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CHAPTER 1

I N T R O D U C T I O N

This thesisconsidersthedesignandadaptationof Þnite-tapequalizersfor combating

linear intersymbolinterference(ISI) in the presenceof additive white Gaussiannoise,

underthe constraintthat decisionsaremadeon a symbol-by-symbolbasisby quantizing

the equalizeroutput. We also considerquadrature-amplitudemodulation(QAM), deci-

sion-feedbackequalizers(DFE),andmultiusersystems,but thelinearISI pulse-amplitude

modulation(PAM) channelwith a linear equalizerof Fig. 1-1 capturesthe essentialfea-

turesof the problemunderconsideration.The channelinput symbolsxk aredrawn inde-

pendentlyanduniformly from anL -ary PAM alphabet{ ±1, ±3, ... ±(L Ð1)}. Thechannel

is modeledby animpulseresponseh i with memoryM andadditive white Gaussiannoise,

yielding a received signal of

rk = . (1-1)h i xk iÐ nk+
i 0=

M

å
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Thereceivedsignalis passedthrougha Þnite-taplinearequalizerc, theoutputof which is

quantizedto producea delayedinput estimate k ÐD, whereD accountsfor the delayof

both the channeland the equalizer. This thesisconsiderstwo classicand well-deÞned

questions:

·  How should we designc?

·  How should we adaptc?

The conventionalanswerto the Þrst questionis to choosec to minimize the mean-

squared error (MSE):

MSE = E[( yk Ð xk ÐD)2], (1-2)

leadingto theso-calledminimum-MSE(MMSE) equalizer. A commonalgorithmusedto

realizethe MMSE equalizeris the least-meansquare(LMS) algorithm,which is a sto-

chasticgradientalgorithmwith low complexity. However, amuchlessunderstoodbut nev-

erthelessthemostrelevantequalizeris thatwhich minimizesthesymbol-errorrate(SER)

or bit-errorrate(BER).Therehasbeensomework over thelasttwo decadesin minimum-

BERequalizationandmultiuserdetection[1]Ð[6],whichwill bereviewedin section1.2.3.

Someanalytical resultson minimum-BER equalizerand multiuser detectorstructures
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Fig. 1-1. Block diagram of channel, equalizer, and memoryless decision device.
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werederived in [1][2][4], andseveraladaptive minimum-BERalgorithmswereproposed

in [3][5][6]. However, noneof the proposedadaptive algorithmsguaranteesconvergence

to the global minimum, andthe adaptive algorithmsproposedin [3][5] aresigni®cantly

more complex than the LMS algorithm.

In the remainderof this chapter, we review somerelevant backgroundmaterialsfor

this thesis.In section1.1, we review both ISI channelsandmultiuserinterferencechan-

nels. In section1.2, we review generalequalizersandmultiuserdetectors,their conven-

tionaldesigncriteria,andsomeprior work ondesigningequalizersandmultiuserdetectors

based on the error-probability criterion. In section1.3, we outline this thesis.

1.1  INTERFERENCE CHANNELS

Interferencesin communicationchannelsare undesirableeffects contributed by

sourcesotherthannoise.In thissection,wediscusstwo typesof channelinterferences:(1)

intersymbolinterferencewhereadjacentdatapulsesdistort the desireddatapulse in a

linear fashion and (2) interferencein multiuser systemswhere usersother than the

intended contribute unwanted signals through an imperfect channel.

1.1.1  Intersymbol Interference

ISI characterizedby (1-1) is themostcommonlyencounteredchannelimpairmentnext

to noise.ISI typically resultsfrom time dispersionwhich happenswhenthe channelfre-

quency responsedeviatesfrom the idealof constantamplitudeandlinearphase.In band-

width-ef®cientdigital communicationsystems,theeffect of eachsymboltransmittedover

a time-dispersive channelextendsbeyondthetime interval usedto representthatsymbol.

Thedistortioncausedby theresultingoverlapof receivedsymbolsis calledISI [7]. ISI can
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signi®cantlyclosetheeye of a channel,reducenoisemargin andcauseseveredatadetec-

tion errors.

1.1.2  Multiuser Interference

Multiuserinterferenceariseswheneverareceiverobservessignalsfrom multiple trans-

mitters [32]. In cellular radio-basednetworks using the time-division multiple-access

(TDMA) technology, frequency re-useleadsto interferencefrom other usersin nearby

cells sharingthe samecarrier frequency, even if there is no interferenceamongusers

within thesamecell. In networksusingthecode-division multiple-access(CDMA) tech-

nology, usersare assigneddistinct signaturewaveformswith low mutual cross-correla-

tions.Whenthesumof thesignalsmodulatedby multiple usersis received,it is possible

to recover the information transmittedfrom a desireduserby correlatingthe received

signalwith a replicaof thesignaturewaveformassignedto thedesireduser. However, the

performanceof thisdemodulationstrategy is notsatisfactorywhentheassignedsignatures

do not have low cross-correlationsfor all possiblerelative delays.Moreover, eventhough

thecross-correlationsbetweenusersmaybe low, a particularlyseveremultiuserinterfer-

ence,referredto asnear-far interference,resultswhenpowerful nearbyinterferersover-

whelmdistantusersof interest.Similar to ISI, multiuserinterferencereducesnoisemargin

and often causes data recovery impossible without some compensation means.

1.2  EQUALIZA TION AND DETECTION

In the presenceof linear ISI and additive white Gaussiannoise, Forney [22][23]

showedthattheoptimumdetectorfor linearPAM signalsis a whitened-matched®lterfol-

lowed by a Viterbi detector. This combined form achieves the maximum-likelihood

sequence-detector(MLSD) performanceand in somecases,the matched®lter bound.
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Whenthechannelinputsymbolsaredrawn uniformly andindependentlyfrom analphabet

set, MLSD is known to achieve the best error-probability performanceof all existing

equalizers and detectors.

Although MLSD offers signi®cantperformancegainsover symbol-by-symboldetec-

tors, its complexity (with the Viterbi detector)grows exponentially with the channel

memory. For channelswith long ISI spans,a full-stateMLSD generallyservesasa mere

benchmarkand is rarely usedbecauseof its large processingcomplexity for computing

statemetrics and large memory for storing survivor path histories.Many variantsof

MLSD suchaschannelmemorytruncation[24], reducedstatesequencedetection[26],

and®xed-delaytreesearchwith decision-feedback[25] havebeenproposedto reachgood

tradeoffs between complexity and performance.

Becauseof the often high complexity associatedwith MLSD, suboptimalreceivers

suchassymbol-by-symbolequalizersarewidely useddespitetheir inferior performance

[7]. Among all equalizersanddetectorsusedfor combatingISI, linear equalizersarethe

simplest to analyzeand implement.A linear equalizercombatslinear ISI by de-con-

volving a linearly distorted channelwith a transversal ®lter to yield an approximate

inverseof the channel,anda simplememorylessslicer is usedto quantizethe equalizer

outputto reconstructtheoriginal noiselesstransmittedsymbols.Unlike MLSD, equaliza-

tion enhancesnoise.By its designphilosophy, a linearequalizergenerallyenhancesnoise

signi®cantlyon channelswith severeamplitudedistortionandconsequently, yields poor

data recovery performance.

First proposedby Austin [27], the DFE is a signi®cantimprovementof the linear

equalizer. A DFE is a nonlinear®lter that usespastdecisionsto cancelthe interference

from prior symbols[29]±[31]. The DFE structureis bene®cialfor channelswith severe
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amplitudedistortion. Insteadof fully inverting a channel,only the forward sectionof a

DFE inverts the precursorISI, while the feedbacksectionof a DFE, being a nonlinear

®lter, subtractsthe post-cursorISI. Assuming the past decisionsare correct, noise

enhancementis contributedonly by the forward sectionof the equalizerand thusnoise

enhancement is reduced.

An obviousdrawbackof a DFE is errorpropagation resultingfrom its decision-feed-

backmechanism.A wrong decisionmay causea burst of errorsin the subsequentdata

detection.Fortunately, theerrorpropagationis usuallynotcatastrophic,andthisdrawback

is often negligible compared to the advantage of reduced noise enhancement.

1.2.1  Conventional Design Criteria

For symbol-by-symbolequalization,zero forcing (ZF) is a well-known ®lterdesign

criterion.Lucky [7]±[10] ®rstproposeda ZF algorithmto automaticallyadjustthecoef®-

cientsof a linearequalizer. A ZF equalizeris simpleto understandandanalyze.To combat

linear ISI, a ZF linearequalizersimply eliminatesISI by forcing theoverall pulse,which

is the convolution of the channeland the equalizer, to becomea unit-impulseresponse.

Similarly, the forward sectionof a ZF-DFE converts the overall responseto be strictly

causal, while its feedback section completely subtracts the causal ISI.

An in®nite-tapZF equalizercan completelyeliminate ISI if no null exists in the

channelfrequency response.By neglecting noiseand concentratingsolely on removing

ISI, ZF equalizerstend to enhancenoiseexceedinglywhen channelshave deepnulls.

Althoughit hasa simpleadaptive algorithm,a ZF equalizeris rarelyusedin practiceand

remains largely a textbook result and teaching tool [7].



7

Following the pioneeringwork by Lucky, Gersho[11] and Proakis[12] proposed

adaptive algorithmsto implementMMSE equalizers.Unlike a ZF equalizer, an MMSE

equalizermaximizesthe signal-to-distortionratios by penalizingboth residualISI and

noiseenhancement[7]±[18]. Insteadof removing ISI completely, an MMSE equalizer

allows some residual ISI to minimize the overall distortion.

Comparedwith a ZF equalizer, anMMSE equalizeris muchmorerobust in thepres-

enceof deepchannelnulls andmodestnoise.The popularityof the MMSE equalizeris

duein part to the simpleLMS algorithmproposedby Widrow andHoff [16]. The LMS

algorithm, which is a stochasticalgorithm, adjustsequalizercoef®cientswith a small

incrementalvector in the steepestdescentdirectionon the MSE error surface.Sincethe

MSE error surfaceis convex, the convergenceof the LMS algorithmto the global min-

imum can be guaranteed when the step size is suf®ciently small.

1.2.2  Low-Complexity Adaptive Equalizer Algorithms

To reducethe complexity of the LMS algorithm, several simpli®edvariantsof the

LMS algorithm have beenproposed.The approximate-minimum-BER(AMBER) algo-

rithm we proposein chapter3 is remarkablysimilar in form to theseLMS-basedalgo-

rithms even though it originates from a minimum-error-probability criterion.

The sign LMS algorithmmodi®esthe LMS algorithmby quantizingthe error to ±1

accordingto its sign[20]. By doingso,thecostfunctionof thesignLMS algorithmis the

mean-absoluteerror, E[|yk ± xk ± D|], insteadof the mean-squarederror as for the LMS

algorithm.Thetrade-offs for thereducedcomplexity area slower convergencerateanda

larger steady-state MSE.
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Thedual-signLMS algorithmproposedin [19] employs two differentstepsizeson the

signLMS algorithm.Thealgorithmpenalizeslargererrorswith a largerupdatestepsize

and thereforeimproves the convergencespeedof the sign LMS algorithm with a small

complexity increase.

Theproportional-signalgorithmproposedin [21] modi®estheLMS algorithmin order

to bemorerobust to impulsive interferenceandto reducecomplexity. Thealgorithmuses

the LMS algorithmwhen the equalizeroutputerrorsaresmall andswitchesto the sign

LMS algorithm when the equalizer output errors are large.

1.2.3  The Minimum-Error-Probability Criterion

Minimizing MSE shouldbe regardedas an intermediategoal, whereasthe ultimate

goalof anequalizeror amultiuserdetectoris to minimizetheerrorprobability. In thissec-

tion we review prior work that proposesstochasticadaptive algorithmsfor minimizing

errorprobabilityor analyzesthestructuresof theminimum-error-probabilityequalizersor

multiuser detectors [1]±[6].

Shamashand Yao [1] were the ®rst to considerminimum-BERequalization.They

examinedtheminimum-BERDFEstructurefor binarysignaling.Usingacalculusof vari-

ation procedure,they derived the minimum-BERDFE coef®cientsand showed that the

forwardsectionconsistsof amatched®lterin tandemwith a tap-delayed-line®lterandthe

feedbacksectionis a tap-delayed-line®lteroperatingto completelycancelpostcursorISI.

While thefeedbacksectionis similar to theMMSE DFE, theforwardsectionis a solution

to asetof complicatednonlinearequations.Theirwork focusedona theoreticalderivation

of theminimum-BERDFE structureanddid not considera numericalalgorithmto com-

putethe forward ®ltercoef®cients;nor did it comparetheperformanceof theminimum-

BER DFE to that of the MMSE DFE. Finally, an adaptive algorithm was not proposed.
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For arbitrarily small and arbitrarily large SNR scenarios,Galko and Pasupathy [2]

derived the minimum-BERlinear equalizerfor binary signaling.For the arbitrarily large

SNR case,the minimum-BERlinear equalizerwasformedby maximizingthe minimum

eye opening.On theotherhand,for thearbitrarily smallSNRcase,they showed that the

minimum-BERlinearequalizeris theaveragematched®lterandproposedanef®cientoff-

line algorithmto calculatetheequalizercoef®cients.Minimum-BERlinearequalizersfor

arbitrary SNR and adaptive equalization algorithms were not considered.

Chenet al. [3] observed that the decisionboundaryformed by the minimum-BER

equalizercanbequitedifferentfrom thedecisionboundaryformedby theMMSE equal-

izer andthat signi®cantBER reductioncomparedwith the MMSE equalizeris possible.

They proposeda stochasticDFE algorithmbasedon the BER gradientin an attemptto

converge to the minimum-BER DFE. However, their algorithm requiressigni®cantly

highercomplexity thantheLMS algorithmto estimatethechannelandthenoisevariance

and to computethe gradientof the BER. In addition, the converged DFE coef®cients

would not betheexactminimum-BERDFE coef®cientssincenoisy, insteadof noiseless,

channeloutputswereusedto evaluatethegradientof theBER.Moreover, their algorithm

does not guarantee global convergence to the minimum-BER solution.

LupasandVerdœ[4] proposedthemaximumasymptoticmultiuseref®ciency (MAME)

linear multiuserdetectorwhich, as noisepower approacheszero, minimizesBER in a

CDMA system.They alsoproposedthedecorrelatingdetector, which offersa substantial

improvement in asymptoticef®ciency comparedwith the conventional matched-®lter

detector. In fact, the near-far resistanceof the decorrelatingdetectorequalsthat of the

optimummultiuserdetector. Nevertheless,they showed that asymptoticef®ciency of the

MAME lineardetectoris higherthanthatof thedecorrelatingdetector. However, adaptive
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implementationof the MAME detectorwasnot proposed.Moreover, the MAME linear

detector does not minimize BER when the noise power is nonzero.

Similar to the approachtaken by Chenet al. [3], Mandayamand Aazhang[5] pro-

poseda BER-gradientalgorithmattemptingto converge to the minimum-BERmultiuser

detectorin adirect-sequenceCDMA (DS-CDMA) system.They jointly estimatedthedata

of all usersin the maximum-likelihoodsenseandusedtheseestimatesto extract an esti-

mateof thenoiselesssumof all transmittedsignaturewaveforms.This estimatewasthen

usedto computeunbiasedBER gradients.Thecomplexity of thealgorithmis exceedingly

high,especiallywhenthenumberof usersis large.In addition,thealgorithmcanconverge

to a non-global local minimum.

Basedon a stochasticapproximationmethodfor ®ndingthe extremaof a regression

function,Psaromiligkoset al. [6] proposeda simplelinearDS-CDMA detectoralgorithm

thatdoesnot involve theBERgradient.They derivedastochasticquantitywhoseexpecta-

tion is BER andapplieda stochasticrecursionto minimizeit. However, thealgorithmcan

also converge to a nonglobal local BER minimum detector.

Although someimportant issueson minimum-error-probability equalizersand mul-

tiuserdetectorswereaddressedby theabove-mentionedprior works,a uni®edtheoryfor

minimum-error-probability equalizationand multiuserdetectionis still not in place.In

addition,theperformancegapbetweentheMMSE andminimum-error-probabilityequal-

izers and multiuser detectorshas not beenthoroughly investigated.Also, none of the

above-mentionedprior works considerednon-binary modulation.Most importantly, a

simple,robust,andglobally convergentstochasticalgorithmhadnot yet beenproposedto

be comparable to its MMSE counterpart, the LMS algorithm.
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1.3  THESIS OUTLINE

This thesisaimsto designandadapt®nite-tapequalizersandlinearmultiuserdetectors

to minimizeerrorprobability in thepresenceof intersymbolinterference,multiuserinter-

ference, and Gaussian noise.

In chapter2, we presentsystemmodelsand conceptswhich are essentialin under-

standingtheminimum-error-probabilityequalizersandmultiuserdetectors.We®rstderive

a ®xed-pointrelationshipto characterizetheminimum-error-probability linearequalizers.

We then proposea numerical algorithm, called the exact minimum-symbol-error-rate

(EMSER)algorithm,to determinethe linear equalizercoef®cientsof Fig. 1-1 that mini-

mizeerrorprobability. We studytheconvergencepropertiesof theEMSERalgorithmand

proposea suf®ciency conditiontestfor verifying its convergenceto theglobalerror-prob-

ability minimum. We also extend the EMSER algorithm to QAM and DFE.

In chapter3, we usea functionapproximationto altertheEMSERalgorithmsuchthat

a very simplestochasticalgorithmbecomesavailable.We form a stochasticalgorithmby

incorporatingan error indicatorfunction whoseexpectationis relatedto the error proba-

bility. Theproposedalgorithmhaslow complexity andis intuitively sound,but neverthe-

less has some seriousshortcomings.To overcometheseshortcomings,an adaptation

thresholdis addedto the stochasticalgorithm to yield a modi®edalgorithm,called the

approximateminimum-bit-error-rate (AMBER) algorithm. Comparedwith the original

stochasticalgorithm,theAMBER algorithmhasa fasterconvergencespeedandis ableto

operatein a decision-directedmode.We comparethesteady-stateerrorprobabilityof the

AMBER equalizerwith thatof theMMSE equalizer. In addition,we device a crudechar-

acterizeprocedureto predictthe ISI channelsfor which theAMBER andEMSERequal-

izers can outperform MMSE equalizers.
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In chapter4, we studytheconvergencepropertiesof theAMBER algorithmandpro-

posea variant to improve its convergencespeed.We ®rst take the expectationof the

AMBER algorithmto derive its ensembleaverage.By obtainingits ensembleaverage,we

analyzethe global convergencepropertiesof the AMBER algorithm. We then propose

multi-step AMBER algorithms to further increase the convergence speed.

