedcross-correlationvectorbetweena and r , respectively. The main differenceis

that we use andrkE[ak| r ] to compute and , while andrkak

are used to estimatethe autocorrelationmatrix of a and the cross-correlationvector

betweena andr . Thus,we saythat is an a posteriori sampleautocorrelationmatrix

and  is ana posteriori sample cross-correlation vector.

We still have to computethe valuesof andE[ak| r ] at every iteration i .

This canbe donewith the BCJRalgorithm,which is usedunderthe assumptionthat the

channel parametersare given by and . Since the BCJR algorithm computes

Pr(ak| r ), obtainingE[ak| r ] is straightforward.Also, notethateachstatetransitionin the

channeltrellis actually correspondsto a vector ak. Thus, since the BCJR algorithm

computesthe probabilitiesof statetransition,Pr[ y k = p; y k + 1 = q| r ], we in fact have

access to the joint APP of the vectorak, which can be used to compute .

The EM algorithm for blind channelestimation is summarizedin the following

pseudocode:

Given: initial channel estimates  and .
i = 0;
repeat

run the BCJR algorithm, assuming the channel is given by
 and ;

compute  and  as in (19) and (20);
compute the new parameter estimates as in (21) and (22);

until a stop criterion is found

This pseudocodecan be representedgraphicallyas in Fig. 4. In this ®gure,the BCJR

algorithmis usedto compute and basedonthechannelestimatesprovidedby the

channelestimator. Thechannelestimatorthenusestheoutputsof theBCJRalgorithmto

compute new channel estimates, which are then used by the BCJR algorithm, and so on.
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The main drawbacks of the EM algorithm are that

· it usestheBCJRalgorithmto producetentativesymbolestimates,implying acom-

putational complexity that is exponential in the channel memory;

· it requiresthe computationof and the solutionof the linear systemin (21),

which have a computational complexity that is quadratic in the channel memory;

· it may get trappedin a local maximumof the likelihoodfunction, converging to

wrong channel estimates;

· it may converge slowly.

In thefollowing chapters,we proposetechniquesto circumventthesedrawbacks.We will

proposea linear complexity techniquethat avoids some of the local maxima of the

likelihood function that trap the EM algorithm.

 Fig. 4. The EM algorithm for blind iterative channel estimation.
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CHAPTER 3

A Simplif ied EM Algorithm

As mentionedin Chapter2, someof the complexity issuesassociatedwith the EM

algorithm stem from the need to compute and invert the a posteriori sample

autocorrelationmatrix de®nedin (19). In this chapter, we derive the simpli®edEM

algorithm(SEM), analternative iterative channelestimatorthat ignores andyet does

not signi®cantlydegradethe performancerelative to the EM algorithm. For notational

convenience,in what follows we assumethat the transmittedsymbolsbelongto a BPSK

constellation. Generalization to other constellations is straightforward.

3.1 Derivation of the SEM Algorithm

Consider the channel model in equation (1), repeated here for convenience

rk = h Tak + nk. (23)

Assuming that the transmitted symbols are uncorrelated, we have

hn = E[rkakÐn] (24)

= E[ rkPr(akÐn = + 1| rk)] ± E[ rkPr(akÐn = ± 1| rk)] (25)

= E[ rkPr(akÐn = + 1 | r ) ± rkPr(akÐn = ± 1| r )] (26)

= E[ rk E[akÐn| r ]]. (27)

RÃa

RÃa
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This equationleadsto a simplechannelestimator. Unfortunately, the channelestimator

hasno accessto E[ak | r ], which requiresexact channelknowledge.However, basedon

theiterativeparadigmof Fig. 1, at the i -th iterationthechannelestimatordoeshaveaccess

to = = tanh( Lk Ú2). Using this value in (27), and also replacing

ensembleaveragewith time average,the channelestimateat the i+1-st iterationis given

by:

 = rktanh . (28)

Thus,(28) providesa methodfor estimatingthechannelgiven thesoft symbolestimates

Lk, and can be used in the samecontext as the channelestimationstep of the EM

algorithm.Clearly, its implementationhasa per-symbolcomplexity that is linear in the

length of the channel if the LLRs are given.

For estimatingthenoisevariances2 at the i -th iteration,we proposeusingthechannel

estimatesin (28) andthebit estimatesobtainedfrom Lk to estimatethenoisecomponent

of thereceivedsignal,which arethenusedto estimatethenoisevariance.In otherwords,

letting = [ , ¼ ]T, where = sign(Lk), we estimate the noise variance as

 = , (29)

where = [ , ¼ ]T. This estimatediffersfrom theEM estimatein (22),

but in our simulationswe notedthatusing insteadof E[ak| r ] for estimatingthenoise

varianceimprovedconvergencespeed.Furtherjusti®cationfor theuseof harddecisionsin

(29) will be given in the next section.

The resulting algorithm is described by the following pseudocode:
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initialize channel estimates  and ;
i = 0;
repeat

use channel estimates to compute symbol estimates Lk, for
k = 0, ¼  N-1;

update channel estimates using (28) and (29);
i = i + 1;

until a stop criterion is met

This algorithm will be referredto as simpli®edEM (SEM). Indeed,using the notation

from chapter2, comparing(20) and(28) we seethat . Therefore,(28) canbe

seenasa simpli®cationof theEM algorithmwherein is replacedby I . It is important

to point out that,from (19), » I is a reasonableapproximation.In fact, is

theMMSE estimateof given thecurrentchannelestimate.Thus,thesetwo values

areexpectedto be approximatelythe same,so that is approximatelya time-average

estimateof theautocorrelationmatrix of the transmittedsymbols.Sincewe assumedthat

thechannelinput is white, basedon the law of largenumbers shouldbecloseto the

identity for large enoughN .

An important implication of ignoring the matrix is that the channelestimator

requiresonly thesoft symbolestimatesLk. Thus,wemayrepresentthesimpli®edchannel

estimatoras in Fig. 5, where the symbol estimatoris not restrictedto be the BCJR
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2

hÃi 1+ pÃa r=
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RÃa E a ka k
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a ka k
T
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 Fig. 5. Blind iterative channel estimation with the SEM algorithm.
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equalizer. In fact, any equalizerthat producessoft symbolestimatescanbe used,which

allows for a low-complexity implementationof the blind iterative channelestimator.

Contrastthis ®gurewith Fig. 4, which representstheEM algorithm.In theEM algorithm,

theequalizeris restrictedto be theBCJRalgorithm,andit alsomustprovide a matrix to

the channel estimator.

3.2 Analysis of the Scalar Channel Estimator

In thissection,weprovideadetailedanalysisof theSEMalgorithmappliedto ascalar

channel.Althougha detailedanalysisof theSEM algorithmfor a generalchannelwould

be of moreinterest,this analysisis dif®cult.Furthermore,scalarchannelsestimatorsare

important,beingusedin systemsthat aresubjectto ßat fading [43] and in systemsthat

employ multicarriermodulation[44]. In performingthis analysis,we will alsocompare

theperformanceof systemsusingsoft andharddecisions.In particular, wewill justify the

use of hard decisions for estimating the noise variance in (29).

Considerthe transmissionof a sequenceof uncorrelatedbits ak Î {±1,+1} througha

scalarchannelwith gain A, theoutputof which is corruptedby anAWGN componentnk

with variances2. The received signal can be written as

rk = A ak + nk. (30)

Given initial estimates and , the channelgain and noise variancecan be

estimated with an iterative algorithm. Possible estimators can be expressed as

= , (31)
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 = , (32)

where i is the iteration number, = 2 / is the estimatedchannelreliability and

where decA(×) and decs (×) aredecisionfunctions,givenby either tanh( ×) or sign(×). We

will considerfour differentestimators,denotedSS,SH,HSandHH, wherethe®rstSor H

indicateswhethersoft or hardinformation,respectively, is usedfor gain estimation,and

the secondS or H indicateswhethersoft or hard information, respectively, is usedfor

estimatingnoisevariance.Note that theSH estimatorcorrespondsto theSEM algorithm

appliedto a scalarchannel.TheEM algorithm,on theotherhand,cannotbeexpressedin

this framework. Its channelgain estimatorcan be expressedas in (31), with decA(×) =

tanh A (×). Its noise variance estimator, however, is given by

=

= . (33)

Now supposethenumberof observationstendsto in®nity. In thiscase,wemayusethe

law of largenumbersin (31),and(32).Thus,in thisasymptoticcase,thechannelHH, SH,

SS and HS estimators may be written as

= E . (34)

= E . (35)
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Equation(34) alsodescribesthe gain estimatorof the EM algorithm.The noisevariance

estimatorfor theEM algorithmis obtainedby applyingthe law of largenumbersin (33),

yielding

= E ± (36)

= A2 + s2 ± . (37)

For the HH estimator, it is shown in Appendix A that (34) and (35) may be written in

closed form as

= A (1 ± 2 Q ) + , (38)

and

= A2 + s2 ± , (39)

with ³ ³ A. Therefore,for theHH estimatorneither nor depend

on the iterationnumberi . Unfortunately, if soft informationis used,equation(34) cannot

be computed in closed form, so we must resort to numerical integration.

From(34), (35) and(37), we seethat,asN tendsto in®nity, , andconsequently

, is a function of just . The fact that both and dependon a single

parameterallows for a graphicalstudyof the iterative process.This analysisis clearerif

we considertheratio a i = / L insteadof , wherea i is therelative estimatedchannel

reliability, de®nedastheratiobetweentheestimatedchannelreliability at the i-th iteration

and the actualchannelreliability L = 2A Ús2. For the graphicalanalysis,we view one

iterationof theSEM algorithmasa functionwhoseinput is a i andwhoseoutputis a i+1.
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This function is plotted in a graph,along with the line a i+1 = a i. Sincethe algorithm

converges when a i = a i+1, the ®xed points of the SEM algorithm are given by the

intersection of the two curves.

In Fig. 6 we plot a i+1 versusa i for the®ve estimators,assumingA = andanSNR

= A2 Ús2 = 2 dB. We also plot the line a i+1 = a i, which allows for the graphical

determinationof the behavior of the algorithms as follows. Initially, at the zero-th

iteration,a valuea0 is given. The estimatorthenproducesa valueof a1, which canbe

determinedgraphicallyasshown by theverticalarrow in Fig. 6 for theEM algorithmand

a0 = 2.2. Thevalueof a i for thenext iterationcannow befoundby theverticalarrow in

Fig. 6, which connectsthepoint (a0, a1) to thepoint (a1, a1). Now thevalueof a2 canbe

determinedby a vertical line, not shown in Fig. 6, that connectsthe point (a1, a1) to the

HH

SEM

SS

HS

a i+1 = a i

EM

 Fig. 6. Estimated relative channel reliabilitya i as a function of its value in the
previous iteration,a i±1.
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EM curve.Theprocessthenrepeats.It is clearthattheiterationsstopwhenthecurve for a

givenalgorithmintersectstheline a i+1 = a i. Thevaluesfor which thishappens,a*, arethe

®xed point of the algorithms and are marked with ỐÕ in Fig.6.

Someinterestingobservationscanbemadefrom Fig. 6. Consider, for instance,theHH

estimator. For this estimator, we seein Fig. 6 thatthevalueof a i+1 doesnot dependon a i.

Thus, following the iterative procedure,we seethat the HH algorithm converges in a

singleiteration,aswasexpectedfrom theanalysisin (38) and(39). We canalsoseethat

theEM andtheSEMalgorithmsgenerateamonotonesequencea i. In otherwords,if these

algorithmsareinitialized with ana0 larger(smaller)thantheir ®xedpoint a*, thena i will

monotonicallydecrease(increase)until they converge.On the otherhand,the a i for the

HS and SS algorithms eventually becomegreater than a*. After that happens,they

alternate between values that are greater than and smaller thana*.

Using Fig. 6, we candeterminethe valueof a after convergencefor eachalgorithm.

Then, we can use (34) and (35) to determinethe expectedvaluesof and after

convergence.The resulting estimationerrorsare listed in Table1. As we can see,the

values in Table1 indicate that the best strategy is the EM algorithm, and the SEM

estimator produces the second best results.

AÃ sÃ

Table  1:Expected Values of Estimation Error After Convergence

Estimator type |å ± A| 2 (dB) | ± s | 2 (dB)

SS -21.7 -10.5

SEM -25.3 -16.2

HH -19.1 -16.1

HS -19.1 -10.4

EM Ð¥ Ð¥

sÃ
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EventhoughtheEM algorithmis expectedto produceexactestimates,its convergence

canbeveryslow. Thiscanbeseenin Fig. 7, whereweplot theexpectedtrajectoriesof the

EM andtheSEM algorithms,assumingthatbothalgorithmsareinitialized usingtheHH

estimates.TheHH estimatesarea goodcandidatefor initialization: they have reasonable

performanceandconvergein oneiteration.As we canseein Fig. 7, theSEM estimatoris

expectedto converge in roughly 2 iterations,while the EM estimatoris expectedto

converge in roughly 7 iterations.

