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CHAPTER 1

I NTRODUCTION

This thesisconsiderghe designandadaptatiorof Pnite-tapequalizerdor combating
linear intersymbolinterference(ISI) in the presenceof additve white Gaussiamoise,
underthe constraintthat decisionsare madeon a symbol-by-symbobasisby quantizing
the equalizeroutput. We also considerquadrature-amplitudenodulation(QAM), deci-
sion-feedbaclequalizer§DFE), andmultiusersystemsbut thelinearISI pulse-amplitude
modulation(PAM) channelwith a linear equalizerof Fig. 1-1 captureghe essentiafea-
turesof the problemunderconsiderationThe channelinput symbolsx, aredravn inde-
pendentlyanduniformly from anL-ary PAM alphabef{£1, +3, ... £(L B1)}. Thechannel
is modeledby animpulseresponsé; with memoryM andadditive white Gaussiamoise,
yielding a recaied signal of

M

[]
k= a hiXcpi ¥ Nk- (1-1)
i=0



Therecevedsignalis passedhrougha bnite-taplinearequalizerc, the outputof whichis
quantizedto producea delayedinput estimate®, pp, WhereD accountdor the delay of
both the channeland the equalizer This thesisconsiderstwo classicand well-debPned

guestions:

- How should we design?
- How should we adapt?

The corventionalanswerto the prstquestionis to choosec to minimize the mean-

squared error (MSE):

MSE = E[( yx D %pp)?l. (1-2)

leadingto the so-calledminimum-MSE(MMSE) equalizer A commonalgorithmusedto
realizethe MMSE equalizeris the least-mearsquare(LMS) algorithm, which is a sto-
chasticgradientalgorithmwith low complexity. However, amuchlessunderstoodbut nev-
erthelesghe mostrelevantequalizeris thatwhich minimizesthe symbol-errorate (SER)
or bit-errorrate(BER). Therehasbeensomework over thelasttwo decade$n minimum-
BER equalizatiorandmultiuserdetection1]D[6], whichwill bereviewedin sectionl.2.3.

Some analytical resultson minimum-BER equalizerand multiuser detectorstructures
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Fig. 1- 1. Block diagram of channel, equalizer, and memoryless decision device.



werederivedin [1][2][4], andseveraladaptve minimum-BERalgorithmswereproposed
in [3][5][6]. However, noneof the proposedadaptve algorithmsguaranteesornvergence
to the global minimum, and the adaptve algorithmsproposedn [3][5] are signi®cantly

more complg than the LMS algorithm.

In the remainderof this chapter we review somerelevant backgroundmaterialsfor
this thesis.In sectionl.1, we review both ISI channelsand multiuserinterferencechan-
nels.In sectionl.2, we review generalequalizersand multiuserdetectorstheir corven-
tional designcriteria,andsomeprior work on designingequalizerandmultiuserdetectors

based on the errgarobability criterion. In sectiofi.3, we outline this thesis.

1.1 INTERFERENCE CHANNELS

Interferencesin communicationchannelsare undesirableeffects contrituted by
source®therthannoise.In this sectionwe discusgwo typesof channeinterferences{1)
intersymbolinterferencewhere adjacentdata pulsesdistort the desireddata pulsein a
linear fashionand (2) interferencein multiuser systemswhere users other than the

intended contribte unvanted signals through an imperfect channel.

1.1.1 Intersymbol Interference

ISI characterizedy (1-1)is themostcommonlyencountere@hanneimpairmentnext
to noise.lISI typically resultsfrom time dispersionwhich happensvhenthe channelfre-
gueng responsealeviatesfrom the ideal of constantamplitudeandlinear phaseln band-
width-ef®cientdigital communicatiorsystemsthe effect of eachsymboltransmittedover
atime-dispersie channelextendsbeyond the time interval usedto representhatsymbol.

Thedistortioncausedy theresultingoverlapof recevedsymbolsis calledISI [7]. ISI can



signi®cantlyclosethe eye of a channelreducenoisemaigin andcauseseveredatadetec-

tion errors.

1.1.2 Multiuser Interference

Multiuserinterferencarisesvheneerarecever obseressignalsfrom multiple trans-
mitters [32]. In cellular radio-basednetworks using the time-dwvision multiple-access
(TDMA) technology frequeny re-useleadsto interferencefrom other usersin nearby
cells sharingthe samecarrier frequeng, even if thereis no interferenceamongusers
within the samecell. In networks usingthe code-dvision multiple-acces§CDMA) tech-
nology, usersare assignedlistinct signaturewaveformswith low mutual cross-correla-
tions. Whenthe sumof the signalsmodulatedoy multiple usersis receved, it is possible
to recover the information transmittedfrom a desireduserby correlatingthe receved
signalwith areplicaof the signaturevaveformassignedo the desireduser However, the
performancef thisdemodulatiorstratey is not satishctorywhentheassignedignatures
do not have low cross-correlationfor all possiblerelative delays.Moreover, eventhough
the cross-correlationbetweenusersmay be low, a particularly severe multiuserinterfer-
ence,referredto asnearfar interferenceyesultswhen powerful nearbyinterferersover-
whelmdistantusersof interest.Similarto ISI, multiuserinterferenceeducesoisemargin

and often causes data reeoy impossible without some compensation means.

1.2 EQUALIZA TION AND DETECTION

In the presenceof linear ISI and additve white Gaussiannoise, Forney [22][23]
shavedthatthe optimumdetectorfor linearPAM signalsis awhitened-matche®lterfol-
lowed by a Viterbi detector This combinedform achierzes the maximum-likelihood

sequence-detectdMLSD) performanceand in somecases,the matched®Iter bound.



Whenthechanneinput symbolsaredravn uniformly andindependentlyrom analphabet
set, MLSD is known to achiese the besterrorprobability performanceof all existing
equalizers and detectors.

Although MLSD offers signi®canperformancegains over symbol-by-symbobetec-
tors, its complity (with the Viterbi detector)grows exponentially with the channel
memory For channelswvith long ISI spansa full-state MLSD generallysernesasa mere
benchmarkandis rarely usedbecauseof its large processingcompleity for computing
state metrics and large memory for storing survivor path histories. Many variants of
MLSD suchaschannelmemorytruncation[24], reducedstatesequencealetection[26],
and®ed-delaytreesearchwith decision-feedback5] have beenproposedo reachgood

tradeofs between compigty and performance.

Becauseof the often high compleity associatedvith MLSD, suboptimalrecevers
suchas symbol-by-symbokqualizersare widely useddespitetheir inferior performance
[7]. Among all equalizersanddetectorsusedfor combatinglSl, linear equalizersarethe
simplestto analyzeand implement.A linear equalizercombatslinear ISI by de-con-
volving a linearly distorted channelwith a trans\ersal ®lter to yield an approximate
inverseof the channel,anda simple memorylessslicer is usedto quantizethe equalizer
outputto reconstructhe original noiselesgransmittedsymbols.Unlike MLSD, equaliza-
tion enhancesoise.By its designphilosoply, alinearequalizergenerallyenhancesoise
signi®cantlyon channelswith severe amplitudedistortionand consequentlyyields poor
data recwery performance.

First proposedby Austin [27], the DFE is a signi®cantimprovementof the linear
equalizer A DFE is a nonlinear®Iterthat usespastdecisionsto cancelthe interference

from prior symbols[29]+[31]. The DFE structureis bene®ciafor channelswith severe



amplitudedistortion. Insteadof fully inverting a channel,only the forward sectionof a
DFE inverts the precursorlSI, while the feedbacksectionof a DFE, being a nonlinear
®lter subtractsthe post-cursorlSl. Assuming the past decisionsare correct, noise
enhancemenis contributed only by the forward sectionof the equalizerand thus noise

enhancement is reduced.

An olvious dravbackof a DFE is error propagtion resultingfrom its decision-feed-
back mechanismA wrong decisionmay causea burst of errorsin the subsequentiata
detectionFortunatelythe errorpropagtionis usuallynot catastrophicandthis dravback

is often ngligible compared to the admutage of reduced noise enhancement.

1.2.1 Corventional Design Criteria

For symbol-by-symbolequalization,zero forcing (ZF) is a well-known ®lter design
criterion. Lucky [7]x[10] ®rstproposeda ZF algorithmto automaticallyadjustthe coef®-
cientsof alinearequalizerA ZF equalizeiis simpleto understanéndanalyze.To combat
linearlSl, a ZF linear equalizersimply eliminatesISI by forcing the overall pulse,which
is the corvolution of the channelandthe equalizey to becomea unit-impulseresponse.
Similarly, the forward sectionof a ZF-DFE corverts the overall responséo be strictly

causal, while its feedback section completely subtracts the causal ISI.

An in®nite-tapZF equalizercan completely eliminate ISI if no null exists in the
channelfrequeng responseBy neglecting noiseand concentratingsolely on remaoving
ISI, ZF equalizerstend to enhancenoise exceedinglywhen channelshave deepnulls.
Althoughit hasa simpleadaptve algorithm,a ZF equalizeris rarely usedin practiceand

remains lagely a tatbook result and teaching tool [7].



Following the pioneeringwork by Lucky, Gersho[11] and Proakis[12] proposed
adaptve algorithmsto implementMMSE equalizersUnlike a ZF equalizef an MMSE
equalizermaximizesthe signal-to-distortionratios by penalizingboth residuallSI and
noise enhancemenf7]x[18]. Insteadof remaving ISI completely an MMSE equalizer

allows some residual I1SI to minimize theeoall distortion.

Comparedvith a ZF equalizeyan MMSE equalizeris muchmorerobustin the pres-
enceof deepchannelnulls and modestnoise. The popularity of the MMSE equalizeris
duein partto the simple LMS algorithm proposedoy Widrow andHoff [16]. The LMS
algorithm, which is a stochasticalgorithm, adjustsequalizercoef®cientswith a small
incrementalvectorin the steepestescendirectionon the MSE error surface.Sincethe
MSE error surfaceis cornvex, the corvergenceof the LMS algorithmto the global min-

imum can be guaranteed when the step size ®&cgritly small.

1.2.2 Low-Complexity Adaptive Equalizer Algorithms

To reducethe complity of the LMS algorithm, several simpli®edvariantsof the
LMS algorithm have beenproposed.The approximate-minimum-BERAMBER) algo-
rithm we proposein chapter3 is remarkablysimilar in form to theseLMS-basedalgo-
rithms ezen though it originates from a minimum-ergoobability criterion.

The sign LMS algorithm modi®egshe LMS algorithm by quantizingthe error to +1
accordingto its sign[20]. By doingso, the costfunctionof thesignLMS algorithmis the
mean-absoluterror, E[ly, £ % +pl], insteadof the mean-squareeérror as for the LMS
algorithm.The trade-ofs for the reducedcompleity area slower corvergencerateanda

larger steady-state MSE.



Thedual-signLMS algorithmproposedn [19] employs two differentstepsizesonthe
sign LMS algorithm. The algorithmpenalizedarger errorswith a larger updatestepsize
and thereforeimproves the corvergencespeedof the sign LMS algorithm with a small

compleity increase.

Theproportional-sigralgorithmproposedn [21] modi®eghe LMS algorithmin order
to be morerohustto impulsive interferenceandto reducecompleity. The algorithmuses
the LMS algorithmwhenthe equalizeroutput errorsare small and switchesto the sign

LMS algorithm when the equalizer output errors argdar

1.2.3 The Minimum-Error-Probability Criterion

Minimizing MSE shouldbe regardedas an intermediategoal, whereasthe ultimate
goalof anequalizeror amultiuserdetectoiis to minimizetheerrorprobability. In this sec-
tion we review prior work that proposesstochasticadaptve algorithmsfor minimizing
errorprobability or analyzeghe structureof the minimum-errorprobability equalizersor

multiuser detectors [1]£[6].

Shamashand Yao [1] were the ®rstto considerminimum-BER equalization.They
examinedthe minimum-BERDFE structurefor binarysignaling.Usinga calculusof vari-
ation procedurethey derived the minimum-BERDFE coef®cientsand shaved that the
forwardsectionconsistf a matched®lterin tandemwith atap-delayed-lin®lterandthe
feedbacksectionis atap-delayed-line®lteroperatingto completelycancelpostcursotSl.
While thefeedbacksectionis similar to the MMSE DFE, the forward sectionis a solution
to asetof complicatedchonlinearequationsTheirwork focusedon atheoreticalderivation
of the minimum-BERDFE structureanddid not considera numericalalgorithmto com-
putethe forward ®ltercoef®cientsnor did it comparethe performanceof the minimum-

BER DFE to that of the MMSE DFE. Finallgn adaptie algorithm vas not proposed.



For arbitrarily small and arbitrarily large SNR scenariosGalko and Pasupatly [2]
derived the minimum-BERIlinear equalizerfor binary signaling.For the arbitrarily large
SNR case the minimum-BERIlinear equalizerwas formedby maximizingthe minimum
eye opening.On the otherhand,for the arbitrarily small SNR case they shavedthatthe
minimum-BERIinearequalizeiis the averagematched®lterandproposednef®cientoff-
line algorithmto calculatethe equalizercoef®cientsMinimum-BER linear equalizerdor

arbitrary SNR and adap# equalization algorithms were not considered.

Chenet al. [3] obsenred that the decisionboundaryformed by the minimum-BER
equalizercanbe quite differentfrom the decisionboundaryformedby the MMSE equal-
izer andthat signi®canBER reductioncomparedwith the MMSE equalizeris possible.
They proposeda stochastidDFE algorithm basedon the BER gradientin an attemptto
converge to the minimum-BER DFE. However, their algorithm requiressigni®cantly
highercompleity thanthe LMS algorithmto estimatethe channelandthe noisevariance
andto computethe gradientof the BER. In addition, the corverged DFE coef®cients
would not be the exactminimum-BERDFE coef®cientssincenoisy, insteadof noiseless,
channeloutputswereusedto evaluatethe gradientof the BER. Moreover, their algorithm

does not guarantee global gergence to the minimum-BER solution.