In chapter5, we extend the resultson the EMSER and AMBER equalizersto mul-

tiuserapplications.Multiuser interferenceis similar in many respectsto the ISI phenom-

enonin asingle-userenvironment.Westudytheperformanceof theAMBER algorithmon

multiuser channels without memory.

In chapter6, we concludeour study and proposesomeinterestingtopics for future

research.
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CHAPTER 2

M I N I M U M - S E R
E Q U A L I Z A T I O N

2.1  INTRODUCTION

As mentionedin chapter1, an MMSE equalizeris generallydifferent from the min-

imum-error-probabilityequalizer. Althoughmost®nite-taplinearequalizersaredesigned

to minimize an MSE performancemetric, the equalizerthat directly minimizessymbol-

error-rate (SER)may signi®cantlyoutperformthe MMSE equalizer. In this chapter, we

®rstderive the minimum-SERlinear equalizerfor PAM. We study the propertiesof the

minimum-SERequalizerby exploring its geometricinterpretationandcompareits SER

performanceto the MMSE equalizer. We also devise a numericalalgorithm,called the

exact minimum-symbol-error-rate (EMSER)algorithm,to computethe equalizercoef®-

cients.We studytheconvergencepropertiesof theEMSERalgorithm.Finally we extend

the derivation of the minimum-SER linear equalizer for PAM to QAM and DFE.
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In section2.2,wepresentthesystemmodelof theISI channelandthelinearequalizer,

andweexplain theconceptsof signalvectorsandsignalcones,whichareessentialtoolsin

deriving and understandingthe minimum-SERequalizerand its adaptive algorithm. In

section2.3,we derive a ®xed-pointrelationshipto characterizetheminimum-SERequal-

izer, andwe comparethe minimum-SERequalizerwith the MMSE equalizerwhen the

numberof equalizercoef®cientsapproachesin®nity. In section2.4, basedon the ®xed-

point relationship,we proposea numericalmethodto computetheminimum-SERequal-

izer coef®cients.We thenstudythe convergencepropertiesof the numericalmethodand

stateasuf®ciency conditionfor testingconvergenceof thenumericalmethodto theglobal

SERminimum.In section2.5,we extendtheminimum-SERresultson PAM to QAM. In

section2.6, we derive the minimum-SER decision-feedback equalizer.

2.2  MODELS FOR CHANNEL AND EQUALIZER

2.2.1  System Definition

Considerthe real-valuedlinear discrete-timechanneldepictedin Fig. 2-1, wherethe

channelinput symbolsxk are drawn independentlyand uniformly from the L -ary PAM

alphabet{ ±1, ±3, ¼, ± (L Ð1)}, hk is theFIR channelimpulseresponsenonzerofor k = 0

¼ M only, andnk is white Gaussiannoisewith power spectraldensitys2. The channel

outputrk is

xk

hk

nk
rk

ck

yk k±DxÃ

Fig. 2-1. Block diagram of channel, equalizer, and memoryless decision device.

Channel Receiver
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rk = h i xk ± i  + nk, (2-1)

whereM is thechannelmemory. Also shown in Fig. 2-1 is a linearequalizerwith N coef-

®cients,describedby thevectorc = [c0 ¼ cN ±1]T. Theequalizeroutputat time k canbe

expressed as the inner product:

yk = cTr k, (2-2)

where the channel output vectorr k = [rk ¼ rk ±N + 1]T is

r k = H xk + n k, (2-3)

wherexk = [xk ¼ xk ±M ±N + 1]T is a vectorof channelinputs,n k = [nk ¼ nk ±N + 1]T is a

vectorof noisesamples,andH is the N ´ (M + N) Toeplitz channelconvolution matrix

satisfyingHij  = hj Ði:

. (2-4)

As shown in Fig. 2-1, the decision k ± D aboutsymbolxk ± D is determinedby quan-

tizing theequalizeroutputyk, whereD accountsfor thedelayof boththechannelandthe

equalizer. This memorylessdecisiondevice is suboptimal;bettererrorprobabilityperfor-

mancecan be achieved by performingmaximum-likelihood sequencedetectionon the

equalizer output.

After presentingthesystemde®nition,we areto derive theSER,theaveragedproba-

bility k ±D ¹ xk ±D, of anequalizerc on a PAM system.Let f T = cTH = [f0 ¼ fM + N ±1]

i 0=

M

å

H

h0 ¼ hM 0 ¼ 0

¼
0 ¼ 0 h0 ¼ hM

=

xÃ

xÃ
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denotethe overall impulseresponse,representingthe cascadeof the channelhk andthe

equalizerck. The noiseless equalizer output is

cTH xk = f Txk

= fD xk ±D + fixk ±i , (2-5)

wherethe ®rstterm fD xk ±D representsthe desiredsignallevel, whereasthe secondterm

represents residual ISI. The noisy equalizer output of (2-2) is also expressed as:

yk = fD xk ±D + fixk ±i  + cTn k. (2-6)

SincetheresidualISI is symmetricaboutthedesiredsignallevels,thememorylessquan-

tizer, in thepresenceof zero-meanGaussiannoise,is optimalwith its detectionthresholds

at themidpointsof successivesignallevels,i.e. {0, ± 2fD, ¼ , ± (L Ð2)fD}. TheSERis eval-

uated in the following theorem:

Theorem 2.1: With a memoryless quantizer, the SERPe(c) as a function of an

equalizerc is

Pe(c) = E , (2-7)

where is a randomvectorwith distribution P( ) = P(xk| xk ±D = 1), i.e., is uni-

formly distributedover thesetof K = LM + N Ð1 L -ary xk vectorsfor which xk ±D = 1.

Proof. The SER forL -ary PAM is computed as follows:

Pe(c) = P( k ±D ¹ xk ±D)

= P( k ±D ¹ xk ±D| xk ±D = 2l Ð1 ÐL) P(xk ±D = 2l Ð1 ÐL) (2-8)

i D¹
å

i D¹
å

2L 2±
L

----------------- Q
f T x÷
c s

-----------è ø
æ ö

x÷ x÷ x÷

xÃ

l 1=

L

å xÃ
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= P( k ±D ¹ xk ±D| xk ±D = 2l ± 1 ± L), (2-9)

wherewe substituteP(xk ±D = 2l ± 1 ± L) with in (2-9) undertheassumptionthat

all L symbols are equally likely to be transmitted.Recall that the L -ary PAM

alphabethas2 outersymbols, i.e. ± (L ± 1), andL ± 2 inner symbols,i.e. { ±1, ¼ ,

±(L ± 3)}. If an inner symbol is transmitted,an error occurswhen the equalizer

outputeitherexceedstheupperthresholdor falls below the lower thresholdof that

particular inner symbol. The events that an equalizeroutput is above its upper

thresholdandis below its lower thresholdaredisjoint andthustheerrorprobability

P[yk > TOPor yk < LOW] equalsP[yk > TOP]+ P[yk < LOW]. On theotherhand,if

theoutersymbol(L ± 1) is transmitted,anerroroccursonly if theequalizeroutput

fallsbelow thelower threshold(L ± 2)fD; If theoutersymbol±(L ± 1) is transmitted,

anerroroccursonly if theequalizeroutputexceedstheupperthreshold±(L ± 2)fD.

Based on the above observations, (2-9) becomes:

Pe(c) =  P[yk > ±(L ±2) fD| xk ±D = ±(L ±1)] +

P[(yk > ±(L ±4) fD)| xk ±D = ± (L ±3)] + P[(yk < ±(L ±2) fD)| xk ±D = ± (L ±3)] +

 + P[(yk < (L ±4) fD)| xk ±D = L ±3] + P[(yk > (L ±2) fD)| xk ±D = L ±3] +

P[yk < (L ±2) fD| xk ±D = L ±1] . (2-10)

Manipulating the expressions in (2-10) after substitutingyk into (2-10), we get

Pe(c) = P[±cTn k <  fD + fixk ±i ] +

 P[±cTn k < fD+ fixk ±i] + P[cTn k < fD ± fixk ±i ] +  +

1
L
----

l 1=

L

å xÃ

1
L
----

1
L
----

î
í
ì

¼

þ
ý
ü

1
L
----

î
í
ì

i D¹
å

i D¹
å

i D¹
å ¼
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 P[cTn k < fD ± fixk ±i ] + P[±cTn k < fD + fixk ± i] +

P[cTn k <  fD ± fixk ±i ] . (2-11)

Note that in (2-11) we have removed the conditionon the valueof xk ± D from all

expressionsin (2-10)sincethey do not dependon theconditionany more.In addi-

tion, therandomvariables±cTn k and± fixk ± i respectively have thesameproba-

bility distributionsascTn k and fixk ±i andwe canexchangethemto simplify (2-

11) as follows:

Pe(c) = P[cTn k <  fD + fixk ±i ] +

 P[cTn k < fD+ fixk ±i] + P[cTn k < fD + fixk ±i ] +  +

 P[cTn k < fD + fixk ±i ] + P[±cTn k < fD + fixk ± i] +

 P[cTn k <  fD + fixk ±i ]

 = P[cTn k <  fD + fixk ±i ]

 = P[cTn k < f Tx(i )]

 =

 = E , (2-12)

whereQ is theGaussianerrorfunction,wherex(1), x(2), ¼ , x(K) areany orderingof

the K distinct vectors,andwherethe expectationis over the K equallylikely

vectors.Q.E.D.

Therefore,minimizing SERof anL -PAM systemis equivalentto minimizing theterm

E . In thecaseof a2-PAM system,thefactor in (2-12)reducesto unity.
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Eventhoughit is mostrelevant to minimize theerrorprobabilityof (2-12),by far the

most popularequalizationstrategy is the MMSE design.With the MMSE strategy, the

equalizerc is chosen as the unique vector minimizingMSE = E[(yk ± xk ±D)2], namely:

cMMSE  = (HH T + s2I )±1h D+1, (2-13)

whereh D + 1 is the (D + 1)-st columnof H . This equalizeris often realizedusinga sto-

chastic gradient search known as the least-mean square (LMS) algorithm [7]:

ck + 1 = ck ± m(yk ± xk ±D)r k, (2-14)

wheremis a smallpositive stepsize.Whentrainingdatais unavailable,theequalizercan

operatein adecision-directedmode,wherebythedecision k ±D is usedin placeof xk ± D.

Insteadof minimizing MSE, our goal is to minimize SER (2-12). For a binary sig-

nalingchannelit is obviousthatBERis thesameasSER.However, for anon-binaryPAM

channel,the exact relationshipbetweenSERandBER is not trivial. With the Gray code

mapping of bits, the relationship is well approximated by [13]:

BER @ SER. (2-15)

Therefore, if an equalizer minimizes SER, it approximately minimizes BER.

2.2.2  Signal Vectors and Signal Cones

In this section,we introducethe signalvectorsandthe signalcone,two usefulgeo-

metric tools that will be usedextensively throughoutthe thesisto derive andunderstand

minimum-SER equalizers.
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We now establishthe relationship betweenerror probability and signal vectors.

Observe that the error probability of (2-12) can also be expressed as

Pe(c) = E , (2-16)

wherethe expectationis over the K equallylikely L -ary vectors.We de®nethe signal

vectors by

s(i ) = H x(i ), i = 1 ¼ K. (2-17)

From(2-3) we seethattheses(i ) vectorsrepresenttheK possiblenoiselesschanneloutput

vectorsgiven that the desiredsymbol is xk±D = 1. With this de®nition,(2-16) can be

expressed as

Pe(c) = . (2-18)

Observe thattheerrorprobabilityis proportionalto theaverageof theK Q functionterms,

theargumentof eachbeingproportionalto the innerproductbetweentheequalizeranda

signal vector.

In this thesis we will often assume that the channel is equalizable:

DeÞnition 1. A channelis saidto beequalizableby anN-tapequalizerwith delay

D if andonly if thereexistsanequalizerc having a positive innerproductwith all

{ s(i )} signal vectors.

A positive innerproductwith all { s(i )} vectorsimplies that thenoiselessequalizeroutput

is alwayspositive whena onewastransmitted(xk±D = 1); thus,a channelis equalizableif
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and only if its noiselesseye diagramcan be opened.In terms of the { s(i )} vectors,a

channelis equalizableif andonly if thereexists a hyperplanepassingthroughthe origin

such that all {s(i )} vectors are strictly on one side of the hyperplane.

Givena setof signalvectors{ s(i )} thatcanbe locatedstrictly on onesideof a hyper-

planepassingthroughthe origin, we de®nethe signal coneasthe spanof thesevectors

with non-negative coef®cients:

DeÞnition 2. The signal cone of an equalizable channel is the set:

S = { Si ais
(i ) : ai ³ 0}.

Observe thatif thechannelis equalizable,thereexistsat leastoneÒaxisÓvectorwithin the

signalconesuchthatall elementsof thesignalconeform anangleof strictly lessthan90û

with respectto theaxisvector. We remarkthatno suchaxisvectorexists if thechannelis

not equalizable, because the set {Si ais
(i ) : ai ³ 0} is a linear subspace of N in this case.

With the signalvectorsandthe signalconede®ned,we arenow equippedto charac-

terize the minimum-SER equalizer.

2.3  CHARACTERIZA TION OF THE MINIMUM-SER EQ UALIZER

2.3.1  Fixed-Point Relationship

Let cEMSER denoteanequalizerthatachievesexactminimum-SER(EMSER)perfor-

mance,minimizing (2-16).Observe thatbecause(2-16)dependsonly on thedirectionof

theequalizer, cEMSER is not unique:if c minimizesSER,thensodoesac for any positive

constanta. Unlike the coef®cientvectorcMMSE (2-13) that minimizesMSE, thereis no

closed-formexpressionfor cEMSER . However, by settingto zero the gradientof (2-16)

with respect toc:

R
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ÑcPe(c) = E = 0, (2-19)

we ®nd thatcEMSER , which is a global minimum solution to (2-16), must satisfy

||c ||2f(c) = cTf(c)c, (2-20)

where we have introduced the functionf : N ® N, de®ned by

f(c) = E . (2-21)

Theexpectationin (2-21) is with respectto therandomvectors over theK equallylikely

s(i ) vectors of (2-17). Thus,f(c) can be expressed as a weighted sum ofs(i ) vectors:

f(c) = s(1) + s(2) + ¼ + s(K) , (2-22)

wherea i = cTs(i ) Ú(||c|| s) is a normalized inner product ofs(i ) with c.

The function f(c) playsan importantrole in our analysisandhasa usefulgeometric

interpretation.Observe®rstthat,becausetheexponentialcoef®cientsin (2-22)areall pos-

itive, f(c) is insidethe signalcone.Becauseexp( ×) is an exponentiallydecreasingfunc-

tion, (2-22) suggeststhat f(c) is dictatedby only thoses(i ) vectorswhoseinner products

with c arerelatively small. Becausethe { s(i )} vectorsrepresentthe K possiblenoiseless

channeloutputvectorsgiven that a onewastransmitted(i.e. xk±D = 1), the inner product

s(i ) with c is a noiselessequalizeroutputgiven thata oneis transmitted.It follows thata

small inner productis equivalent to a nearlyclosedeye diagram.Therefore,f(c) will be

very nearlya linearcombinationof thefew s(i ) vectorsfor which theeye diagramis most
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closed.For example,if oneparticulars(i ) vectorclosestheeyesigni®cantlymorethanany

others(i ) vector, thenf(c) will be approximately proportional to thats(i ) vector.

Returningto (2-20)andtheproblemof ®ndingtheEMSERequalizer, we seethatone

possiblesolutionof (2-20) is f(c) = 0. We now show that f(c) = 0 is impossiblewhenthe

channelis equalizable.Recallthat,if thechannelis equalizable,thenthereexistsa hyper-

planepassingthroughtheorigin suchthatall of the { s(1), ¼ , s(L)} vectorsarestrictly on

onesideof thehyperplane.Thus,any linearcombinationof s(i ) with strictly positivecoef-

®cientscannotbe zero.Furthermore,(2-22) indicatesthat f(c) is a linear combinationof

{ s(i )} vectorswith strictly positive coef®cients.Thus,we concludethat f(c) = 0 is impos-

sible when the channel is equalizable.

Sincef(c) = 0 is impossiblewhenthechannelis equalizable,theonly remainingsolu-

tion to (2-20) is the following ®xed-point relationship:

c = af(c), (2-23)

for someconstanta. Choosinga = 0 resultsin Pe = (L ± 1) ÚL , which is clearly not the

minimum error probability of an equalizablechannel.The sign of a doesnot uniquely

determinewhetherc = af(c) is a local minimumor local maximum;however, in orderfor

c = af(c) to be a global minimum,a must be positive:

Lemma 2-1: If c minimizes error probability of an equalizable channel, then

c = af(c) with a > 0. (2-24)

Proof. By contradiction:Supposethat c = af(c) minimizeserror probability with

a < 0. Thenc is outsidethesignalconegeneratedby { s(i )} . Let P denoteany hyper-
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plane,containingtheorigin, thatseparatesc from thesignalcone.Let c«denotethe

reßectionof c aboutP suchthatc«andthesignalconeareon thesamesideof P. It

is easyto show thatcomparedwith c, c«hasa largerinnerproductwith all s(i ) vec-

tors.From(2-18)it follows thattheerrorprobabilityfor c«is smallerthantheerror

probability for c, which contradictsthe assumptionthat c minimizeserror proba-

bility. Q.E.D.