Theperformanceof theestimatorscanbecomputedusingthemethoddescribedabove

for othervaluesof SNR, yielding the plots of the estimationerrorsfor and versus

SNR shown in the dashedlines in Fig. 8 andFig. 9, respectively. Again, we seethat the

EM algorithm gives the bestoverall performance,followed by the SEM estimator. For

comparison,we alsoshow simulationresultsin Fig. 8 andFig. 9. Thesecorrespondto the

EM

 Fig. 7. Tracking the trajectories of the EM and the SEM estimators for a scalar
channel.
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 Fig. 8. Asymptotic error of gain estimates as a function of SNR. Dashed lines
correspond to theoretical predictions, solid lines correspond to a
simulation with 106 transmitted bits.
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 Fig. 9. Asymptotic error of noise variance estimates as a function of SNR.
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solid lines,andwereobtainedusing106 transmittedbits,andthechannelestimatorswere

rununtil | ± | < 10±5 or thenumberof iterationsexceeded20.As wecansee,the

theoreticalcurvespredict the performanceof the estimatorsvery closely, except for the

EM algorithm.An explanationfor the differencebetweenthe theoreticalandsimulation

curves for the EM algorithm could not be found.

3.3 The Impact ofthe Estimated Noise Variance

It is interestingto note that while substitutingthe actualvaluesof h or a for their

estimateswill alwaysimprove theperformanceof the iterative algorithm,thesameis not

true for s . Indeed,substitutings for will often result in performancedegradation.

Intuitively, onecanthink of asplayingtwo roles:in additionto measurings, it alsoacts

as a measure of reliability in the channelestimate . Considera decompositionof the

channel output:

rk = ak + (h  ± )Tak + nk. (40)

Theterm (h ± )Tak representsthecontribution to rk from theestimationerror. By using

to modelthe channelin the BCJRalgorithm,we arein effect lumping the estimation

error with the noise. Combining the two results in an effective noise sequencewith

variancelarger thans2. It is thusappropriatethat shouldexceeds whenever differs

from h . Alternatively, it standsto reasonthat an unreliable channelestimateshould

translateto anunreliable(i.e., with smallmagnitude)symbolestimate,regardlessof how

well ak matchesrk. Using a large valueof in the BCJRequalizerensuresthat its

outputwill have a smallmagnitude.Fortunately, thenoisevarianceestimateproducedby

(29) measuresthe energy of both the secondand the third term in (40). If is a poor

LÃi LÃi 1±

sÃ

sÃ

hÃ

hÃ
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channelestimate, will also be a poor estimatefor a , and convolving and will

produce a poor match forr , so that (29) will produce a large estimated noise variance.

3.4 Simulation Results

In section3.2, we saw that the EM algorithmoutperformsthe SEM algorithmfor a

scalarchannelandasthe numberof observationsN tendsto in®nity. In this section,we

presentsimulationresultsshowing that theperformancedegradationincurredby ignoring

the matrix in the EM algorithm is not signi®cantfor ®niteN and a channelthat

introducesISI. We usedthesimulationscenarioof [22]. Thechannelis givenby h = [0.5

0.7 0.5], andthe noisevarianceis chosenso that SNR = 11 dB, whereSNR = /s2.

We initialized the estimates to  = [0, , 0], and

= . (41)

Thus,we have initialized our estimateof theSNRto 0 dB, andthevaluesof and

agreewith the energy of the received signal. In Fig. 10, we show the estimatesof the
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 Fig. 10. Performancecomparison:channelandnoisestandarddeviationestimates
as a function of iteration for EM (light solid) and simpli®ed EM (solid)
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channelcoef®cientsandthenoisestandarddeviation asa functionof iterationfor theEM

andthe SEM algorithms,averagedover 100 independentblocksof 256 BPSK symbols.

As expected,the SEM algorithmyields a larger estimationerror thanthe EM algorithm,

thoughthe performanceloss is not signi®cant.As in the scalarchannelcase,the SEM

algorithm converges faster than EM in this experiment.

In this chapter, we only simulatedtheperformanceof theSEM algorithmfor oneISI

channel.In Chapter4, we introducea modi®cationto the SEM algorithm that greatly

improves its convergence. More simulations will be conducted then.

3.5 Summary

In this section,we proposedthe SEM algorithm,an iterative blind channelestimator

that is less complex than the EM algorithm in two ways: it does not require the

computationandinversionof theautocorrelationmatrix, andit is not intrinsically tied to

the BCJR equalizer. We presentedan asymptotic analysis of different estimators,

including the SEM and EM algorithms, for a scalar channeland as the number of

observations tends to in®nity. We showed that the EM algorithm provides the best

estimatesin this case,followed by the SEM algorithm.We alsoshowed that for a scalar

channelthe SEM algorithmis expectedto converge fasterthanthe EM algorithm.For a

channelthat introducesISI, simulationresultsindicatethat the performanceloss of the

SEM is not signi®cantwhencomparedto theEM algorithm,andthat theSEM estimates

converge faster than the EM estimates.
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CHAPTER 4

The Extended-Window Algorithm (EW)

As we discussedin section2.3, the EM algorithmgeneratesa sequenceof estimates

with nondecreasinglikelihood.Thus,it is proneto misconvergence,de®nedin thepresent

context astheconvergenceto a nongloballocal maximumof thelikelihoodfunction.The

traditionalapproachto this problemis eitherto completelyignoremisconvergenceor to

assumetheavailability of agoodinitialization.For instance,thesimulationin theprevious

sectioninvolvedsomecheating:thechannelestimateswereinitialized to animpulseat the

centertap, which happensto matchthe main tap of the channel.However, there is no

reasonfor usingsuchinitialization otherthanthefact thatwe know that thecentertapof

the actualchannelis dominant,a knowledgethat obviously would not be available in a

real-world blind application. In this chapter, we show that the estimates after

misconvergence may have a structure that allows some local maxima to be escaped.

4.1 A Study of Misconvergence

To studyanexampleof misconvergence,considerusingtheSEMalgorithmto identify

the maximum-phasechannelh = [1 2 3 4 5]T at SNR = 24 dB, with a BPSK input

sequence.With the channelestimatesbeinginitialized to = [1 0 0 0 0]T and = 1,

after 20 iterations the SEM algorithm converged to a ®xed point of

hÃ0 sÃ0
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 = [2.1785    3.0727    4.1076    5.0919    0.1197] T. (42)

The algorithmthusfails. But the estimatedchannelis roughly a shiftedversionof h . A

possibleexplanationfor this behavior is that,if thechannelis not minimumphase,thenit

introducessomedelayd thatcannotbecompensatedfor at thesymbolestimatorof Fig. 5.

Thus,thesoft symbolestimateL k producedby thesymbolestimatormayin factberelated

to a delayedsymbolak ± d, i.e., Lk » log Pr(ak ± d = + 1| r ) ÚPr(ak ± d = ±1| r ). Therefore,

when using equation(28) to estimatehn, we may be estimatinghn + d instead.In this

example,thedelayis 1. Apart from thisdelay, thealgorithmseemsto performwell, andin

fact if it were to also compute

E rktanh , (43)

it would also be able to accuratelyestimateh0. Hence, to estimateall the channel

coef®cientsin this example, we must compute equation (28) for more values than

originally suggested by the EM algorithm.

For a generalchannel,we have observed that,afterconvergence,thesignof theLLR

producedby theBCJRalgorithmis relatedto theactualsymbolak by sign(Lk) » ak ± d, for

someintegerdelayd satisfying| d| £ m. Even thougha proof of this boundfor thedelay

could not be obtained, there is an intuitive explanation for this behavior. Let d =

argmax 0 £ j £ m| h j| . If theactualchannelwereknown to thesymbolestimator, thenrk is

thechanneloutputthathasthelargestimpacton thedecisionmadeon ak ± d. Now assume

that the channelestimatorpasses to the symbolestimator, andlet = argmax 0 £ j £ m

| | . With this channelestimate,thesymbolestimatorwill besuchthatrk is thechannel

output that has the largest impact on the decisionmadeon . If this estimateis

hÃ
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reasonable,then » ak ± d, since they are both mostly inßuencedby rk. In other

words, after convergence,sign(Lk) » . Now let d = d ± . Since d, Î

{ 0, ¼ m}, we indeed have | d|  £ m.

To illustrate the effectsof the delay in channelestimation,considerfor instancethe

channelh = [1 eeee]T for somesmalle, andassumethatthechannelestimatorpasses

= [0 0 0 0 1]T anda given 2 to thesymbolestimator. With thesevalues,theoutputof the

symbolestimatorwould essentiallybeLk = 2rk + 4/ 2. But we know that,for thechannel

h , sign(rk) » ak, andhencesign(Lk) » ak + 4. Thus,if wecompute(28) for n = ±4, ¼ 0, as

originally suggested, we will never get a chance to compute, for instance,

1  = rkak±1 » rktanh( Lk ± 5 Ú2). (44)

Likewise,if h = [eeee1]T, andthechannelestimatorpasses = [1 0 0 0 0]T anda given

2 to the symbolestimator, thenwe would have Lk = 2rk/ 2, so that sign(Lk) » ak ± 4.

Thus,if wecompute(28) for thegivenwindow n = ±4, ¼ 0, wewouldnevergetachance

to estimate 1. For that, we would have to useLk + 3. Even thoughtheseare extreme

examples, they illustrate well the effects of the delay in the iterative process.

4.2 The EW Channel Estimator

In light of the discussionabove, it is clear that if we are to correctly estimatethe

channel,we cannotrestrictthecomputationof (28) to thewindow n = ±m, ¼ 0. Thus,we

proposean extendedwindowEM (EW) algorithm.To determinehow muchthe window

must be extended,we again considerthe extreme cases.When sign(Lk) » ak ± m, to

aÃk dÃ±

ak d dÃ±( )± dÃ dÃ

hÃ
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estimateh0 andhmwe needto compute(28) for n = ±mandn = 0, respectively. Likewise,

whensign(Lk) » ak + m, to estimateh0 andhmwe needto compute(28) for n = mandn =

2m, respectively. Thus, we propose to compute an auxiliary vectorg as

gn = rktanh , for n = ±m, ¼ , 2m. (45)

Notethatonly m+1 adjacentelementsof g areexpectedto benon-zero.With thatin mind,

we proposethat thechannelestimates be the m+1 adjacentelementsof g with highest

energy.

4.2.1  Delay and Noise Var iance Est imator

Let = [g…±d, ¼ g±d + m]T be the portion of g with largest energy. Note that after

convergencewe expectthat = h , i.e., g±d = h0. But comparing(25) and(45), we note

that this is equivalent to saying that

ak » tanh . (46)

In other words, by choosing to be the current channelestimatewe are inherently

assumingthat the estimatedsequenceis a delayedversionof the transmittedone,where

the delay is d. This delay shouldbe taken into accountin the estimationof the noise

variance.With that in mind, we proposeto estimates2 usinga modi®edversionof (29),

namely

= . (47)

The EW algorithm is summarized in the following pseudocode:
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initialize channel estimates  and .
i = 0.
repeat

use current channel estimates to compute symbol estimates
Lk, for k = 0, ¼  N-1.

Compute g n, n = ± m, ¼ 2m, as in (45).
Let  = [g ±d, ¼  g ±d + m] T be the m+1 consecutive entries

of g with highest energy.
Update the noise variance estimate according to (47).
i = i + 1.

until a stop criterion is met

4.3 Simulation Results

In this section,we presentsomesimulationresultscomparingtheperformanceof the

EW algorithmto theEM algorithmandto trainedchannelestimationalgorithms.In all the

simulations,we have useda BCJRequalizerwith the EW algorithm,to allow for a fair

comparisonwith theEM algorithm.Theresultspresentedin thissectionall correctfor the

aforementioneddelaysin thechannelestimationprocess.In otherwords,whencomputing

estimationerroror averagingchannelestimates,theestimateswereshiftedto bestmatch

the actualchannel.Note that this doesnot affect the channelestimatesin the iterative

procedure.

As a®rsttestof theextended-window algorithm,wesimulatedthetransmissionof K =

600 bits over the channelh = [±0.2287, 0.3964, 0.7623, 0.3964, ±0.2287]T from [26],

whosefrequency responseis shown in Fig. 11. We have usedSNR = /s2 = 9 dB. To

stressthe fact that the proposedalgorithm is not sensitive to initial conditions, we

initialized randomly using = u , where u ~ N(0, I ) and =

Ú2N . (This implies an initial estimatedSNR of 0 dB, with valuesconsistent

with the received energy.) In Fig. 12, we show the convergencebehavior of the SEM
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channelestimates,averagedover 200 independentruns of this experiment.Only the

convergenceof , and is shown; thebehavior of and is similar to thatof

and , respectively, but we show only thosewith worseconvergence.The shaded

regions around the channel estimatescorrespondto plus and minus one standard

deviation.For comparison,we show theaveragebehavior of theEM estimatesin Fig. 13.

 Fig. 11. Frequency response ofh = [±0.2287, 0.3964, 0.7623, 0.3964, ±0.2287].
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 Fig. 12. Estimates ofh = [±0.2287, 0.3964, 0.7623, 0.3964, ±0.2287], produced
by the extended-window algorithm.
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Unlike thegoodperformanceof theextendedwindow algorithm,theEM algorithmeven

fails to convergein themeanto thecorrectestimates,especially . Thishappensbecause

theEM algorithmgetstrappedin local maximaof the likelihoodfunction [40], while the

extended-window avoidsmany of theselocalmaxima.Thebetterconvergencebehavior of

the EW algorithm is even more clear in Fig. 14, where we show the noise variance

estimates.