LupasandVerdaop4] proposedhe maximumasymptotionultiuseref®cieny (MAME)
linear multiuser detectorwhich, as noise power approachezero, minimizesBER in a
CDMA system.They alsoproposedhe decorrelatingdetectoy which offers a substantial
improvementin asymptoticef®cieny comparedwith the corventional matched-®lter
detector In fact, the nearfar resistanceof the decorrelatingdetectorequalsthat of the
optimummultiuserdetector Neverthelessthey shaved that asymptoticef®cieng of the

MAME lineardetectoris higherthanthatof the decorrelatingletectorHowever, adaptve
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implementationof the MAME detectorwas not proposed Moreover, the MAME linear

detector does not minimize BER when the noisegras nonzero.

Similar to the approachtaken by Chenet al. [3], Mandayamand Aazhang[5] pro-
poseda BER-gradientalgorithm attemptingto converge to the minimum-BERmultiuser
detectorin adirect-sequenc€EDMA (DS-CDMA) system.They jointly estimatedhedata
of all usersin the maximum-likelihood senseandusedtheseestimatedo extract an esti-
mateof the noiselessumof all transmittedsignaturewaveforms.This estimatewasthen
usedto computeunbiaseBER gradientsThe compleity of thealgorithmis exceedingly
high, especiallywhenthe numberof userdss large.In addition,thealgorithmcancornverge
to a non-global local minimum.

Basedon a stochasticapproximationmethodfor ®ndingthe extremaof a regression
function, Psaromiliglosetal. [6] proposeda simplelinear DS-CDMA detectoralgorithm
thatdoesnotinvolve the BER gradient.They deriveda stochastiquantitywhoseexpecta-
tion is BER andapplieda stochastiaecursionto minimizeit. However, the algorithmcan

also conerge to a nonglobal local BER minimum detector

Although someimportantissueson minimum-errofprobability equalizersand mul-
tiuserdetectorsvereaddressedby the abore-mentionedgrior works, a uni®edtheoryfor
minimume-errofprobability equalizationand multiuser detectionis still not in place.In
addition,the performancegap betweerthe MMSE andminimume-errofprobability equal-
izers and multiuser detectorshas not beenthoroughly investigated. Also, none of the
above-mentionedprior works considerednon-binary modulation. Most importantly a
simple,robust,andglobally convergentstochastialgorithmhadnot yet beenproposedo

be comparable to its MMSE counterpart, the LMS algorithm.
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1.3 THESIS OUTLINE

Thisthesisaimsto designandadapt®nite-tapequalizersandlinearmultiuserdetectors
to minimize error probabilityin the presencef intersymbolinterferencemultiuserinter-

ference, and Gaussian noise.

In chapter2, we presentsystemmodelsand conceptswhich are essentialin under-
standinghe minimum-errorprobabilityequalizerandmultiuserdetectors\We ®rstderive
a ®ed-pointrelationshipto characterizehe minimum-errorprobability linearequalizers.
We then proposea numerical algorithm, called the exact minimum-symbol-ear-rate
(EMSER) algorithm, to determinethe linear equalizercoef®cientsof Fig. 1-1 that mini-
mize error probability We studythe corvergencepropertiesof the EMSERalgorithmand
proposea suf®cieng conditiontestfor verifying its corvergenceto the global errorprob-

ability minimum. We also &tend the EMSER algorithm to QAM and DFE.

In chapter3, we useafunctionapproximatiorto alterthe EMSERalgorithmsuchthat
avery simplestochastialgorithmbecomesvailable. We form a stochastialgorithmby
incorporatingan error indicator function whoseexpectationis relatedto the error proba-
bility. The proposedalgorithmhaslow compleity andis intuitively sound,but neverthe-
less has some seriousshortcomings.To overcomethese shortcomings,an adaptation
thresholdis addedto the stochasticalgorithmto yield a modi®edalgorithm, called the
approximate minimum-bit-eror-rate (AMBER) algorithm. Comparedwith the original
stochastialgorithm,the AMBER algorithmhasa fastercorvergencespeedandis ableto
operaten a decision-directednode.We comparethe steady-staterror probability of the
AMBER equalizemwith thatof the MMSE equalizerin addition,we device a crudechar-
acterizeprocedureo predictthe ISI channeldor which the AMBER andEMSERequal-

izers can outperform MMSE equalizers.
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In chapter, we studythe corvergencepropertiesof the AMBER algorithmandpro-
posea variantto improve its corvergencespeed.We ®rsttake the expectationof the
AMBER algorithmto derive its ensembleverage By obtainingits ensembleverage we
analyzethe global corvergencepropertiesof the AMBER algorithm. We then propose

multi-step AMBER algorithms to further increase thevemgence speed.

In chapters, we extend the resultson the EMSER and AMBER equalizersto mul-
tiuserapplications Multiuser interferenceas similar in mary respectgo the ISI phenom-
enonin asingle-useenvironment.We studythe performancef the AMBER algorithmon

multiuser channels without memory

In chapter6, we concludeour study and proposesomeinterestingtopics for future

research.
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CHAPTER 2

MINIMUM -SER
EQUALIZA TION

2.1 INTRODUCTION

As mentionedin chapterl, an MMSE equalizeris generallydifferentfrom the min-
imum-errorprobability equalizer Although most®nite-taginear equalizersaaredesigned
to minimize an MSE performanceanetric, the equalizerthat directly minimizessymbol-
errorrate (SER) may signi®cantlyoutperformthe MMSE equalizer In this chapter we
®rstderive the minimum-SERIinear equalizerfor PAM. We study the propertiesof the
minimum-SERequalizerby exploring its geometricinterpretationand compareits SER
performanceto the MMSE equalizer We also devise a numericalalgorithm, called the
exact minimum-symbol-ear-rate (EMSER) algorithm, to computethe equalizercoef?-
cients.We studythe corvergencepropertiesof the EMSER algorithm. Finally we extend

the denvation of the minimum-SER linear equalizer fétNPto QAM and DFE.
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In section2.2,we presenthe systemmodelof thelSI channelndthelinearequalizey
andwe explaintheconceptof signalvectorsandsignalconeswhich areessentiatoolsin
deriving and understandinghe minimum-SERequalizerand its adaptve algorithm. In
section2.3, we derive a ®xd-pointrelationshipto characterizéhe minimum-SERequal-
izer, and we comparethe minimum-SERequalizerwith the MMSE equalizerwhenthe
numberof equalizercoef®cientsapproachesn®nity In section2.4, basedon the ®xed-
point relationship we proposea numericalmethodto computethe minimum-SERequal-
izer coef®cients We thenstudythe corvergencepropertiesof the numericalmethodand
statea suf®cieng conditionfor testingcorvergenceof the numericalmethodto the global
SERminimum.In section2.5, we extendthe minimum-SERresultson PAM to QAM. In

section2.6, we dexre the minimum-SER decision-feedback equalizer

2.2 MODELS FOR CHANNEL AND EQUALIZER

2.2.1 System Defition

Considerthe real-\aluedlinear discrete-timechanneldepictedin Fig. 2-1, wherethe
channelinput symbolsx, are dravn independentlyand uniformly from the L-ary PAM
alphabef t1, +3, ¥4, £ (L B1)}, h, is the FIR channeimpulseresponseonzeradfor k = 0
v, M only, andn, is white Gaussiamoisewith power spectraldensitys?. The channel

outputr, is

Xk 'k Yk

Rip

Channel Recever

o~

> hk

Fig. 2- 1. Block diagram of channel, equalizer, and memoryless decision device.
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M
= @ NiXesi + N (2-1)
i=0
whereM is thechanneimemory Also shavn in Fig. 2-1 is alinearequalizemwith N coef-

®cientsdescribedy the vectorc = [cy ¥% cy +1]'. The equalizeroutputat time k canbe

expressed as the inner product:
Yk =c'ry, (2-2)
where the channel outpugstorr, = [ry % r .y +1]" IS
re = HX + ny, (2-3)

wherex, = [x ¥ Xcsmsn+1]" IS avectorof channelinputs,ny = [N, ¥ ngyy+4]" is a
vector of noisesamplesandH is theN = (M + N) Toeplitz channelcorvolution matrix
SatisfyingHij = hj Bi-

hg % hy 0% 0
H = Y, . (2-4)
0% 0hyYa hy,

As shavn in Fig. 2-1, the decision¥ ,  aboutsymbolx, . is determinecby quan-
tizing the equalizeroutputy,, whereD accountdor the delayof boththe channelandthe
equalizer This memorylesglecisiondevice is suboptimal;bettererror probability perfor-
mancecan be achiezed by performing maximum-likelihood sequencaletectionon the
equalizer output.

After presentinghe systemde®nitionwe areto derive the SER,the averagedproba-

bility A, sp ! X¢+p, Of anequalizerc onaPAM systemletf " = ¢TH = [fo ¥ fyy 4 n+1]
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denotethe overall impulseresponserepresentinghe cascadeof the channelh, andthe

equalizerc,.. The noiseless equalizer output is

CTH Xk = f TXk

=foXeep + A fiXicsi (2-5)
itD

wherethe ®rstterm fp x + p representshe desiredsignallevel, whereaghe seconderm

represents residual ISI. The noisy equalizer output of (2-2) is gisessed as:

Vi = foXeep + & fiXiesi + TNy (2-6)
itD

SincetheresiduallSI is symmetricaboutthe desiredsignallevels,the memorylesgjuan-
tizer, in the presenc®f zero-mearGaussiamoise,is optimalwith its detectiornthresholds
atthemidpointsof successie signallevels,i.e. {0, + 2fp, ¥4, + (L D2)fp}. The SERIs eval-

uated in the folleing theorem:

Theorem 2.1: With a memoryless quantizehe SERP.(c) as a function of an

equalizerc is

T ..
Pelc) = 222 E[ Q& X0] (27)

Clclse)’
wherex is arandomvectorwith distribution P(x) = P(X,| Xk +p = 1), i.e., X IS uni-

formly distributedover thesetof K = LM *N®1| _aryx, vectorsfor whichx, . = 1.

Proof. The SER folL-ary FAM is computed as follws:

Pe(c) = P(A+p * Xk D)
L
= & POR:p® Xcipl Xcxp = 21 D1DL) P(xp = 21 D1DL) (2-8)
=1
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POAc:p * Xk+pl Xkp =21 £1£L), (2-9)
1

=
n Qo r—

wherewe substituteP(xy +p = 21 £1+ L) with % in (2-9) underthe assumptiorthat
all L symbolsare equally likely to be transmitted.Recall that the L-ary PAM
alphabethas2 outersymbols i.e. + (L £1), andL + 2 innersymbols,i.e. {£1, ¥4,
(L £ 3)}. If aninner symbolis transmitted,an error occurswhen the equalizer
outputeitherexceedshe upperthresholdor falls belov the lower thresholdof that
particular inner symbol. The events that an equalizeroutput is above its upper
thresholdandis below its lower thresholdaredisjoint andthusthe error probability
Plyy > TOPory, < LOW] equalsP[y, > TOP]+ P[y, < LOW]. Ontheotherhand,if
the outersymbol(L + 1) is transmittedan error occursonly if the equalizeroutput
falls below thelowerthresholdL + 2)f; If theoutersymbol+(L + 1) is transmitted,
anerroroccursonly if the equalizeroutputexceedghe upperthresholdt (L + 2)f,.

Based on the abe obserations, (2-9) becomes:

Pec) = £ | PIy> (L £2)fpl Xsp = +(L £1)] +
1
PIYk > £ (L £4) o) Xysp = (L £3)] + PLY< £ (L £2)p)| Xysp = £ (L £3)] +
Ya + Pl(yk< (L £4)fp)l Xk+p = L £3] + P[(yx> (L £2) fp)| Xk +p = L £3] +

i
P[yk<(L 12) fDl Xk+D = L il] g (2-10)

Manipulating the ®pressions in (2-10) after substitutipginto (2-10), we get

i 0
[ PRcTn < fp + Q fiXiesi] +
| itD

Pg(c) =

It N

PltcTny < fo+ Q fixsil + PlcTn <fp £ Q fixuil + % +
itD i1D
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PlcTny < fp+  fixkail + PlEcTn <fp+ § fixeael +
i1D itD
PIc™ni < fo £ @ fiXisil g (2-11)

itD

Note thatin (2-11) we have removed the conditionon the value of x, . p from all
expressionsn (2-10) sincethey do not dependon the conditionarny more.In addi-

tion, therandomvariablestc™n, and+ é fix, +; respectrely have the sameproba-
itD
bility distributionsasc™n, and é fix, +; andwe canexchangethemto simplify (2-
itD
11) as follavs:

i
i PlcTng < fp+ 601 fixg +il +
1 i1D

Pe(c) =

Il N

Plcny < fo+ Q fixisil + PlcTn <fo+ Q fixpesil + ¥ +
itD itD

PlcTny < fp + Q fixkail + PlEcTny <fp+ § fixyael +
itD itD

PlcTni < fo+ & fixexil g
itD

2L £2
== PlcTny < fp + § fiXiai]
itD

_2L+¥2 10 « T T (i
= === 7a, ., PleTne <0
_2L %2 ié kK ~gb T x(g

L K%i=17¢e|c|s @
_2L#2 [ o8 Thy
= 0 QFerea) (+12)

whereQ is the Gaussiarerrorfunction,wherex®, x@), v, x() arearny orderingof
the K distinct A vectors,andwherethe expectationis over the K equallylikely A

vectors.Q.E.D.

Thereforeminimizing SERof anL-PAM systemis equivalentto minimizing theterm

2L £2
L

o )eb} . In thecaseof a2-PAM systemthefactor in (2-12)reducego unity.