Unfortunately, the®xed-pointrelationshipof (2-24) is not suf®cientin describingthe

EMSERequalizer;it simply statesa necessaryconditionthat theEMSERequalizermust

satisfy. The existenceof at leastoneunit-lengthvector = satisfying(2-23) canbe

intuitively explained:Thehypersphereof all unit-lengthvectors is closed,continuous,

andbounded.Eachpoint on the hypersphereis mappedto a real valuevia the differen-

tiableandboundederrorprobability functionof (2-18)andformsanotherclosed,contin-

uous,and boundedsurface.Becausethe resultantsurface is everywheredifferentiable,

closed,andbounded,it hasat leastonelocal minimum.In general,thereexist morethan

one local minima, as illustrated in the following example.

Example 2-1: Consider binary signaling xk Î{± 1} with a transfer function

H(z) = ±0.9 + z±1 and a two-tap linear equalizer (N = 2) and delay D = 1. In

Fig. 2-2 we presenta polar plot of BER (for BPSK, the error probability equals

BER)versusq, where = [cosq, sinq]T. Superimposedon thisplot aretheK = 4

signalvectors{ s(1), ¼ , s(4)} , depictedby solid lines.Also superimposedarethree

unit-lengthequalizervectors(depictedby dashedlines):theEMSERequalizerwith

an angle of q = ±7.01û, the MMSE equalizer with q = ±36.21û, and a local

minimumequalizer( LOCAL ) with q = 35.63û. (A fourthequalizerwith anangleof

q = ±5.84û is also depictedfor future reference:it is the approximateminimum-
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BER (AMBER) equalizerde®nedby Theorem3.1 of section3.2.) The shaded

region denotesthesignalcone.Althoughboth EMSER and LOCAL satisfy(2-23)

with a > 0, the local-minimumequalizer LOCAL doesnot minimize BER, and it

does not open the eye diagram. These equalizers assume SNR= 20 dB.

While Lemma2-1 providesa necessaryconditionfor the EMSERequalizer, namely

c = af(c) with a > 0, thepreviousexampleillustratesthat this ®xed-pointconditionis not

Fig. 2-2. A polar plot of BER versus q for Example 2-1. Superimposed are the
signals vectors (scaled by a factor of 0.5), and four equalizer vectors (dashed
lines).
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suf®cient;both cEMSER andcLOCAL satisfyc = af(c) with a > 0, but only cEMSER mini-

mizes error probability.

As anaside,aninterestingexamplecanbeconstructedto show thattheEMSERequal-

izer maynot opentheeye evenwhenopeningtheeye is possible(i.e. whenthechannelis

equalizable).The following exampleis somewhat counter-intuitive andis a resultof the

highly irregular shape of the error probability surface.

Example 2-2: ConsiderthebinarysignalingchannelH(z) = 1 ± z±1 + 1.2 z±2 with a

two-tapequalizer, D = 3, andSNR= 10 dB. Although the channelis equalizable,

neither the EMSER equalizer nor the MMSE equalizer opens the eye.

2.3.2  The MMSE Equalizer vs. the EMSER Equalizer

Wenow comparetheMMSE andtheEMSERequalizers.With a®nitenumberof taps,

theMMSE andtheEMSERequalizersareclearlytwo differentequalizers,asillustratedin

Example2-1. We furtheremphasizethedifferencesbetweenthetwo equalizersby evalu-

ating their error-probability performanceand by plotting their eye diagramsin the fol-

lowing examples.

Example 2-3: Consider a binary-signaling channel with transfer function

H(z) = 1.2 + 1.1z±1 ± 0.2z±2. In Fig. 2-3, weplot BERversusSNR= å k , for

both the MMSE andEMSERequalizerwith threeand®ve taps.The ®gureshows

thatwith threeequalizertapsanda delayof D = 2. D is chosento minimizeMSE.

TheEMSERequalizerhasamorethan6.5dB gainover theMMSE equalizer. With

5 equalizertapsanda delayof D = 4, theEMSERequalizerhasa nearly2 dB gain

over theMMSE equalizer. In Fig. 2-4, for thesamechannel,we presentÒarti®cialÓ

noiselesseye patternsfor 5-tap EMSERandMMSE equalizers,assumingSNR =

hk
2 s 2¤
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30 dB. These patterns were obtained by interpolating all possible noiseless

equalizeroutputswith a triangularpulseshape.Bothequalizerswerenormalizedto

have identicalnorm (and thus identicalnoiseenhancement).We seethat the two

eye diagramsaredrasticallydifferent.The interestingdifferencebetweenthe two

diagramsresultsfrom the MMSE equalizerÕs effort to force all possibleequalizer

outputsto the targets{ ±1}, despitethe bene®tsof sparingthe outputswith large

noise immunity. Although the MMSE equalizerachieves a lower mean-squared

error, its errorprobabilityis morethanamagnitudehigherthantheerrorprobability

of the EMSER equalizer.

Example 2-4: Considera 4-PAM ISI channelwith transferfunctionH(z) = 0.66 +

z±1 ± 0.66 z±2. In Fig. 2-5, we plot SERversusSNR= å k , consideringboth

MMSE andEMSERequalizerswith ®ve taps.The®gureshows thatwith adelayof

D = 3, theEMSERequalizerhasamorethan16 dB gainover theMMSE equalizer.

In Fig. 2-6, we again presentÒarti®cialÓnoiselesseye patternsfor 5-tap EMSER

andMMSE equalizers,assumingSNR= 30 dB. Weobserve thattheeyepatternsof

the MMSE equalizerare somewhat uniform, whereasthe eye patternsof the

EMSERequalizerconsistmainly of Òsub-clusters.ÓIn a certainsense,theEMSER

equalizerstrives only to openthe eye of the channel,and can be regardedas a

somewhat ÒpassiveÓequalizationtechnique,whereas the MMSE equalizationis

ÒaggressiveÓin thatit pushesall equalizeroutputstowardsthedesiredconstellation

points.Again, we observe that theEMSERequalizerachievesa muchlower error

probability than the MMSE equalizer, even though it has a much higher MSE.

hk
2 s 2¤
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Fig. 2-3. The BER performance comparison of the EMSER and the
MMSE equalizers for the 2-PAM system of Example 2-3.
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Fig. 2-4. Equalized noiseless eye diagrams of the (a) MMSE and (b)
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It is obvious from theabove two examplesthat the®nite-tapMMSE andtheEMSER

equalizersaredifferent.Hereweinvestigatethepossibilitythatthein®nite-tapMMSE and

the EMSER equalizers are the same by proposing the following conjecture:

Conjecture: For any noise variance, the MMSE equalizer converges to the

EMSER equalizer as the number of equalizer taps approaches in®nity.

Example 2-5: Consider a binary-signaling system with transfer function

H(z) = 1.2 + 1.1 z±1 ± 0.2 z±2. In Fig. 2-7, we plot SNRrequiredto achieve BER =

10±5 versusthe numberof equalizertapsfor the EMSERandMMSE equalizers.

For eachnumberof equalizertaps,thedelayD is chosento minimizeMSE.Wesee

that the SNR gain of the EMSERequalizerover the MMSE equalizerapproaches

zero as the number of equalizer taps increases.

Fig. 2-7. SNR requirement vs. equalizer length for the binary signaling
channel in Example 2-5.
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Example 2-6: Consideranotherbinary-signalingsystemwith transferfunction

H(z) = 1.2 + 0.7 z±1 ± 0.9 z±2. In Fig. 2-8, we again plot SNR requiredto achieve

BER = 10±5 versusthe numberof equalizertaps for the EMSER and MMSE

equalizers.It is interestingto notethat the requiredSNR for BER = 10±5 actually

increasesfor theMMSE equalizeraswe increasethenumberof tapsfrom threeto

four. Althoughincreasingthenumberof anMMSE equalizertapsstrictly decrease

MSE, it doesnot strictly decreaseerror probability. Again, the SNR gain of the

EMSER equalizerover the MMSE equalizerapproacheszero as the numberof

equalizer taps becomes large.

As the noisevarianceapproacheszero, it is well known that the MMSE equalizer

approachesthezero-forcing(ZF) equalizer. Wenotethatthein®nite-tapEMSERequalizer

alsoapproachesthein®nite-tapZF equalizerasthenoisevarianceapproacheszeroby the

Fig. 2-8. SNR requirement vs. equalizer length for the binary signaling
channel in Example 2-6.
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following reasoning:If an equalizerc hasan in®nitenumberof taps,it caninvert a FIR

channelcompletely, i.e. thereexists a zero-forcingvectorc suchthat the inner products

betweenc andall signalvectorss(i ) areunity. If the in®nite-tapminimum-SERequalizer

doesnot equalthezero-forcingvector, someinnerproductscTs(i ) aresmallerthanothers

andthus,asthenoisevarianceapproacheszero,theoverallSERis solelydictatedby theQ

termassociatedwith thesmallestinnerproduct.A lowerSERcanbeobtainedby adjusting

c to increasethe smallestinner productuntil it equalsthe largestinner product,or when

the equalizer becomes the ZF equalizer.

It is notclearwhetherthein®nite-tapMMSE equalizerequalsthein®nite-tapEMBER

equalizerwith an arbitrarynoisevariance.An interestingobservation is that the MMSE

linearequalizerwith a largenumberof tapstendsto make theresidualISI Gaussian-like,

althoughthis Gaussian-like distribution is bounded.A true Gaussianrandomvariableis

unbounded.

2.4  A NUMERICAL METHOD

In section2.3,we have gainedsomegoodunderstandingof theEMSERequalizerby

characterizingit with a ®xed-pointrelationship.We now proceedto devise a numerical

algorithm to actually compute the EMSER equalizer coef®cients.

2.4.1  The Deterministic EMSER Algorithm

Example2-1 in theprevioussectionillustratesthat theerrorprobability functionmay

not be convex. Nevertheless,a gradientalgorithmmay still be usedto searchfor a local

minimum.In particular, usingthegradient(2-19)of theSER(2-16),we mayform a gra-

dient algorithm:
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ck+1 = ck ± m1 Pe

= 1 ± mck
Tf(ck) Ú||ck ||2 ck + mf(ck)

= 1 ± mck
Tf(ck) Ú||ck ||2 ck + f(ck) , (2-25)

wherethefunctionf (×) is de®nedby (2-21).Recallthatthenormof c hasno impacton Pe,

andobserve that the®rstbracketedfactorin (2-25) representsanadjustmentof thenorm

of ck+1. Eliminating this factorleadsto the following recursion,which we refer to asthe

EMSER algorithm:

ck+1 = ck + mf(ck). (2-26)

The transformationfrom (2-25) to (2-26) affects the convergencerate, the steady-state

norm ||c¥ ||, andpossiblythe steady-statedirectionc¥ Ú||c¥ ||, so it is no longerappro-

priateto call (2-26)agradientsearchalgorithm.Theupdateequation(2-26)canbeviewed

as an iterative system designed to recover the solution to the ®xed-point equation (2-24).

2.4.2  Convergence

Although the EMSERalgorithmcannotin generalbe guaranteedto converge to the

global SER minimum, it is guaranteedto converge to somelocal extremum solution

within the signal cone generated by {s(i )}, as stated in the following theorem:

Theorem 2.2: Given an equalizable channel, the EMSER algorithm of (2-26) con-

verges to a local extremum solution satisfyingc = af(c) with a > 0.

Proof. The proof for Theorem 2.2 is in Appendix 2.1.
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2.4.3  A Sufficiency Condition for Convergence to the Global Minimum

Onegeneralmethodfor ®ndingthe EMSERequalizeris to ®ndall solutionsto the

®xed-pointequationc = af(c) with a > 0, andchoosethesolutionthatyields thesmallest

error probability. Fortunately, this brute-forcemethodcanbe avoidedin certaincasesby

taking advantage of the following suf®ciency test:

Theorem 2.3: If c = af(c) for a > 0 andPe(c) £ , thenc minimizes SER.

Proof. The proof for Theorem 2.3 is in Appendix 2.2.

This is a suf®cient but not necessarycondition for minimizing error probability

becauseeven the minimum error probability may exceed when the SNR is suf®-

ciently low. Note that the condition in Theorem2.3 implies that the equalizeropensthe

eye diagram.

Taken together, Theorem2.2 and Theorem2.3 suggestthe following strategy for

®ndingtheEMBER equalizer. First, iteratethedeterministicEMSERalgorithmof (2-26)

until it converges.If theresultingSERPe £ , stop.Otherwise,initialize thedetermin-

istic EMSER algorithm somewhere else and repeatthe process.This is an effective

strategy when the initial condition of the EMSER algorithm is chosencarefully (e.g.

within theeyeopeningregion)andwhentheSNRis notsosmallthatPe £ is impos-

sible.

2.5  EXTENSION TO QUADRATURE-AMPLITUDE MODULA TION

Quadrature-amplitudemodulation(QAM) is widely usedon bandwidth-limitedchan-

nels.Althoughthusfarwehaveonly discussedtheEMSERequalizersfor PAM systems,a

QAM systemcanbethoughtastwo PAM systemsin parallel.Theresultsof theEMSER
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linear equalizeron the PAM systemcanbe extendedin a straightforward mannerto the

QAM system.

An L2-QAM symbol is complex andconsiststwo PAM symbols,oneasits real part

and the other as its imaginary part:

x = xR + j xI , (2-27)

wherexR andxI aretwo independentL -PAM symbols.To detectan QAM symbol,a 2-

dimensionalquantizeris used.However, the quantizeractually usestwo 1-dimensional

quantizersto separatelydetectxR andxI . In thatsense,wecantreatanL2-QAM systemas

two L -PAM systems and thus, its error probability can be treated as

Pe =  + (2-28)

where  and  are the real and imaginary SER.

= E  + E . (2-29)

where we have introduced signal vectorss1 andsj for a QAM system where

= H and = H (2-30)

where is a randomvector uniformly distributed over all noiselessQAM channel

outputvectorsgiven that therealpartof thedesiredsymbolis 1, i.e. = 1, whereas

is a randomvectoruniformly dis representall possiblenoiselessQAM channeloutput

vectors given that the quadrature part of the desired symbol is1, i.e. = 1.
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To extend the EMSERalgorithmto the QAM system,we take the derivative of the

errorprobabilityof (2-29)with respectto thein-phaseequalizercoef®cientvectorcR and

the quadratureequalizercoef®cientvector cI . Following the derivation of (2-25), we

obtain the EMSER algorithm forcR:

 + mf R(ck), (2-31)

and the EMSER algorithm forcI :

 + mf I (ck), (2-32)

where the driving vector termf R(c) is

f R(c) = E  + E (2-33)

and the driving vector termf I (ck) is:

f I (c) = ± E  + E . (2-34)

Combining equations (2-31)-(2-34), the EMSER update equation for a QAM system is

ck+1 = ck+ mfQAM (ck) (2-35)

where

fQAM (c) = E + E . (2-36)
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2.6  EXTENSION TO DECISION-FEEDBACK EQUALIZA TION

A decision-feedbackequalizeris a straightforwardextensionof a linearequalizer. As

mentionedin chapter1, thefeedback®lterof anMMSE DFE subtractsoff thepostcursor

ISI in orderto minimizeMSE.In thissubsection,weshow thatsimilar to theMMSE DFE,

the feedback®lterof theEMSERDFE is alsochosento eliminatethepostcursorISI. In

fact,we canshow thatif a forward®lterof a DFE is ®xedandopenstheeye of a channel,

thenthefeedback®lterof a DFE needonly eliminatethepostcursorISI in orderto mini-

mize error probability. In this subsectionwe concentratethe derivation of the minimum-

SER DFE for the PAM systems. Its extension to QAM is straightforward.

Let c = [c0 ¼ ]T andd = [d1 ¼ ]T denoterespectively theforwardandthe

feedback®ltersof a DFE. Let = H = [f0 ¼ fD ¼ ] denotethe impulse

responseof theconvolution of the forward®lterandthechannel.Thenoiselessequalizer

output prior to decision feedback subtraction is

 f Txk = fixk ±i+ fDxk ±D + fixk ±i . (2-37)

For now we assumethat the lengthof the feedback®lteris thesameasthe lengthof the

postcursorresidualISI, i.e. = M + ± 1. Observe thattheerrorprobabilitywith cor-

rect decision feedback is

Pe(c, d) = E , (2-38)

wheretheexpectationis over the equallylikely L -ary vectors.For agivenf ,

wedeterminethecoef®cientvectord in orderto minimizetheerrorprobabilityof (2-38).
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We seethat thereareLD possiblepointsfrom which form a cloud

centeredat fD. Whenwe add (fi ± d i ±D) xk ±i to to form the

noiselessequalizeroutput,we in a senseadda sub-cloudto eachof the LD points.Each

sub-clouddisappearsif (fi ± d i ±D) = 0 for i = D+1 ... M + ±1. However, if (fi ± d i ±D) is

not zerofor somei , theerrorprobabilitybecomesstrictly greaterthanfor (fi ± d i ±D) = 0

for all i . We explain this by constructing the following inequality:

2Q(A) £ Q(A + B) + Q(A ±B), (2-39)

whereA is positive.This inequalityis animmediateresultfrom thefactthattheQ function

is a monotonouslyand exponentially decreasingfunction. The inequality in (2-39)

becomesa strict equalityonly whenB is zero.Thuswe concludethat if thelengthis long

enough,the feedbacksectionof a EMSER DFE subtractsoff the post-cursorISI com-

pletely.

In thecasewhenthelengthof thefeedback®lteris greaterthanthelengthof thepost-

cursorresidualISI (i.e. > M + ± 1), theadditionaltapsof thefeedback®lterwill

bezeros.Ontheotherhand,whenthelengthof thefeedback®lteris lessthanthelengthof

thepostcursorresidualISI (i.e. < M + ± 1), basedon theinequalityof (2-39),the

EMSER equalizer setsd i ±D = fi for i = D+ 1 ... .