ITERATION

 Fig. 13. EM estimates ofh = [±0.2287, 0.3964, 0.7623, 0.3964, ±0.2287].
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 Fig. 14. Estimates ofs2, produced by the extended-window algorithm.
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The performanceof the EW estimatorwasalsocomparedto a trainedestimatorthat

estimatesthechannelcoef®cientsusingequation(28) with theactualtransmittedsymbol

ak ± n substitutingtheestimate . This trainedestimationtechnique,known aschannel

probing,is not thetrainedMMSE estimatorof (17)and(18).For comparisonpurposes,we

also show the performanceof the EM algorithm and the trainedMMSE estimator. We

have simulatedthe transmissionof 200 blocksof K = 600 bits over the channelh = [±

0.2287, 0.3964, 0.7623, 0.3964, ±0.2287]T. For eachblock, thechannelestimatesfor the

EM andEW algorithmswereinitialized with the randomestimatesusedin the previous

experiment.

In Fig. 15 we show the estimationerror as a function of the SNR for the trained

estimatesandfor the EM andEW estimatesafter 20 iterations.In Fig. 16, we show the

resulting BER. Again we see that the EW algorithm performs better than the EM

algorithm.It is interestingto noticethattheperformanceof theEW algorithmapproaches

that of its trainedcounterpart,the channelprobingestimator. Onewould thusexpectthe

aÄk n±
i( )

 Fig. 15. Estimationerrorfor thechannelprobing,MMSE, EM andEW estimates
after 20 iterations.
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performanceof the EM algorithmto approachthat of its trainedcounterpart,the MMSE

algorithm.However, aswe canseefrom Fig. 15 andFig. 16, theEM algorithmperforms

worsethanchannelprobing,which is in turn worsethantheMMSE estimator. Finally, it

shouldbe pointedout that even thoughthe channelestimatesprovided by the MMSE

algorithm are better than thoseof the channelprobing, the BER of both estimatesis

similar. In otherwords,thechannelprobingestimatesareÒgoodenoughÓ,andtheadded

complexity of theMMSE estimatordoesnot have muchimpacton theBER performance

in the SNR range considered here.

To further supportthe claim that the proposedalgorithm avoids most of the local

maximaof the likelihoodfunctionthat traptheEM algorithm,we ranbothalgorithmson

1,000 randomchannelsof memorym= 4, generatedash = u / , whereu ~ N(0, I ). The

estimateswereinitializedto = Ú2N and = (0, 0, , 0, 0)T, i.e., thecenter

tap of  is initialized to . We usedSNR = 18 dB, and blocks ofK = 1000 bits.

 Fig. 16. Bit errorrateusingthetrained,EM andEW estimatesafter20 iterations.
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In Fig. 17 we show the word error rate (WER) (percentageof blocks detectedwith

errors) of the EW and EM algorithmsversusiteration. It is again clear that the EW

algorithm has a better performancethan the EM algorithm. This can also be seenin

Fig. 18, where we show histogramsof the estimationerrors (in dB) for the channel

probing,EW, andEM estimates,computedafter40 iterations.We seethatwhile only 3%

 Fig. 17. WER for the EW and the EM algorithms for an ensemble of 1,000
random channels.

0 5 10 15 20 25 30 35 40
0.06

10-1

100

EW

EM

ITERATION

W
E

R

 Fig. 18. Histograms of estimation errors for the EW and the EM algorithms over
an ensemble of 1,000 random channels.
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of the EW estimateshave an error larger than-16 dB, 35% of the EM estimateshave an

errorlargerthan-16dB. In fact,thehistogramfor theEW algorithmis verysimilar to that

of thechannelprobingestimates,which again shows thegoodconvergencepropertiesof

the EW algorithm.

It is alsointerestingto notein Fig. 18 thattheEM estimateshave a bimodalbehavior:

the estimationerrorsproducedby the EM algorithmaregroupedaround-11 dB and-43

dB. These groups are respectively better than and worse than the channel probing

estimates.This bimodal behavior can be explained by the fact that the EM algorithm

convergesto inaccurateestimatesvery often, leadingto large estimationerrors.On the

other hand, when the EM algorithm converges to accurateestimates,then the EM

estimatesare close to the MMSE estimates,which are better than thoseproducedby

channelprobing.However, aswe previously observed, the betterquality of the channel

estimateshasno signi®cantimpacton the BER performance:the equalizerbasedon the

channel probing estimates detected all transmitted sequences correctly.

4.4 Summary

In this chapter, we studiedsomeaspectsof the convergenceof the EM andthe SEM

algorithm.We showed that the EM andSEM estimatesafter misconvergencemay be a

shifted version of the channel.With that in mind, we proposedthe EW algorithm, a

modi®cationof the SEM algorithm that exploits the structureof the estimatesafter

misconvergenceto greatly decreasethe probability of misconvergence.We showed via

simulations that the EW algorithm has better convergence properties than the EM

algorithm when the initialization and/or the channel is random, yielding a better
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performanceboth in termsof BER andchannelestimationerror. In simulations,we also

comparedthe performanceof the EW algorithm to a systemthat estimatesthe channel

using channelprobing and knowledgeof the transmittedsymbols.We showed that the

performancegapbetweentheEW systemandtheonewith training is surprisinglysmall.

It shouldbe pointedout that the trainedestimatorsusedin this sectionare unrealistic,

since they assumeknowledge of the whole transmittedsequence.Therefore,the gap

between the EW and trained estimates should be even smaller in a practical system.
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CHAPTER 5

The Soft-Feedback Equalizer

In section2.3, the EM algorithm was shown to have three problems: slow

convergence,misconvergenceandhighcomputationalcomplexity, stemmingfrom needto

computeandinvert thea posteriorisampleautocorrelationmatrix de®nedin (19) and

from theuseof theBCJRequalizer. In chapter3, we proposedtheSEM algorithm,which

converges faster than the EM algorithm and does not require matrix inversion. In

chapter4, we proposed the EW algorithm, which decreasesthe probability of

misconvergence.In this chapter, we will addressthe remaining problem of the EM

algorithm:the complexity that resultsfrom usingthe BCJRalgorithmfor estimatingthe

transmitted symbol.

TheSEMandEW algorithmsarenot intrinsically tied to theBCJRequalizer, andmay

be usedwith any equalizerthat producessoft symbol information.With that in mind, in

this chapterwe proposethe soft decisionfeedbackequalizerwith priors (SFE), a low

complexity alternative to theBCJRalgorithmthatretainsmany of its attractive features.In

particular, it outputssoft informationin theform of anestimateof thea posterioriLLR. It

alsoexploitsa priori informationonthetransmittedsymbols,in theform a priori LLR l
p
k.

Thus, it is well suited for applicationssuch as turbo equalization(where the a priori

probabilitiesare provided by the channeldecoder),semi-blindsystems(in which the a

RÃa
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priori probabilities stem from the fact that some symbols are known), and iterative

equalization(in which the a priori probabilitiescomefrom a previous iteration of the

equalizer).

TheSFEwill bederived in a generalcontext, in which we assumetheavailability of

channelestimatesand a priori probabilities.That way, the SFE is not tied to a single

application, such as iterative channel estimation or turbo equalization.

5.1 Previous Work on Interfer ence Cancellation

Thereduced-complexity equalizationtechniquesproposedin [30-35],whicharebased

on linear ®ltersandexploit a priori information,have the structureshown in Fig. 19. In

this®gure,thereceivedsignalis ®lteredby a linear®lterf , whoseoutputcontainsresidual

ISI. Thea priori information is used to estimate and cancel this residual ISI.

Interferencecancellation(IC) proceedsas follows. Assume that, at time k, the

equalizerseeksto estimateak. Thea priori informationis usedto producesoft estimates

{ l ¹ k} of the interfering symbols{al ¹ k}, according to:

= E[a| l
p
l] = tanh( l

p
l Ú2) . (48)

If theseestimatesarecorrect,theireffecton theoutputof f canbeestimatedandcancelled

throughlinear ®lteringandsubtraction.Speci®cally, asshown in Fig. 19, an interference

l k

 Fig. 19. Interference canceller witha priori information.
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cancellerfeedsthe soft decisionsthrough a ®lter g, whoseresponseis relatedto the

residualISI at theoutputof f . Sincetheequalizeroutputwill beusedto estimateak, the

inßuenceof ak on the equalizeroutput should not be cancelled.Hence, the zero-th

coef®cientof g is constrainedto be zero. The equalizersof [30-35] chooseg underthe

assumption that its input symbol estimates are correct, yieldinggk = å lh l fk ± l whenk ¹ 0.

Sincethezero-thtapof g is zero, theequalizeroutputat time k, zk, is nota functionof

l
p
k. Thus,zk can only be usedto produceextrinsic information,which can be doneby

writing the equalizer output as

zk = Aak + vk, (49)

whereA = E[zkak] = å lh l f± l, andvk includestheeffect of channelnoiseandresidualISI.

Note that, from this de®nition,vk is independentof ak. The computationof the extrinsic

LLR l k from zk is easywhen vk is approximatedby a Gaussianrandomvariablewith

variance . In this case, we ®nd that

l k = 2Azk Ú . (50)

The full LLR at the equalizer output is then given byLk = l k + l
p
k.

The equalizersproposedin [30] and [31], which we refer to as decision-aided

equalizers(DAE), choosef under the assumptionthat the soft decisionsof (48) are

correct,which leadsto thematched-®ltersolution fk = h±k. In theequalizersproposedin

[32,34] andin oneof thosein [35], f is anMMSE-LE. This equalizerdependson l
p
k and

must be recomputedevery time instantk, resulting in a time-varying equalizer(TVE)

whosecomputationalcomplexity is quadraticin thenumberof equalizercoef®cients.Also

proposedin [32,35] are approximationsthat yield time-invariant ®lters f and g. In

s v
2

s v
2
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particular, the switched-equalizer(SE) strategy proposedin [35] choosesf as either a

traditional MMSE equalizeror a matched®lter (MF). A simple criterion to choose

betweenthesetwo equalizersis proposedthat dependson the quality of the a priori

information.In all cases[30-35], thecancellation®lterg is designedundertheassumption

that its input symbol estimates are correct, namelygk = å lh l fk ± l for k ¹ 0.

5.2 The Soft-Feedback Equalizer

We now proposethe SFE, a soft-output equalizationschemethat sharesmany

similaritieswith the interference-cancellationschemesof [30-35]; however, our approach

differs in two substantial ways:

· At time k, when computingzk, the previous equalizeroutputs{l k ± j : j > 0} are

known. With thesevalues,we may computethe full LLR Lk ± j = l
p
k ± j + l k ± j,

which providesa betterestimateof ak ± j than l
p
k ± j alone. Thus,insteadof using

k ± j to cancelinterference,we proposeto use k ± j = E[ak ± j| Lk ± j] for j > 0.

This is similar in spirit to theprinciplebehinda DFE.A DFE-basedsystemis also

proposedin [35]. However, the systemof [35] feedsbackharddecisionson the

equalizeroutput,withoutcombiningthemwith thea priori information,andit per-

formsworsethanthesystemswithout feedbackdescribedin section5.1.In [20], a

DFE wasproposedto beusedwith a priori information.However, it doesnot use

thea priori informationto cancelpost-cursorISI, andit computestheDFE coef®-

cients assuming correct decisions.

· As in [32-35], insteadof trying to cancelall the interference,we pass and

throughlinear ®lterswhosecoef®cients,alongwith f , arecomputedto minimize

aÄ a

ak aÄk
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theMSE E[| zk ± ak| 2]. However, following [39,45],we usea Gaussianapproxi-

mationto l
p
k and l k that leadsto time-invariantSFEcoef®cients,andhenceto a

per-symbolcomputationalcomplexity that is proportionalto thenumberof equal-

izer coef®cients, as opposed to the quadratic per-symbol complexity of the TVE.

Applying theabove two changesto Fig. 19 leadsto theproposedSFEstructureshown

in Fig. 20, where the ®lters g1 and g2 are strictly anticausaland strictly causal,

respectively, andthe®ltersf , g1 andg2 arechosento minimizetheMSE.Thethicker line

in the feedback loop represents the only actual change from Fig.19.