€[c|so
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Eventhoughit is mostrelevantto minimize the error probability of (2-12), by far the
most popularequalizationstrateyy is the MMSE design.With the MMSE stratayy, the

equalizerc is chosen as the uniquector minimizingMSE = E[(yy * X, +p)?], namely:

CMMSE = (HH T + SZI )ilh D+1: (2-13)

wherehp , ; is the (D + 1)-st columnof H. This equalizeris often realizedusing a sto-

chastic gradient search kmo as the least-mean square (LMS) algorithm [7]:

Ck+1 = Ck £ MYk £ Xc+p)l k (2-14)

wheremis a small positive stepsize.Whentraining datais unavailable,the equalizercan

operaten adecision-directednode wherebythe decisions, , p is usedin placeof x; , p.

Insteadof minimizing MSE, our goal is to minimize SER (2-12). For a binary sig-
nalingchannelt is obviousthatBER is the sameasSER.However, for anon-binaryPAM
channelthe exactrelationshipbetweenSERandBER is not trivial. With the Gray code
mapping of bits, the relationship is well approximated by [13]:

1
log. L

2

BER@

SER. (2-15)

Therefore, if an equalizer minimizes SER, it approximately minimizes BER.

2.2.2 Signal \éctors and Signal Cones

In this section,we introducethe signal vectorsandthe signal cone,two useful geo-
metric tools that will be usedextensiely throughoutthe thesisto derive andunderstand

minimum-SER equalizers.
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We now establishthe relationship betweenerror probability and signal vectors.

Obsene that the error probability of (2-12) can also keressed as

T
P(c) = ZLL—iZ E [Qa@ﬁ} (2-16)

ellcls 2/’

wherethe expectationis over the K equallylikely L-ary % vectors.We de®nehe signal

vectos by

sO =HxO i =1v K. (2-17)

From (2-3) we seethattheses) vectorsrepresentheK possiblenoiselesshannelbutput
vectorsgiven that the desiredsymbol is x,,p = 1. With this de®nition,(2-16) can be
expressed as

2L
K

I+
N

& "sy ]
eTels o (19

Pg(c) =

l_
n Qo x

Obsenethatthe errorprobabilityis proportionalto the averageof theK Q functionterms,
the agumentof eachbeingproportionalto the inner productbetweenhe equalizeranda

signal \ector

In this thesis we will often assume that the channedjisalizable

DePnition 1. A channelis saidto be equalizableby anN-tap equalizemwith delay
D if andonly if thereexistsanequalizerc having a positive inner productwith all

{s"} signal vectors.

A positive inner productwith all {s()} vectorsimpliesthatthe noiselessqualizeroutput

is alwayspositive whena onewastransmittedx,..p = 1); thus,a channels equalizabléf
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andonly if its noiselesseye diagramcan be opened.In termsof the {s®} vectors,a
channelis equalizablgf andonly if thereexists a hyperplanepassingthroughthe origin

such that all §)} vectors are strictly on one side of theghrplane.

Givena setof signalvectors{s")} thatcanbe locatedstrictly on onesideof a hyper-
planepassingthroughthe origin, we de®nethe signal coneasthe spanof thesevectors

with non-n@ative coe®cients:

Debnition 2. The signal cone of an equalizable channel is the set:

S={S asl):a 3 0}.

Obserethatif the channelis equalizablethereexists atleastoneOaxis@ectorwithin the
signalconesuchthatall elementsf the signalconeform anangleof strictly lessthan900
with respecto the axis vector We remarkthatno suchaxisvectorexistsif the channeis

not equalizable, because the s8tds() : a; 3 0} is a linear subspace &N in this case.

With the signalvectorsandthe signalconede®nedyve arenow equippedto charac-

terize the minimum-SER equalizer

2.3 CHARACTERIZATION OF THE MINIMUM-SER EQ UALIZER

2.3.1 Fixed-Pint Relationship

Let cemser denoteanequalizerthatachieresexactminimum-SER(EMSER) perfor-
mance,minimizing (2-16). Obsene that becaus€2-16) dependsnly on the direction of
theequalizercgyser IS Notunique:if ¢ minimizesSER,thensodoesac for ary positve
constanta. Unlike the coefdcientvectorcyse (2-13) that minimizesMSE, thereis no
closed-formexpressionfor cgyser - However, by settingto zero the gradientof (2-16)

with respect t@:
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N.Pe(C) = L E[exp

~/2ps

aé(CTS)ZGIICIIZStcTSC} _

S 2-19
22lcI?s? ol &3

we ®nd thatgyser , Which is a global minimum solution to (2-16), must satisfy

|l c |Pf(c) = cTf(c)c, (2-20)

where we hee introduced the function RN ® RN, de®ned by

To)2.

f(c) = E[ex a;(c_s)os] 2-21
(©) P | o2570 (2-21)
Theexpectationin (2-21)is with respecto therandomvectors overtheK equallylikely

s() vectors of (2-17). Thus(c) can be rpressed as a weighted suns®fvectors:

+al +al +a’%
f(c) = %g,;al s 4 22752 41y, 4 70K s (2-22)

wherea; = ¢"s() ({jc||s) is a normalized inner products$P with c.

The function f(c) playsanimportantrole in our analysisand hasa usefulgeometric
interpretationObsene ®rstthat,because¢he exponentialcoef®cientsn (2-22)areall pos-
itive, f(c) is inside the signal cone.Becauseesxp( x) is an exponentiallydecreasingunc-
tion, (2-22) suggestghatf(c) is dictatedby only thoses() vectorswhoseinner products
with ¢ arerelatively small. Becausethe {s")} vectorsrepresenthe K possiblenoiseless
channeloutputvectorsgiven thata onewastransmitted(i.e. x,.p = 1), theinner product
s() with c is a noiselesequalizeroutputgiven thata oneis transmittedIt follows thata
small inner productis equialentto a nearly closedeye diagram.Therefore f(c) will be

very nearlya linear combinationof the few s() vectorsfor which the eye diagramis most
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closed For example,if oneparticulars() vectorclosesthe eye signi®cantlymorethanary

others() vector thenf(c) will be approximately proportional to thst) vector

Returningto (2-20) andthe problemof ®ndingthe EMSERequalizeywe seethatone
possiblesolutionof (2-20) s f(c) = 0. We now show thatf(c) = 0 is impossiblewhenthe
channeis equalizableRecallthat,if the channels equalizablethenthereexistsa hyper-
planepassinghroughthe origin suchthatall of the {s?), v4, s)} vectorsarestrictly on
onesideof thehyperplaneThus,ary linearcombinatiorof s() with strictly positive coef-
®cientscannotbe zero.Furthermore(2-22) indicatesthat f(c) is a linear combinationof
{s™} vectorswith strictly positive coef®cients Thus,we concludethatf(c) = 0 is impos-

sible when the channel is equalizable.

Sincef(c) = 0 is impossiblewhenthe channelis equalizablethe only remainingsolu-

tion to (2-20) is the follving ®ed-point relationship:

c = af(c), (2-23)

for someconstanta. Choosinga = 0 resultsin P = (L + 1) UL, which is clearly not the
minimum error probability of an equalizablechannel.The sign of a doesnot uniquely
determinewhetherc = af(c) is alocal minimum or local maximum;however, in orderfor

c = af(c) to be a global minimung must be posive:

Lemma 2-1: If ¢ minimizes error probability of an equalizable channel, then

c = af(c) with a > 0. (2-24)

Proof. By contradiction:Supposehat c = af(c) minimizeserror probability with

a < 0. Thenc is outsidethe signalconegeneratedby {s(}. Let P denoteary hyper-
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plane,containingthe origin, thatseparates from thesignalcone.Let c«denotethe
ref3ectionof c aboutP suchthatc«andthe signalconeareon the samesideof P. It
is easyto shav thatcomparedwith c, c«hasalargerinnerproductwith all s() vec-
tors.From(2-18)it follows thatthe error probability for c«is smallerthantheerror
probability for ¢, which contradictsthe assumptiorthat c minimizeserror proba-

bility. Q.E.D.

Unfortunately the ®xed-pointrelationshipof (2-24)is not suf®cientin describingthe
EMSERequalizer;it simply statesa necessargonditionthatthe EMSER equalizermust
satisfy The existenceof at leastone unit-lengthvector & = £

el

intuitively explained: The hyperspheref all unit-lengthvectorsé is closed,continuous,

satisfying(2-23) canbe

and bounded Eachpoint on the hyperspheres mappedto a real value via the differen-
tiable andboundederror probability function of (2-18) andforms anotherclosed,contin-
uous, and boundedsurface. Becausethe resultantsurfaceis everywheredifferentiable,
closed,andboundedjt hasat leastonelocal minimum.In general thereexist morethan

one local minima, as illustrated in the follmg example.

Example 2-1: Consider binary signaling x, 1{ 1} with a transfer function
H(z) = 0.9 + z*1 and a two-tap linear equalizer (N = 2) and delay D = 1. In

Fig. 2-2 we presenta polar plot of BER (for BPSK, the error probability equals

C
llc]

signalvectors{s®, v4, s}, depictedby solid lines. Also superimposedrethree

BER) versusy, where— = [cosg, sing] . Superimposedn this plot aretheK = 4
unit-lengthequalizewvectors(depictedoy dashedines):the EMSERequalizemwith
an angle of q=+7.014 the MMSE equalizer with q = +36.210 and a local
minimumequalizer( & oca. ) With g = 35.630 (A fourthequalizemwith anangleof

g = +5.840is alsodepictedfor future referenceit is the approximateminimum-
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BER (AMBER) equalizerde®nedoby Theorem3.1 of section3.2.) The shaded
region denoteghe signalcone.Althoughboth &gy ser @and é\ oca Satisfy(2-23)
with a > 0, the local-minimumequalizeré 5ca. doesnot minimize BER, andit

does not open theye diagram. These equalizers assume SNR dB.

While Lemma2-1 providesa necessargonditionfor the EMSER equalizey namely

c = af(c) with a > 0, the previous exampleillustratesthat this ®xed-pointconditionis not

e

Fig. 2-2. A polar plot of BER versus g for Example 2-1. Superimposed are the
signals vectors (scaled by a factor of 0.5), and four equalizer vectors (dashed
lines).
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suf®cient;both cgyiser @andce oca Satisfyc = af(c) with a > 0, but only cgpysgr Mini-
mizes error probability

As anaside aninterestingexamplecanbe constructedo shav thatthe EMSERequal-
izer may not openthe eye evenwhenopeningthe eye is possible(i.e. whenthe channels
equalizable)The following exampleis somavhat counterintuitive andis a resultof the
highly irregular shape of the error probability sacé.

Example 2-2: Considerthe binarysignalingchanneH (z) = 1+ z* + 1.2 z7*2 with a

two-tap equalizey D = 3, and SNR= 10 dB. Although the channelis equalizable,

neither the EMSER equalizer nor the MMSE equalizer opens/éhe e

2.3.2 The MMSE Equalizer vs. the EMSER Equalizer

We now comparghe MMSE andthe EMSERequalizersWith a®nitenumberof taps,
the MMSE andthe EMSERequalizersareclearlytwo differentequalizersasillustratedin
Example2-1. We furtheremphasizehe differencedetweerthe two equalizerdy evalu-
ating their errorprobability performanceand by plotting their eye diagramsin the fol-
lowing examples.

Example 2-3: Consider a binary-signaling channel with transfer function
H(z) = 1.2 + 1.17*1 + 0.22*2. In Fig. 2-3, we plot BER versusSNR= & hZ es?, for
both the MMSE and EMSER equalizerwith threeand®ve taps.The ®gureshowns
thatwith threeequalizertapsanda delayof D = 2. D is choseno minimize MSE.
TheEMSERequalizethasamorethan6.5dB gain overthe MMSE equalizerWith
5 equalizertapsandadelayof D = 4, theEMSERequalizethasa nearly2 dB gain
overthe MMSE equalizerIn Fig. 2-4, for the samechannelwe presenQarti®cialO

noiselesswye patternsfor 5-tap EMSER and MMSE equalizersassumingSNR =
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30 dB. These patternswere obtained by interpolating all possible noiseless
equalizeroutputswith atriangularpulseshapeBoth equalizersverenormalizedo
have identical norm (and thusidentical noiseenhancement)\Ve seethat the two
eye diagramsare drasticallydifferent. The interestingdifferencebetweenthe two
diagramsresultsfrom the MMSE equalizer&effort to force all possibleequalizer
outputsto the tagets{+1}, despitethe bene®tof sparingthe outputswith large
noise immunity. Although the MMSE equalizerachieves a lower mean-squared
error, its errorprobabilityis morethanamagnitudenigherthantheerrorprobability

of the EMSER equalizer

Example 2-4: Considera 4-PAM [SI channebwith transferfunctionH(z) = 0.66 +
z*1 + 0.66 z*2. In Fig. 2-5, we plot SERversusSNR= &, hZ s 2, consideringooth
MMSE andEMSERequalizerswith ®ve taps.The®gureshavs thatwith a delayof
D = 3, theEMSERequalizethasa morethan16 dB gain overthe MMSE equalizer
In Fig. 2-6, we again presentOarti®cial@oiselessye patternsfor 5-tap EMSER
andMMSE equalizersassumingSNR = 30 dB. We obsene thatthe eye patternsof
the MMSE equalizerare somavhat uniform, whereasthe eye patternsof the
EMSERequalizerconsistmainly of Osub-clusteIn a certainsensethe EMSER
equalizerstrives only to openthe eye of the channel,and can be regardedas a
somavhat OpasseOequalizationtechnique where as the MMSE equalizationis
OaggresgeQn thatit pushesall equalizeroutputstowardsthe desiredconstellation
points.Again, we obsene thatthe EMSER equalizerachiezesa muchlower error

probability than the MMSE equalizesven though it has a much higher MSE.
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Fig. 2-3. The BER performance comparison of the EMSER and the
MMSE equalizers for the 2-PAM system of Example 2-3.
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BER = 3.5 10*° . BER =2.9" 106
IR ] - MSE = +4.9 dB
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Fig. 2-4. Equalized noiseless eye diagrams of the (a) MMSE and (b)
EMSER equalizers for the 2-PAM system of Example 2-3.
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Fig. 2-5. The SER performance comparison of the 5-tap EMSER and
MMSE equalizers for the 4-PAM system of Example 2-4.
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Fig. 2-6. Equalized noiseless eye diagrams of the (a) MMSE and (b)
EMSER equalizers for the 4-PAM system of Example 2-4.
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It is obvious from the above two examplesthatthe ®nite-tapMMSE andthe EMSER
equalizeraredifferent.Herewe investigatethe possibility thatthe in®nite-tagMMSE and

the EMSER equalizers are the same by proposing thevfotjoconjecture:

Conjecture: For ary noise variance,the MMSE equalizer corverges to the

EMSER equalizer as the number of equalizer taps approaches in®nity

Example 2-5: Consider a binary-signaling system with transfer function
H(z) = 1.2 + 1.1 71 + 0.2 7*2. In Fig. 2-7, we plot SNRrequiredto achie/e BER =
10*° versusthe numberof equalizertapsfor the EMSER and MMSE equalizers.
For eachnumberof equalizettaps,thedelayD is choserto minimize MSE. We see
thatthe SNR gain of the EMSER equalizerover the MMSE equalizerapproaches

zero as the number of equalizer taps increases.