We now constructa numericalalgorithm to recover the coef®cientsof a minimum-

BER DFE. The numerical algorithm for the forward section of the DFE is

ck+1 = ck + mf(ck, dk), (2-40)

where
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f(c, d) = E . (2-41)

Weseethattheforward®lteris drivenby its noiselessinputvectorsweightedby theircon-

ditional errorprobabilities.We cansetthefeedbacksectionof theDFE to bethesameas

the post cursor ISI:

d = [fD+1 ... ]. (2-42)

2.7  SUMMARY AND CONCLUSIONS

In this chapter, we have introducedtheconceptsof thesignalvectorsandsignalcone

andusedthemto characterizetheEMSERlinearequalizerfor thePAM ISI channel.We

have shown that theEMSERequalizermustsatisfya particular®xed-pointequation.We

have shown thaterrorprobabilityfunctionis generallynot a convex functionof theequal-

izer coef®cients,andthereareusuallymultiple solutionsto the ®xed-pointequation.To

®ndtheEMSERequalizer, wehaveconstructedanumericalalgorithmbasedon the®xed-

point equation.We have provedthat thealgorithmis guaranteedto convergeto a solution

to the ®xed-pointequationfor any positive stepsize.Further, we have proposeda suf®-

ciency condition for testingwhetherthe algorithm has indeedconverged to the global

EMSER solution. In addition, we have extendedthe EMSER resultson PAM to both

QAM and DFE.

From our theoreticalanalysisandsomenumericalexamples,we have concludedthat

theEMSERequalizercanbevery differentfrom theMMSE equalizer, dependingon the

ISI channeland the numberof the equalizertaps.SomedramaticalSNR gains of the

EMSERequalizerover the MMSE equalizerfound in this chapterhave motivatedus to

proceed to ®nding an adaptive equalizer algorithm to minimize SER instead of MSE.
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APPENDIX 2.1

P R O O F O F
T H E O R E M 2 . 2

In this appendix,we prove Theorem2.2 on page34: For any equalizablechannel,the

EMSERalgorithmof (2-26) convergesto a local extremumsolutionsatisfyingc = af(c)

for a > 0.

Sincethes(i ) vectorsgenerateasignalcone,wecan®ndahyperplaneP, containingthe

origin, suchthatall s(i ) vectorsarestrictly ononesideof P. Everys(i ) makesanangleof qi

Î [0, 90°) with the normal to P and consistsof two components:one (with norm

||s (i )||sinqi) parallelto P andtheother(with norm||s (i )||cosqi) perpendicularto P. At each

update,thecorrectionvectormf(ck) is strictly insidethesignalconeandits normis lower

boundedby mexp(± ¤2s2)||s ||min cosqmax, where ||s ||min = mini{ || s(i ) ||} , ||s ||max =

maxi{ ||s(i ) ||}, andqmax = maxi{ qi}. At iterationM + 1, the sumof the pastM correction

s max
2
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vectors is a vector strictly inside the signal cone and has a norm lower boundedby

Mmexp(± ¤2s2)||s ||min cosqmax. We concludethat, for any initial c0 with a ®nite

norm,thereexistsa®niteM suchthatcM+1 is strictly insidethecone.In addition,wecon-

clude that equalizer norm ||ck || grows without bound ask increases.

Showing that ck converges to the direction of an extremum solution satisfying

c = af(c) with a > 0 is equivalentto showing that the anglebetweenck and f( k), where

k equalsck / ||ck ||, approacheszero.First we observe that k must converge to some

®xed vector ¥ , since||ck || becomesarbitrarily large while the norm of the update,||

mf( k) ||, is upper-boundedby m||s ||max. It follows that f( k) convergesto f( ¥ ), andthus,

for any e > 0, thereexists a ®nitek(e) suchthat for all k > k(e), | ||f( k) || ± || f( ¥ ) ||| £ ³||

f( k) ± f( ¥ ) || < e. Manipulatingthe inequalitiesyields that theanglebetweenf( k) and

f( ¥ ) is less than someq(e), where

q(e) = cos±1 . (2-43)

For any M > 0, ( k(e) + j) is avectorstrictly within theconeW[f( ¥ ); q(e)] consisting

of all vectorslessthanq(e) away from f( ¥ ). For a ck(e) with a ®nitenorm,we can®nda

®niteM suchthatck(e)+M = ck(e) + m ( k(e) + j) is strictly insideW[f( ¥ ); q(e)]. As e

approaches0, q(e) approaches0 and thus the anglebetweenck(e) + M and f( k(e) + M)

approaches0 as well.Q.E.D.
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APPENDIX 2.2

P R O O F O F
T H E O R E M 2 . 3

In thisappendix,weproveTheorem2.3onpage35: If c = af(c) for a > 0 andtheerror

probability is less than , thenc minimizes error probability.

Let Í N denotethesetof all eye-openingequalizershaving unit length,i.e., is

thesetof unit-lengthvectorshaving positive innerproductwith all s(i ) signalvectors.This

set is not empty when the channelis equalizable.We can write = i, where

i = { e: eTs(i ) > 0, ||e || = 1} . Observe from (2-18) that the condition Pe(c) £

implies that the equalizerc opens the eye, Î .

We now show that if c Î andc = af(c) with a > 0 thenc globally minimizeserror

probability. First,observe from (2-18)thatany equalizernot in will haveanerrorprob-

ability of or greater, whereasat leastoneequalizerwithin (namelyc) hasanerror

probabilityPe £ , sothattheglobalminimummustbein theeye-openingregion .

L 1±
L K

-------------

E R E

E
i 1=

K

Ç E

E
L 1±
L K

-------------

c
c

------- E

E

E

L 1±
L K

------------- E

L 1±
L K

------------- E



44

However, asshown below, errorprobabilityhasonly onelocalminimumover ; thus,the

localextremumc = af(c) mustbea localminimumandthusmustbetheglobalminimum.

It remainsto show that error probability hasonly one local minimum over the eye-

openingregion . Let B bea mapfrom theunit-radiushypersphere to N according

to B(e) = P(e)e. ThefunctionB shrinkseachelementof theunit-radiushypersphereby its

correspondingerror probability. Let B( ) Í N denotethe resultingsurface.Because

Q(×) £ 1, the error probability surfaceB( ) is wholly containedwithin the unit-radius

hypersphere . ObservethatP(c) of (2-18)is thearithmeticaverageof K separateQ func-

tions,so that B(e) = Bi(e), whereBi(e) = Q(eTs(i )¤s)e. Geometrically, eachcon-

tributing surfaceBi( ) Î N hasthe approximateshapeof a balloonwhenpoked by a

®nger, with aglobalminimumin thedirectionof s(i ). In Fig. 2-9 weillustratethefour con-

tributing surfacesB1( ) throughB4( ) for the channelof Example2-1. Although each

surfaceBi( ) is notconvex over theentiresphere , eachis convex whenrestrictedto the

hemisphere i, andhencesois Bi( ). (A surfaceis convex if theline connectingany two

pointson the surfacedoesnot touchthe surface.)Being the sumof convex functions,it

follows that B( ) = Bi( ) is convex over the eye-openingregion . But a

convex function has at most one local minimum.Q.E.D.
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Fig. 2-9. Illustration for Proof of Theorem 2.3 based on the channel of
Example 2-1. The BER surface B( ) in (e) is the arithmetic average

of the surfaces B1( ) through B4( ) in (a) through (d). The shaded

regions in (a) through (d) are 1 through 4, respectively. The

shaded region in (e) is the eye opening region , deÞned as the

intersection of 1 through 4. Because each Bi( i) is convex,

B( ) is convex.
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CHAPTER 3

A D A P T I V E
E Q U A L I Z A T I O N
U S I N G T H E A M B E R
A L G O R I T H M

3.1  INTRODUCTION

AlthoughtheEMSERalgorithmof thepreviouschapteris usefulfor ®ndingthemin-

imum-SERequalizerof known channels,it is poorly suitedfor adaptive equalization.We

now proposethe approximateminimum-bit-error-rate (AMBER) algorithm for adapting

the coef®cientsof an equalizerfor both PAM and QAM channels.While lesscomplex

thantheLMS algorithm,AMBER very nearlyminimizeserrorprobability in white Gaus-

sian noiseand can signi®cantlyoutperformthe MMSE equalizerwhen the numberof

equalizer coef®cients is small relative to the severity of the intersymbol interference.
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In section3.2,weapproximatethe®xed-pointrelationshipof theEMSERequalizer. In

section3.3,we proposea globally convergentnumericalalgorithmto recover thesolution

to theapproximate®xed-pointequation.In section3.4,we transformthenumericalalgo-

rithm into a stochasticequalizeralgorithm,namelythe AMBER algorithm.We discuss

somekey parameters,suchasan error indicatorfunctionandan updatethreshold,of the

AMBER algorithm. We then extend the AMBER algorithm to QAM and DFE. In

section3.5, we performcomputersimulationsto evaluateandcomparethe error proba-

bility performanceof the MMSE, the EMSER,andthe AMBER equalizers.In addition,

we empirically characterizethe ISI channelsover which the EMSER and the AMBER

equalizersaremorebene®cialthantheMMSE equalizer. In section3.6,wesummarizeour

results.

3.2  FUNCTIONAL APPROXIMA TION

As mentionedin chapter2, by settingto zerothegradientof (2-12)with respectto the

equalizerc, we®ndthatthec minimizingerrorprobabilitymustsatisfytheEMSER®xed-

point equationc = af(c) for somea > 0. For convenience,we again statef(c) of (2-22)

here:

f(c) = s(1) + s(2) + ¼ + s(K) , (3-1)

wherea i = cTs(i ) ¤(||c|| s) is a normalized inner product ofs(i ) with c.

Insteadof using the EMSER®xed-pointrelationship,we usean approximate®xed-

point relationshipfor reasonsthat will becomeapparentlater on. Recall that the error

functionQ(a) is upperboundedandapproximatedby 0.5 exp(a2/2), asshown in Fig. 3-1
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[14]. Observe thatthetwo functionshave slopescloseto eachother. With this approxima-

tion, we can approximatef(c) as follows:

f(c)» a1Q(a1)s(1) + a2Q(a2)s(2) + ¼ + aLQ(aK)s(K) (3-2)

» amin Q(a1)s(1) + Q(a2)s(2) + ¼ + Q(aK)s(K) (3-3)

= amin g(c), (3-4)

whereamin = min{ a i}, and where we have introduced the vector functiong : N ® N:

g(c) = Q(a1)s(1) + Q(a2)s(2) + ¼ + Q(aK)s(K) (3-5)

= E . (3-6)
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Comparing(3-1) and(3-5),we seethatthevectorfunctiong(c) hasthesameform asf(c),

but with Q(a) replacingexp(±a2 ¤2). Theapproximationin (3-3) is valid becauseonly the

termsin (3-2) for whicha i » amin arerelevant,andtheothertermshavenegligible impact.

In analogyto theEMSER®xed-pointrelationship,we de®netheapproximateminimum-

bit-error-rate (AMBER) ®xed-point relationship by:

c = ag(c), for somea > 0. (3-7)

Wede®nethattheequalizersatisfying(3-7)astheAMBER equalizer. BecauseQ(×) is also

an exponentiallydecreasingfunction, (3-5) suggeststhat g(c) is dictatedby only these

signalvectorswhoseinnerproductswith c arerelatively small.Thus,theAMBER equal-

izer will be very nearlya linear combinationof the few signalvectorsfor which the eye

diagram is most closed.

Thefollowing theoremshows that,althoughtheremaybenumerousunit-lengthsolu-

tionsto theEMSER®xed-pointequationc = af(c) for a > 0, thereis only oneunit-length

solution to c = ag(c) for a > 0; call it AMBER . This is one obvious advantageof this

approximate®xed-pointrelationship(3-7) over the EMSER ®xed-pointrelationship(2-

24).

Theorem 3.1: For an equalizable channel there is a unique unit-length vector

AMBER  satisfying the AMBER ®xed-point relationship of (3-7).

Proof. The proof of Theorem 3.1 is in Appendix 3.1.

Wewill learnin section3.4thatamoreimportantadvantageof theapproximate®xed-

point relationshipover theEMSER®xed-pointrelationshipis its amenabilityto a simple

stochastic implementation.

cÄ

cÄ
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While theequalizercAMBER no longerminimizeserrorprobabilityexactly, theaccu-

racy with which Q(x) approximates for large x suggeststhat cAMBER closely

approximatesthe EMSER equalizerat high SNR. The simulationresultsin section3.5

will substantiate this claim.

3.3  A NUMERICAL METHOD

Recallthatwe constructeda numericalalgorithmto recover solutionsto theEMSER

®xed-pointrelationshipof (2-24). To recover solutionsto the AMBER ®xed-pointrela-

tionship, we use a similar approach by proposing the following numerical algorithm:

ck + 1 = ck + mg(ck), (3-8)

wherem is a positive step size.

Becausethereexistsonly oneuniquesolutionto c = ag(c) for a > 0, we canprove the

global convergence of this numerical algorithm:

Theorem 3.2: If the channel is equalizable, the numerical algorithm of (3-8) is

guaranteed to converge to the direction of the unique unit-length vector AMBER

satisfying = ag( ) for a > 0.

Proof. The proof of Theorem 3.2 is in Appendix 3.2.

3.4  STOCHASTIC IMPLEMENT ATION

As mentionedbefore,theEMSERalgorithmis usefulonly whenthechannelis known

andthusis not suitablefor stochasticimplementation.Themainadvantageof thenumer-

ical algorithm of (3-8) is that there exists a simple stochastic implementation.

1
2
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3.4.1  Error Indicator Function

At ®rstglance,(3-8) is only morecomplicatedthantheEMSERalgorithmof (2-26).

However, the replacementof the exponentialfunction with the Gaussianerror function

motivatesa simpli®edadaptationalgorithm.Let us®rstintroduceanerror indicatorfunc-

tion I (xk±D , yk) to indicatethepresenceandsignof anerror:let I = 0 if noerroroccurs,let

I = 1 if anerroroccursbecauseyk is too negative,andlet I = ±1 if anerroroccursbecause

yk is too positive. In other words:

 I (xk±D , yk) = (3-9)

Thus,weseethattheexpectationof thesquarederrorindicatorfunctionis simply theerror

probability:

E[ I 2] = E . (3-10)

This equationsuggeststhattheremaybeaconnectionbetweentheerrorindicatorfunction

and the numericalalgorithm of (3-8), wherethe equalizeris adaptedby signal vectors

weightedby their conditionalerrorprobabilities.In fact,we canrelatetheerror indicator

function tog(c) by the following theorem:

Theorem 3.3: The error indicator is related tog(c) by

E[ I r k] = g(c) ± e(c)c , (3-11)

wheree(c) is a small positive constant.

Proof. The proof of Theorem 3.3 is in Appendix 3.3.

î
í
ì 1, if yk < (xk ± D ± 1)fD and xk ± D ¹ ±L + 1,

±1, if yk > (xk ± D + 1)fD and xk ± D ¹ L ± 1,
0, otherwise.
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Theorem3.3 allows us to usethe error indicator function to simplify the numerical

algorithm of (3-8) as follows:

ck+1 = ck + mg(ck) (3-12)

= ck + m(E[ I r k] + e(ck)ck) (3-13)

= (1 + me(ck))ck + mE[I r k]. (3-14)

» ck + mE[I r k], (3-15)

where the approximation in (3-15) is accurate whenme(c)  is small.

Whenthestepsizemis signi®cantlysmall,anensembleaveragecanbewell approxi-

matedby a time average,andwe canremove the expectationin (3-15) to yield the fol-

lowing stochastic algorithm:

ck+1 = ck + mI r k. (3-16)

We referto this stochasticupdateastheapproximateminimum-BER(AMBER) algorithm.

In chapter4 we will address its convergence properties in details.

We remarkthat (3-16)hasthesameform astheLMS algorithm,exceptthat theerror

indicatorfunctionof theLMS is I LMS = xk ±D ± yk. Observe thatAMBER is lesscomplex

thanLMS because(3-16)doesnot requirea ßoating-pointmultiplication.Recallthat the

sign-LMS algorithm is

ck+1 = ck + mI sign-LMS r k, (3-17)
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whereI sign-LMS = sgn(I LMS ). AMBER canbe viewed asthe sign LMS algorithmmodi-

®ed to update only when a symbol decision error is made.

3.4.2  Tracking of fD

TheLMS algorithmpenalizesequalizeroutputsfor deviating away from constellation

points and thus controls the norm of the equalizerso that the main tap of the overall

impulseresponseis approximatelyunity, e.g. fD » 1. On the otherhand,fD is not neces-

sarily close to unity for the AMBER algorithm.

Knowledgeof fD is notneededfor binarysignalingsincethedecisionsaremadebased

on the sign of the equalizeroutputs.However, for generalL -PAM, the valueof the indi-

cator functionI depends onfD, which changes with time asc is being updated.

To estimatefD, we proposean auxiliary updatealgorithm.First, we let D(k) denote

the estimateof fD at time k. For a givenxk ±D, the equalizeroutputyk equalsthe sumof

fDxk ±D anda perturbationtermresultingfrom residualISI andGaussiannoise.Sincethe

perturbationterm haszero mean,the meanof the equalizeroutput is fDxk ± D, and that

yk ¤xk ±D hasameanof fD. WecanthustrackfD usingasimplemoving averageasfollows:

D(k + 1) = (1 ± l ) D(k) + l , (3-18)

where l is a small positive step size. The estimateddetectionthresholdsare then { 0,

±2 D(k), ¼ , ±(L ±2) D(k)}.

3.4.3  Update Threshold

BecausetheAMBER algorithmof (3-16)updatesonly whenanerroroccurs,i.e. when

theerror indicatorI ¹ 0, theconvergenceratewill beslow whentheerror rateis low. To

fÃ

fÃ fÃ
yk

xk D±
---------------
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increaseconvergencespeed,we can modify AMBER so that the equalizerupdatesnot

only whenanerror is made,but alsowhenanerror is almostmade,i.e. whenthedistance

betweenthe equalizeroutputand the nearestdecisionthresholdis lessthansomesmall

positive constantt . Mathematically, the modi®ed indicator function is

 I t (xk ±D, yk) = (3-19)

Observe that whent = 0, the modi®ed AMBER algorithm reverts back to (3-16).

We note that the expectationof the squaredmodi®ed-error-indicator function is no

longer the error probability, but rather

E[ I t
2] = E . (3-20)

TheoriginalAMBER algorithm(t = 0) requiresknowledgeof xk ±D; In otherwords,it

requiresa training sequence.When a training sequenceis not available, the original

AMBER algorithmcannotbeoperatedin adecision-directedmanner:if decisionsareused

in placeof actualsymbols,the indicatorfunctionwould be identicallyzerosinceit is not

possiblefor AMBER to tell whetheranerrorhasoccurred,andhencetheequalizerwould

never escapefrom its initial condition. Fortunately, the thresholdmodi®cationhas a

secondadvantage:besidesincreasingthe convergencespeed,the modi®edalgorithmcan

alsobeimplementedin a decision-directedmannerby using k ±D in placeof xk ±D in (3-

19). Becausea decision-directedalgorithmcannotrecognizewhenan error is made,the

modi®edalgorithmin decision-directedmodeupdatesonly whenanerroris almostmade.