5.2.1  The SFE Coeff ic ients

Let the SFE outputzk be written as

zk = f Tr k ± gT
1 ± gT

2 , (51)

where f = [ , ¼ ]T, r k = [ , ¼ ]T, g1 = [ , ¼ g±1]T, g2 = [g1,

¼ ]T, = [ , ¼ ]T, = [ , ¼ ]T, thesuperscriptT

denotestranspose,andM1 andM2 determinethe lengthsof the®lters.Now, assumethat

E[ aj] = E[ aj] = E[ ] = 0 whenk ¹ j . Thisseemsreasonable,since and are

l k

 Fig. 20. The proposed SFE equalizer. The thicker line in the feedback loop
represents the only actual change from Fig.19.
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approximatelyequalto ak andthe transmittedsymbolsareuncorrelated.Then,asshown

in Appendix B, the values off , g1 andg2 that minimizeE[| zk ± ak| 2] are given by

f  = (HH T ± H 1H 1
T ± H 2H 2

T + s2I )±1h 0 (52)

g1 = (a1 ÚE1) H 1
T f (53)

g2 = (a2 ÚE2) H 2
T f , (54)

whereH  is theM ´ (M + m) channel convolution matrix:

H  = , (55)

M = M1 + M2 + 1, and

E1 = E[| | 2], (56)

E2 = E[| | 2], (57)

a1 = E[ ak], (58)

a2 = E[ ak]. (59)

The vector h 0 is the 0-th columnof H , wherethe columnsof H arenumberedas H =

[ , ¼ ]. Also, H 1 = [ , ¼ h ±1] andH 2 = [h 1, ¼ ]. Theconstants

A and , neededin (50) to computetheLLR l k from theequalizeroutput,areshown in

Appendix B to be given byA = f T h 0 and = A (1 ± A). Thus,

l k = 2 zk Ú(1 ± f T h 0). (60)

a1
2

E1
-------

a2
2

E2
-------

h0 h1 ¼ hm 0 0 ¼ 0

0 h0 h1 ¼ hm 0 ¼ 0
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0 ¼ ¼ ¼ h0 h1 ¼ hm
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Notethat,from thede®nitionsof and , at time k we only attemptto cancelthe

interference from theM1 future symbols and theM2 + m past symbols. However,

r k = H a«k + n k, (61)

wheren k = [ , ¼ ]T anda«k = [ , ¼ ]T. Thus,theoutputof

thelinear®lterf sufferstheinterferenceof ak ± j for j = ±M1, ¼ M2 + m. In otherwords,at

time k the output of f has residual interferencefrom the M1 future symbolsand the

M2 + mpastsymbols.This explainstheindex rangein thede®nitionof and . Also,

notethatg1 andg2 areproportionalto thestrictly causalandanticausalportionsof å lh l fk ±

l, wherethe constantsof proportionalitydependon the quality of and through

a1 ¤E1 anda2 ¤E2.

5.2.2  Comput ing the Expected Values

Exploiting symmetries,it is not hardto seefrom (56)-(59)thatE1, a1, E2 anda2 may

be computed by conditioning on ak = 1. In other words, E1 = E[| | 2| ak = 1],

E2 = E[| | 2| ak = 1], a1 = E[ | ak = 1], anda2 = E[ | ak = 1].

Now, assume thatl
p
k is computed from an equivalent AWGN channel with output

lk = ak + wk, (62)

where wk is AWGN with variance , assumedto be independentof the transmitted

sequence,the actualchannelnoiseand the equalizeroutputat time k [45]. Assuminga

BPSKalphabet,this meansthat l
p
k = gp lk, wheregp = 2 ¤ is proportionalto theSNRof

the equivalent channel that generatesl
p
k. Then, conditioning onak = 1, l

p
k ~ N(gp, 2gp), so

a1 = y 1(gp), (63)

E1 = y 2(gp), (64)

aÄk a k
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where

y 1(g) = E[tanh( u/2)], u ~ N(g, 2g), (65)

y 2(g) = E[tanh 2(u/2)], u ~ N(g, 2g). (66)

Unfortunately, thereareno closed-formformulasfor y 1(g) andy 2(g). However, theseare

well-behaved functions that may be tabulated or computed by simple numerical

algorithms.

Similarly, notethat Lk = l
p
k + l k. Now, considerthe Gaussianapproximationto l k in

(49) and(50), andlet ge = 2A2 ¤ be a parameterthat is proportionalto the SNR of the

equivalent channel that generatesl k. Then,

Lk = (gp + ge) ak + gpwk + gevk, (67)

so that, conditioning on ak = 1, Lk ~ N(gp + ge, 2 (gp + ge)). Thus, using the Gaussian

assumptions,E2 anda2 are given by

a2 = y 1(gp + ge) (68)

E2 = y 2(gp + ge). (69)

To computeE1, a1, E2 anda2, thevaluesof gp andge needto beestimated.Because

E[| l
p
k|

2] = + 2 gp, the ML estimate ofgp is

= . (70)

To determinege, we note that, as shown in Appendix B, A = f T h 0 and = A (1 ± A).

Thus, sincege = 2A2 ¤ , we have that

ge = 2 f T h 0 ¤(1 ± f T h 0). (71)
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Notethatwe needge to computeE2 anda2, but we needE2 anda2 to computege. To

®nd both simultaneously, we propose that, given an initial value forge, we compute:

f = (HH T ± H 1H 1
T ± H 2H 2

T + s2I )±1h 0, (72)

ge = 2 f T h 0 ¤(1 ± f T h 0). (73)

iteratively, until a stopcriterion is met.Theconvergebehavior of this iterative procedure

canbestudiedwith thesametechniquesusedin section3.2 to analyzethescalar-channel

estimator. Indeed,for a ®xed channel,noisevarianceandgp, the iterative proceduremay

beseenasa mappingfrom thevalueof ge at the i -th iteration,ge
i, to thevalueof ge at the

i+1-th iteration,ge
i+1. With thatin mind,considerFig. 21,whereweplot ge

i+1 asa function

of ge
i for gp = 0, h = [0.227 0.46 0.688 0.46 0.227], M1 = 10, M2 = 5, andSNR = 10 dB.

Also shown in Fig. 21 is the line ge
i+1 = ge

i. Sincethe iterative procedureconvergeswhen

ge
i+1 = ge

i, Fig. 21 suggeststheexistenceof a single®xed-pointfor this particularexample,

a1
2

E1
-------

y 1
2 gp ge+( )

y 2 gp ge+( )
------------------------------

 Fig. 21. Graphical analysis of the convergence of (72), (73): estimated value of
ge

i+1 as a function of its value at the previous iteration,ge
i.
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marked by a ´ . Furthermore,the dynamicbehavior of the iterative procedure,whenge is

initialized to zero, is illustratedin Fig. 21 by the dottedarrows. As seenin Fig. 21, the

algorithm is expectedto converge after 3 iterationsin this case.We have observed the

same fast convergence and unimodal behavior in all scenarios we have studied.

To summarize, the SFE coef®cients are computed as in the following pseudocode:

Estimate gp using (70);
Estimate ge using the iterative procedure in (72) and (73);
Compute E1, a1, E2 and a2 using (63), (64), (68), (69);
Compute the SFE coefficients using (52), (53), (54).

5.2.3  Special  Cases and Approximat ions

Thevaluesof gp andge areproportionalto theSNRof theequivalentAWGN channels

thatgeneratel
p
k andl k, respectively, andhencereßectthequalityof thesechannels.Based

on this observation, someinterestingconclusionsmay be drawn from a study of the

behavior of y 1(g), y 1(g) / y 2(g) andy 1
2(g) / y 2(g), which areplottedin Fig. 22 asa function

of g.

 Fig. 22. The behavior of y 1(g), y 1(g)/y 2(g), andy 1
2(g)/y 2(g).
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Consider, for instance,thecasein which gp or ge tendsto zero.It canbeshown that,as

g tendsto zero, the ratio y 1(g) / y 2(g) tendsto in®nity, as suggestedin Fig. 22. From

equations(53) and(54), this implies that thecoef®cientsof the interferencecancellersgo

to in®nity as the reliability of their inputs goesto zero. Hence,it seemsthat the less

reliablethesymbolestimates,themorewe try to canceltheir interference.However, this

observation is not true.In fact,undertheGaussianassumptionit is not hardto show that

the outputsof the interferencecancellersarezero-meanrandomvariableswith variance

(a1
2 / E1) and(a2

2 / E2) . It is alsopossibleto show thaty 1
2(g) / y 2(g) tends

to zeroasthe reliability g tendsto zero,assuggestedin Fig. 22. Thus,althoughthe®lter

coef®cientsgrow large,theoutputof the interferencecancellergoesto zeroin themean-

square sense, and in fact no interference cancellation is done.

Basedon Fig. 22, theanalysisabove,anda carefulinspectionof (52) ± (54), it canbe

shown that the SFE reduces to well-known equalizers for certain values ofgp andge.

· In the limit as gp and ge grow small, we have alreadyshown that no IC is per-

formed.Furthermore,since ÚE1 ® 0 as gp ® 0 and ÚE2 ® 0 as ge ® 0, f

reducesto a traditionalMMSE-LE. Therefore,in this case,the SFEreducesto a

conventionallinearMMSE equalizer. This is intuitively pleasing,sincesmall val-

uesof gp andgesuggestlow levelsof reliability, andin this casethereceiver is bet-

ter off not attempting any form of interference cancellation.

· In thelimit asgp ® 0 andge ® ¥ , theSFEreducesto a conventionalMMSE-DFE.

This is intuitive,sincesmallgp impliesunreliablepriors,andhencenocancellation

of precursorISI shouldbeperformed.Furthermore,largege impliesreliableequal-
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2
H 2

T f
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izer outputs,in which casepostcursorinterferencecan be effectively cancelled

using decision-feedback.

· In the limit asgp ® ¥ , theSFEreducesto a traditionalISI canceller. This is intui-

tive becausewhengp is large,theequalizerhasaccessto reliableestimatesfor all

interfering symbols.When the interfering symbolsare known, the interference

canceller is known to be optimal.

Theplot of y 1(g) / y 2(g) in Fig. 22alsoindicatesthatwecouldreplacea1 / E1 anda2 /

E2 by 1, an approximationthat is clearly accuratefor g> 0.1. To analyzethe effectsof

this approximationfor g< 0.1, we observe that the feedforward ®lter f , as well as the

varianceof the outputof the interferencecancellers,dependon a1
2 / E1 and a2

2 / E2. In

otherwords,we have to analyzethe impactof theapproximationon a1
2 / E1 anda2

2 / E2.

However, assuggestedin Fig. 22, the differencebetweeny 1(g) andy 1
2(g) / y 2(g) tendsto

zeroasg tendsto zero.Thus,a1
2 / E1 anda2

2 / E2 arecloseto a1 anda2, respectively, even

for unreliable channels.Therefore,approximatinga1 / E1 and a2 / E2 by 1 does not

greatlyaffect the equalizeroutput.The resultingapproximate®ltercoef®cientsare thus

computed as

f  = (HH T ± a1 H 1H 1
T ± a2 H 2H 2

T + s2I )±1h 0, (74)

g1 = H 1
T f, (75)

g2 = H 2
T f. (76)

It is interestingto noticethat,underthisapproximation,thecoef®cientsof theinterference

cancellersg1 andg2 arethosethat would be obtainedassumingcorrectdecisions.Thus,

the amountof interferencecancellationto be performedby the equalizeris controlled
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mostly by the amplitudeof the soft information, not by the interferencecancellation

coef®cients.

5.3 Performance Analysis

In this section,we presentananalysisof theperformanceof theSFEalgorithm,using

computersimulationsand theoreticalresultsbasedon the Gaussianapproximation.We

also compare the SFE to a traditional DFE.

We begin by showing the validity of the Gaussianapproximation.To that end, in

Fig. 23 we show the estimatedprobability densityfunction (pdf) of the SFEoutput, l k,

basedon the transmissionof 32,000bits throughthe channelh = [0.23 0.42 0.52 0.52

0.42 0.23] at SNR = 20 dB. TheequalizerhasM1 = 20, M2 = 15, andwe do not assume

thepresenceof a priori information,i.e., weassumel
p
k = 0 for all k. In this®gure,wealso

show the pdf of the LLR at the output of a Gaussianchannelwith SNR = f T h 0 ¤(1 ±

f T h 0), computed using the SFE parameters. As we can see, both pdfs are similar.

 Fig. 23. Estimated pdf of the SFE output, compared to the pdf of the LLR of an
AWGN channel.
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WemayusethefactthattheSFEoutputis similar to theLLR of anAWGN channelto

predicttheperformanceof theequalizer. In fact,sincetheSNRof theequivalentAWGN

channel isf T h 0 ¤(1 ± f T h 0), the BER at the SFE output should be close to

BERSFE = Q . (77)

To show the accuracy of this computation,we simulate the transmissionof 107 bits

throughthechannelh = [0.227 0.46 0.688 0.46 0.227], usingequalizerswith M1 = 10, M2

= 5. In Fig. 24,we show theBER performanceof theSFEcomputedthroughsimulations

and using (77). As we can see,the theoreticalcomputationin (77) gives a reasonable

predictionof theperformanceof theSFE,especiallyfor low SNR.However, we canalso

see that equation (77) is normally too optimistic.

f Th 0

1 f Th 0±
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è ø
ç ÷
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 Fig. 24. BER(theoreticalandsimulation)of anSFEwith noa priori information.
The BER of a DFE is also shown.
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In Fig. 24,wealsoshow theBERperformanceof aDFE.It is interestingto noticethat

as the SNR increasesthe performanceof the DFE and the SFE becomesimilar. This

agreeswith the previous analysis,which predictedthat the SFE becomesa DFE as the

SNRtendsto in®nity. It is alsointerestingto noticethattheSFEoutperformstheDFE for

SNRlessthan8 dB, while theDFE is betterthantheSFEfor SNRgreaterthan8 dB. This

indicatesthat, for this channel,thereis an SNR thresholdabove which soft information

becomestoo tentative, and the equalizeris better off using hard decisions.A similar

behavior wasobservedfor otherchannels.In fact,oursimulationsindicatethatif theSNR

at the SFE output, f T h 0 ¤(1 ± f T h 0), is greaterthan one, then the DFE performsbetter

thantheSFE.Unfortunately, a theoreticalcomputationof thisSNRthresholdcouldnotbe

determined for a general channel.