40
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+
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oM —
é —
= - ]
o — —
S 30 | ]
o
3 - ]
o - ]
Z — —
%) - —
25 | .

3 4 5 6 7 8 9 10 11
Number of Equalizer Coefficients

Fig. 2-7. SNR requirement vs. equalizer length for the binary signaling
channel in Example 2-5.



31

Example 2-6: Consideranotherbinary-signalingsystemwith transferfunction
H(z) = 1.2 + 0.7 21 £ 0.9 z*2. In Fig. 2-8, we again plot SNR requiredto achiese
BER = 10*° versusthe numberof equalizertaps for the EMSER and MMSE
equalizerslt is interestingto notethatthe requiredSNR for BER = 10*® actually
increasedor the MMSE equalizeraswe increasehe numberof tapsfrom threeto
four. Althoughincreasinghe numberof an MMSE equalizertapsstrictly decrease
MSE, it doesnot strictly decreasesrror probability Again, the SNR gain of the
EMSER equalizerover the MMSE equalizerapproachegero as the numberof

equalizer taps becomesdar

As the noise varianceapproachegzero, it is well known that the MMSE equalizer
approachethezero-forcing(ZF) equalizerWe notethatthein®nite-tagcMSERequalizer

alsoapproachethein®nite-tapZF equalizerasthe noisevarianceapproachegeroby the

36
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Fig. 2-8. SNR requirement vs. equalizer length for the binary signaling
channel in Example 2-6.
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following reasoningif anequalizerc hasanin®nitenumberof taps,it caninverta FIR
channelcompletely i.e. thereexists a zero-forcingvectorc suchthatthe inner products
betweerc andall signalvectorss®) areunity. If the in®nite-tapminimum-SERequalizer
doesnot equalthe zero-forcingvector someinner productsc's() aresmallerthanothers
andthus,asthenoisevarianceapproachegero,the overall SERIs solelydictatedby theQ
termassociateavith thesmallesinnerproduct.A lower SERcanbeobtainedoy adjusting
c to increasethe smallestinner productuntil it equalsthe largestinner product,or when
the equalizer becomes the ZF equalizer

It is not clearwhetherthein®nite-tapgMMSE equalizerequalsthein®nite-tadeMBER
equalizerwith an arbitrary noisevariance.An interestingobsenation is that the MMSE
linearequalizemwith alarge numberof tapstendsto make theresiduallSI Gaussian-lile,
althoughthis Gaussian-lik distribution is bounded A true Gaussiarrandomvariableis

unbounded.

2.4 A NUMERICAL METHOD

In section2.3, we have gainedsomegoodunderstandingf the EMSER equalizerby
characterizingt with a ®xed-pointrelationship.We now proceedto devise a numerical

algorithm to actually compute the EMSER equalizer ®ogfnts.

2.4.1 The Deterministic EMSER Algorithm

Example2-1in the previous sectionillustratesthatthe error probability function may
not be corvex. Neverthelessa gradientalgorithmmay still be usedto searchfor a local
minimum. In particular usingthe gradient(2-19) of the SER (2-16),we may form a gra-

dient algorithm:
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Ck+1 = Ck £ M N, Pe

m
1y f(c,) ey

e
= %1+ m, T(cy) Uley IPS oi + f(cl)9 (2-25)

wherethefunctionf (3 is de®nedy (2-21).Recallthatthe normof ¢ hasnoimpacton P,
andobsere thatthe ®rstbracletedfactorin (2-25) representsan adjustmenbf the norm
of c,.4+1. Eliminating this factorleadsto the following recursionwhich we referto asthe

EMSER algorithm
C+1 = Cx + Mi(cy). (2-26)

The transformationfrom (2-25) to (2-26) affects the corvergencerate, the steady-state
norm ||cy ||, and possiblythe steady-statelirectioncy U|cy ||, soit is no longerappro-
priateto call (2-26)a gradientsearchalgorithm.The updateequation(2-26) canbeviewed

as an iteratie system designed to reew the solution to the ®g-point equation (2-24).

2.4.2 Colvergence

Although the EMSER algorithm cannotin generalbe guaranteedo corverge to the
global SER minimum, it is guaranteedo corverge to somelocal extremum solution

within the signal cone generated s/}, as stated in the follsing theorem:

Theorem 2.2: Given an equalizable channel, the EMSER algorithm of (2-26) con-

verges to a locab@éremum solution satisfying = af(c) with a > 0.

Proof. The proof for Theorem 2.2 is in Appendix 2.1.
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2.4.3 A Suffciency Condition for Convergence to the Global Minimum

One generalmethodfor ®ndingthe EMSER equalizeris to ®ndall solutionsto the
®»ed-pointequationc = af(c) with a > 0, andchoosethe solutionthatyields the smallest
error probability Fortunately this brute-forcemethodcanbe avoidedin certaincasedy

taking adantage of the folling suf®cieny test:
Theorem 2.3: If ¢ = af(c) for a >0 andP(c) £ % , thenc minimizes SER.

Proof. The proof for Theorem 2.3 is in Appendix 2.2.

This is a suf®cientbut not necessarycondition for minimizing error probability
becausesven the minimum error probability may exceed % whenthe SNR is suf®-
ciently low. Note thatthe conditionin Theorem2.3 implies that the equalizeropensthe
eye diagram.

Taken together Theorem2.2 and Theorem2.3 suggestthe following stratey for
®ndingthe EMBER equalizerFirst, iteratethe deterministicEMSER algorithmof (2-26)
until it corverges.If theresultingSERP, £ % , Stop.Otherwisejnitialize thedetermin-
istic EMSER algorithm somevhere else and repeatthe process.This is an effective
stratgy when the initial condition of the EMSER algorithm is chosencarefully (e.g.
within theeye openingregion) andwhenthe SNRis notsosmallthatP, £ EL—% isimpos-

sible.

2.5 EXTENSION TO QUADRATURE-AMPLITUDE MODULA TION

Quadrature-amplitudmodulation(QAM) is widely usedon bandwidth-limitedchan-
nels.Althoughthusfarwe have only discussedhe EMSERequalizergor PAM systemsa

QAM systemcanbethoughtastwo PAM systemsan parallel. The resultsof the EMSER
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linear equalizeron the PAM systemcan be extendedin a straightforvard mannerto the

QAM system.

An L2-QAM symbolis comple« and consiststwo PAM symbols,one asits real part

and the other as its imaginary part:
x=xR+jx, (2-27)

wherexR andx' aretwo independent.-PAM symbols.To detectan QAM symbol,a 2-
dimensionalquantizeris used.However, the quantizeractually usestwo 1-dimensional
quantizergo separatelyletectx® andx'. In thatsensewe cantreatanL?-QAM systemas

two L-PAM systems and thus, its error probability can be treated as

1
+35P (2-28)

WherePS and P('e are the real and imaginary SER.

L 1aE[ aéCTsl)Rd} +E[QaécTsi)lﬁ}d. (2-29)

+
L e L=¢lcls @ elcls 2/ @
where we hee introduced signalectorss; ands; for a QAM system where

where si is a randomvector uniformly distributed over all noiselessQAM channel
outputvectorsgiventhatthereal partof the desiredsymbolis 1, i.e. inD =1, whereas
S|, is arandomvectoruniformly dis represenall possiblenoiselesfQAM channebutput

vectors gien that the quadrature part of the desired symloliis. X||< +p =1
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To extendthe EMSER algorithmto the QAM system,we take the derivative of the
error probability of (2-29)with respecto thein-phaseequalizercoef®cientvectorcR and
the quadratureequalizercoef®cientvector c¢'. Following the derivation of (2-25), we

obtain the EMSER algorithm faf*:

cfeq = off +nfR(cy), (2-31)

and the EMSER algorithm fat:

Ckiq = Ok +1(cy), (2-32)

where the dxiing vector ternf R(c) is

(s, ] 0 2(c"s,)'] ¢
fRe)=E expg%jsia +E expg%jslj (2-33)
& 2lcl"s” g & 2[cl"s” g
and the dwing vector ternt!(c,) is:
A(c's 0 A(c's) ]9
fl(c)=+E expg%}ll +E expg%:sjR . (2-34)
e 2[c|"s g e 2[c|"s g

Combining equations (2-31)-(2-34), the EMSER update equation for a QAM system is

Ck+1 = Cit Moam (Ck) (2-35)
where
B(c'sy) 192, B (c S;) ] 0
foam(c) = E expgﬁ; +E expgﬁ; il (2-36)
e 2[c|"s 7] e 2lc|"s 1)
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2.6 EXTENSION TO DECISION-FEEDBACK EQUALIZA TION

A decision-feedbackqualizeris a straightforvard extensionof a linear equalizer As
mentionedn chapterl, the feedback®lterof an MMSE DFE subtractoff the postcursor
ISl in orderto minimize MSE. In this subsectionywe shav thatsimilarto the MMSE DFE,
the feedback®lterof the EMSERDFE is alsochoserto eliminatethe postcursoriSlI. In
fact,we canshaw thatif aforward®Iterof a DFE is ®edandopensthe eye of a channel,
thenthe feedback®lterof a DFE needonly eliminatethe postcursorlSI in orderto mini-
mize error probability In this subsectiorwe concentratehe derivation of the minimum-
SER DFE for the RM systems. Its@ension to QAM is straightforard.

Letc=[co¥% cy ;1" andd =[d; % dy_ ]" denoterespectiely theforwardandthe
feedback®ltersof a DFE. Let f "= ¢ H = [fo ¥ fp ¥ f M + N, 1] denotethe impulse
responsef the convolution of the forward ®lterandthe channel.The noiselessequalizer

output prior to decision feedback subtraction is

F = &7 kit foXksn * & L 0t ik (2-37)
For now we assumehatthe lengthof the feedback®lteris the sameasthe lengthof the
postcursoresiduallSl,i.e. N, =M + N, +1. Obsenrethattheerrorprobabilitywith cor-
rect decision feedback is

o Dl o M+N,+1

RN D ORNPIE B I o (f; £d. )Xy 46
Pe(C,d)ZZLiZE anw_o ik i pta iz=p+1 Vi i+D kil: , (2-38)
L & llcls )

N, +

. M 1 . :
wheretheexpectations overthe L * equallylikely L-ary A vectors For agivenf,

we determinehe coef®cientvectord in orderto minimizetheerrorprobability of (2-38).
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We seethatthereareL® possiblepointsfrom § °* f;x, ,; + f , whichform acloud

IR (f £ diap) Xesi 1O iD:ii)fiini +f toformthe

centeredatfp. Whenwe add §
noiselesequalizeroutput,we in a senseadda sub-cloudto eachof the LP points.Each
sub-clouddisappearf (f; +d;.p) =0fori =D+1 ..M+ N, £1. However, if (f; £d; .p) is
not zerofor somei, the error probability becomesstrictly greaterthanfor (f; + d; +p) = 0

for all i. We eplain this by constructing the follang inequality:
2Q(A) £ Q(A+B) + Q(A £B), (2-39)

whereaA is positive. Thisinequalityis animmediateresultfrom thefactthatthe Q function
is a monotonouslyand exponentially decreasingfunction. The inequality in (2-39)
becomes strict equalityonly whenB is zero. Thuswe concludethatif the lengthis long
enough,the feedbacksectionof a EMSER DFE subtractsoff the post-cursodSI com-
pletely.

In the casewhenthelengthof thefeedback®lteris greaterthanthe lengthof the post-
cursorresiduallSI (i.e. N, >M + N, * 1), theadditionaltapsof the feedback®lterwill
bezeros.Ontheotherhand,whenthelengthof thefeedback®lteris lessthanthelengthof
thepostcursoresiduallSI (i.e. N, <M + N, £ 1), basedontheinequalityof (2-39),the
EMSER equalizer seth,p =fifori=D+1.. N,.