We canexpectthat the impactof decisionerrorson this decision-directedalgorithmwill

be negligible when the error probability is reasonably small, perhaps10±2 or less.

î
í
ì 1, if yk < (xk ± D ± 1)fD + t and xk ± D ¹ ±L + 1,

±1, if yk > (xk ± D + 1)fD ± t and xk ± D ¹ L ± 1,
0, otherwise.
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3.4.4  Extension to the QAM Channel

ExtendingtheAMBER equalizerto L2-QAM is straightforwardsincethein-phaseand

quadraticcomponentsof a QAM systemcan be viewed as two parallel PAM systems.

Replacingtheexponentialfunctionby theGaussianerrorfunctionin equations(2-35)-(2-

35), we obtain the deterministic AMBER algorithm for QAM as

ck+1 = ck+ mgQAM (ck) (3-21)

where

gQAM (ck) = E  + E . (3-22)

Onceagain, if we assumetheeffect of noiseon thereceivedchanneloutputvectoris not

signi®cant,wecanreplacetheensembleaveragesin (3-21)-(3-22)by thefollowing simple

stochastic update for the complex QAM equalizer:

ck+1 = ck + mI t , (3-23)

whereI t = I t ( , ) + jI t ( , ) andwherethe superscriptsR and I areusedto

denote real (or in-phase) and imaginary (or quadrature) parts, respectively.

3.4.5  Extension to Decision-Feedback Equalizer

A decision-feedbackequalizeris basicallya cascadeof a linearequalizeranda deci-

sion-feedbackdevice, where the forward sectionof a DFE is the linear equalizer. We

replacethe exponentialfunction by the Gaussianerror function in the EMSER update

equation (2-40) for the forward ®lter of a DFE as follows:

Q
ck

T
s1( )

R

ck s
----------------------

è ø
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ck+1 = ck + mgfwd (ck, dk), (3-24)

where

gfwd (c, d) = E . (3-25)

Basedon the deterministicAMBER updateof (3-24),we canthenform an almostiden-

tical stochastic update for the forward ®lter:

ck+1 = ck + mI t r k, (3-26)

whereI t is theerrorindicatorfunctionevaluatingtheequalizeroutputsafterdecisionfeed-

back andr k is the equalizer inputs for the forward ®lter of the DFE.

As mentionedin section2.6, the feedback®ltersof both theMMSE andtheEMBER

DFEs are to eliminate post-cursorISI and we can updatethe feedback®lter of the

AMBER DFE with the LMS algorithm:

dk+1 = dk ± mek , (3-27)

where ek is the differencebetweenthe DFE output and the desiredsignal, and where

= [ ... ] is thepastdatavectorandis replacedby thedatadeci-

sion vector  = [  ... ] in the decision-directed mode.
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3.5  NUMERICAL RESULTS

3.5.1  SER Simulation

In this subsection,we considerseveralexamplesto comparetheSERperformanceof

theEMSER,AMBER, andMMSE equalizers.We alsoplot someeye diagramsof equal-

izer outputs to illustrate the difference between the MMSE and the AMBER equalizers.

Example 3-1: We ®rstconsiderlinearequalizationfor a binarysignalingchannel

H(z) = 1.2 + 1.1z±1± 0.2z±2. In Fig. 3-2 we plot BER versusSNR = hk
2 ¤s2,

consideringtheMMSE, EMSER,andAMBER equalizersof lengththreeand®ve.

With threeequalizertapsanda delayof D = 2, the AMBER equalizerhasa more

than6.5 dB gain over theMMSE equalizer. With ®ve tapsandD = 4, theAMBER

equalizerhasanearly2 dB gainoverMMSE. Observe thattheAMBER (solid)and

EMSER (dashed)curves are nearly indistinguishable.In Fig. 3-3, we present

ªarti®cialºnoiselesseyepatternsfor theEMSER,AMBER, andMMSE equalizers,

assuming®ve equalizertapsand SNR = 30 dB. Thesepatternsare obtainedby

interpolatingall possiblenoiselessequalizeroutputswith a triangularpulseshape.

All equalizersare normalizedto have identical norm (and thus identical noise

enhancement).The EMSER and AMBER eye patternsare virtually identical,

whereasthe MMSE eye patternis drasticallydifferent.The interestingdifference

betweenthe MMSE and AMBER equalizersresultsfrom the MMSE equalizerÕs

effort to forceall possibleequalizeroutputsto { ±1}, despitethebene®tsof sparing

the outputs with large noise immunity.

Sk
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Fig. 3-2. Performance of linear equalization for the channel H(z) = 1.2 +

1.1z±1± 0.2z±2.
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Fig. 3-3. Equalized noiseless eye patterns for 5-tap (a) EMSER; (b)

AMBER; and (c) MMSE for the channel H(z) = 1.2 + 1.1z±1± 0.2z±2.
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Example 3-2: We now considera 4-PAM channelwith transferfunction H(z) =

0.66 + z±1 ± 0.66z±2. In Fig. 3-4 weplot errorprobabilityversusSNR = å k
2 Ús2

for threedifferent®ve-taplinear equalizers:MMSE, EMSER,andAMBER. The

delay is D = 3, which is optimal for the MMSE equalizer. The coef®cientsof the

MMSE and EMSER equalizersare calculatedexactly, whereasthe AMBER

coef®cients were obtained via the stochastic AMBER update (3-16), with

m= 0.0002, t = 0.05, and106 training symbols.The error probability for all three

equalizers is then evaluated using (2-16). Observe from Fig. 3-4 that the

performanceof AMBER is virtually indistinguishablefrom that of EMSER,and

thattheAMBER equalizeroutperformstheMMSE equalizerby over14dB atSER

= 10 ±5.

hk

Fig. 3-4. Error-probability comparison for the 4-PAM channel with

H(z) = 0.66 + z±1 ± 0.66z±2.
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Example 3-3: Herewe considera 4-QAM channelwith linear equalizationand

H(z) = (0.7 ± 0.2j) + (0.4 ± 0.5j)z±1 + (±0.2 + 0.3j)z±2, andSNR = |h k| 2 ¤s2. As

shown in Fig. 3-5, the4-tap(D = 3) AMBER linearequalizeroutperformsMMSE

equalizerby about18 dB. With ®ve taps,thegaindropsto slightly morethan2 dB.

In Fig. 3-6 we presentthe noiselessconstellationdiagramsfor the 4-tapAMBER

and MMSE linear equalizers.Observe the interestingstructureof the AMBER

constellationclouds;they result in a higherMSE than the MMSE clouds(which

appear roughly Gaussian), but the edges of the AMBER clouds are further apart.

Sk
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Fig. 3-5. BER comparison for linear equalizer on the 4-QAM channel

with H(z) = (0.7 ± 0.2j) + (0.4 ± 0.5j)z±1 + (±0.2 + 0.3j)z±2.
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Example 3-4: We now considera 16-QAM systemwith channelH(z) = (0.5 +

0.3j) + (1.2 + 0.9j)z±1 ± (0.6 + 0.4j)z±2. In Fig. 3-7 we plot symbol-error

probabilityversusSNR for a four-taplinearMMSE equalizeranda four-tap linear

AMBER equalizer. TheMMSE delayD = 3 is usedon bothcases.Thecoef®cients

of the MMSE equalizerareexact, whereasthe AMBER coef®cientsareobtained

via (3-16) with m= 0.0002, t = 0.05, and 106 training symbols.Both curves are

obtainedusingMonte-Carlotechniques,averagedover 30 ´ 106 trials.Observe that

AMBER outperformsMMSE by more than 6 dB. In Fig. 3-8 we plot the ®rst

quadrantof the noiseless16-QAM constellationdiagramsafter the AMBER and

MMSE equalizers.Theequalizersarescaledto have thesamenormandtherefore

the samenoise enhancement.Observe that the distancebetweenthe AMBER

(a) (b)
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±1 1
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1

±2 0±1 1 2

MSE=0.5dBBER=6.3́ 10±4MSE=0.7dBBER=1.4́ 10±6

Fig. 3-6. Noiseless equalized constellations of 4-tap (a) AMBER and
(b) MMSE equalizers at 25 dB SNR on the 4-QAM channel with H(z) =

(0.7 ± 0.2j) + (0.4 ± 0.5j)z±1 + (±0.2 + 0.3j)z±2.
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cloudsis greaterthanthe distancebetweenthe MMSE clouds.Thus,althoughthe

MSE of the AMBER equalizeris 0.5dB higher than the MSE of the MMSE

equalizer, the error probability is smaller by a factor of 17.

Example3-5: Hereweconsiderabinarysignalingchannelwith atransferfunction

of H(z) = 0.35 + 0.8z±1 + z±2 + 0.8z±3, but this time with decision-feedback

equalization.In Fig. 3-9 we comparetheBER performanceof AMBER to MMSE.

For a ®ve-tapDFE (3 forwardand2 feedbacktaps),AMBER hasa morethan5 dB

gain over MMSE at BER = 10±5. For a seven-tapDFE (4 forward and3 feedback

taps), AMBER outperformsMMSE by about 1.8 dB. Observe that the 5-tap

AMBER DFE outperforms the 7-tap MMSE DFE.

Fig. 3-7. Error probability performance comparison for the 16-QAM

channel with H(z) = (0.5 + 0.3j) + (1.2 + 0.9j)z±1  ± (0.6 + 0.4j)z±2.
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Fig. 3-8. Noiseless constellations (Þrst quadrant only) of the 16-QAM

channel with H(z) = (0.5 + 0.3j) + (1.2 + 0.9j)z±1 ± (0.6 + 0.4j)z±2: (a)

after MMSE (MSE = ±5.9 dB, Pe = 69.6 ´ 10±5); (b) after AMBER

(MSE = ±5.4 dB, Pe = 4.0 ´ 10±5).
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64

3.5.2  ISI Channel Characterization

Basedon our simulationresultsin the previous subsection,we suspectthat without

enoughequalizertaps,theAMBER (andtheEMSER)equalizersarelikely to signi®cantly

outperformthe MMSE equalizerson severe ISI channels.However, the above claim is

rathervagueandmoreconcretescenariosareneededto quantifytheclaim. In this subsec-

tion wedeviseanISI channelcharacterizationprocedureto identify scenariosin which the

AMBER and the EMSER equalizers signi®cantly outperform the MMSE equalizer.

We have realizedfrom our previoussimulationresultsthatdrasticallydifferenterror-

probabilityperformancesarereßectedin theeyediagrams.Morespeci®cally, themorethe

MMSE eyepatternis closed,themorepotentialis theAMBER equalizerto improveerror

probability performance.As we have mentionedearlier, the noiselesseye pattern is

formed by plotting the noiselessequalizeroutputsand equivalently, the inner products

betweentheequalizerandthesignalvectors.We will now give two rules-of-thumbbased

on our empirical observations.

Rule 1. For an MMSE equalizer, if its smallestoutput is signi®cantlylessthanthe

desiredsignal(e.g. thesmallestnoiselessequalizeroutputis 0.1 andthedesiredsignal

is 1), thenit is possibleto have theAMBER andtheEMSERequalizerssigni®cantly

outperform the MMSE equalizer.

Rule 2. If someMMSE equalizeroutputs,which signi®cantlyclosethe eye of the

channel,have largedispersion,thentheAMBER andtheEMSERequalizersarepossi-

ble to have large SNR gains over the MMSE equalizer.
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Of coursethe above rulesdo not alwayshold, but they arein generalgood.We now

designa crudecharacterizationprocedureto predicttheSNRgainsof then-tapAMBER

and EMSER equalizers over then-tap MMSE equalizer.

Step1. Givena channel,computethen-tapMMSE equalizerat a high SNR.Obtain

noiseless equalizer outputs by convolving the channel and the MMSE equalizer.

Step2. Of all theMMSE equalizeroutputscorrespondingto xk±D = 1, pick onetenth

with smallestvaluesandaveragethem.The predictedSNR gain of the AMBER and

the EMSER equalizers over the MMSE equalizer is

SNRgain  = 20 log10 , (3-28)

whereOUTavg is theaverageof theonetenthMMSE equalizeroutputswith thesmallest

valuesandOUT smallest is the smallestMMSE equalizeroutput.At very high SNR, the

smallestof equalizeroutputsdictatestheerrorprobabilityperformance;ThusOUT smallest

is the effective signalstrengthfor the MMSE equalizerat high SNR.On the otherhand,

we have observed that both the AMBER and the EMSER equalizerstend to passively

ªclusterº equalizeroutput into sub-clusters,andOUTavg is usedto roughly estimatethe

meanof thesub-clusterthatnearlyclosestheeyeof thechannel.ThepredictedSNRgains

of theAMBER andtheEMSERequalizersover theMMSE equalizerarethustheratiosof

OUTavg over OUT smallest  in decibels.

In Fig. 3-10, we plot theactualversusthepredictedSNRgainsof theEMSERequal-

izersover theMMSE equalizer. With variousequalizertapsandtwo hundredequalizable

3-tap and 4-tap channels,we perform simulationsto ®ndthe actualSNR gains of the

EMSERequalizerover theMMSE equalizeraterrorprobabilitylessthan10±6. In general,

OU Tavg
OU Tsmal l est
-----------------------------------

è ø
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thecharacterizationprocedurepredictswell whetheranEMSERequalizeris likely to sig-

ni®cantlyoutperformanMMSE equalizer. In Fig. 3-11,we plot theactualversusthepre-

dicted SNR gains of the AMBER equalizers over the MMSE equalizer.

3.6  SUMMARY AND CONCLUSION

We have derived the approximateminimum-BER(AMBER) equalizationalgorithm

for bothPAM andQAM. ThestochasticAMBER algorithmfor adaptive equalizationhas

thefollowing attributes:it closelyapproximatestheminimum-error-probabilityequalizer;

it doesnot requireknowledgeof thenoisevariance;it haslow complexity, evenlower than

the LMS algorithm;andsimulationresultssuggestthat the algorithmis globally conver-

gent.We alsohave carriedout a simpleISI channelcharacterizationprocedureto predict

SNR gains of the EMSER and AMBER equalizers over the MMSE equalizer.

Fig. 3-10. The actual vs. the predicted SNR gains of the EMBER
equalizers over the MMSE equalizers.
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Fig. 3-11. The actual vs. the predicted SNR gains of the AMBER
equalizers over the MMSE equalizers.
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APPENDIX 3.1

P R O O F O F
T H E O R E M 3 . 1

In thisappendix,weproveTheorem3.1:For any equalizablechannelthereis aunique

unit-length vector, AMBER , satisfying the ®xed-point relationship = ag( ) for a > 0.

By contradiction: suppose both 1 and 2 satisfy = ag( ), a > 0, where

|| 1 || = || 2 || = 1. Let P denotethe planecontainingthe origin and the perpendicular

bisectorof 1 and 2, asshown in Fig. 3-12 for a three-tapequalizer. This planebisects

the signal cone S = { Si ais
(i ) : ai ³³ 0} into two subconesA and B, so that S = A È B,

whereA is the intersectionof S with the setof vectorson the 1 sideof P, excluding P,

and B is the intersectionof S with the set of vectorson the 2 side of P, including P.

Observe that 1 Î A and 2 Î B and thatA andB are disjoint,A Ç B = Æ.

From(3-5),g( 1) canbedecomposedinto two summationsoversignalvectorsfrom A

andB:

cÄ cÄ cÄ

cÄ cÄ cÄ cÄ

cÄ cÄ

cÄ cÄ

cÄ
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cÄ cÄ
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g( 1) = . (3-29)

Now considerg( 2); it too canbe expressedusing(3-29),but with differentweights.

Comparedwith 1, thevector 2 formsa largeranglecos±1( 2
Ts(i )¤||s(i ) ||) with all vectors

s(i ) from A, while it forms a smalleror equalanglewith all vectorsfrom B. Thus,com-

paredwith the weights for g( 1), the weights Q( 2
Ts(i ) ¤s) for g( 2) in (3-29) strictly

increasefor thes(i ) vectorsin A, while they eitherdecreaseor remainthesamefor vectors

in B. Since g( 1) = 1 Î A, it follows that g( 2) is also in A. But this contradicts

2 = g( 2), since 2 Î B. Q.E.D.
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Fig. 3-12. Dividing the signal cone into two subcones A and B with the plane P.
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APPENDIX 3.2

P R O O F O F
T H E O R E M 3 . 2

In this appendix,we prove Theorem3.2. Let s(i ) be the i-th of the LM+NÐ1 possible

signalvectors.Sincethe channelis equalizable,all s(i ) vectorsform a conesuchthat we

can®nda vectorhaving anangleof strictly lessthan90° with all s(i ) vectors.Becausethe

s(i ) vectorsform acone,wecan®ndahyperplaneP, containingtheorigin, suchthatall s(i )

vectorsarestrictly ononesideof P. Everys(i ) makesanangleqi Î [0, 90°) with thenormal

to P andconsistsof two components:one(with norm||s(i )||sinq) parallelto P andtheother

(with norm||s(i )||cosq) perpendicularto P. At eachupdate,thecorrectionvectormg(ck) is

strictly inside the cone and its norm is lower boundedby mQ(||s ||max Ús)||s ||minsinqmin,

where||s||min = min i{||s (i)||}, ||s ||max = max i{||s
(i)||}, andqmax = max i{qi}. At iterationM + 1,

thesumof thepastM correctionvectorsis a vectorstrictly insidetheconeandhasa norm

of at leastMmQ(||s ||max Ús)||s ||minsinqmin. We concludethat, for any initial c0 with a ®nite
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norm,thereexistsa ®niteM suchthatcM+1 is strictly insidethecone.In addition,we con-

clude that ||ck || grows without bound ask increases.