5.4 Summary

In this chapter, we proposedthe SFE, a low-complexity soft-outputequalizerthat

exploits a priori informationaboutthe transmittedsymbolsto performsoft interference

cancellation.The SFE achieves a compromisebetweenlinear equalization,decision

feedbackequalizationandinterferencecancellationby choosingtheequalizercoef®cients

accordingto thequality of thepriorsandof theequalizeroutput.SincetheSFEexploits a

priori  information, it may replace the BCJR equalizer in applications.

TheSFEdiffersfrom similar structures[30-35] in two ways.First, it successfullyuses

soft feedbackof theequalizeroutputsto improve interferencecancellation.In contrast,the

decision-feedbackstructureproposedin [35] performsworsethan its linear counterpart.
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Also, by assuminga statisticalmodel for the priors, we obtain a time-invariant, linear

complexity equalizer, asopposedto thequadraticcomplexity of theMMSE structuresin

[32-35].

We showed that the SFEcollapsesto well-known equalizersin limiting caseswhere

thea priori informationandtheequalizeroutputarevery reliableor very unreliable.We

conductedsimulationsdemonstratingthe validity of the Gaussianapproximationand

comparingtheperformanceof theSFEto aDFE.In thesesimulations,weshowedthatthe

SFEoutperformstheDFEfor low SNR.For highSNR,theperformanceof bothequalizers

is similar. For theintermediateSNRrange,theDFE outperformstheSFE,suggestingthat

soft informationmay be too tentative for this SNR range,andbetterresultsareachieved

with hardinformation.Thisbehavior wasalsoobservedin othersimulationsweconducted

for differentchannels,but we couldnot devisea generalstrategy to determinewhenhard

information yields better results than soft information.
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CHAPTER 6

Turbo Equalization with the SFE

Consider the turbo equalizer shown in Fig. 25, which is repeatedhere from

section2.2. As discussedin section2.2, the equalizerin a turbo equalizercomputesthe

LLR of the transmittedsymbols,L e, basedon the received samplesr andthe vectorof

extrinsic information l
e
, andotherwiseignoring the presenceof ECC. The vector l

e
is

usedby the equalizerasa priori informationon the transmittedsymbols;it feedsback

informationfrom the decoderto the equalizer, allowing the equalizerto bene®tfrom the

codestructure.Normally, the equalizerin a turbo equalizationschemeis implemented

with the BCJR algorithm.

In chapter5, we proposedtheSFE,anequalizerthatcomputesanestimateof LLR of

the transmittedsymbols,basedon the received samplesr and the vector of extrinsic

informationl
e
. Thus,theSFEis well-suitedfor applicationin turboequalization.In this

chapter, we study this application of the SFE.

 Fig. 25. Turbo equalizer.
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6.1 An SFE-Based Turbo Equalizer

An SFE-basedturboequalizeris obtainedby usingtheSFE,depictedin Fig. 20,asthe

equalizerin the turbo equalizationschemedepictedin Fig. 25. The resultingsystemis

depictedin Fig. 26. Note that the SFEcoef®cientsdependon the quality of the a priori

information.However, in a turboequalizer, thequalityof thea priori informationchanges

with iteration.Therefore,the SFEcoef®cientshave to be computedat the beginning of

every turbo iteration.In this section,we brießydescribeour implementationof theSFE-

based turbo equalizer.

First, the computationof the SFEcoef®cientsin a turbo equalizationcontext may be

simpli®ed.In the derivation of the SFE,we proposedto computethe parameterge using

the iterative proceduredescribedin equations(72) and(73). If we usedthis strategy in a

turboequalizer, we would have to repeatthe iterative procedurefor every turbo iteration.

However, we have observedthatthereis no needto this. In fact,theiterative procedurein

equations(72) and (73) may be usedonly in the ®rst turbo iterations.In later turbo

l k

 Fig. 26. An SFE-based turbo equalizer.
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iterations,we maycomputetheequalizercoef®cientsusingthevaluege from theprevious

turbo iteration.An updatedvalueof ge is thencomputedandpassedon to the next turbo

iteration.We have observedthatno performancelossis incurredif theiterative procedure

in equations (72) and (73) is used only in the ®rst turbo iteration.

Also, at the ®rst turbo iteration when gp = 0, we get E1 = a1 = 0. To avoid the

indeterminatea1 ¤E1 in (52)± (54), we arti®cially set E1 = 1, a1 = 0 for the initial

iteration.This is reasonablesince,at the®rstiteration,we do not want to performany IC

basedon the a priori probabilities.In fact, algorithmsbasedsolely on IC often have a

problemat the®rstturboiteration,whennoa priori informationis available.For example,

to solve thisproblem,[31] proposesthattheBCJRalgorithmbeusedfor the®rstiteration.

Notethat if we areusingtheapproximateSFEcoef®cientsin (74)-(76)theratio a1 ¤E1 is

nevercomputed,sothereis noneedto arti®ciallysetE1 = 1, a1 = 0 for theinitial iteration.

Finally, we have observed thata turboequalizermaybene®tfrom valuesof gp andge

morepessimisticthanthoseobtainedusing(70) and(71). Optimisticvaluesfor gp andge

may causethe equalizerto output valuesof l k that have the wrong sign but a large

magnitude,which may causethe turbo equalizer to converge slowly or to a wrong

codeword. Performancecanbe improved if gp andge areestimatedusingtheSEM scalar

channelestimatoranalyzedin section3.2,repeatedherefor convenience.If zk = Aak + vk

is theequalizeroutput,then,giveninitial estimates and , ge is computediteratively

using

AÃ0 sÃ0
2
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= ,

 = ,

 = , (78)

wherethe index i > 0 refersto the turbo iteration.If we replacezk by l
p
k in theequations

above,weobtainanestimatefor gp. Theinitial values and requiredto compute

are obtainedfrom the iterative proceduredescribedin equations(72) and (73). For

computing we set = 2 , which reßectsour initial approximationthat l
p
k is

consistentlyGaussian.A consistentlyGaussianrandomvariable is a Gaussianrandom

variable whose variance is equal to twice its mean.

6.2 Simulation Results

Wepresentsimulationresultsof turboequalizersbasedonseveraldifferentsoft-output

equalizers.In all the simulations,the transmittedsymbolsareencodeda recursive rate-

1 ¤2 convolutional encoderwith parity generator(1+ D2) ¤(1 + D + D2) followed by an

interleaver whoselength is equal to the block length. For thesesimulations,we also

assume that the channel parameters are known.

We begin by using the samesimulationscenarioas [35], in which K = 215 message

bits are encodedand transmittedthrough the channelh = [0.227, 0.46, 0.688, 0.46,

0.227], whosefrequency responseis shown in Fig. 27.TheequalizersuseM1 = 9, M2 = 5,

andtheSNRpermessagebit is Eb/N0 = (Es/R)/(2s2), wheres2 is thenoisevariance,R is

AÃi
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thecoderate(in this case1/2) andEs = is thesymbolenergy at thechanneloutput.

We have estimatedtheBER performanceasa functionof Eb/N0 of turboequalizersbased

on the BCJR algorithm, the SFE, the time-varying equalizer(TVE) from [35], and the

switchedequalizer(SE)from [35], after14 iterationsof theturboequalizer. We have also

estimatedthe BER performanceof the code in an AWGN channel,which does not

introduceISI. Theresults,shown in Fig. 28, areaveragedover 100 trials. As we cansee,

theproposedequalizerperformsalmostaswell astheTVE (quadraticcomplexity), while

its complexity is comparable to that of the SE (linear complexity).

In Fig. 28, it is also interestingto see that the performanceof all the equalizers

eventually approachesthat of the coded systemin an AWGN channel.Thus, turbo

equalizationallows for almostperfectISI removal. In otherwords,for largeenoughSNR,

turbosystemsmayoperateasif thechannelintroducedno ISI. Furthermore,in Fig. 28we

show the capacity limit, de®nedas the minimum Eb/N 0 required for error-free

 Fig. 27. Frequency response ofh = [0.227, 0.46, 0.688, 0.46, 0.227].
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transmissionusing rate 1/2 codesand BPSK transmission,as predictedby ShannonÕs

theory [46]. This limit was computedusing the techniquesproposedin [47]. For the

channelconsideredin this simulation,the capacitylimit is Eb/N 0 = 3.06 dB. As seenin

Fig. 28, the gap between the turbo-basedsystems and the capacity is not wide.

Furthermore, the BCJR-basedsystem behaves like an AWGN system for Eb/

N0 > 3.70 dB, suggestingthat the code,ratherthanthe ISI channel,is responsiblefor a

signi®cant part of this gap. In fact, the gap can be made narrower if better codes are used.

As seenin Fig. 28, the BCJR equalizeryields the bestperformanceamongall the

equalizers.Thereis, therefore,a trade-off betweentheaddedcomplexity of theBCJRand

its performancegain. To quantify this trade-off, in Fig. 29 we show the number of

operations(additionsandmultiplications)requiredby theBCJR-andtheSFE-basedturbo

equalizersto achieve a BER of 10±3 at a given Eb/N0. In this ®gure,we do not take the

decodingcomplexity into account,sincethis is commonto all equalizers.Furthermore,we

 Fig. 28. BER performance for the simulation scenario of [35].
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do not considerothercomplicatingfactorsof theBCJRalgorithm,suchasthesigni®cant

memoryrequirementsandthe constantuseof lookup tableto computeexponentialsand

logarithms.Even without taking thesefactorsinto account,we seein Fig. 29 that the

BCJR-basedturboequalizerrequires1.8timesasmany operationsastheSFE-basedturbo

equalizerto achieve a BER of 10±3 at Eb/N0 = 7 dB. Likewise, if we arelimited to 300

operations,the SFE-basedsystemcan operateat an Eb/N0 2.7 dB lessthan that made

possible by the BCJR-based system.

The performancegap betweenthe different techniquesis a strong function of the

channel.To seethis, we simulatethe transmissionof N = 211 encodedbits throughh =

[0.23, 0.42, 0.52, 0.52, 0.42, 0.23], whosefrequency responseis shown in Fig. 30.This is

the 6-tap channelthat causesmaximumperformancedegradationfor the ML sequence

detectorwhencomparedto thematched®lterbound[48]. We usedM1 = 15 andM2 = 10.

 Fig. 29. Complexity-performance trade-off.
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For eachvalueof Eb ÚN0 andevery 30 codewords,we checkedthetotal numberof words

detectedin error. If this number was greater than 100, we would stop running the

simulationfor thatvalueof Eb ÚN0. A maximumof 1000 codewordswastransmittedfor

eachEb ÚN0.

Theperformanceof theturboequalizersbasedonBCJR,DAE, SEandtheSFEfor the

simulationscenariodescribedabove is shown in Fig. 31, wherewe plot the BER versus

Eb ÚN0 for the turbo equalizers.The maximum numberof iterationsshown for each

schemeis thatafterwhich theequalizersstoppedimproving. It is interestingto noticethat,

for theDAE, errorpropagationis a problemfor Eb ÚN0 < 10 dB, asevidencedby its poor

performancein this SNR range.After this value,the performanceimprovesrapidly with

increasingEb ÚN0. It is important to point out that the ®rst turbo iteration for this

algorithmusesa BCJRequalizer, which precludesits applicationto channelswith long

memory. We can also seein Fig. 31 that the SFE is around2.6 dB better than the SE

 Fig. 30. Frequency response ofh = [0.23, 0.42, 0.52, 0.52, 0.42, 0.23].
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equalizerfor the samenumberof iterationsanda BER of 10±3. However, performance

cannotbefurther improvedwith theSEequalizer. On theotherhand,with theSFEa gain

of 0.65 dB is possiblewith 2 extra iterations,anda 1.4 dB gain is possiblewith 10 more

iterations.Onepossibleexplanationfor thisperformancegapis that,asseenin Fig. 30,the

channel used in this simulation introducessevere ISI. For such channels,decision

feedbackstructuressuch as the proposedalgorithm tend to perform better than linear

®lters.

The BPSK capacity limit for the simulation scenarioused to generateFig. 31,

computedusingthetechniquesproposedin [47], is Eb/N0 = 4.2 dB. Therefore,thegapto

capacityfor thisparticularchannelis largerthanthegapin Fig. 28,thusindicatingthatthe

gap to capacitydependson the channelcharacteristics.It shouldbe mentionedthat the

turbo systemsconsideredin Fig. 31 do approachthe performanceof an ISI-free system;

however, this happens at a low BER, for which we have no results.

 Fig. 31. BERperformanceof someturboequalizersfor h = [0.23,0.42,0.52,0.52,
0.42, 0.23]. The BPSK capacity limit for this scenario is Eb/N0 = 4.2 dB.
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Thechannelswe have consideredsofar have a fairly shortimpulseresponse.Usinga

BCJRequalizerfor thesechannelsis a feasibleoption, and thereis a trade-off between

someextra computationalburdenandsomeperformancegain.However, in channelswith

very long impulse responsesthe complexity of the BCJR equalizeris prohibitive, and

using this equalizeris no longeran option. To obtain the gainsof turbo equalizationin

channelswith long impulse responses,low-complexity equalizershave to be used.