We now constructa numericalalgorithmto recover the coef®cientsof a minimum-

BER DFE. The numerical algorithm for the fawd section of the DFE is
Ck+1 = Ck + 1(cy, dy), (2-40)

where
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T o) N 2.
&c s+ * dx. )0
f(c,d)=E expg a|:2|3+§ i K i TS
e 2|c||"s ﬂ

(2-41)

We seethattheforward®lteris drivenby its noiselessnput vectorsweightedby their con-
ditional error probabilities.We cansetthe feedbacksectionof the DFE to be the sameas
the post cursor ISI:

d=[forg - Fp. 1 (2-42)

2

2.7 SUMMARY AND CONCLUSIONS

In this chapterwe have introducedthe conceptof the signalvectorsandsignalcone
andusedthemto characterizéhe EMSER linear equalizerfor the PAM 1SI channelWe
have shavn thatthe EMSER equalizemmustsatisfya particular®ed-pointequation We
have shavn thaterrorprobability functionis generallynot a corvex function of theequal-
izer coefdcientsandthereare usually multiple solutionsto the ®xed-pointequation.To
®ndthe EMSERequalizeywe have constructed numericalalgorithmbasedn the ®xed-
point equation We have provedthatthe algorithmis guaranteedo corvergeto a solution
to the ®»ed-pointequationfor ary positive stepsize.Further we have proposeda suf®-
cieng/ condition for testingwhetherthe algorithm hasindeedcorverged to the global
EMSER solution. In addition, we have extendedthe EMSER resultson PAM to both

QAM and DFE.

From our theoreticalanalysisand somenumericalexamples,we have concludedhat
the EMSER equalizercanbe very differentfrom the MMSE equalizey dependingon the
ISI channeland the numberof the equalizertaps. SomedramaticalSNR gains of the
EMSER equalizerover the MMSE equalizerfound in this chapterhave motivatedus to

proceed to ®nding an adagtiequalizer algorithm to minimize SER instead of MSE.
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APPENDIX 2.1

PROOF OF
THEOREM 2.2

In this appendixwe prove Theorem2.2 on page34: For ary equalizablechannelthe
EMSER algorithmof (2-26) corvergesto a local extremumsolution satisfyingc = af(c)

fora > 0.

Sincethes() vectorsgenerate signalcone we can®nda hyperplaneP, containingthe
origin, suchthatall s®) vectorsarestrictly on onesideof P. Every s() makesanangleof g,
1[0, 90°) with the normal to P and consistsof two components:one (with norm
lls V|lsing;) parallelto P andthe other(with norm [js ]lcosq;) perpendiculato P. At each

update the correctionvectornf(c,) is strictly insidethe signalconeandits normis lower

2

boundedby nmexp([ sl .x92s 2)” S |Inin COSUmax, Where|[s [jnin = min;{ ”S(i) I}, 1S llmax =

max{||s® |}, andgmay = max{q;}. At iterationM + 1, the sumof the pastM correction
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vectorsis a vector strictly inside the signal cone and has a norm lower boundedby
Mm?Xp(iIISIIiaX 5252)||'S |nin COMmax- We concludethat, for ary initial ¢, with a ®nite
norm,thereexistsa®niteM suchthatc,,, ; is strictly insidethe cone.In addition,we con-

clude that equalizer nornt||| gravs without bound ak increases.

Shawing that c, corverges to the direction of an extremum solution satisfying
c = af(c) with a > 0 is equivalentto shawving thatthe anglebetweenc, andf(é,), where
& equalscy / ||ck ||, approachegero. First we obsere that &, mustconverge to some
®ed vector &y, since||c, || becomesarbitrarily large while the norm of the update,||
nf(éy) ||, is upperboundeddy m|s ||nax- It follows thatf(éy) corvergesto f(éy), andthus,
for ary e > 0, thereexists a ®nitek(e) suchthatfor all k > k(e), |||f(&) Il £ |If(&x) |I| £ 3|
f(&y) = f(éy) || < e. Manipulatingthe inequalitiesyields thatthe anglebetweerf(é,) and

f(éy) is less than somg(e), where

(2-43)

“e‘ﬂf(é'\dll]

_ +1
46 = cos [1 ved T ()]

M+1
Forarny M > 0, é_ f (@ +j) is avectorstrictly within theconeW[f(é\y); q(e)] consisting
i=0
of all vectorslessthanq(e) awvay from f(&y). For acy with a®nitenorm,we can®nda
M+l

®niteM suchthatcygm = Ci(e) + mé f (& + ;) is strictly insideW[f(¢y); q(e)]. As e
j=0
approache®, q(e) approache® and thus the angle betweency g + y and f(éy g + v)

approaches as well.Q.E.D.
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APPENDIX 2.2

PROOF OF
THEOREM 2.3

In thisappendixwe prove Theoren2.3 on page35: If ¢ = af(c) for a > 0 andtheerror

probability is less thaﬁ% , thenc minimizes error probability

LetE | RN denotethesetof all eye-openingequalizersiaving unit length,i.e., E is

the setof unit-lengthvectorshaving positive innerproductwith all s®) signalvectors This
K
setis not empty when the channelis equalizable. We can write E = (; E;, where

i=1
E,={e:e's®) >0, ||e|l=1}. Obsere from (2-18) that the condition Py(c) £ LLT<1

implies that the equalizeropens theye, ﬁi E.

We now shaw thatif ¢ T E andc = af(c) with a > 0 thenc globally minimizeserror
probability First, obsere from (2-18)thatary equalizemotin E will have anerrorprob-
ability of % or greaterwhereasatleastoneequalizewithin E (namelyc) hasanerror

probability P £ % , Sothatthe global minimummustbein the eye-openingegion E .
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However, asshavn belaw, errorprobabilityhasonly onelocal minimumover E ; thus,the

local extremumc = af(c) mustbealocal minimumandthusmustbethe globalminimum.

It remainsto shav that error probability hasonly onelocal minimum over the eye-
openingregion E . Let B be a mapfrom the unit-radiushypersphereB to RN according
to B(e) = P(e)e. Thefunction B shrinkseachelementof the unit-radiushyperspherdy its
correspondingerror probability Let B(B) i RN denotethe resulting surface. Because
Q(} £ 1, the error probability surface B(B ) is wholly containedwithin the unit-radius
hyperspheré . ObsenethatP(c) of (2-18)is thearithmeticaverageof K separat&) func-
tions, so that B(e) = -&—é_ “_, Bi(e), whereB;(e) = Q(e's()us)e. Geometrically eachcon-
tributing surfaceB;(B) T RN hasthe approximateshapeof a balloonwhen poked by a
®ngerwith aglobalminimumin thedirectionof s(. In Fig. 2-9 weillustratethefour con-
tributing surfacesB, (B ) throughB,(B ) for the channelof Example2-1. Although each
surfaceB;(B ) is notcorvex overtheentiresphereB , eachis corvex whenrestrictedo the
hemispheréE ;, andhencesois B;(E ). (A surfaceis corvex if theline connectingary two
pointson the surfacedoesnot touchthe surface.)Being the sumof corvex functions, it
follows that B(E) = %éiK: ,Bi(E) is convex over the eye-openingregion E . But a

cornvex function has at most one local minimughE.D.



Fig. 2-9. lllustration for Proof of Theorem 2.3 based on the channel of
Example 2-1. The BER surface B(IB) in (e) is the arithmetic average
of the surfaces B, (1B ) through B,(IB ) in (a) through (d). The shaded
regions in (a) through (d) are E ; through IE 4, respectively. The
shaded region in (e) is the eye opening region [E, debned as the
intersection of IE ; through IE ,. Because each Bi(IE;) is convex,

B(IE ) is convex.

%)
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CHAPTER 3

ADAPTIVE
EQUALIZA TION
USING THE AMBER
ALGORITHM

3.1 INTRODUCTION

Althoughthe EMSERalgorithmof the previous chapteris usefulfor ®ndingthe min-
imum-SERequalizerof known channelsit is poorly suitedfor adaptve equalizationWe
now proposethe approximateminimum-bit-eror-rate (AMBER algorithm for adapting
the coef®cientsof an equalizerfor both PAM and QAM channelsWhile lesscomple
thanthe LMS algorithm,AMBER very nearlyminimizeserror probabilityin white Gaus-
sian noise and can signi®cantlyoutperformthe MMSE equalizerwhen the numberof

equalizer coé@cients is small relat to the seerity of the intersymbol interference.
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In section3.2,we approximatehe ®»ed-pointrelationshipof the EMSERequalizerin
section3.3, we proposea globally convergentnumericalalgorithmto recover the solution
to the approximate®xed-pointequation.In section3.4, we transformthe numericalalgo-
rithm into a stochasticequalizeralgorithm, namelythe AMBER algorithm. We discuss
somekey parameterssuchasan errorindicatorfunction andan updatethreshold,of the
AMBER algorithm. We then extend the AMBER algorithm to QAM and DFE. In
section3.5, we perform computersimulationsto evaluateand comparethe error proba-
bility performanceof the MMSE, the EMSER,andthe AMBER equalizersin addition,
we empirically characterizehe ISI channelsover which the EMSER and the AMBER
equalizeraremorebene®ciathanthe MMSE equalizerin section3.6,we summarizeour

results.

3.2 FUNCTIONAL APPROXIMA TION

As mentionedn chapter2, by settingto zerothe gradientof (2-12) with respecto the
equalizerc, we ®ndthatthec minimizing errorprobability mustsatisfythe EMSER®»ed-
point equationc = af(c) for somea > 0. For corvenience we again statef(c) of (2-22)

here:

+a’ @ +al *aj o2
f(c) = %Seﬂ’ll s+ 2% 5@ 1y, 4 &K F K0 (3-1)

wherea; = ¢c's() o(|ic||s) is a normalized inner product &§¥ with c.

Insteadof usingthe EMSER ®»ed-pointrelationship,we usean approximate®xed-
point relationshipfor reasonghat will becomeapparentiater on. Recall that the error

functionQ(a) is upperboundedandapproximatedy 0.5 exp(a2/2), asshowvn in Fig. 3-1
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[14]. Obsenre thatthetwo functionshave slopescloseto eachother With this approxima-

tion, we can approximaféc) as follavs:

f(c)» f_p 2a1Q@1)sW + a,Qa)s® + ¥ + a Qas G (3-2)
» ﬂf_p amin $Qay)s + Q(axs® +vi + Q(ax)s* 0 (3-3)
= J2paming(c), (3-4)

wherea,;, = min{a;}, and where we ha introduced theactor functiong: RN ® RN:

9(©) = % Qans?+Q@as® + v + Qa)s® Y (3-5)
&' sp
=E [QémﬂS} . (3'6)

Fig. 3-1. A comparison of Q(a) and %exp(a2/2).
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Comparing(3-1) and(3-5), we seethatthe vectorfunctiong(c) hasthe sameform asf(c),
but with Q(a) replacingexp(+a? =2). The approximatiorin (3-3) is valid becaus@nly the
termsin (3-2) for whicha; » a,,, arerelevant,andtheothertermshave negligible impact.
In analogyto the EMSER ®»xed-pointrelationship we de®nehe approximateminimum-

bit-errorrate (AMBER) ®rd-point relationship by:

¢ = ag(c), for somea > 0. (3-7)

We de®ndhattheequalizersatisfying(3-7) asthe AMBER equalizerBecause&)(3 is also
an exponentially decreasingunction, (3-5) suggestdhat g(c) is dictatedby only these
signalvectorswhoseinner productswith c arerelatively small. Thus,the AMBER equal-
izer will bevery nearlya linear combinationof the few signalvectorsfor which the eye

diagram is most closed.

Thefollowing theoremshaws that, althoughtheremay be numerousunit-lengthsolu-
tionsto the EMSER®xed-pointequationc = af(c) for a > 0, thereis only oneunit-length
solutionto ¢ = ag(c) for a>0; call it &,yger - This is one obvious advantageof this
approximate®»xed-pointrelationship(3-7) over the EMSER ®xed-pointrelationship(2-
24).

Theorem 3.1: For an equalizable channel there is a unique unit-lergttov

A vser Satisfying the AMBER @®ed-point relationship of (3-7).

Proof. The proof of Theorem 3.1 is in Appendix 3.1.

We will learnin section3.4thata moreimportantadvantageof the approximate®xed-
point relationshipover the EMSER ®xed-pointrelationshipis its amenabilityto a simple

stochastic implementation.
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While the equalizercayger NO longerminimizeserror probability exactly, the accu-
ragy with which Q(x) approximate%eixz‘ﬂ for large x suggestshat cpyger closely
approximategshe EMSER equalizerat high SNR. The simulationresultsin section3.5

will substantiate this claim.

3.3 ANUMERICAL METHOD

Recallthatwe constructeda numericalalgorithmto recover solutionsto the EMSER
®»ed-pointrelationshipof (2-24). To recover solutionsto the AMBER ®xed-pointrela-

tionship, we use a similar approach by proposing thewollp numerical algorithm:
Ck + 1 = Ck + Mg(Cy), (3-8)

wheremis a positie step size.

Becauseéhereexistsonly oneuniquesolutionto ¢ = ag(c) for a > 0, we canprove the

global cowergence of this numerical algorithm:

Theorem 3.2: If the channel is equalizable, the numerical algorithm of (3-8) is
guaranteed to cerige to the direction of the unique unit-lengdttor &veer
satisfyingé = ag(&) fora > 0.

Proof. The proof of Theorem 3.2 is in Appendix 3.2.

3.4 STOCHASTIC IMPLEMENT ATION
As mentionedefore the EMSERalgorithmis usefulonly whenthe channels known
andthusis not suitablefor stochastiamplementationThe mainadwantageof the numer-

ical algorithm of (3-8) is that thereists a simple stochastic implementation.
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3.4.1 Error Indicator Function

At ®rstglance,(3-8) is only morecomplicatedthanthe EMSER algorithmof (2-26).
However, the replacementf the exponentialfunction with the Gaussiarerror function
motivatesa simpli®edadaptatioralgorithm.Let us ®rstintroducean errorindicatorfunc-
tion I (x+p » Yi) to indicatethe presenceindsignof anerror:let! = 0 if noerroroccurs et
| = 1if anerroroccursbecauss, is too negative,andlet | = +1 if anerroroccursbecause

yk IS too positre. In other wrds:

[ if yy<(X+pxl)fpandx.p? L + 1,
(XD s Yi) = 1 #1,  if > (ep+ Dfpandx.pt L1, (3-9)
I 0, otherwise.