Showing thatck convergesto thedirectionof a solutionsatisfyingc = ag(c) for a > 0

is equivalent to showing that the angle betweenck and g( k) approacheszero, where

k = ck ¤||ck ||.Because||ck||growswithoutboundwhile thenormof theupdate,||mg( k)||,

is upper-boundedby m||s ||max, it followsthat k mustconvergeto some®xedvector ¥ , so

thatg( k) convergesto g( ¥ ). Thus,for any e> 0, thereexistsa®nitek(e) suchthatfor all

k > k(e), | ||g( k)|| ± ||g( ¥ )||| £ ||g( k) ± g( ¥ )|| < e. Manipulatingthe inequalitiesyields

that the angle betweeng( k) andg( ¥ ) is less than someq(e), where

q(e) = cos±1 . (3-30)

For any M > 0, g( k(e) + j) is a vectorstrictly within theconeW[g( ¥ ); q(e)] con-

sistingof all vectorsforming anangleof lessthanq(e) with g( ¥ ). For a ck(e) with ®nite

norm, we can ®nda ®niteM suchthat ck(e) + M is strictly inside W[g( ¥ ); q(e)]. As e

approaches0, q(e) approaches0 and thus the angle betweenck(e) + M and g( k(e) + M)

approaches0 as well.Q.E.D.
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APPENDIX 3.3

P R O O F O F
T H E O R E M 3 . 3

This appendixproves Theorem3.3: The ensembleaverageE[Isk] is the sameas

E[IH xk] or H E[Ixk]. We equivalently derive the ensembleaverageE[Ixk] by ®ndingthe

scalarE[Ix k ± D] andthevectorE[Iz] wherewe have de®nedthevectorz = [xk, ¼ , xk±D+1,

xk±D±1, ¼ , xk±M±N+1]T by discarding the (D + 1)-st component ofxk.

Let ªleftº, ªrightº, andªinnerº denotethe eventsof xk±D = ±L +1, xk±D = L ± 1, and

xk±D Î { ±1, ±3, ¼ , ±(L±3)} , respectively. (If L = 2, ªinnerº is the null event.) Then:

 E[ Ix k±D] = E[ Ix k±D| left]P[ left] + E[ Ix k±D| right]P[ right] +  E[ Ix k±

D| inner]P[ inner] (3-31)

 = E[ I | left] + E[ I | right] + E[ Ix k±D| inner]. (3-32)
L± 1+
L

------------------
L 1±

L
------------- L 2±

L
-------------
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But I  is independent ofxk±D whenxk±D is an inner point, so that the last term is zero:

E[I xk±D| inner] = E[ I| inner]E[ xk±D| inner] = E[ I| inner] ´ 0 = 0. (3-33)

Thus, (3-32) reduces to:

E[I xk±D] = ±E[I | left] + E[ I | right] (3-34)

= ±(±P[bTz + cTn k > fD]) + P[bTz + cTn k < ±fD] (3-35)

= E + E (3-36)

= E . (3-37)

WethushavethesurprisingresultthattheensembleaverageE[I xk±D] doesnotdepend

on xk±D! We have de®nedthevectorb = [f0, ¼ , fD±1, fD+1, ¼ , fM+N± 1]T by discardingthe

(D + 1)-st componentof f . Thelastequalityfollows becausez and±z have thesamedis-

tribution. The derivation ofE[Iz] is as follows:

E[Iz]  = E[ I z| left] + E[ I z| right] + E[ I z| inner] (3-38)

= E E[ I | z, left]z + E[ I | z, right]z + (L ± 2)E[ I | z, inner]z (3-39)

= E ±Q z + Q z +

(L ± 2) Q  ± Q z (3-40)
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= E  ± E (3-41)

= E . (3-42)

The ensembleE[Iz] doesnot dependon xk ± D either. Combining(3-37) and(3-42), we

have

E[Ixk] = E (3-43)

and

E[Isk] = E[ IH xk] = E (3-44)

where is a randomvectorwith distribution p( ) = p(xk| xk ±D = 1), i.e., is uniformly

distributed over the set ofLM+N ± 1 L -ary xk vectors for whichxk ±D = 1 and  = H .

Wenow derive theensembleaverageE[In k]. We®rstpartitionE[In k] into threecondi-

tional expectation terms as follows:

E[In k] = E[ In k|I = 1, z = zl ] P[ I = 1, z = zl ] +

E[ In k|I = ± 1, z = zl ] P[ I = ±1, z = zl ] +

E[ In k|I = 0, z = zl ] P[ I = 0, z = zl ], (3-45)

whereeachtermis summedoverLM+N ± 1 possiblez vectors.Notethatthelastsummation

term in (3-45) is a zerovectorsinceI = 0 and I n k = 0. We ®rstconcentrateon the ®rst

summationtermin (4-18)by ®ndingtheconditionalexpectationE[In k|I = 1, z = zl ] and

the joint probabilityP[I = 1, z = zl ]. Here we determineE[In k|I = 1, z = zl ]:
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E[In k|I = 1, z = zl ] = E[n k| I = 1, z = zl ] (3-46)

= E[n k| cTn k < ±fD ± bTzl , xk ± D ¹ ±L + 1] (3-47)

= E[n k| cTn k < ±fD ± bTzl ]. (3-48)

Let U be any unitary matrix with ®rstcolumn equal to the unit-norm equalizervector

c ¤||c ||. Then = UTn k hasthe samestatisticsasn k, namely, the componentsof are

i.i.d. zero-mean Gaussian with variance s2. Furthermore, cTU = ||c ||e1, where

e1 = [1 0 0 ¼ 0], andn k = U . Continuing on (3-48), we have

E[In k|I = 1, z = zl ] = E[U | cTU < ±fD ± bTzl ] (3-49)

= UE[ | ||c || < ±fD ± bTzl ] (3-50)

= UE | > (3-51)

= ±sUE | > e1 (3-52)

= ±sE c ¤||c ||, (3-53)

where we have introduced the function

m(h) = E[X | X ³ h], (3-54)

whereX is a zero-meanunit-varianceGaussianrandomvariable.We now derive the joint

probabilityP[I = 1, z = zl ]:

P[I  = 1, z = zl ]= P[I  = 1| z = zl ] P[z = zl ] (3-55)
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= . (3-56)

Combining (3-53) and (3-56), the ®rst summation term in (3-45) becomes

E[In k|I = 1, z = zl ] P[ I = 1, z = zl ]

= (3-57)

= (3-58)

= . (3-59)

It is not hard to show that

E[In k|I = 1, z = zl ] P[ I = 1, z = zl ]

= E[ In k|I = ± 1, z = zl ] P[ I = ±1, z = zl ], (3-60)

and therefore, we conclude that

E[In k] = ± . (3-61)
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CHAPTER 4

C O N V E R G E N C E
A N A L Y S I S

4.1  INTRODUCTION

In thepreviouschapter, we proposeda low-complexity stochasticequalizeralgorithm

(AMBER) that very nearly minimizeserror probability. In this chapter, we discussits

global convergence properties and propose a variant to increase its convergence speed.

Assumingtheequalizercoef®cientsvary slowly (which is truefor a suf®cientlysmall

stepsize),a stochasticequalizerupdatecanthenbeexpectedto follow adeterministictra-

jectory [15]. In this chapter, we ®rst derive the ensembleaverageof the stochastic

AMBER algorithmto approximateits timeaveragein orderto studyits meanconvergence

behavior. Becauseof thehighly complicatedandnonlinearnatureof theupdatedynamics,

insteadof a rigorousmathematicalproof,we describethelikely globalconvergenceprop-

ertyof theAMBER algorithmandproposeaglobalconvergenceconjecturebasedonsim-
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ulation resultsand someanalyticalunderstandingon the updatedynamics.Finally, we

propose a variant with faster convergence speed.

4.2  ENSEMBLE AVERAGE OF AMBER

The AMBER algorithm proposed in the previous chapter is

ck+1 = ck + mI t r k, (4-1)

whoseensembleaveragecanbederivedby takingexpectationof bothsidesof (4-1). The

deterministic trajectory of the equalizer coef®cients is described by

ck+1 = ck + mE[I t r k] (4-2)

= ck + mE[I t sk] + mE[I t n k], (4-3)

wherewe separatethe noisy channeloutputvector r k into the noiselesschanneloutput

vectorsk andthenoisevectorn k. Wenow ®ndtheensembleaveragesE[I t sk] andE[I t n k].

Theorem 4.1: The ensemble average of the AMBER algorithm of (4-2) is

ck+1= ck + mE  ± m . (4-4)

Proof. The proof of Theorem 4.1 is in Appendix 4.1.

4.3  GLOBAL CONVERGENCE PROPERTY

Having derived the ensembleaverageof the AMBER algorithmin the previous sec-

tion, we now discusstheglobalconvergencepropertyof AMBER by analyzingthedeter-
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ministic trajectoryof the equalizercoef®cientvector. From the resultsof the previous

section, the ensemble average of the stochastic AMBER algorithm is

ck+1= ck + m1E[I t r k]

= ck + m1E[I t sk] + m1E[I t n k]

= ck + mE  ± m , (4-5)

wherem = m1. Rearranging (4-5), we get

ck+1 = ck + . (4-6)

By inspection,we seethatwhenthestepsizemis chosensuf®cientlysmall, thenormof

theequalizerin (4-6) is shrunkby somepositive factor(lessthan1) beforetheequalizer

vector is adjustedby the steeringterm . We denotethe vector term

 as the shrinking vector since it reduces the equalizer norm.

Beforewe analyzethe convergenceproperty, we would like to point out from (4-5)

that theequalizerupdatestops,or ck+1 = ck, whenthesteeringtermequalstheshrinking

term:

 = . (4-7)

The equilibrium conditionof (4-7) directly implies: (1) the steeringvectorpoints in the

samedirectionasthe equalizervectorwhenthe equalizerconverges,and(2) the magni-

tudes (or norms) of the steering vector and the shrinking vector are the same.
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4.3.1  The Locus

Recall that the original AMBER (t = 0) equalizeris uniquely characterizedby the

®xed-pointrelationshipc = ag(c) for somea > 0, whereonly the directionof c matters.

However, for t > 0, thenormof c mattersaswell. We now de®nea new ®xed-pointrela-

tionship:

c = gt (c) (4-8)

where

gt (c) = . (4-9)

Following theproof in Appendix3.1whichshows thatthereis auniqueunit-lengthvector

satisfyingthe®xed-pointrelationshipc = ag(c) for somea > 0, it is not hardto show that

for a positive numberM , thereexistsa uniqueequalizerwith equalizernormM satisfying

the new ®xed-point relationship of (4-8).

Whenthenormof c is verysmallrelative to t , theterm is essentially

, or (Q(w) » 1 whenw << 0). c = simply meansthat c is the

averageof all signalvectors.On theotherhand,whenthenormof c is very largerelative

to t , wehavegt (c) » g(c) sincetheeffectof t in (4-9) is effectively eliminatedby thelarge

denominator.

Geometrically, the new ®xed-pointrelationshipde®nesa locusof equalizervectorc

parameterizedby t . Given a channel,a noisevariances2, andan updatethresholdt, we

canform alocusrealizing(4-8)by plotting thenormandthedirectionof c for all valuesof

||c|| ³ 0.
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Example 4-1: Herewe usea two-tapequalizerto illustratea locus.We considera

two-tapbinary-signalingchannelwherethechannelhasatransferfunctionH(z) = ±

0.6 + z±1. In this example,we useSNR= 10 dB andt = 0.1. In Fig. 4-1, we plot

three different-normequalizervectors satisfying (4-8). The dashedcircles are

circleswhoseradii arethe normsof the equalizers.We seethesevectorspoint in

threedifferentdirections.In Fig. 4-2, weplot thelocusby connectingall equalizers

(with normsfrom 0.001to 2.0) satisfying(4-8). We seethat the portion on locus

correspondingto largeequalizernormsis nearlya straightline, whereaswhenthe

equalizernormis small,theeffectof t makestheinitial curvysegmentof thelocus.

It is harderto visualizea locuswhenwe considerequalizerswith morethantwo taps

sincethelocuswould thenlive in ahigherdimensionalspace.Wenow attemptto describe

a locusin anintuitive way: A N-dimensionalspaceis occupiedby a N-dimensionalonion

with thecenterof theonionat theorigin of thespace.Theonionhasin®nitelayersof skin,

eachskin layer is a hollow hyperspherewith a certainradius.In Fig. 4-1 andFig. 4-2, the

dashedcirclesare the onion skin layersin the two-dimensionalspace.As demonstrated

Fig. 4-1, for eachskin layer, thereis a holepiercedby a uniquevectorwhosenormis the

radiusof thelayerandwhosedirectionis characterizedby (4-8).Thelocusis likea thread

passing through the holes of all skin layers of the onion as seen in Fig.4-2.
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Fig. 4-1. Equalizer vectors satisfying the locus equation of (4-8) with
norms (a) 0.02, (b) 0.06, and (c) 0.4.
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Fig. 4-2. The locus for a 2-tap equalizer for the channel in Example 4-1.
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4.3.2  Global Convergence

In thissubsection,weconjecturethattheAMBER algorithmconvergesgloballywith a

suf®cientlysmall stepsize.To substantiateour conjecture,we ®rststudytheequilibrium

state of AMBER with the following claim:

Lemma 4-1: Theequilibriumstatedescribedby (4-7) cannotbetruefor a c with

anarbitrarylargeor smallnorm.In addition,thereexistssomec with a ®nitenon-

zero norm satisfying the equilibrium state.

Proof. The proof for Lemma 4-1 is in Appendix 4.2.

We now investigate whetherthe AMBER algorithm indeedconvergesglobally. We

startwith theconceptof thehyperspaceonion.For any positive numberM , thereexistsa

hollow hypersphere(onion skin layer) with radiusM and thereexists a uniquevector

c*(M ) with norm M satisfying the ®xed-point relationshipof (4-8). We now make the

claimthatthelocusactsasanªattractorºwhichattractstheupdatetowardsit, startingwith

the following lemma:

Lemma 4-2: If ck andc*(||ck||) form ananglef, thereexistsa suf®cientlysmall

stepsizemsuchthattheanglebetweenck+1 andc*(||ck||) is strictly smallerthenf .

Proof. The proof for Lemma 4-2 is in Appendix 4.3.

Conjecture: In order to formally claim that the updatebecomesasymptotically

closerto the locus,we needto show that theanglebetweenck+1 andc*(||ck+1||) is

lessthan the anglebetweenck and c*(||ck||). Although it hasnÕt beenrigorously

proved,simulationresultsin section4.5 have shown that the rateof changeof the

enclosedanglebetweenc*(||ck||) andc*(||ck+1||) is slower thanthe rateof change
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of the enclosedanglebetweenck andck+1 andthuswe conjecturethat the update

trajectory gets closer to the locus for a suf®ciently small update step size.

We observe thatoncetheupdatetrajectorygetscloseenoughto the locus,theequal-

izer updateprocessis morenormadjusting(expandingor shrinkingtheequalizernormto

reachtheequilibriumstate)thandirectionadjustment.Wewill substantiateourclaimwith

computer simulation results in section4.5.

4.4  MULTI-STEP ALGORITHMS

The update frequency, and consequentlythe convergence speed,of the original

AMBER (t = 0) is proportionalto error probability. Although we have incorporatedan

updatethresholdt to increaseits convergencespeed,a further increasein convergence

speed may still be possible.

It is well known thattherecursive least-squared(RLS) algorithm[7] yieldsthefastest

convergencespeedandthe beststeady-stateMSE performance.Onemay be temptedto

ask this question:what is the bestalgorithmin termsof convergencespeedandsteady-

state error-probability performance (closest to the minimum error probability)?

Unfortunately, thecounterpartof theRLS algorithmin theminimumerrorprobability

criterionis dif®cultto ®nd.Nevertheless,werecognizethatby simplyvaryingthestepsize

of anupdatealgorithm,wecanincreasetheconvergencespeed.Insteadof ®ndingthebest

error-probability-basedalgorithmto maximizespeedof convergence,herewe attemptto

give a reasonably good step size function to improve convergence speed.

Recallthat theerror indicatorfunctionof AMBER is binary(eitherthereis anupdate

or thereis no update),andtheexpectationof theerror indicatorfunction is theGaussian

error function. It relieson a long training sequencein orderto approachits expectation.
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Thus,wepredictthatif theerrorindicatorfunctionof thestochasticupdateis theGaussian

errorfunction,thentheupdatefrequency, andconsequentlytheconvergencespeed,should

becomehigher. Assumingthat the noisevarianceis known or canbe estimated,we can

form a updatealgorithm by using the noisy, insteadof the noiseless,channeloutput

vector:

ck+1 = ck + mI fastr k, (4-10)

where the update decisionI fast is

I fast =

(4-11)

whereyk is the noisy equalizeroutput and the term [sgn(xk±D)yk ± (| xk±D|±1) fD] is a

noisyinnerproductbetweenc anda signalvectors. With someincreasedcomplexity, i.e.

noise varianceestimationand calculationof equalizernorm, we have devised a new

updatealgorithm approximatingthe ensembleaverageof the AMBER algorithm. The

convergence behavior of (4-10) is numerically studied in the next section.

We canapplythedual-signconceptin [19] to obtainanupdatealgorithmwith a com-

plexity lower thanthealgorithmof (4-10)but with a fasterconvergenceperformancethan

thatof (4-1). Insteadof a singlestepsize,we mayusemultiple stepsizesso thatupdates
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occurmorefrequently. For example,a 2-stepAMBER usesm1 andm2 for thresholdst 1

andt 2, asillustratedin Fig. 4-3. The2-stepAMBER algorithmadjustsanequalizerwith a

largerincrementwhentheequalizeroutputis furtherawayfrom thedesiredsignalfDxk ±D.

Higher-step AMBER algorithms can be constructed likewise.

4.5  NUMERICAL RESULTS

In this section,we ®rstusecomputersimulationresultsto substantiateour claim that

theAMBER algorithmconvergesglobally. Wethencomparetheconvergencespeedof the

AMBER algorithm and its variants.Finally, we investigate the decision-directedmode

performance of the AMBER algorithm.