Consider, for instance,themicrowave channelof [49]. For this example,we focuson the

44-tapsectionof this channel,correspondingto samples98 through141. Furthermore,

sincewe are using a BPSK modulation,we useonly the real part of the channel.The

resultingimpulseresponseis shown in Fig. 32, and the frequency responseis shown in

Fig. 33. For sucha long channel,the complexity of BCJR is roughly 247 additionsand

multiplicationspersymbolperiteration,andevenquadratic-complexity equalizerssuchas

 Fig. 32. Impulse response of microwave channel of [49].
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the TVE are too complex. In caseslike this, linear complexity equalizersare the only

feasiblechoice.Therefore,to usea turboequalizerfor this channel,we needto useeither

the SFE or the SE.

To determinethe performanceof the SFE- and SE-basedturbo equalizersfor the

microwave channel,we simulatethe transmissionof N = 211 encodedbits throughthis

channel.We usedequalizerswith M1 = 40 andM2 = 20. A maximumof 1000 codewords

wastransmittedfor eachEb ¤N0. For eachvalueof Eb ¤N0 andevery 30 codewords,we

checkedthetotal numberof wordsdetectedin error. If this numberwasgreaterthan100,

we would stop running the simulation for that value of Eb ¤N0. In Fig. 34, we plot

performanceof theturboequalizersbasedon theSEandtheSFE,in termsof BER versus

Eb ¤N0. In this ®gure,the gains of turbo equalizationare clear, as evidencedby the

performancegapbetweenthe®rstand8-th iterationof bothturboequalizers.We canalso

seethat the SFE-basedturbo equalizeroutperformsthe SE-basedturbo equalizer, with a

gap of 1.5dB for a BER of 10±3. The capacitylimit for the microwave channelis also

 Fig. 33. Frequency response of microwave channel of [49].
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shown in Fig. 34.However, sincethecomplexity of thetechniqueproposedin [47] grows

exponentiallywith channelmemory, computingtheBPSKcapacityis not feasiblefor this

channel.Therefore,we show the power-constrainedcapacity, computedusing water-

pouring[46]. As we cansee,theSFE-basedsystemhasa gapto capacityof around3 dB,

which can be made narrower if better codes are used.

6.3 The EXIT Chart

In this section,we describethe extrinsic informationtransfer(EXIT) chart,a design

tool for iterative systemssuchasturbo equalizers.We alsocomparethe EXIT chartsof

different equalizers.

The EXIT charts were originally proposedin [45] for the analysis of parallel-

concatenatedturbo codes,but they can also be usedfor turbo equalization.The idea

behindthesechartsis thattheequalizeror thedecoderin aniterative detectorcanbeseen

 Fig. 34. BER performance of the SFE- and SE-based turbo equalizers for the
microwave channel.
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asa block that mapsextrinsic informationat its input, l in , to extrinsic informationat its

output, l out. Furthermore,l in can be characterizedby a single parameter, the mutual

information betweenl in  and the transmitted symbols,I in . For a binary alphabet, we get

I in  = , (79)

wherepin (l | a) is the pdf of l in given that a was transmitted.The mutual information

betweenl out andthe input sequence,I out, maybesimilarly de®ned.Therefore,decoders

andequalizersin an iterative receiver may be seenasfunctionsTe andTd, respectively,

thatmapI in to I out, asdepictedin Fig. 35 for a turboequalizer. TheEXIT chartis aplot of

Te and/orTd.

For theequalizer, themappingfrom I in to I out is estimatedfor aspeci®cchannelanda

speci®cSNR. We assumethat l in is generatedfrom an AWGN channelwhosenoise

componentis independentof thechannelnoiseandthetransmittedsymbols,aswasdone

in (62). Under this assumption,l in can be generateddirectly, without regard for the

decoder. To computeI out, a long sequenceof channeloutputsanda priori informationis

generated,and the equalizeris used to producea sequenceof values l out. The pdfs

pout(l |1) andpout(l |±1) arethenestimatedbasedon histogramsof theequalizeroutput,

p i n l a( )log2

2 p i n l a( )

p i n l 1( ) p i n l 1±( )+
---------------------------------------------------------- ldòa 1±{ }Îå

I e
in

 Fig. 35. View of turbo equalization as an iterative application of mappings.
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andI out is obtainedfrom anumericalcomputationof theintegral in (79).Themappingfor

the decoderis estimatedin a similar fashion.The only differenceis that for the decoder

there is no channel output, only extrinsic information.

The EXIT chart can be used to graphically predict the behavior of the iterative

algorithm.To seethis,considerFig. 36,wherewe plot theEXIT charts(I e
out asa function

of I e
in) for the BCJR equalizer, the SFE and the SE. The chartswere obtainedfor the

channelgivenby h = [0.227, 0.46, 0.688, 0.46, 0.227], andfor anEb/N 0 = 5.1 dB, using

107 transmittedsymbols.We alsoshow I d
in (which is equalto I e

out ) asa function of I d
out

(which is equal to I e
in) for the recursive rate-1 ¤2 convolutional encoderwith parity

generator(1+ D2) ¤(1 + D + D2). Notethat I d
in = T ±1

d (I d
out ). Thus,theplot for thedecoder

canbeobtainedby switchingtheabscissaandtheordinatein thedecoderEXIT chart.The

iterative procedurefor the BCJR equalizer is representedby the arrows in Fig. 36.

 Fig. 36. The EXIT charts for the BCJR equalizer, the SFE and the SE atEb/N0 =
5.1dB andfor h = [0.227,0.46,0.688,0.46,0.227].Theßippeddecoder
chart is also shown.
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Initially, theequalizerhasnoextrinsic information,sothatI e
in = 0, soit producesanoutput

with I e
out = Te(0), representedby the ®rstvertical arrow. The decoderthen producesan

outputwith I e
in = Td(I e

out ), avaluethatcanbefoundgraphicallythroughthe®rsthorizontal

arrow. (Rememberthatfor thedecoderweplot I e
out = T ±1

d (I e
in).) With thisnew valueof I e

in,

the equalizerproducesa new value I e
out = Te(I

e
in), found with the secondvertical arrow.

The iterative procedure progresses in the same fashion in future iterations.

As seenin Fig. 36, for both the BCJRequalizerandthe SFEthe mutual information

tendsto a large value(closeto 1) asthe iterationsprogress,which implies a small BER

[45]. For theSE,however, themutualinformationstopsincreasingatasmallvalue,which

impliesa largeBER.Furthermore,weseethattheBCJR-basedturboequalizeris expected

to convergein 5 iterations,while theSFE-basedturboequalizeris expectedto convergein

6 iterations.Finally, we seein Fig. 36 that for no extrinsic information(I e
in = 0) the SFE

producesthesameI e
out astheSE.However, whenI e

in = 0 theSEchoosestheMMSE-LE.

These two observations indicate that the SFE performs like an MMSE-LE. This is

intuitively pleasing,since in the absenceof a priori information and with unreliable

equalizeroutputs (causedby the low SNR), the SFE should indeedbe similar to an

MMSE-LE. We canalsoseein Fig. 36 that,asthe reliability of theextrinsic information

increases,theSFE,theSEandtheBCJRequalizerproducethesameI e
out . Thisagreeswith

the analysis in section5.2.3 that showed that when the reliability of the extrinsic

informationtendsto in®nity, theSFEtendsto anMF with IC, which is theML receiver in

this case. (Remember that the SE is an MF when thea priori information is reliable.)
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The EXIT chartmay be usedto determinethe thresholdSNR for a turbo equalizer,

de®nedastheSNRabove which theturboequalizerconvergesto a smallBER,andbelow

which theturboequalizerdoesnot convergeto a smallBER.Fromtheiterative procedure

describedabove, it is clear that the turbo equalizerwill converge to a small BER if the

EXIT chartfor theequalizeronly intersectsthe inverteddecoderchartat a high valueof

themutualinformation.As seenin Fig. 36,theplotsfor theSEandthedecoderintersectat

a smallvalueof I e
in, yielding a largeBER.However, if we increasetheSNR,thecurve for

the SE will move up, so that the curves only intersectat a high mutual information,

resulting in a small BER. Thus, the value of SNR that makes the EXIT chart for the

equalizertouchthatof thedecoderat a singlepoint for a smallmutualinformationis the

SNRthresholdfor thatequalizer. Usingthisprocedure,wedeterminethethresholdfor the

BCJRequalizer, theSFEandtheSE.Theresultingthresholdsfor thechannelh = [0.227,

0.46, 0.688, 0.46, 0.227] are shown in Table2.

TheEXIT charthasanotherinterestingapplication,stemmingfrom the fact that they

may be generatedfor the equalizeranddecoderindependently. This allows for different

combinationsof codingandequalizationtechniquesto becompareddirectly, without the

needto simulatea turbo equalizerfor eachcombination.This propertyof EXIT charts

makes it useful for designing codes for turbo equalization [50].

Table  2: Threshold SNR for Some Equalizers

Equalizer type SNR Threshold (dB)

BCJR 3.4

SFE 4.5

SE 5.3
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6.4 Summary

In this chapter, we studiedtheapplicationof the SFEfor turboequalization.We ®rst

proposedsomemodi®cationsto the computationof the SFEcoef®cientsthat reducethe

computationalcomplexity of the systemandimprove its performance.We thenshowed,

throughsimulations,that an SFE-basedturbo equalizermay perform within 1 dB of a

BCJR-basedturbo equalizer, which has exponentialcomplexity in the memory of the

channel, and within 0.4 dB of a TVE-based turbo equalizer, which has quadratic

complexity in thememoryof thechannel.We showedthat theSFE-basedturboequalizer

consistently outperforms turbo equalizers based on other linear complexity equalizers.

We have also discussedEXIT charts,a tool for the designof iterative systems.We

have provided the EXIT chartsof the SFE and comparedthem with the chartsfor the

BCJRequalizerandtheSE.As expected,theSFEis seento performbetweentheSEand

the BCJR equalizer.
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CHAPTER 7

ECC-Aware Blind Channel Estimation

As we have discussedsofar, theprinciplebehindthesuccessof iterative techniquesis

that of exchanginginformationbetweenblocksso that at every iterationeachblock uses

information from other blocks to improve the reliability of its output. Within that

philosophy, in thischapterwecombineturboequalizersanditerativechannelestimatorsin

a singlesystemin which channelestimationis basedon thedecoderoutputinsteadof the

equalizeroutput.This way the channelestimatorbene®tsfrom thecodestructure,which

makes the decoderoutput more reliable than that of the equalizer, resulting in a blind

iterative ECC-awarechannelestimator. In a way, this is not very different from the EW

channelestimatorof chapter4, sincethecombinationof anequalizerandadecodercanbe

seen as a symbol estimator.

7.1 ECC-Aware Blind Estimation of a Scalar Channel

In this section,we explain the ideabehindECC-awarechannelestimationin simple

terms,by consideringascalarchannelasshown in Fig. 37.Giveninitial estimates 0 and

, theECC-ignorantapproachto estimatingthechannelgainA andthenoisevariances2

computes:

AÃ

sÃ0
2
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i + 1 = rk tanh( irk/ ), (80)

 = | rk ± sign(rk) i + 1| 2. (81)

Theideabehindtheseequationsis that2 irk/ is anestimateof theLLR of thechannel

input ak, which is equalto 2Ar k / s2 if only the channelis taken into account.We may,

however, obtainabetterestimatefor thisLLR by takingthecodeinto account.Thiscanbe

done by considering the output of the BCJR decoder. In this case, we may estimate

i + 1 = rk tanh( l k/2), (82)

 = | rk ± sign(l k) i + 1| 2. (83)

7.2 ECC-Aware Blind Estimation of an ISI Channel

In this section,we proposean ECC-aware blind channelestimatorfor a general

channel.The applicationof the principle discussedin the previous sectionto a channel

that introducesISI is not straightforward. After all, whendiscussingturbo equalization,

we saw that it is hardto obtaintheAPPon thetransmittedsymbolswhile takingthecode

structureinto account.However, we also saw that turbo equalizersmay producean

approximationto this APP. In fact, oneimportantaspectof turbo equalizersis that they

l k

 Fig. 37. A simple encoded scalar channel.
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provide soft estimatesof the transmittedsequencethat bene®tfrom the ECC code

structure,andaremuchmorereliablethanthe estimatesprovided by an equalizeralone.

Its seemsnaturalthatusingthis informationfor channelestimationshouldprovide better

resultsthanusingECC-ignorantsymbolestimates,asis donein Fig. 5. Thus,we propose

thechannelestimatorof Fig. 38, in which thesymbolestimatorin Fig. 5 is replacedby the

turbo equalizer of Fig.3.

Theproposedestimatorof Fig. 38 iteratesbetweenthreeblocks:achannelestimator, a

soft-outputequalizer, anda soft-outputECC decoder. A receiver would have to perform

thesefunctionsanyway, sotheir presencealonedoesnot imply any addedcomplexity; the

only addedcomplexity is dueto thefactthatthesefunctionsareperformedmultiple times

as the algorithm iterates.