Thus,we seethatthe expectationof thesquarederrorindicatorfunctionis simply theerror

probability:

T we
E[17 = 2 '-Li 2 [Qgﬁﬁg} . (3-10)

This equationsuggestshattheremaybea connectiorbetweerthe errorindicatorfunction
and the numericalalgorithm of (3-8), wherethe equalizeris adaptedoy signal vectors
weightedby their conditionalerror probabilities.In fact, we canrelatethe errorindicator

function tog(c) by the follawing theorem:

Theorem 3.3: The error indicator is related txc) by
2L £2
E[ird = == {a(c) = ec)c}, (3-11)

whereg(c) is a small positie constant.

Proof. The proof of Theorem 3.3 is in Appendix 3.3.
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Theorem3.3 allows us to usethe error indicator function to simplify the numerical

algorithm of (3-8) as folls:

Ck+1 = Ck * NO(Ck) (3-12)
= Cy + ME[I ] + e(c)cy) (3-13)
= (1 + mecy))cy + mE[I ry]. (3-14)
» ¢, + NE[I 1], (3-15)

where the approximation in (3-15) is accurate wimga) is small.

Whenthe stepsize mis signi®cantlysmall,anensembleaveragecanbe well approxi-
matedby a time average,andwe canremove the expectationin (3-15) to yield the fol-

lowing stochastic algorithm:

Ck+1 =Cx + Ml ry. (3-16)

We referto this stochastiapdateasthe approximateminimum-BERAMBER) algorithm.

In chapte”d we will address its caergence properties in details.

We remarkthat (3-16) hasthe sameform asthe LMS algorithm,exceptthatthe error
indicatorfunctionof theLMS is | ys = Xk +p * Yk- Obsere thatAMBER is lesscomple
thanLMS becausg3-16) doesnot requirea 3oating-pointmultiplication. Recallthatthe

sign-LMS algorithm is

Ck+1 = Ck + Mlgign 1 ms Tk (3-17)
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wherelgign vs = sgn(l ms ). AMBER canbe viewed asthe sign LMS algorithmmodi-

®ed to update only when a symbol decision error is made.

3.4.2 Tracking of fp

The LMS algorithmpenalizesqualizeroutputsfor deviating away from constellation
points and thus controlsthe norm of the equalizerso that the main tap of the overall
impulseresponsas approximatelyunity, e.g. fp » 1. On the otherhand,f is not neces-
sarily close to unity for the AMBER algorithm.

Knowledgeof f is notneededor binarysignalingsincethedecisionsaremadebased
on the sign of the equalizeroutputs.However, for generalL-PAM, the value of the indi-

cator function depends of,, which changes with time &ss being updated.

To estimatefy, we proposean auxiliary updatealgorithm. First, we let AD(k) denote
the estimateof fy at time k. For a givenx, . p, the equalizeroutputy, equalsthe sumof
foxk +p anda perturbatiortermresultingfrom residuallSI and Gaussiamoise.Sincethe
perturbationterm haszero mean,the meanof the equalizeroutputis fpx . p, andthat

Yk 2 +p hasameanof fp. We canthustrackfy usingasimplemoving averageasfollows:

Aotk +1) = (121)Ao(k) +1 —X_ | (3-18)
Xk +D

wherel is a small positive stepsize. The estimateddetectionthresholdsare then {0,

+2 A5 (K), Ya, (L £2) By (K)]}.

3.4.3 Update Theshold

Becauseéhe AMBER algorithmof (3-16)updatesonly whenanerroroccursj.e. when

theerrorindicatorl * 0, the corvergenceratewill beslow whentheerrorrateis low. To
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increasecornvergencespeed,we can modify AMBER so that the equalizerupdatesnot
only whenanerroris made,but alsowhenanerroris almostmade,i.e. whenthe distance
betweenthe equalizeroutputandthe nearestdecisionthresholdis lessthan somesmall

positve constant. Mathematicallythe modi®ed indicator function is

i1, if yy<MXesptlfp+t andxg,.p?t tL + 1,
ltOep Vi) = 121, if v > (sp + Dfp £t andx . p? L 1, (3-19)
I 0, otherwise.

Obsene that whent =0, the modi®ed AMBER algorithmwerts back to (3-16).

We note that the expectationof the squaredmodi®ed-erremdicator function is no
longer the error probabilityout rather

e 2 22e ogtpazty] (520

Theoriginal AMBER algorithm(t = 0) requiresknowledgeof x . p; In otherwords, it
requiresa training sequenceWhen a training sequencds not available, the original
AMBER algorithmcannotbeoperatedn adecision-directedhannerif decisionsareused
in placeof actualsymbols,theindicatorfunctionwould beidentically zerosinceit is not
possiblefor AMBER to tell whetheranerrorhasoccurred andhencethe equalizemwould
never escapefrom its initial condition. Fortunately the threshold modi®cationhas a
secondadwantagebesidesncreasinghe cornvergencespeedthe modi®edalgorithmcan
alsobeimplementedn a decision-directednannerby using A, . p in placeof x, . in (3-
19). Becausea decision-directeclgorithm cannotrecognizewhenan erroris made,the
modi®edalgorithmin decision-directednodeupdateonly whenanerroris almostmade.
We canexpectthatthe impactof decisionerrorson this decision-directedlgorithmwill

be ngligible when the error probability is reasonably small, perhapsor less.
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3.4.4 Extension to the QAM Channel

Extendingthe AMBER equalizerto L2-QAM is straightforvardsincethein-phaseand
guadraticcomponentf a QAM systemcan be viewed as two parallel PAM systems.
Replacingthe exponentialfunction by the Gaussiarerrorfunctionin equationg2-35)-(2-

35), we obtain the deterministic AMBER algorithm for QAM as
Ck+1 = Ck*+ MIgam (Ck) (3-21)

where

aéclsl)Rb } + E{ &éclsj)lg

goam(ck) = E {nggsl S } . (3-22)

Eleds o
Onceagin, if we assumehe effect of noiseon the receved channeloutputvectoris not

signi®cantye canreplaceheensembleveragesn (3-21)-(3-22)by thefollowing simple

stochastic update for the compl@AM equalizer:

Ck+1 =Ck T mltr;, (3'23)

wherel; = |t(inD, yE) +j|t(x|'(iD ,yll() andwherethe superscript® and| areusedto

denote real (or in-phase) and imaginary (or quadrature) parts, resjyecti

3.4.5 Extension to Decision-€edback Equalizer

A decision-feedbackqualizeris basicallya cascadef alinear equalizeranda deci-
sion-feedbaclkdevice, where the forward sectionof a DFE is the linear equalizer We
replacethe exponentialfunction by the Gaussiarerror function in the EMSER update

equation (2-40) for the foravd ®lter of a DFE as folls:
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Ck+1 = Ck + Mswg (Ck, di), (3-24)

where

%cTsié i '\:ldeithi)"_js} (3-25)

c,d)=E :
ngd( ) |:Qg ”C”S o
Basedon the deterministicAMBER updateof (3-24), we canthenform an almostiden-

tical stochastic update for the faavd ®lter:
Ci1 = Ck + My, (3-26)

wherel, is theerrorindicatorfunctionevaluatingthe equalizeutputsafterdecisionfeed-

back and is the equalizer inputs for the foawd ®Iter of the DFE.

As mentionedn section2.6, the feedback®ltersof boththe MMSE andthe EMBER
DFEs are to eliminate post-cursorlSI and we can updatethe feedback®Iter of the

AMBER DFE with the LMS algorithm:
i1 = 2MBXy 4paqs (8-27)

whereg, is the differencebetweenthe DFE output and the desiredsignal, and where

X1k-tD +1 = [Xk2p+1 - Xcxn,] 1S thepastdatavectorandis replacedby the datadeci-

sion \ectorAIiDil =& sp+1 - A :n,]in the decision-directed mode.
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3.5 NUMERICAL RESULTS

3.5.1 SER Simulation

In this subsectionye considerseveral examplesto comparethe SER performanceof
the EMSER,AMBER, andMMSE equalizersWe alsoplot someeye diagramsof equal-
izer outputs to illustrate the &érence between the MMSE and the AMBER equalizers.

Example 3-1: We ®rstconsiderinear equalizatiorfor a binary signalingchannel
H(z) = 1.2 + 1.17*1+ 0.2z*2. In Fig. 3-2 we plot BER versusSNR =g,h,? as?,
consideringhe MMSE, EMSER,andAMBER equalizerf lengththreeand®ve.

With threeequalizertapsanda delayof D = 2, the AMBER equalizerhasa more

than6.5 dB gain overthe MMSE equalizer With ®@ve tapsandD = 4, the AMBER

equalizethasanearly2 dB gainover MMSE. Obsenrethatthe AMBER (solid) and

EMSER (dashed)curwes are nearly indistinguishable.In Fig. 3-3, we present
aarti®cial°noiseles®ye patterndor the EMSER,AMBER, andMMSE equalizers,
assuming®ve equalizertapsand SNR = 30 dB. Thesepatternsare obtainedby

interpolatingall possiblenoiselessqualizeroutputswith a triangularpulseshape.
All equalizersare normalizedto have identical norm (and thus identical noise
enhancement)The EMSER and AMBER eye patternsare virtually identical,
whereaghe MMSE eye patternis drasticallydifferent. The interestingdifference
betweenthe MMSE and AMBER equalizersresultsfrom the MMSE equalizer®
effort to force all possibleequalizeroutputsto {+1}, despitethe bene®t®f sparing

the outputs with laye noise immunity
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Fig. 3-2. Performance of linear equalization for the channel H(z) = 1.2 +
1.1751+ 0.27%2.
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Fig. 3-3. Equalized noiseless eye patterns for 5-tap (a) EMSER; (b)
AMBER; and (c) MMSE for the channel H(z) = 1.2 + 1.1z*1+ 0.27%2.
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Example 3-2: We now considera 4-PAM channelwith transferfunction H(z) =

0.66 + "' £0.662"%. In Fig. 3-4 we plot error probability versusSNR = &,h, |* 42

for threedifferent®ve-taplinear equalizersMMSE, EMSER,and AMBER. The
delayis D = 3, which is optimal for the MMSE equalizer The coef®cientsof the
MMSE and EMSER equalizersare calculated exactly, whereasthe AMBER
coef®cients were obtained via the stochastic AMBER update (3-16), with
m=0.0002, t = 0.05, and 10° training symbols.The error probability for all three
equalizersis then evaluated using (2-16). Obserne from Fig.3-4 that the
performanceof AMBER is virtually indistinguishablegrom that of EMSER, and
thatthe AMBER equalizeroutperformghe MMSE equalizetby over 14 dB at SER
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Fig. 3-4. Error-probability comparison for the 4-PAM channel with
H(z) = 0.66 + z*1 + 0.667%2.
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Example 3-3: Herewe considera 4-QAM channelwith linear equalizationand
H(z) = (0.7 £ 0.2)) + (0.4 + 0.5))z*1 + (0.2 + 0.3))z*, andSNR =5, |h || 2 ss?. As
shavn in Fig. 3-5, the 4-tap (D = 3) AMBER linear equalizeroutperformsMMSE
equalizerby about18 dB. With ®ve taps,thegain dropsto slightly morethan2 dB.
In Fig. 3-6 we presentthe noiselesxonstellationdiagramsfor the 4-tap AMBER
and MMSE linear equalizers.Obsenre the interestingstructureof the AMBER
constellationclouds;they resultin a higher MSE thanthe MMSE clouds (which

appear roughly Gaussianytiihe edges of the AMBER clouds are further apart.

1014

() w3sNY
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10%5 T Y O
20 22 24 26 28 30 32 34 36 38 40 42

SNR (dB)

Fig. 3-5. BER comparison for linear equalizer on the 4-QAM channel
with H(z) = (0.7 + 0.2)) + (0.4 * 0.5))z*1 + (+0.2 + 0.3j)z*2.
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Fig. 3-6. Noiseless equalized constellations of 4-tap (a) AMBER and
(b) MMSE equalizers at 25 dB SNR on the 4-QAM channel with H(z) =

(0.7 + 0.2)) + (0.4 + 0.5))7* + (+0.2 + 0.3))2*%.

Example 3-4: We now considera 16-QAM systemwith channelH(z) = (0.5 +

0.3))+ (1.2 + 0.9)z*1 +(0.6 +0.4j)z*2. In Fig.3-7 we plot symbol-error
probability versusSNR for a four-tap linear MMSE equalizeranda four-tap linear
AMBER equalizerThe MMSE delayD = 3 is usedon both casesThe coefdcients
of the MMSE equalizerare exact, whereaghe AMBER coef®cientsare obtained
via (3-16) with m=0.0002, t = 0.05, and 108 training symbols.Both curves are
obtainedusingMonte-Carlotechniquesaveragedover 30 ~ 10° trials. Obsere that
AMBER outperformsMMSE by more than 6 dB. In Fig. 3-8 we plot the ®rst
guadrantof the noiselessl6-QAM constellationdiagramsafter the AMBER and
MMSE equalizersThe equalizersare scaledto have the samenorm andtherefore

the samenoise enhancementObsene that the distancebetweenthe AMBER
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cloudsis greaterthanthe distancebetweenthe MMSE clouds.Thus,althoughthe
MSE of the AMBER equalizeris 0.5dB higher than the MSE of the MMSE

equalizeythe error probability is smaller by actor of 17.

Example 3-5: Herewe considerabinarysignalingchannelwith atransferfunction
of H(z) = 0.35 + 0.82*1 + 72+ 0.8z*3, but this time with decision-feedback
equalizationln Fig. 3-9 we comparethe BER performanceof AMBER to MMSE.
For a®ve-tapDFE (3 forwardand?2 feedbackaps),AMBER hasamorethan5 dB
gain over MMSE at BER = 10*°. For a seven-tapDFE (4 forward and 3 feedback
taps), AMBER outperformsMMSE by about 1.8 dB. Obsenre that the 5-tap
AMBER DFE outperforms the 7-tap MMSE DFE.