4.5.1  Global Convergence

In this subsection,we ®rstplot the loci of two simpleequalizablechannelsand the

deterministicAMBER trajectoriesto con®rmouranalyticalpredications.Wethenperform

simulationson channelsto investigate the global convergencepropertyof the stochastic

AMBER algorithm.

fDxk±D

fD(xk±D + 1)

fD(xk±D ± 1)

t 1

t 2
m2

m1

yk

mI t (yk)

Fig. 4-3. Illustration of a 2-step AMBER algorithm.
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We®rstusethesimplechannelH(z) = ±0.6 + z±1 from Example4-1.For visualization

purpose,we updatea two-tapequalizersothatwe canplot theupdatetrajectoryin a two-

dimensionalspace.WeuseSNR= 10 dB andt = 0.1. In Fig. 4-4, weplot thelocusandthe

trajectorywith theinitial condition[±2, 1]. In Fig. 4-5, we plot thelocusandthetrajectory

with the initial condition[±1, ±1]. The equilibrium point is[0.2031, 0.5014] .

We substantiateour claim with anothersimple channel:H(z) = 0.4 + z±1 ± 0.2z±2.

With SNR = 10 dB andt = 0.1. In Fig. 4-6, we plot the locusandthe updatetrajectory

with theinitial condition[±1, ±1]. In Fig. 4-7, we plot thelocusandthetrajectorywith the

initial condition[1, 1]. The equilibrium point is[±0.2278, 0.6629].

As predictedby our analyticalreasoningin section4.3, the deterministictrajectories

from above two examples®rstapproachthe loci andthenªslideº alongthe loci to reach

the equilibrium points.

Besidesobservingthe deterministictrajectoriesof the ensembleaveragedAMBER

algorithm,we alsoperformcomputersimulationsto substantiateour claim on the global

convergencepropertyof thestochasticAMBER algorithm.We pick onehundredequaliz-

able three-tapISI channels,whosetapsaredistributeduniformly between-1 and1, and

apply three-tapequalizers.All equalizersareinitialized with small randomnumbers.All

equalizersconverge closely to their minimum-error-probability solutions. For each

channel,we ®rst®ndthe EMSERsolutionandthus®ndthe minimum-SERvalue.Each

equalizerlearningcurve is plottedwith time k versusSERk/SERmin . Insteadof plotting

one hundreddifferent equalizerlearning curves, we averagethe one hundredlearning

curvesandplot theaveragedlearningcurve in Fig. 4-8. All equalizersusea stepsizeof m

= 0.0001 and a threshold oft  = 0.1.
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Fig. 4-4. The locus and the 2-tap equalizer trajectory (with initial

condition [-2, 1]) for the channel H(z) = ±0.6 + z±1.
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Fig. 4-5. The locus and the trajectory (with initial condition [±1, ±1]) for

the channel H(z) = ±0.6 + z±1.
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Fig. 4-6. The locus and the 2-tap equalizer trajectory (with initial

condition [±1, ±1]) for the channel H(z) = 0.4 + z±1± 0.2z±2.
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Fig. 4-7. The locus and the 2-tap equalizer trajectory (with initial

condition [1, 1]) for the channel H(z) = 0.4 + z±1± 0.2z±2.
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4.5.2  Convergence Speed

In this subsection,we compareconvergencespeedof the AMBER algorithm,the 3-

stepAMBER algorithm,andtheªin®nite-stepºAMBER algorithmof (4-10)on onehun-

dred 3-tap 2-PAM channelswith SNR = 20 dB. All equalizershave threetapsand the

delaysDs arechosento minimizeMSE. We usem= 0.0001 andt = 0.1 for theAMBER

algorithm. For the 3-stepAMBER, we useparametersm1 = 0.0004, m2 = 0.0002, m3 =

0.0001, t 1 = 0, t 2 = 0.05, andt 3 = 0.1. For theªin®nite-stepºAMBER algorithm,weusem

= 0.01. In Fig. 4-9, we seethattheÒinÞnite-stepºAMBER algorithmhasthebestconver-

genceperformance,the3-stepAMBER algorithmis next, while the1-stepAMBER algo-

rithm has the worst convergence performance.

Fig. 4-8. The averaged learning curve of 3-tap equalizers over 100 3-tap
channels.
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4.5.3  Decision-Directed Adaptation

In this subsection,we evaluatethedecision-directedmodeof theAMBER algorithm.

After usinga trainingsequenceto initialize theequalizerwith someacceptableerrorprob-

ability, we switchtheadaptationto a decision-directedmodeto seewhetherthealgorithm

is able to converge closely to the minimum error-probability performance.

In Fig. 4-10, we plot the learningcurve of a 3-tap AMBER algorithmon the 4-PAM

channelH(z) = 1 + 1.67z±1. We usem= 0.0005, t = 0.1, andSNR = 30 dB. After 2500

trainingdata,weswitchtheadaptationto adecision-directedmode.Observe thatthealgo-

Fig. 4-9. Averaged convergence comparison of the AMBER, 3-step
AMBER, and inÞnite-step AMBER algorithms.
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rithm continuesto converge closely to the minimum error-probability state.In addition,

weaddthelearningcurveobtainedwith trainingdataandobserve thatit behaviorsclosely

to the decision-directed learning curve.

4.6  SUMMARY AND CONCLUSIONS

In this chapter, we have obtainedthedeterministictrajectoryequationof theAMBER

algorithm by taking expectationof the stochasticupdatealgorithm. We found that the

expectationof thenoisecomponenttermof thereceivedchanneloutputvectorconstituted

a shrinkingtermwhich is alwaysin theoppositedirectionof theequalizer. Basedon the

deterministictrajectoryof AMBER, we have gainedsomeunderstandingof its update

dynamics.Becauseof its highly nonlinearandcomplicateddynamicalbehavior, we have

Fig. 4-10. Learning curve comparison of a 3-tap AMBER equalizer with
and without training data after 2500 iterations.
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not beenableto rigorouslyprove globalconvergence.However, we canqualitatively pre-

dict the nonlineardynamics.Further, we have substantiatedour claim of the global con-

vergence property with computer simulation results.

In additionto thediscussionon theglobalconvergence,wehaveproposedamulti-step

variantof AMBER to increaseconvergencespeed.We have shown that theªin®nite-tapº

AMBER equalizerconvergesratherquickly at a cost of somecomplexity increase.By

incorporatingthe ideasof the dual-signalgorithm and the continuousfunction of the

expectederror indicatorfunction,we have usedvariablestepsizesto increaseupdatefre-

quency and convergence speed.
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APPENDIX 4.1

P R O O F O F
T H E O R E M 4 . 1

In this appendix,we prove Theorem4.1. This proof closely follows the proof in

Appendix 3.3 and will only be sketched here.

We ®rst®ndthe ensembleaverageE[I t xk] by ®ndingthe scalarE[I t xk ± D] and the

vectorE[I t z] wherez = [xk, ¼ , xk±D+1, xk±D±1, ¼ , xk±M±N+1]T.

Following the notations in Appendix 3.3, we have:

E[I t xk±D] = E[ I t | left] + E[ I t | right] (4-12)

= E + E (4-13)

= E , (4-14)
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whereb = [f0, ¼ , fD±1, fD+1, ¼ , fM+N± 1]T. Thederivationof E[I t z] is similar to thederiva-

tion of E[I z] in Appendix 3.3 and is:

E[I t z]= E . (4-15)

Combining (4-14) and (4-15), we have

E[I t xk] = E (4-16)

and

E[I t sk] = E[ I t H xk] = E (4-17)

where is a randomvectorwith distribution p( ) = p(xk| xk ±D = 1), i.e., is uniformly

distributed over the set ofLM+N ± 1 L -ary xk vectors for whichxk ±D = 1 and  = H .

Again, following the derivation of E[I n k] in Appendix 3.3, the ensembleaverage

E[I t n k] is

E[I t n k] = E[ I t n k|I t  = 1, z = zl ] P[ I t  = 1, z = zl ] +

E[ I t n k|I t  = ±1, z = zl ] P[ I t  = ±1, z = zl ], (4-18)

where the conditional expectationE[I t n k|I t  = 1, z = zl ] is:

E[I t n k|I t  = 1, z = zl ] = ±sE c Ú||c ||, (4-19)

where the functionm(h) is de®ned in (3-54).
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We now derive the joint probabilityP[I t  = 1, z = zl ]:

P[I t  = 1, z = zl ]= P[I t  = 1| z = zl ] P[z = zl ] (4-20)

= . (4-21)

Combining (4-19) and (4-21), the ®rst summation term in (4-18) becomes

E[I t n k|I t  = 1, z = zl ] P[ I t  = 1, z = zl ] = . (4-22)

It is not hard to show that

E[I t n k|I t = 1, z = zl ] P[I t = 1, z = zl ]

= E[ I t n k|I t  = ±1, z = zl ] P[ I t  = ±1, z = zl ], (4-23)

and thus

E[I t n k] = ± . (4-24)
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APPENDIX 4.2

P R O O F O F
L E M M A 4 - 1

In this appendix,we prove Lemma 4-1: The equilibrium statedescribedby (4-7)

cannotbetruefor a c with anarbitrarylargeor smallnorm.In addition,thereexistssome

c with a ®nite non-zero norm satisfying (4-7).

Recallthata locusdepictsnormsanddirectionsof equalizerssatisfyingthe®xed-point

relationshipof (4-8).However, notall equalizersonthelocussatisfy(4-7).For referencing

convenience, here we again state the equilibrium condition of (4-7):

 = . (4-25)

Herewe show thatanequalizerc (on thelocus)with anarbitrarylargeor smallnorm

cannotsatisfy (4-25). In order for (4-25) to be true, the normsof both sideshave to be
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equal.Weseethatwhenanequalizersatis®es(4-25),thenormof theleft handsidetermin

(4-25) is

=  = . (4-26)

sincethevector andtheunit-normvector arein thesamedirection

andtheir innerproductequalsthenormof . Thenormof the right hand

side term in (4-25) is simply

 = . (4-27)

Thus, the equilibrium point(s) on a locus needsto satis®esboth (4-25) and the fol-

lowing norm equality:

 = . (4-28)

Now if is arbitrarily large, the effect of t in (4-28) is zeroandthe left handside

term of (4-28) effectively becomes , andthe right handsideterm of (4-

28)becomes , andwewill show thatthetwo termscannotbeequal

undertheassumptionthatc openstheeyeof thechannel(i.e. theinnerproducts > 0).

Let and use the fact that is strictly a upperbound for

Q(w), we prove the following inequality:

= (4-29)

< (4-30)
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= . (4-31)

Thus,theexistenceof anequalizerwith anarbitrarily largenormis notpossibleatequilib-

rium. Wenow show theexistenceof anequalizerwith anarbitrarilysmallnormis notpos-

sibleat equilibrium.As , theeffect of t in (4-28)dominatestheterm andthe

left handsideof (4-28)effectively becomes , or ( » 1 if w

<< 0), andthe right handsideof (4-28) effectively becomes or 0

( » 0 if w << 0).

We now prove that thereexists somec satisfying(4-25). Let Z be the difference

between the two norms of (4-28):

Z =  ± . (4-32)

WeseethatZ is acontinuousfunctionof c. SinceZ < 0 when is arbitrarily largeandZ

> 0 when is arbitrarily small,we concludethat thereexistssomec with a ®nitenon-

zero norm which yieldsZ = 0 and thus, satis®es the equilibrium state.Q.E.D.
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APPENDIX 4.3

P R O O F O F
L E M M A 4 - 2

In this appendix,we prove Lemma4-2: Thereexistsa suf®cientlysmallstepsizesuch

that if ck and c*(||ck||) form an angle f, then the anglebetweenck+1 and c*(||ck||) is

strictly smaller thenf .

Without loss of generality, we sketch a three-dimensionalspaceexample (a 3-tap

equalizer)in Fig. 4-11 and Fig. 4-12. The spherein Fig. 4-11 hasa radiusof and

c*(||ck||) is theuniquevector, with thenorm , satisfying(4-8).Thedarker shadedcir-

cularconehasa baseangleof f , andhasc*(||ck||) at its centerandck at its perimeter. The

lighter shaded irregular cone is the signal cone as discussed in chapter2.

In Fig. 4-12,we plot thetop cross-sectionalview of thecones.Let P denotetheplane

containingtheorigin andtheperpendicularbisectorof ck andc*(||ck||). Thisplanedivides

the signal cone S = { Si ai
(i ) : ai ³ 0} into two subconesA and B, so that S = A È B,

ck

ck

sÄ
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whereA is theintersectionof S with thesetof vectorson thec*(||ck||) sideof P, excluding

P, andB is the intersectionof S with the setof vectorson the ck sideof P, including P.

Observe thatc*(||ck||) Î A andck Î B and thatA andB are disjoint,A Ç B = Æ.

The function gt (c
*(||ck||)) can be decomposedinto two weightedsummationsover

signal vectors fromA andB:

gt (c
*(||ck||)) µ . (4-33)

Insteadof gt (c
*(||ck||)), we look at gt (ck); it too canbe expressedusing (4-33), but

with differentweights.Comparedwith c*(||ck||), the vectorck forms a larger anglewith

all vectorss(i ) from A, while it forms a smalleror equalanglewith all vectorsfrom B.

Thus,comparedwith theweightsfor gt (c
*(||ck||)), theweightsfor gt (ck) in (4-33)strictly

increasefor thes(i ) vectorsin A, while they eitherdecreaseor remainthesamefor vectors

in B. Sincegt (c
*(||ck||)) µ c*(||ck||)Î A, it follows that gt (ck) is also in A as shown in

Fig. 4-12.Thevectorck+1 is a linearcombinationof ck andgt (ck) andcanbemadeinside

the circular coneif the stepsize is suf®cientlysmall. Thus,the anglebetweenck+1 and

c*(||ck||) is less than the angle betweenck andc*(||ck||). Q.E.D.
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ck

c* ck( )

f

Fig. 4-11. A three-dimensional sphere with radius , a circular

cone, and the signal cone.
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CHAPTER 5

A P P R O X I M A T E
M I N I M U M - B E R
M U L T I U S E R
D E T E C T I O N

5.1  INTRODUCTION

Previous chaptershave beendevoted to deriving andevaluatingthe minimum error-

probabilityequalizers.In thischapter, wewill extendtheresultsonminimum-error-proba-

bility equalization to multiuser detection.

Theclassof linearmultiuserdetectors(which includestheconventionalmatched®lter

(MF), decorrelator, and MMSE detectors)is particularly attractive becauseit offers the

advantagesof low complexity, easeof adaptation,andtheability to operatein adecentral-

ized fashion,meaningthatonly a singleuserof interestneedbedemodulated.While the
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MMSE detectoris widely regardedasa goodmultiuserdetector, a betterÑ indeed,the

best Ñ linear multiuser detectorwould chooseits coef®cientsso as to minimize the

resulting error probability.

Lupas and Verdœ [4] proposed the maximum asymptotic-multiuser-ef®ciency

(MAME) lineardetectorwhich minimizesBER in the limit asthenoiseapproacheszero.

An adaptive algorithm for realizing the MAME detectoris not yet available. Adaptive

algorithmsfor realizingthe minimum-BERmultiuserdetectorwereproposedin [5] and

[6], but they areeitherhigh in complexity or requireknowledgeof thesignaturesequence

of theuserof interest.TheAMBER multiuserdetectorproposedherehaslow complexity

and does not require knowledge of the signature sequence of user of interest.

This chapteris organizedasfollows. In section5.2,we presenttheproblemstatement.

In section5.3, we discussthe exact minimum-BER (EMBER) multiuser detection.In

section5.4,we proposetheapproximateminimum-BER(AMBER) multiuserdetector. In

section5.5, we presentnumericalresultscomparingthe AMBER, MMSE, decorrelator,

and MF detectors.

5.2  MEMORYLESS MULTIUSER CHANNELS

Theessentialfeaturesof themultiuserdetectionproblemarecapturedby thesynchro-

nous CDMA channel model in which the receiver observation waveform is given by

r (t) = Ai si(t ± kT) + n(t), (5-1)

whereN is thenumberof active users,si(t) is theunit-energy receivedsignaturesequence

for useri , Ai is thereceivedamplitudefor useri , Î { ±1} is theinformationbit for user

i 1=

N

å
k ¥±=

¥

å bk
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bk
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i duringbit-epochk, andn(t) is additive white Gaussiannoisewith PSDs2. Assumethat

the signature sequence for useri  is of the direct-sequence form

si(t) = d i
(j )p(t ± jT Úm), (5-2)

whereM is thenumberof chipsperbaud,p(t) is a unit-energy Nyquistchip pulse-shape,

andd i = [d i
(1) ¼ d i

(M)]T is a unit-norm vector representing the spreading code for useri .

Thereceiver maygeneratesuf®cientstatisticsby passingr (t) througha ®ltermatched

to the chip-pulseshapeandsamplingthe outputat the chip rate,which leadsto the fol-

lowing equivalent discrete-time memoryless model:

r k = H bk + n k, (5-3)

whereH = [d1 d2 ¼ dN]A hasdimensionM ´ N , A = diag(Ai), bk = [ ¼ ]T, and

n k is white Gaussiannoisewith PSDs2I . A decentralizedlinear multiuserdetectorfor

useri  is then characterized by anM -vectorc and the decision rule:

= sgn{cTr k}. (5-4)

5.3  EXACT MINIMUM-BER MUL TIUSER DETECTION

Based on (5-3), the probability that the decision of (5-4) for useri is erroneous is then

P[ k
(i ) ¹ bk

(i )] = P[ cTr k < 0]

= P[ cTH bk + cTn k < 0]
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= E P[ cTH bk + cTn k < 0 | bk]

= E , (5-5)

where the expectationsare over the 2N equally likely binary bit vectorsbk Î { ±1} N.

Observe thattheproductbk is abinaryvectorwith aonein the i -th component(corre-

spondingto theuserof interest).Let b(1), ¼ , b(K) denoteany orderingof theK = 2N±1 such

distinctvectors.Similar to thesignalvectorsde®nedby (2-17),thesignalvectorsfor this

multiuser setup are:

s(l ) = H b(l ), l = 1 ¼ K. (5-6)

Theses(l ) vectorsrepresenttheK possiblenoiselesschanneloutputvectorsgiventhat the

k-th bit from the desired user is unity, bk
(i ) = 1. With this de®nition, (5-5) simpli®es to

BER = . (5-7)

Again, theBERdependson thedirectionc ¤||c ||of c only, andthatthenormof c is irrele-

vant; this is becausethe receiver decisionsare determinedby the sign of the detector

output only.