It is instructive to comparethe proposedestimatorwith a conventionalreceiver that

performschannelestimationjust once,thenusestheseestimatesin a turboequalizer. The

proposedestimatorcan be derived from this receiver by making just one modi®cation:
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rather than using the initial channelestimatesfor every turbo iteration, the proposed

receiver occasionallyimproves the channelestimatesbasedon tentative soft decisions.

Speci®cally, every J -th iteration of the turbo equalizer, the soft-symbol estimates

producedby the ECC decoderareusedby the EW algorithmto producebetterchannel

estimates,whicharethenusedfor thenext J iterations.Key to thegoodperformanceis the

fact that the a priori informationfor the turbo equalizeris not initialized to zeroafter J

iterationsof the turbo equalizer. Instead,extrinsic information from the last instanceis

usedas the initial a priori information in the next one. The choice of J is a design

parameter that can affect convergence speed, steady-statebehavior, and overall

complexity. Becauseof the low complexity of the channelestimator relative to the

complexity of the equalizerandECC decoder, we have found empirically that J = 1 is a

reasonablechoice. With this choice, each time the ECC decoder passesextrinsic

informationto the equalizer, the channelestimatesaresimultaneouslyimproved.This is

only marginally morecomplex thana conventionalreceiver that usesturbo equalization,

but the performance improvement that results can be signi®cant.

Onecomplicatingfactorfor ECC-awareblind channelestimatorsis thepresenceof the

interleaver. As is well-known [7], theoutputof a blind equalizer, or of anequalizerbased

on a blind estimator, is a delayedversionof the channelinput, andthis delaycannotbe

compensatedfor blindly. However, if a delayedsequenceis fed to the deinterleaver in

Fig. 38, the decoderinput will be practically independentof the encoderoutput. In this

case,thedecoderoutputwill alsobepracticallyindependentof thechannelinput, so that

the channelestimatesare almostzero.Thus, if a delay is presentthe blind ECC-aware

channelestimatorfails.As seenin chapter4, theEW algorithmexploits theknowledgeof
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the channelmemoryto estimatethis delay. In this chapter, we assumethat the channel

memory is known, so the delay problem is not considered.This memory has to be

estimatedin practice.If this estimateis not accurate,the delaywill have to be estimated

using some nonblind technique.

7.3 Simulation Results

In this section,we presentsimulationresultsof a systemwith ISI. We comparethe

performanceof the blind ECC-aware systemto one with channelknowledge.We also

compare the performance of the ECC-aware and ECC-ignorant estimators.

We begin by comparingthe performanceof the blind schemeto a turbo equalization

schemewith channelknowledge.Thechannelis givenby h = [1 0.9 0.8], andtheBCJR

algorithmis usedto provide estimatesof the LLR of the channelinput a . The generator

polynomial for the channelencoderis P(D) = (1 + D2) / (1 + D + D2). The channeland

noise variance estimatesare initialized to what we call an impulsive initialization:

and = [ , 0, ¼ 0]. This initializesthechannelto asingle-

tapgain,andinitializesthenoiseto aninitial SNRof 0 dB, while keepingthevaluesof

and consistentwith thereceivedenergy. Fig. 39 shows theBER versusEb/N 0 for the

blind schemeandfor a turboequalizerwith channelknowledge.Theresultsareanaverage

of the transmissionof 320 blocks of 2048 messagebits each.The advantagesof ECC-

awarechannelestimationareclear. We canseethat the large gap betweenthe blind and

non-blind schemes at one iteration is reduced to virtually nothing at seven iterations.
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It is also worthwhile to comparethe performanceof the ECC-aware and the ECC-

ignorantchannelestimates.To thatend,we run thesameexperimentasbefore.However,

for theECC-ignorantestimator, thechannelis estimatedwith theequalizeroutput,andno

ECCdecodingis performed.In Fig. 40,weplot theestimationerrorversusEb/N0 for both

theseestimators,wherethe solid lines representthe errorsafter nine iterationsand the

dottedlines representthe errorsfor previous iterations.We canseethat the ECC-aware

estimator yields a gain of about4 dB when compared to the ECC-ignorant estimator.

 Fig. 39. Comparison between ECC-aware blind channel estimation and channel
knowledge in turbo equalization.
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7.4 Study of Convergence

To studythe convergenceof the ECC-awarechannelestimator, andto compareit to

the ECC-ignorantestimator, we will use both thesealgorithms to estimaterandomly

generatedchannels.We declarea channel to be successfullyestimatedif the turbo

equalizerbasedontheseestimatescorrectlydetectsthetransmittedcodeword,withoutany

errors.

By de®ninga successfulchannelestimateasthatwhich yieldsno errors,anattemptto

estimatea channelmay fail not becauseof an intrinsic convergenceproblemwith the

estimationalgorithm,but ratherbecauseof misconvergenceof theturboequalizer. In fact,

it is known thatthereareÒbadÓsequencesfor a turbosystem,whichcausemany detection

errors.For example,in thetransmissionof say1,000informationbits with a BER of 10±3

 Fig. 40. Comparison between ECC-aware and ECC-ignorant blind channel
estimation.
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usingturbodetection,oneis not to expectonebit errorateveryblock,but ratheroneblock

with around200 bit errorsevery 200 blocks.In otherwords,someof the failuresin the

randomchannelexperimentare due to theseÒbadÓchanneloutputs,not to an inherent

convergenceproblemwith theblind channelestimator. In thatsense,wemustcomparethe

success of the blind algorithm with the success of the algorithm with channel knowledge.

We basedour analysison the randomchannelexperiment,in which a set of 400

informationbits weregeneratedandencodedusinga rate1/4 seriallyconcatenatedturbo

code consisting of two recursive systematic convolutional codes with generator

polynomialP(D) = (1 + D) / (1 + D + D2), andan interleaver betweenthe encoders.The

resulting encodedsequencewas then interleaved and transmittedthrough a 5-tap ISI

channel. We have conducted 1,000 such experiments, in which the channel, the

transmittedand noise sequences,and the interleavers were generatedrandomly. The

channelcoef®cientsin particularare generatedaccordingto h ~ N(0,I ). The signal to

noiseratio waskeptconstantat Eb/N0 = 2 dB. Thenoisevarianceandchannelestimates

were initialized with an impulsive initialization.

For the ECC-ignorant case, we obviously cannot expect that the WER after

equalizationbe zero.However, we may usethe estimatesprovided by the ECC-ignorant

estimatorin aturboequalizationsetting.In thiscase,thechannelestimatesarenotupdated

astheturboequalizeriterates.WemaythenconsideranECC-ignorantchannelestimateto

besuccessfulif theturboequalizerbasedon this estimateproduceszeroerrors.Thus,the

successof the ECC-ignorantestimatorwas measuredby running a turbo equalizerthat

usesECC-ignorantestimates,whichwereobtainedafter30 iterationsof theECC-ignorant

channelestimator. In Fig. 41 we plot the word-errorrate(WER) versusiterationfor the
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ECC-aware and ECC-ignorantblind schemes,and for a turbo equalizerwith channel

knowledge,henceforthreferredto simply as turbo equalizer. We say that the algorithm

produceda word-error at a given iteration if its output did not coincide with the

transmittedcodeword. This plot highlights the dramaticneedfor ECC-aware channel

estimation.We seethattheECC-ignorantestimatesarevery poor, andthatthecodeis not

ableto compensatefor this estimationerror, yielding a high WER. This plot alsoshows

the fact that the WER of the blind schemeis not 0% not only becausethe blind channel

estimatormay fail, but also becausethe turbo detectionmay fail. In fact, the turbo

equalizerpresentsa WER of 3.5%, when comparedto a WER of 8.6% for the blind

scheme.Whatis evenmoreinterestingis thattheblind schemedoesnot fail whenever the

turbo equalizerfails. Even thoughthis is true for 34 out of the 35 channelsin which the

turboequalizerfails, for onerunof thisexperimenttheblind schemewasableto correctly

detect the transmitted codeword while the turbo equalizer was not.

 Fig. 41. Word-error rate (WER) across different channels.
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7.5 Initialization

Oneobviousissuethatarisesfrom theconsiderationsin theprevioussectionis thatof

initialization. Onemay wonderwhethersomefailuresof the blind algorithmcould have

beenavoided if the channelestimateswere initialized to a value closer to the actual

channelthantheimpulsive initialization.Anotherpossibleadvantageof goodinitialization

is fasterconvergence,hencelower complexity. As seenin Fig. 41, theblind schememay

take longer to converge than the turbo equalizerwith channelknowledge.Thus thereis

room for improving speedof convergence,andthis may conceivably be achieved with a

smart initialization.

In this section,we explore theuseof thecumulantmatrix subspace(CMS) algorithm

[51] to initialize theECC-awareblind estimator. Thisalgorithmbelongsto aclassof blind

channelestimatorsthatexploits thehigher-orderstatistics(HOS)of thereceivedsignalto

provide a generally simple and closed form channelestimate.Thesealgorithms are

generally used to initialize other HOS blind algorithms that provide better channel

estimates,but are more complex and more prone to misconvergence,requiring good

initialization. Given the intendeduseof CMS, it seemsnaturalto usethis algorithm to

initialize iterative channel estimators.

Beforestudyingtheimpactof aCMSinitialization in ECC-awareestimation,weagain

show moreevidenceof thebene®tsof exploiting thecodestructurefor channelestimation.

We do thatwith thesameexperimentusedin generatingFig. 40, i.e., 320blocksof 2048

bits each are encodedwith a rate 1/2 recursive systematicconvolutional code with

generatorpolynomialP(D) = (1 + D2) / (1 + D + D2), interleavedandtransmittedthrough

achannelgivenby h = [1 0.9 0.8]. TheBCJRalgorithmis usedto provideestimatesof the
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LLR of the channelinput a . This time, the channeland noise varianceestimatesare

initialized with estimatesprovided by the CMS algorithm. In Fig. 42 we show the

estimationerrorof theCMS algorithmandof theECC-awareestimatorafter9 iterations

(solid lines), aswell as for the iterationsin-between(dottedlines). It is clear that using

ECC-aware estimationafter the CMS algorithm greatly improves the estimates,with a

signi®cant gain of7 dB of Eb/N 0 for estimation errors of±20 dB.

To study the impact of CMS initialization on the convergenceof the ECC-aware

estimator, we repeattherandomchannelexperimentusedto generateFig. 41, in which in

which a set of 400 information bits were encodedusing a rate 1/4 serial concatenated

turbo code consistingof two recursive systematicconvolutional codeswith generator

polynomial P(D) = (1 + D) / (1 + D + D2), and transmittedthrougha channelgenerated

accordingto h ~ N(0,I ), with an Eb/N0 of 2 dB. We test threedifferent initialization

strategies, the impulsive initialization, initialization with CMS and a third strategy that

 Fig. 42. Comparison between CMS and ECC-aware blind channel estimates.
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consistsof initializing the equalizeroutput to sign(rk), i.e., we make decisionson the

transmittedcodeword ignoring noise and ISI. In other words, at the ®rst iteration the

channelis estimatedwith sign(rk) replacing tanh . The resulting WER for these

initialization strategies is shown in Fig. 43. As we can see, even though the CMS

algorithmcancertainlyhelp theconvergenceof theECC-awareestimatorat high SNR,it

is not very helpful at low SNR. This happensbecauseCMS operatesin the uncoded

domain,soin our exampleit ÒseesÓanSNRof ±4 dB. In otherwords,in theregion where

theECC-awareestimatoris mostuseful,thelow SNRregion,CMS is not ableto produce

reliable channel estimates.

L k
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æ ö

 Fig. 43. WER for different initialization strategies.
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7.6 Turbo Estimator

In this section,we provide simulation resultsthat show that the SFE and the EW

algorithmmay be combinedto form the turbo estimator(TE), a linear-complexity ECC-

awareblind channelestimator. In fact,asseenbefore,usinganequalizerfor ECC-aware

estimationis not signi®cantlydifferent than using an equalizerfor turbo equalization.

Sincethe SFEcanbe usedfor turbo equalization,it shouldbe no surprisethat the SFE

may be used for ECC-aware estimation.

To assesstheperformanceof theTE, we simulatedthesamescenariousedin Fig. 28,

i.e., 100blocksof K = 215 messagebits wereencodedwith a rate1/2 recursive systematic

convolutional code with generatorpolynomial P(D) = (1 + D2) / (1 + D + D2). The

resultingcodewordswasinterleavedandtransmittedthroughthechannelh = [0.227, 0.46,

0.688, 0.46, 0.227]. The SFE used M1 = 9, M2 = 5, and the channelestimateswere

initialized with the impulsive initialization. The resultingchannelestimationerrorsare

shown in Fig. 44, while the BER performanceof this systemis shown in Fig. 45. It is

interestingto seethat thechannelestimationerrorstopsimproving at 15 iterations,while

the BER performancecontinuesto improve until the 25-th iteration.ComparingFig. 28

andFig. 45, we seethat theTE performsaswell asthesystemwith channelknowledge,

although the TE converges more slowly.