1012

1013

SER

1014

10%5 |

25 27 29 31 33 35 37

SNR (dB)

Fig. 3-7. Error probability performance comparison for the 16-QAM
channel with H(z) = (0.5 + 0.3j) + (1.2 + 0.9))z* + (0.6 + 0.4j)z*2.
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Fig. 3-8. Noiseless constellations (brst quadrant only) of the 16-QAM
channel with H(z) = (0.5 + 0.3j) + (1.2 + 0.9j)z*1 + (0.6 + 0.4j)z*% (a)
after MMSE (MSE =+5.9dB, P.=69.6" 10*°); (b) after AMBER
(MSE = +5.4dB, P,= 4.0~ 10%5).

BER

23 24
SNR (dB)

Fig. 3-9. BER comparison of DFE for the binary channel with
H(z) = 0.35 + 0.82"1+ 72 + 0.82%3,
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3.5.2 ISI Channel Characterization

Basedon our simulationresultsin the previous subsectionwe suspecthat without
enoughequalizettaps,the AMBER (andthe EMSER)equalizersarelik ely to signi®cantly
outperformthe MMSE equalizerson severe ISI channels However, the above claim is
rathervagueandmoreconcretescenariogreneededo quantifythe claim. In this subsec-
tion we devisean|SI channekharacterizatioprocedurdo identify scenariosn whichthe

AMBER and the EMSER equalizers signi®cantly outperform the MMSE equalizer

We have realizedfrom our previous simulationresultsthat drasticallydifferenterror
probability performancearerel3ectedn theeye diagramsMore speci®callythemorethe
MMSE eye patternis closedthe morepotentialis the AMBER equalizerto improve error
probability performance. As we have mentionedearlie; the noiselesseye patternis
formed by plotting the noiselessequalizeroutputsand equivalently, the inner products
betweerthe equalizerandthe signalvectors.We will now give two rules-of-thumlbased

on our empirical obseations.

Rule 1. For an MMSE equalizerif its smallestoutputis signi®cantlyiessthanthe
desiredsignal(e.g. thesmallesinoiselesequalizeroutputis 0.1 andthe desiredsignal
is 1), thenit is possibleto have the AMBER andthe EMSER equalizerssigni®cantly

outperform the MMSE equalizer

Rule 2. If someMMSE equalizeroutputs,which signi®cantlyclosethe eye of the
channelhave largedispersionthenthe AMBER andthe EMSERequalizersarepossi-

ble to have lage SNR @ins over the MMSE equalizer
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Of coursethe above rulesdo not alwayshold, but they arein generalgood.We now
designa crudecharacterizatioprocedureo predictthe SNR gainsof the n-tap AMBER

and EMSER equalizersrer then-tap MMSE equalizer

Step1l. Givenachannelcomputethe n-tap MMSE equalizerat a high SNR. Obtain

noiseless equalizer outputs by eolving the channel and the MMSE equalizer

Step2. Of all the MMSE equalizeroutputscorrespondingdo x,.p = 1, pick onetenth
with smallestvaluesand averagethem. The predictedSNR gain of the AMBER and

the EMSER equalizersver the MMSE equalizer is

e OUT

5
SNRgain =20 IOglOgOUT avg .

(3-28)

smallest@’

whereOUT 4 is the averageof the onetenthMMSE equalizeroutputswith the smallest
valuesand OUT gpqest IS the smallestMMSE equalizeroutput. At very high SNR, the
smallesiof equalizemutputsdictatesthe error probability performanceThusOUT ¢ aiest
is the effective signalstrengthfor the MMSE equalizerat high SNR. On the otherhand,
we have obsenred that both the AMBER and the EMSER equalizerstend to passvely
dcluster® equalizeroutputinto sub-clustersand OUT 4 is usedto roughly estimatethe
meanof the sub-clustethatnearlyclosesheeye of thechannelThe predictedSNR gains
of theAMBER andthe EMSERequalizersverthe MMSE equalizerarethustheratiosof

OUT 4,g OVEr OUT gqiest iN decibels.

In Fig. 3-10, we plot the actualversusthe predictedSNR gainsof the EMSERequal-
izersover the MMSE equalizer With variousequalizetapsandtwo hundredequalizable
3-tap and 4-tap channelswe perform simulationsto ®ndthe actual SNR gains of the

EMSERequalizeroverthe MMSE equalizerat errorprobabilitylessthan10*®. In general,
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the characterizatioprocedurepredictswell whetheran EMSERequalizeris likely to sig-
ni®cantlyoutperforman MMSE equalizerin Fig. 3-11, we plot the actualversusthe pre-

dicted SNR gins of the AMBER equalizersrer the MMSE equalizer

3.6 SUMMARY AND CONCLUSION

We have derived the approximateminimum-BER (AMBER) equalizationalgorithm
for bothPAM andQAM. The stochastilAMBER algorithmfor adaptve equalizatiorhas
thefollowing attributes:it closelyapproximateshe minimum-errotprobability equalizer;
it doesnotrequireknowvledgeof thenoisevariancejt haslow compleity, evenlowerthan
the LMS algorithm;and simulationresultssuggesthat the algorithmis globally conver-
gent.We alsohave carriedout a simplelSI channelcharacterizatioprocedureo predict

SNR @ins of the EMSER and AMBER equalizekxeothe MMSE equalizer

14

12 -

10 _

Predicted SNR gains (dB)

| | | |
0 2 4 6 8 10 12 14

Actual SNR gains (dB)

Fig. 3-10. The actual vs. the predicted SNR gains of the EMBER
equalizers over the MMSE equalizers.
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Fig. 3-11. The actual vs. the predicted SNR gains of the AMBER
equalizers over the MMSE equalizers.
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APPENDIX 3.1

PROOF OF
THEOREM 3.1

In this appendixwe prove Theorem3.1: For ary equalizablechannekhereis aunique
unit-length ector éayser , Satisfying the ®d-point relationshig = ag(&) fora > 0.

By contradiction: suppose both &; and é, satisfy & =ag(#), a>0, where
[[&1]]=1]é,]|=1. Let P denotethe plane containingthe origin and the perpendicular
bisectorof &, and é,, asshavn in Fig. 3-12 for a three-tapequalizer This planebisects
the signal cone S = {S; a;s(") : a, 3 0} into two subconesA and B, so thatS=AE B,
whereA is theintersectionof S with the setof vectorson the &; sideof P, excludingP,
andB is the intersectionof S with the setof vectorson the &, side of P, including P.
Obsere thatd, T A andé,1 B and that andB are disjointA C B = &

From(3-5),9(#,) canbedecomposethto two summationver signalvectorsfrom A

andB:



69

O aTs(y
o¢)= @ Qgé\l_s U 8 Q?MT*(J)' (29
D1 A e a sV B € 9

Now considerg(é,); it too canbe expressedising (3-29), but with differentweights.
Comparedvith &, thevectoré, formsalargeranglecoss(¢,"sMd|s® |)) with all vectors
s®) from A, while it forms a smalleror equalanglewith all vectorsfrom B. Thus,com-
paredwith the weightsfor g(¢,), the weights Q(é,"s() as) for g(é,) in (3-29) strictly
increasefor thes() vectorsin A, while they eitherdeceaseor remainthe samefor vectors

in B. Since g(é;)=¢,1 A, it follows that g(é,) is also in A. But this contradicts
é, =g(é,), sinceé, 1 B. Q.E.D.

Fig. 3-12. Dividing the signal cone into two subcones A and B with the plane P.
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APPENDIX 3.2

PROOF OF
THEOREM 3.2

M+NEL hossible

In this appendix,we prove Theorem3.2. Let s() be the i-th of the L
signalvectors.Sincethe channelis equalizableall s() vectorsform a conesuchthatwe
can®nda vectorhaving anangleof strictly lessthan90° with all s) vectors Becausehe
s0) vectorsform a cone we can®nda hyperplaneP, containingthe origin, suchthatall s
vectorsarestrictly on onesideof P. Every s®) makesanangleg; T [0, 90°) with thenormal
to P andconsistf two componentsone(with norm|s®|lsing) parallelto P andthe other
(with norm |js®)|[cosq) perpendiculato P. At eachupdate the correctionvectormy(c,) is
strictly inside the cone and its norm is lower boundedby MQ([Is |knax B)IIs [ninSiNGmins
where|s|nin = min i{lls Q1B 11S lnax = Maxi{lls |}, andgpay = max;{q;}. At iterationM + 1,

thesumof the pastm correctionvectorsis a vectorstrictly insidethe coneandhasanorm

of at leastMMQ(|ls |nax B)IIs [ninSiNGmin- We concludethat, for ary initial ¢, with a ®nite
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norm, thereexistsa ®niteM suchthatcy,, 4 is strictly insidethe cone.In addition,we con-

clude that |¢, || gravs without bound ak increases.

Shawing thatc, corvergesto the directionof a solutionsatisfyingc = ag(c) fora >0
is equialentto shaving that the angle betweenc, and g(é,) approacheszero, where
é, = ¢ 9|c ||-Becausdl,|| grows without boundwhile thenormof theupdate]|ng(éy)|,
is upperboundedy n|s |nay it fOllows that ¢, mustcorvergeto some®xedvectoréy, so
thatg(é\) corvergesto g(éy). Thus,for ary e> 0, thereexistsa ®nitek(e) suchthatfor all
k > k@), |[la(A)ll £ llo(@II] £ llo(éy) £ g(éy)|| < e. Manipulatingthe inequalitiesyields

that the angle betweeyé\) andg(éy) is less than sone), where

(3-30)

_a[1xeda(éy)]]
g(e) = cos {1+e£11|q(é‘¥)||

Forarny M >0, é_ ,M:ol g(é\k(e) + ) is avectorstrictly within the coneW[g(&y); q(€)] con-
sistingof all vectorsforming anangleof lessthanq(e) with g(éy). For acy with ®nite
norm, we can®nda ®niteM suchthat cyg .y is strictly inside Wg(&y); q(e)]. As e
approache®, q(e) approache® and thus the angle betweency g + v and g(éxg + m)

approaches as well.Q.E.D.
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APPENDIX 3.3

PROOF OF
THEOREM 3.3

This appendixproves Theorem3.3: The ensembleaverageE[ls,] is the sameas
E[IHX,] or HE[Ix,]. We equialently derive the ensembleaverageg[1x,] by ®ndingthe
scalarg[Ix . p] andthevectorE[lz] wherewe have de®nedhevectorz = [x, ¥4, Xk+p+1
XsDalr Y4r Xeamen+1] | DY discarding thel{ + 1)-st component of,.

Let dleft®, 2right°, and2nner® denotethe eventsof x,,p = +L +1, x.sp =L = 1, and

Xiep | {£1, £3, Y4, (L+3)}, respectiely. (If L = 2, @3inner® is the null gent.) Then:

E[IX+pl = E[ IXy+p| left]P[left] + E[ Ix.pl| rightlP[right] + E[ Ix .

pl iInnefP[innel] (3-31)

= J—’LL+1E[|| left] + LflE[Il right] + sz

E[IX+p| iINNel. (3-32)
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But! is independent of..p whenx,.p iS an inner point, so that the last term is zero:

E[l X pl| iINnnel = E[I] innefE[x.p| innel = E[I] innef ~ 0=0. (3-33)

Thus, (3-32) reduces to:

Ell Xep] = = iiE[u left] + E[] nght]g (3-34)

_L I:-' 1; +(xPlbTz +cTny > fp]) + P[bTz+ cTny < ifD]g (3-35)

_ LI:_rl‘:,E'Q?DJ—’bTZQ} N [ géLbTZE}U (3-36)
FEIRETels 5 & Icls o)f

- S :QgDnZnZT Z;j o

We thushave thesurprisingresultthattheensembleverageg[| x,.p] doesnotdepend
on x.;p! We have de®nedhevectorb = [fy, ¥, fpi1, foe1. ¥, fmens 1] | DY discardingthe
(D + 1)-stcomponenbf f. Thelastequalityfollows becausez and+z have the samedis-

tribution. The desxiation ofE[1z] is as follavs:

E[lz] = %E[|z| left] + %E[Iz| right] + L ‘2E[|z| innef (3-38)
= %E[E[H 2, left]z + E[1] z, right]z + (L + 2)E[I| z, innet]z} (3-39)
T
1 adpt b’z adptb 76
CE[*Qe o7 * Qo 52

dp+tb' 2o aptb ZOU} (3-40)

L+2 -+
(L £ 21 Qg * Qg vz
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L1 { aéD+sz¢} L L#1 { aéDiszcﬁ}

—FE 4 E ~7 3-41
C 59T s 2 50 519 s (3-41)
T
2L +2 adp+b z6
= E -7 3-42
] { el g} (3-42)

The ensembleE[1z] doesnot dependon x, +p either Combining(3-37) and (3-42), we

have
eiie = 2226 g HAv @2

and
El15 = El1Hx] = 252 [ngfchfg | (3-44)

where A is arandomvectorwith distribution p(#) = p(x,| Xk +p = 1), i.e., A is uniformly

distributed wer the set of M™N *1 | -aryx, vectors for which .p = 1 andé =H A,

We now derivetheensembleverageE[In,]. We ®rstpartitionE[In,] into threecondi-

tional expectation terms as follzs:

Elind = Elndl= 1,z=21P[I=1,2=2+

I

QElnJi=+1,z=2]P[I=%1,2=2]+

|

QElIni= 0,z=2"1P[I=0,z=7], (3-45)
|

whereeachtermis summedver LM*N £ 1 possiblez vectors Notethatthelastsummation
termin (3-45)is a zerovectorsincel = 0 andin, = 0. We ®rstconcentraten the ®rst
summatiortermin (4-18) by ®ndingthe conditionalexpectationE[In,|l =1, z = z'] and

the joint probabilityP[I = 1, z = Z']. Here we determing[In,|l = 1,z =Z']:
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E[Ingll= 1,z=21=E[n | 1=1,2z=72" (3-46)
=E[ncng<#p+bTz x .pt L +1] (3-47)
=E[ny| cTng <+ £bTZ. (3-48)