Similar to theassumptionof thechannelbeingequalizablein chapter2, in thischapter

weassumethatuseri is linearly detectable, by whichwemeanthatthesignatured i of user

i  does not lie within the interference subspace spanned by{ d j ¹ i} .

Let cEMBER denotea linearmultiuserdetectorthatachievestheexactminimum-BER

(EMBER) performance,minimizing (5-7).Unlike cMMSE = Ai(HH * + s2I )±1d i thatmini-

mizesMSE = E[(cTr k ± bk
(i ))2], thereis no closed-formexpressionfor cEMBER . However,
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by settingto zerothegradientof (5-7)with respectto themultiuserdetectorc, we®ndthat

cEMBER  must also satisfy:

c = af(c) for somea > 0, (5-8)

asseenfor theequalizationproblem,wheref(c) is thefunctionde®nedby (2-21).Similar

to its role in equalization,the®xed-pointrelationshipof (5-8) characterizeslocal maxima

aswell aslocal minimafor theBER costfunction,andhence(5-8) is a necessarybut not

suf®cient criterion for the global minimum as illustrated by the following example.

Example5-1: Considerthesimplestnontrivial two-usersystemdescribedby (5-3)

with d1=[1, 0]T, d2 = [r , ]T, normalized correlation r = 0.9, SNR1=

A1
2 ¤s2 = 18 dB, andSNR2 = 14.6 dB. In Fig. 2-2 we presenta polarplot of BER

for user1 versusq for the unit-normdetectorc = [cosq, sinq]T. Superimposedon

this plot are the K = 2 signal vectorss(1) and s(2), depictedby solid lines. Also

superimposedare the coef®cient vectors of four detectors:the minimum-BER

detectorat an angle of q = ±36.9Ê; the MMSE detectorat q = ±60.2Ê; the MF

detectorat q = 0Ê; and the decorrelatorat q = ±64.2Ê. Observe that none of the

traditionaldetectors,not eventheMMSE detector, arecolinearwith theminimum-

BER detector. We shouldpoint out that the minimum-BERdetectoris not always

colinearwith the worst-casesignalvector, but rathersatis®es(5-8) in the general

case.

While (5-8) is a necessarycondition for minimum-BERperformance,the previous

exampleillustratesthat theBER surfaceis not convex, andthat theremayexist solutions

to (5-8) thatarenon-globallocal minima.Onegeneralmethodfor ®ndingtheminimum-

1 r 2±
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BER solution(hencetheEMBER detector)is to ®ndall solutionsto (5-8),andchoosethe

solutionthatyields thesmallestBER. However, we canavoid this brute-forcemethodby

using this simple suf®ciency test which has beenemployed in equalizationsetup: If

c = af(c) andBER£ 2±N, thenc minimizesBER.This testis basedontheobservationthat

theeye diagramis openwhentheconditionis satis®ed,andthat local minimaariseonly

when there exist certain combinations of interfering bits that close the eye.

To recover a solution to (5-8), we can use theEMSER algorithm proposed in 2.4:

ck+1 = ck + mf(ck). (5-9)

Fig. 5-1. A polar plot of BER1 versus q for a two-user system with correlation
r = 0.9. Superimposed are the signal vectors (scaled by a factor of 0.5) and the
MMSE, decorrelating, MF, and minimum-BER detectors.
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It hasbeenshown thattheEMSERalgorithmis guaranteedto convergeto asolutionsatis-

fying (5-8).However, convergenceof theEMSERalgorithmto theglobalminimum-BER

detector cannot in general be guaranteed.

Similar to thestrategy for ®ndingtheEMSERequalizer, weusethefollowing strategy

for ®ndingthe EMBER linear multiuserdetector. First, iteratethe EMSERalgorithmof

(5-9)until it converges.If theresultingBER£ 2±N, stop.Otherwise,initialize theEMSER

algorithmsomewhereelseandrepeatthe process.This is an effective strategy whenthe

initial conditionof theEMSERalgorithmis chosencarefullyandwhentheSNRis suf®-

ciently large that BER£ 2±N is possible.

5.4  APPROXIMA TE MINIMUM-BER MUL TIUSER DETECTION

Although the EMSERalgorithmis useful for ®ndingthe minimum-BERdetectorof

known channels,it is poorly suitedfor adaptive implementationin time-varying applica-

tions. We now extend the AMBER algorithm of chapter3 to the multiuser problem.

Thenumericalalgorithm(5-9)canbetransformedinto astochasticupdateequationby

usinganerror indicator function I by similar to theerrorindicatorintroducedin chapter3,

where

I by = (1 ± sgn[ yk]), (5-10)

whereyk = cTr k is the decisionstatisticfor the kth bit. In otherwords, I by = 1 whenan

error is made( ¹ ) and I by = 0 when no error is made( = ). Note that

becausethemultiusersystemwe areconsideringis binary, we caneffectively treatit asa

2-PAM systemwheretherearenoªinnerº pointsin theconstellationandthus,simplify the

error indicatorin (3-9). With theerror indicatorandfollowing thepreviousderivationfor
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approximatingthe EMSER equalizeralgorithm, we transform the EMSER multiuser

detector algorithm of (5-9) using the following equalities:

ck+1 = mf(ck)

» ck + mE

= ck + mE

= ck + mE E[I by| H bk]E[ H bk]

= ck + mE[I by H bk]

» ck + mE[I by r k] (5-11)

The approximationof (5-11) is valid assumingthe effect of noiseis insigni®cantat high

SNR. We can then form a simple stochasticupdatealgorithm by simply removing the

expectation in (5-11):

ck+1 = ck + mI by r k . (5-12)

We refer to this stochasticalgorithmastheAMBERalgorithmfor linearmultiuserdetec-

tion. The detectoris updatedonly whenan error is made.It hasan insightful geometric

interpretation.Recallthatthenoiselessoutputof thedetectorwhenaoneis transmittedby

the desireduser is the inner productof c with s(j ). Most errorsoccur when this inner

productis small,i.e., whentheeye is nearlyclosed.TheAMBER updateof (5-12)dictates

thateachtimeanerroris made,thedetectorcoef®cientvectorc takesasmallstepin space

towardsthe s(j ) vector that resultedin the error. Therefore,the next time the interfering
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usersconspireto producethe sames(j ) vector, its inner productwith c will be larger. At

steadystate,thedetectorc will beattractedto eachs(j ) by anamountproportionalto the

conditionalerror probability given that s(j ) is the signal vector, which closely approxi-

mates the steady state ofcEMSER  described by (5-8).

Recall that the LMS algorithm for implementing the MMSE detector is:

ck+1 = ck ± mekr k, (5-13)

whereek = yk ± = cTr k ± is theerror signal.We seethat theAMBER andLMS

algorithmsarenearly identical, the only differencebeing that I by = 1 ± yk for LMS

andI by = (1 ± sgn[ yk]) for AMBER. In fact,AMBER hasmorein commonwith the

sign-LMS algorithm:

ck+1 = ck ± msgn{ek}r k, (5-14)

because = ±sgn{ek} whenanerroroccurs(I by ¹ 0). Thus,wecanrewrite thestochastic

AMBER algorithm in the form of a modi®ed sign-LMS algorithm:

ck+1 = ck ± mI bysgn{ek}r k. (5-15)

Simplystated,AMBER canbeviewedasthesign-LMSalgorithmmodiÞedto updateonly

whenan error is made. Thesign-LMSwasmotivatedby its low complexity comparedto

theLMS algorithm,despiteits poorerperformance.Thesimplemodi®cationfor AMBER,

on theotherhand,providesdramaticperformanceimprovement,without any costin com-

plexity.
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As mentionedin chapter3, a major drawback of the AMBER algorithm is its slow

convergenceat high SNR;becausethedetectoris updatedonly whenanerror is made,a

low BER necessarilyimpliesslow convergence.Wemodify theerrorindicatorfunctionof

(5-10) by introducing a non-negative thresholdt ³ 0 as follows:

I by = (1 ± sgn[ yk ± t ]). (5-16)

In otherwords,themodi®edindicatorfunction I by = 1 if yk £ t andI by = 0 otherwise.

This indicator function reverts back to the original (5-10) when t is zero. In addition,

insteadof a singleupdatethresholdt anda singleupdatestepsizem, we canemploy mul-

tiple mÕs andt Õs to further increase the convergence speed of AMBER detector.

Fromchapter3, anotheradvantageof thethresholdt is to allow theAMBER multiuser

detector algorithm to operate in a decision-directed manner.

5.5  NUMERICAL RESULTS

LupasandVerdœ[4] proposedthe asymptoticef®ciency to evaluatethe error proba-

bility performanceof amultiuserdetectorathighSNR.Thekth userasymptoticef®ciency

of the optimal linear two-user detector equals [4]

= (5-17)

Ontheotherhand,theMMSE multiuserdetectorapproachesthedecorrelatorastheGaus-

siannoisevarianceapproacheszero,andthustheasymptoticef®ciency of theMMSE mul-

tiuser detectoris the sameas that of the decorrelator. The asymptoticef®ciency of the

decorrelator is [4]
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 = 1 ± r 2
. (5-18)

Finally, the asymptotic ef®ciency of the MF detector is [4]

 = max2 . (5-19)

Givenr in a two-usersystem,wecanplot theasymptoticef®cienciesof theoptimallinear

multiuser detector, the decorrelator, and the MF detectoras functions of Ai /A k. In

Fig. 5-2, we plot user1 asymptoticef®cienciesfor r = 0.6. Theasymptoticef®cienciesof

the optimumlinear multiuserdetectorandthe decorrelatorare the samewhenA2/A 1 is

largerthanr = 0.6. In addition,theasymptoticef®cienciesof theoptimumlinearmultiuser

detectorandthe MF detectorarevery closewhenA2/A 1 is small.Whenthe asymptotic

ef®cienciesof theMF detectorandthedecorrelatorareaboutthesame,theoptimumlinear

multiuser detector performs signi®cantly better than both of them.
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Fig. 5-2. Asymptotic ef®ciencies in two-user case (r  = 0.6) [4].
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With theasymptoticef®cienciesof theoptimal linearmultiuserdetectoranddecorre-

lator derived by Lupasand Verdœ[4], we can use them as the boundson gain of the

EMBER multiuserdetectorover the MMSE multiuserdetector. We will now compare

BER performancesof the EMBER, AMBER, MMSE, MAME of LupasandVerdœ[4],

decorrelator, andMF detectorson a two-usersystemwith d1 = [1, 0]T, d2 = [r , ]T

andr = 0.9. We choosetheinterferencepower of A2
2 ¤A1

2 = ±4.15 dB sothattheasymp-

totic ef®cienciesof both the decorrelatorandthe MF detectoraresigni®cantlylessthan

thatof theoptimumlinearmultiuserdetector, andthuswe expecttheEMBER, AMBER,

andMAME detectorsperformsigni®cantlybetterthantheMMSE, decorrelating,andMF

detectorsat high SNR. In Fig. 5-3 we comparethe BER performanceof the above six

linearmultiuserdetectors.Observe that theEMBER, AMBER, andMAME detectorsare

indistinguishable,andthatthey outperformtheMMSE detectorby morethan1 dB athigh

SNR and outperform the matched ®lter and the decorrelator by an even wider margin.

We also considera simple three-usersystemdescribedby (5-3) with d1 = [1, 0.1]T,

d2 = [0.9, 1]T, d3 = [0.1, 1]T, andSNR1 = SNR2 = SNR3 = 20 dB. In Fig. 5-4 weillustrate

the performanceof AMBER, with parameterst 1 = 0.2, t 2 = 0.4, m1 andm2 initialized to

0.06 and0.02, andwith m1 andm2 cut in half every 200 iterations.AlthoughAMBER can

not improve the BER performancefor user2, it improves BER of users1 and 3 over

MMSE solutions signi®cantly.

For comparisonpurposes,we include in Fig. 5-4 the performanceof the adaptive

detectorof Psaromiligkos et al. [6]. We usedparametersof an = , cn = 0.1n±0.25

(wheren is time),anda thresholdl = 0.08. Theconvergencerateof this algorithmis com-

parableto thatof AMBER. UnlikeAMBER, however, it requiresknowledgeof all thesig-

nature sequences of users.

1 r 2
±

0.001
n( )log

----------------
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5.6  SUMMARY AND CONCLUSIONS

Basedon the derived ®xed-point equationfor the minimum-BER linear multiuser

detector, we have proposeda low-complexity stochasticmultiuser detectoralgorithm

whichapproachestheminimum-BERperformance.Thealgorithmhasa lowercomplexity

than the LMS algorithm but achieves signi®cantlybetterBER performancewhen mul-

tiuser interferenceis severeasdemonstratedby the shortchannelswherethe numberof

users is smaller than the dimension of the signal space.
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CHAPTER 6

C O N C L U S I O N S A N D
F U T U R E W O R K

6.1  CONCLUSIONS

This thesishasconcentratedon thedesignandadaptationof ®nite-tapequalizersand

multiuser detectorsto minimize error probability. We have proposedlow-complexity

equalizerandmultiuserdetectoralgorithmsfor combatingISI andmultiuserinterference

in the presence of additive Gaussian noise.

In chapter2, we have derived and investigatedthe propertiesof the minimum-SER

equalizer. We have shown thata necessarybut not suf®cientcondition,a ®xed-pointrela-

tionship,hasto besatis®edby theminimum-SERequalizer. We thenproposed,basedon

the ®xed-point relationship,a numericalalgorithm to iteratively recover the minimum-

SERequalizercoef®cientssatisfyingthe®xed-pointrelationship.Becausesatisfactionof

the®xed-pointrelationshipdoesnot guaranteetheminimum-SERequalizer, we have also
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proposedasuf®ciency conditionfor testingtheconvergenceof thenumericalalgorithmto

theglobal-SERminimum.Thesuf®ciency conditionis basedon themild assumptionthat

the noisevarianceis suf®cientlysmall. In addition,we have conjecturedthat the MMSE

equalizer approachesthe minimum-SER equalizer as the number of equalizer taps

approaches in®nity.

In chapter3, we have usedanotherexponential-like function,theGaussianerrorfunc-

tion or Q function, to approximatethe®xed-pointrelationshipderived for theminimum-

SERequalizerin chapter2. Insteadof multiple solutions,thereis a uniquesolutionto the

approximate®xed-point relationship.We have constructeda numerical algorithm to

recover the unique solution to the approximaterelationship.The numericalalgorithm

(AMBER) basedon the®xed-pointrelationshipyieldsa low-complexity stochasticequal-

izer algorithm.We have evaluatedits error-probabilityperformanceandcomparedit with

the MMSE and the EMSER algorithms.Finally, we have empirically characterizedthe

FIR channelsoverwhichtheAMBER andtheEMSERequalizerssigni®cantlyoutperform

the MMSE equalizer.

In chapter4, we have discussedtheconvergencepropertiesof theAMBER algorithm.

We have ®rstdeterminedthedeterministictrajectoryof theAMBER algorithmby taking

theexpectationof thestochasticupdateequation.Thedeterministictrajectoryturnsout to

be a complicatednonlineardynamicalsystem.We have thendevelopedsomeanalytical

intuition regardingthedynamicalsystemandhavediscussedtheglobalconvergenceprop-

erty of the AMBER algorithm.Although we have not beenable to rigorouslyprove the

global convergenceof the algorithm,we have arguedthat the algorithmis likely to glo-

bally converge.We have thenproposedsomemulti-stepvariantsof AMBER to increase
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convergencespeed.We also have studied the convergenceperformanceof decision-

directed mode.

In chapter5, we have extendedresultson the minimum-error-probability equalizers

andupdatealgorithmsto multiusersystems.Theconceptsof thesignalvectorsandsignal

conesin a single-userISI channelcanbeextendedin a straightforwardmannerto a mul-

tiuser systemwheremultiuser interferenceis similar to the ISI phenomenon.We have

comparedthe performanceof the minimum-BER multiuserdetectorwith the matched

®lterdetector, theMMSE detector, thedecorrelator, andtheMAME detectorproposedby

Lupas and Verd� [4].

6.2  FUTURE WORK

6.2.1  MMSE vs. Minimum-SER Equalizers with Infinite Number of Taps

In chapter2, we madea conjecturethat the MMSE equalizerapproachesthe min-

imum-BERequalizerwhenthe numberof equalizertapsapproachesin®nity. Otherthan

somesimulationresults,we currentlydo not have a rigorousmathematicalproof to con-

®rmnor a counterexampleto contradictthe claim. A proof or a counterexampleto this

conjecturewould be enlighteningin understandingthe ultimateconnectionbetweenthe

MMSE and the EMSER equalizers.

6.2.2  Global Convergence Proof

In chapter4 we discussedtheglobalconvergencepropertyof theAMBER algorithm.

Ratherthana formalmathematicalproof,wecompletedthetopicwith amixtureof obser-

vationsandanalyticalreasoning.Proving theglobalconvergencepropertyrequiresamore

thorough understanding of this particular nonlinear dynamical system.
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6.2.3  Multiuser Channels with Memory

In this thesis,we developedandevaluatedminimum-BERresultson single-userISI

channelsand memorylessmultiuserchannels.The theoreticalresultson single userISI

channelsandmemorylessmultiuserchannelscanbeextendednaturallyto multiuserchan-

nelswith memory. However, it will beof practicalinterestto numericallyevaluatetheper-

formance of the AMBER algorithm on multiuser channels with memory.

6.2.4  Blind Equalization and Multiuser Detection

The AMBER algorithmin this thesis,similar to the LMS algorithm,requirescorrect

decisionsin initializing equalizersand multiuser detectors.Recentlythere has beena

surged interestin blind equalization[42] and multiuser detectionresearch[32]. Blind

equalizationandmultiuserdetectionarevaluablewhena trainingsequenceis eithercostly

or impossibleto transmit.Similar to the blind multiuseralgorithm proposedby Honig,

Madhow, and Verd� [43], it will be of practical interestto constructsimple and robust

equalizerandmultiuserdetectoralgorithmsto minimizeerrorprobabilitywithout training

data.
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