95

 Fig. 44. Channel estimation errors for the SFE-based ECC-aware blind channel
estimator.
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 Fig. 45. BERperformanceof theSFE-basedECC-awareblind channelestimator.
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7.7 Summary

In this chapter, we proposedan ECC-aware blind channelestimator, an iterative

channelestimatorthatbene®tsfrom thepresenceof coding.We providedexamplesof the

good quality of ECC-aware estimates.For instance,we showed that a turbo equalizer

usingECC-awareestimatesmayperformalmostaswell asa turboequalizerwith channel

knowledge. We also comparedECC-aware estimatesto ECC-ignorantestimates,and

showed that a gain of as much as 7 dB is possiblefor an estimationerror of -20 dB.

Furthermore,we showedthatsystemsbasedon ECC-awareestimatesmayoperateat very

low SNR, whereECC-ignorantestimatesyield poor performance.Finally, we proposed

the turbo estimator, a linear-complexity ECC-awarechannelestimatorbasedon the EW

algorithm of chapter4 and the SFE of chapter5. We showed that the SFE-basedECC-

aware estimator retains all the desirable properties of the BCJR-based estimator.
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CHAPTER 8

Conclusions

8.1 Summary of Contributions

In this work, we proposedand analyzedlinear-complexity techniquesfor iterative

channelestimationandequalization.Becauseof the way thesetechniquesaredesigned,

they maybene®tfrom thepresenceof ECC,andhencemaybeusedfor turboequalization

and ECC-aware channel estimation.

In chapter2, theproblemof blind channelestimationfor acodedsystemis introduced.

A maximum-likelihood estimatoris prohibitively complex, so this problemis normally

divided in three subproblems:channel estimation, equalization and decoding. We

discussedthedivide andconquerapproach,in which eachof thesesubproblemsis solved

independently. We also discussedturbo equalizersand the EM algorithm. Theseare

iterative algorithmsthatprovide approximatesolutionsto otherwiseintractableproblems:

respectively, joint decodingandequalizationfor known channels,andjoint estimationand

equalization for uncoded systems.

Turbo equalizersand the EM algorithm provide betterperformancethan their non-

iterative counterparts.Combining them into an iterative receiver that provides channel

estimatesthatbene®tfrom thepresenceof ECCis almoststraightforward.However, these

techniquessuffer from complexity andconvergenceproblems.Thegoalof this thesiswas
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to proposea systemwhoseper-symbolcomputationalcomplexity grows linearly with the

number of coef®cients in the system. The proposed system is less prone to

misconvergence than systems based on the EM algorithm.

In chapter3, we proposedthe SEM algorithm,a linear complexity channelestimator

[20] that performsalmost as well as the EM algorithm, whosechannelestimatorhas

quadraticcomplexity. More importantly, theSEM is not intrinsically tied to anequalizer,

so furthercomplexity reductionis possibleif theBCJRequalizerin theEM algorithmis

replacedby a lower-complexity equalizer. We presenteda detailedanalysisof the SEM

algorithmfor a scalarchannel,andcomparedthe performanceof the SEM andthe EM

algorithmfor channelsthat introduceISI. Simulationsestablishedthat theperformanceis

not signi®cantly degraded with the SEM algorithm.

In chapter4, we studiedtheconvergenceissuesof theEM algorithm.We showedthat

in somecasesof misconvergenceof the EM algorithm, the resultingchannelestimates

maybeseenasshiftedversionsof theactualchannel.With this observation in mind, we

developed the EW algorithm, a linear complexity channel estimator with better

convergence properties than the EM algorithm [20].

In chapter5, we addressedthecomplexity of theBCJRequalizer, which is usedin the

EM algorithm and in turbo equalizers.We discussedtechniquesthat replacethe BCJR

equalizerby a linear equalizerand an ISI canceller. The output of the linear equalizer

contains residual ISI, which is removed by the ISI canceller using the extrinsic

informationat theequalizeroutput.Most of thetechniquesproposedin theliteraturehave
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quadraticcomplexity. Somelinear-complexity techniqueshave also beenproposed.We

proposedthe SFE, a linear-complexity soft-outputequalizerthat is suited for iterative

applications [52] and that outperforms existing linear-complexity equalizers.

In chapter6, westudiedtheapplicationof theSFEin turboequalization.Wediscussed

someissuesarising in this application,and we showed that the SFE outperformsother

linear-complexity equalizersin this context. We alsodiscussedEXIT charts,andshowed

the charts of various equalizers.

Finally, in chapter7, we proposedthe turbo estimator(TE), an ECC-awarechannel

estimatorthat usesthe fact that the transmittedsequencewasencodedto improve blind

andsemi-blindchannelestimates.TheseECC-awarechannelestimatorsmaybeseenasa

combinationof theEM or EW algorithmwith a turboequalizer. Therefore,usingtheSFE

for equalizationweobtaina linear-complexity ECC-awareestimator[17]. Weshowedthat

ECC-awareblind estimatesmayyield a BER performancesimilar to thatof systemswith

channelknowledge.We also showed that ECC-aware blind estimatesallow systemsto

operateat anSNRsolow thatotherECC-ignorantblind estimatorsfail. Becauseof these

observations,ECC-awareblind estimatorsmaybeessentialfor blind systemsto enjoy the

full bene®ts of turbo equalization.
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8.2 Directions for Futur e Research

Even though the EW algorithm improves the convergenceof the iterative channel

estimator, thereis still a nonzeroprobability that the estimatorwill not converge to the

correctchannelestimates.A betterunderstandingof the reasonsfor misconvergenceis

needed,and a globally convergent blind iterative channel estimator is yet to be

determined.

The performanceof iterative schemesis hardto determine,which hasmotivatedthe

developmentof approximateanalysistools suchas the EXIT charts.However, most of

these tools are based on simulations. A purely theoretical tool would be of interest.

WhencomparingtheSFEto a DFE, we have observedthatsometimeshardfeedback

givesbetterperformancethansoft feedback,andsometimesthereversehappens.A deeper

investigation of this behavior should be conducted.For instance,one could try to

determinein which caseshard information works better than soft information, and in

which cases the reverse happens.

The techniquesproposedin this researchweretestedon generalsimulationchannels.

It would be interestingto test them in real world applications.One possibility that is

currently under investigation in the CommunicationTheory ResearchGroup at the

Georgia Institute of Technologyis the use of the SFE for equalizationin magnetic

recordingchannels.In magneticrecordingsystems,thereceivedsignalis normally®ltered

with a linear equalizerso that the cascadeof the channeland the equalizerhasa given

impulseresponse.Normally, this impulseresponseis shortenoughthata BCJRequalizer

may be used.However, as the recordingdensity increases,so doesthe length of the

impulseresponseof thecascadeof thechannelandtheequalizer. Furthermore,the linear
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equalizer introduces some noise enhancementand does not bene®t from turbo

equalization.The systemunderinvestigation would replacethe linear equalizerand the

BCJR equalizerby a single SFE. It is expectedthat the SFE-basesystemmay even

outperformthe BCJR-basedsystem,sincethe latter suffers from the noiseenhancement

introduced by the linear equalizer.

Finally, it is awell-known factthatblind channelestimatorscannotaccountfor delays.

In otherwords,thesequenceat theblind-equalizeroutputmaybea delayedversionof the

transmittedsequence.If a delayedsequenceis fed to the deinterleaver, the resulting

sequencewill beuncorrelatedto thedecoderoutput.In this work, this delayissuedid not

arisesinceweassumedthechannellengthto beknown. In practicalapplications,however,

this assumptionis usually false.Therefore,a techniquefor resolvingthe delaymustbe

found.
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APPENDIX A

Computing Hard Scalar-Channel Estimates

Considera scalarchannel,wherethe received signalis written asrk = A ak + nk. As

seenin chapter3, whenhardinformationis usedfor estimatingthe gain andvarianceof

this channel,we obtainthe following asymptotic(asthenumberof observationstendsto

in®nity) estimates:

= E , (84)

 = E . (85)

In thiscase,it is possibleto ®ndclosedform formulasfor and . In thisappendix,we

derive these formulas. For notational convenience, letl k = A rk ¤s2.

The formulasare particularly simple for , and may be expressedin closedform

even if the gain is estimated using soft decisions.In fact, we may write

= E[| rk ± sign(l k )| 2]

= E[| rk| 2] ± 2 E[rk sign(l k )] + E[sign(l k )2]

= A2 + s2 ± 2 hard  + , (A-1)
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where hard is thechannelestimatecomputedwith hardinformation,whoseformulawe

derive in the sequel. For notational convenience, we drop the iteration index i + 1. Thus,

hard =E[rk sign(l k )]

= E[E[ rk sign(l k )| ak]]

= E[E[ rk sign(l k )| ak = 1]] + E[E[ rk sign(l k )| ak = ±1]]. (A-2)

Dueto thesymmetryof thedistributionsinvolved,aswell asthesymmetryof thedecision

function, both expected values in equation (A-2) are the same, so we may write

= E[E[ rk sign(l k )| ak = 1]].

= AE[sign( A + nk)] + E[nk sign( A + nk)]

= AE[sign( A + nk)] + E[ nk sign(A + nk)], (A-3)

where the last equality follows from the fact that  > 0, so thatsign( x) = sign(x).

The ®rst term in (A-3) can be written as

E[sign( A + nk)] = 1 Pr[ A + nk > 0] ± 1 Pr[ A + nk < 0]

= 1 ± 2 Q . (A-4)

Likewise, the second term of equation (A-2) can be written as

E[nk sign(A + nk)] =

 = . (A-5)
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= A ± 2 A Q + , (A-6)

concluding our derivation.

Now it is well known that

Q(x) £ . (A-7)

Thus, rewriting (A-6) as

= A ± 2 A , (A-8)

andapplyingtheboundin (A-8) with x = A / s , we obtainthatå ³ A, sothat thechannel

gain is always overestimated.

Also, notethatif hardinformationis usedfor estimatingthenoisevariance,we obtain

= A2 + s2 ± from (A-1). Now note that is the expectedvalue of a positive

number, and henceis itself a positive number. Thus,A2 + s2 ± ³ 0. Combiningthe

inequalities, we ®nd that

³ ³ A (A-9)

if  is computed with hard information.
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APPENDIX B

Computing the SFE Coefficients

To ®nd the values off , g1 andg2 that minimizeE[| zk ± ak| 2], we rewrite (51) as

zk = xTyk, (B-1)

whereyk = [ , , ]T andx = [fT, ±gT
1 , ±gT

2 ]T. Then, the MSE may be written as

E[| zk ± ak| 2] = E[| xTyk ± ak| 2]

= xT E[ yk yT
k ]x ± 2xTE[yk ak] + E[| ak| 2]. (B-2)

From (B-2), it is easy to see that the MMSE solution satis®es

E[ yk yT
k ]x = E[yk ak], (B-3)

which can be rewritten, using the de®nition ofyk andx, as

 = . (B-4)

Now, assumethat E[ aj] = E[ aj] = E[ ] = 0 when k ¹ j . This seems

reasonable,since and areapproximatelyequalto ak andthe transmittedsymbols

are uncorrelated.Furthermore,assumethat E[ ] = 1. Using theseassumptionsand

(61), which states thatr k = H aÕk + n k, we ®nd that the MMSE coef®cients satisfy
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 = , (B-5)

whereE1 = E[| | 2], E2 = E[| | 2], a1 = E[ ak], anda2 = E[ ak]. Thevectorh 0 is

the0-th columnof H , wherethecolumnsof H arenumberedasH = [ , ¼ , ].

Also, H 1 = [ , ¼ h ±1] andH 2 = [h 1, ¼ ].

The last two block-rows in (B-5) yield

g1 = (a1 ¤E1) H 1
T f (B-6)

g2 = (a2 ¤E2) H 2
T f . (B-7)

Using these values, the ®rst row of (B-5) may be written as

(HH T+ s2I ± H 1H 1
T ± H 2H 2

T )f  = h 0, (B-8)

yielding

f  = (HH T ± H 1H 1
T ± H 2H 2

T + s2I )±1h 0, (B-9)

which completes the derivation of the SFE coef®cients.

Finally, assumethatzk = Aak + vk, whereA is a gain andvk anequivalentnoisewith

variance , assumedto be Gaussianand independentof ak. In this case,A = E[zkak].

Using (B-1), this yields A = xTE[ ykak]. However, as seen in (B-5), E[ ykak] =

[ , 0T, 0T]T. Thus, sincex = [fT, ±gT
1 , ±gT

2 ]T, we have that

A = fTh 0. (B-10)

H H T s 2I+ a1H 1 a2H 2

a1H 1
T E1I 0

a2H 2
T 0 E2I

f
g1±

g2±

h 0

0
0

aÄk ak aÄk ak

h M 1± h M 2 m+

h M 1± h M 2 m+

a1
2

E1
-------

a2
2

E2
-------

a1
2

E1
-------

a2
2

E2
-------

s v
2

h 0
T
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Furthermore,E[ ] = A2 + . However, using (B-1), we may write E[ ] =

xT E[ yk yT
k ]x. Then, using (B-3), we get thatE[ ] = xTE[ ykak] = A. Thus,

 = A ± A2. (B-11)

zk
2

s v
2 zk

2

zk
2

s v
2
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