Let U be ary unitary matrix with ®rstcolumn equalto the unit-norm equalizervector
c d|c | Then = U Tn, hasthe samestatisticsasn, namely the component®f i are
i.i.d. zero-mean Gaussian with variance s2. Furthermore, c'U =||c|e;, where

e; =[1 00%¥% 0], andn, = U M. Continuing on (3-48), we ka

E[lngll= 1,z=21 =E[UR|cTUR < +f5 +b'Z'] (3-49)
= UE[A ||c|IA <fpbTZ]] (3-50)
) A fo+b'Z
) A A fo+b'Z
= iSUE[?l ? > ”C”S i| 1 (3-52)

+bT7
=isE[m‘§‘£D—zo}cn||c||, (3-53)

where we heae introduced the function

+h?

h) = ————————2
"= sam

E[X| X3 h], (3-54)

whereX is a zero-mearunit-varianceGaussiamandomvariable.We now derie the joint

probabilityP[I = 1,z = Z']:

P[l=1,z=21=P[I =1| z=2Z'| P[z = Z'] (3-55)



T_I
_L+1 &@ptb z6
L <& Jcls g MFNEL

Combining (3-53) and (3-56), the ®rst summation term in (3-45) becomes

QEln = 1,z=21P[I=1,z=2]
T_1,2
| oy +(L +1)s exp?(fDer z2) 06 ¢
TLM TN 2pé 2)e’s? el

- T_\2,
+(L+1)S ox &(fp+tb z) 6 c
LJ/2p | & 2)c)?s? el
_#(L+1)s +1)s exp(a;&(c é§ 0| c
L2p | é&jc)Ps2alcl

It is not hard to she that

AElndi= 1,z=21P[I=1,2=2
|

= QEllnll=+1,z=21P[I=21,2=7],
|

and therefore, we conclude that

2L +2 S & (c Té‘yz@ c
E[In,] =% — —E| ex
“ L /2p { IO32||c|| s z}”C”

Q.E.D.

76

(3-56)

(3-57)

(3-58)

(3-59)

(3-60)

(3-61)
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CHAPTER 4

CONVERGENCE
ANALYSIS

4.1 INTRODUCTION

In the previous chapteywe proposeda low-complity stochastieequalizeralgorithm
(AMBER) that very nearly minimizes error probability In this chapter we discussits

global cowergence properties and proposeasiant to increase its ceargence speed.

Assumingthe equalizercoef®cientsvary slowly (whichis true for a suf®cientlysmall
stepsize),a stochastiequalizemupdatecanthenbe expectedo follow a deterministicra-
jectory [15]. In this chaptey we ®rst derive the ensembleaverage of the stochastic
AMBER algorithmto approximatets time averagein orderto studyits meancorvergence
behaior. Becausef the highly complicatedandnonlineamatureof the updatedynamics,
insteadof a rigorousmathematicaproof, we describethelik ely global corvergenceprop-

erty of the AMBER algorithmandproposea globalconvergenceconjecturebasedn sim-
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ulation resultsand someanalytical understandingn the updatedynamics.Finally, we

propose aariant with fister comergence speed.

4.2 ENSEMBLE AVERAGE OF AMBER

The AMBER algorithm proposed in the pieus chapter is

Ck+1 = Cy + Myry, (4-1)

whoseensembleveragecanbe derived by taking expectationof both sidesof (4-1). The

deterministic trajectory of the equalizer g®efents is described by
Ck+1 = Ck + ME[I¢ry] (4-2)
= C + ME[l¢sy] + ME[I{ny], (4-3)

wherewe separatehe noisy channeloutputvectorr into the noiseleschanneloutput

vectors, andthenoisevectorn,. We now ®ndtheensembleverage<[l;s,] andE[I;n,].

Theorem 4.1: The ensemblevarage of the AMBER algorithm of (4-2) is

asr(clé\ﬂ) Ol ¢,

ae, Bt
K m—E exp‘?

st e o S

(4-4)
& 2)c,|s® o

Proof. The proof of Theorem 4.1 is in Appendix 4.1.

4.3 GLOBAL CONVERGENCE PROPERTY

Having derived the ensembleaverageof the AMBER algorithmin the previous sec-

tion, we now discusghe global corvergencepropertyof AMBER by analyzingthe deter-
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ministic trajectory of the equalizercoef®cientvector From the resultsof the previous

section, the ensembleerage of the stochastic AMBER algorithm is

Ck+1= Cx + ME[Iry]

= cx + ME[lisi ] + ME[Iny]

T T
Arto & (cl dur t)°0
Cy + nE[Qg@k - Oéﬂ e eng = ) i (4-5)
éck|s o «/_IO 2||ck|| s? o glle
_2L 2
wherem= ———=m. Rearranging (4-5we get
! & (c, d+t)0 : L drt
i s k & 510,
Char=i1l% E exp(?—_ Ck [ + } (4-6)
BTN ! & 2lo,’s’ Jﬁ éleds o

By inspectionwe seethatwhenthe stepsize mis chosensuf®cientlysmall, the norm of
the equalizerin (4-6) is shrunkby somepositive factor(lessthan 1) beforethe equalizer

vector is adjustedby the steeringterm E
J_p e2||Ck||282 el

Before we analyzethe convergenceproperty we would like to point out from (4-5)

Qg " " é‘} We denotethe vector term
k

as the shrinkingactor since it reduces the equalizer norm.

thatthe equalizerupdatestops,or ¢y, = ¢, whenthe steeringterm equalsthe shrinking

term:

{ a@ké\+to} s g%(clé\it)zg C @

exp T :
Eledse] " V2| S 2je % g|led
The equilibrium condition of (4-7) directly implies: (1) the steeringvector pointsin the

samedirectionasthe equalizervectorwhenthe equalizercorverges,and (2) the magni-

tudes (or norms) of the steeringctor and the shrinkingeetor are the same.
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4.3.1 The Locus
Recall that the original AMBER (t = 0) equalizeris uniquely characterizedy the
®»ed-pointrelationshipc = ag(c) for somea > 0, whereonly the directionof ¢ matters.

However, for t > 0, the normof ¢ mattersaswell. We now de®nea nev ®xed-pointrela-

tionship:
=g (4-8)
Jo:(0)]
where
- 86_0 -

Following the proofin Appendix3.1which shavs thatthereis a uniqueunit-lengthvector
satisfyingthe ®xed-pointrelationshipc = ag(c) for somea > 0, it is not hardto shawv that
for apositve numberM, thereexists a uniqueequalizemwith equalizemormM satisfying

the nev ®»ed-point relationship of (4-8).

Whenthenormof c is very smallrelatveto t, theterm E [QgﬂTOé‘] Is essentially

E[Qﬁgé‘] or E[4] (Q(w) » 1 whenw << 0). ¢ = E[4] simply meansthatc is the
averageof all signalvectors.On the otherhand,whenthe normof c is very largerelative
tot, we have g;(c) » g(c) sincetheeffectof t in (4-9)is effectively eliminatedby thelarge

denominatar
Geometrically the new ®xed-pointrelationshipde®nes locus of equalizervectorc
parameterizetby t. Given a channel,a noisevariances?, andan updatethresholdt, we

canform alocusrealizing(4-8) by plotting thenormandthedirectionof c for all valuesof

lfell® o.
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Example 4-1: Herewe useatwo-tapequalizerto illustratealocus.We considera
two-tapbinary-signalingchannelwherethe channehasatransferfunctionH(z) = +
0.6 + z*L. In this example,we useSNR = 10 dB andt = 0.1. In Fig. 4-1, we plot
three different-normequalizervectors satisfying (4-8). The dashedcircles are
circleswhoseradii arethe normsof the equalizersWe seethesevectorspoint in
threedifferentdirections.n Fig. 4-2, we plot thelocusby connectingall equalizers
(with normsfrom 0.001to 2.0) satisfying(4-8). We seethat the portion on locus
correspondindo large equalizemormsis nearlya straightline, whereasvhenthe

equalizemormis small,theeffectof t makestheinitial curvy segmentof thelocus.

It is harderto visualizea locuswhenwe considerequalizersvith morethantwo taps
sincethelocuswouldthenlive in ahigherdimensionakpaceWe now attemptto describe
alocusin anintuitive way: A N-dimensionakpacds occupiedby a N-dimensionabnion
with the centerof theonionattheorigin of thespaceTheonionhasin®nitelayersof skin,
eachskin layeris a hollow hypersphereavith a certainradius.In Fig. 4-1 andFig. 4-2, the
dasheccircles arethe onion skin layersin the two-dimensionakpace As demonstrated
Fig. 4-1, for eachskin layer, thereis a hole piercedby a uniquevectorwhosenormis the
radiusof thelayerandwhosedirectionis characterizetby (4-8). Thelocusis like athread

passing through the holes of all skin layers of the onion as seen hZig.
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Fig. 4-1. Equalizer vectors satisfying the locus equation of (4-8) with
norms (a) 0.02, (b) 0.06, and (c) 0.4.
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Fig. 4-2. The locus for a 2-tap equalizer for the channel in Example 4-1.
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4.3.2 Global Cownergence

In this subsectionye conjecturghatthe AMBER algorithmcornvergesglobally with a
suf®cientlysmall stepsize. To substantiat@ur conjecture we ®rststudythe equilibrium

state of AMBER with the follwing claim:

Lemma4-1: Theequilibrium statedescribedvy (4-7) cannotbetruefor ac with
anarbitrarylarge or smallnorm. In addition,thereexists somec with a ®nitenon-

zero norm satisfying the equilibrium state.

Proof. The proof for Lemma 4-1 is in Appendix 4.2.

We now investicate whetherthe AMBER algorithm indeedconverges globally. We
startwith the conceptof the hyperspacenion. For ary positve numberM, thereexists a
hollow hypersphergonion skin layer) with radiusM and there exists a unique vector
¢’ (M) with norm M satisfyingthe ®»ed-pointrelationshipof (4-8). We now make the
claimthatthelocusactsasan@attractor°which attractshe updatetowardsit, startingwith

the following lemma:

Lemma 4-2: If ¢, andc”(||cy|]) form ananglef, thereexists a suf®cientlysmall

stepsizemsuchthattheanglebetweerc, ., ; andc”(||ci||) is strictly smallerthenf .

Proof. The proof for Lemma 4-2 is in Appendix 4.3.

Conjecture: In orderto formally claim that the updatebecomesasymptotically
closerto the locus,we needto shaw thatthe anglebetweerc,,; andc”(||cy.1]) is
lessthanthe angle betweenc, andc”(J|cy||). Although it hasn©beenrigorously
proved, simulationresultsin section4.5 have shavn thatthe rate of changeof the

enclosedanglebetweerc”(||c,||) andc”(J|cks1||) is slower thanthe rate of change
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of the enclosedanglebetweenc, andc,,; andthuswe conjecturethatthe update

trajectory gets closer to the locus for a&iéntly small update step size.

We obsenre that oncethe updatetrajectorygetscloseenoughto the locus,the equal-
izer updateprocesss morenormadjusting(expandingor shrinkingthe equalizemormto
reachthe equilibriumstate)thandirectionadjustmentWe will substantiateur claim with

computer simulation results in sectidrb.

4.4 MULTI-STEP ALGORITHMS

The update frequeng, and consequentlythe corvergence speed,of the original
AMBER (t = 0) is proportionalto error probability Although we have incorporatedan
updatethresholdt to increasets cornvergencespeed,a further increasein convergence
speed may still be possible.

It is well known thattherecursve least-square(RLS) algorithm([7] yieldsthe fastest
convergencespeedandthe beststeady-statdISE performanceOne may be temptedto
askthis question:whatis the bestalgorithmin termsof corvergencespeedand steady-

state erroprobability performance (closest to the minimum error probability)?

Unfortunately the counterparbf the RLS algorithmin the minimum error probability
criterionis dif®cultto ®nd.Neverthelesswe recognizehatby simply varyingthe stepsize
of anupdatealgorithm,we canincreasehe corvergencespeedlinsteadof ®ndingthe best
errorprobability-basedlgorithmto maximizespeedof corvergence herewe attemptto
give a reasonably good step size function to img@i@ivergence speed.

Recallthatthe errorindicatorfunctionof AMBER is binary (eitherthereis anupdate
or thereis no update) andthe expectationof the errorindicatorfunctionis the Gaussian

error function. It relieson a long training sequencen orderto approachits expectation.
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Thus,we predictthatif theerrorindicatorfunctionof thestochastiapdates the Gaussian
errorfunction,thenthe updatefrequeng, andconsequentlyhe corvergencespeedshould
becomehigher Assumingthat the noisevarianceis known or canbe estimatedwe can
form a updatealgorithm by using the noisy, insteadof the noiseless,channeloutput

vector:
Ck+1 = Ck + Miasf ks (4-10)

where the update decisidgg;is

I fast=

aSIN(X, 4 D)yk * (|Xk + D| +1)f DO

] Q¢ =, ify <X ,pfpandx,,pt =L +1,

i E o : :

: } 4-11)
| @890+ p)Y, £ (Xexp| 2D Fpo (

i =98 E =0 Yi> X pfp andxeept LE L,

| 0, otherwise,

wherey, is the noisy equalizeroutput and the term [sgn(X.p)yk = (I Xkspltl) fp] IS @
noisyinnerproductbetweerc anda signalvectors. With someincreasecompleity, i.e.
noise variance estimationand calculation of equalizernorm, we have devised a new
updatealgorithm approximatingthe ensembleaverageof the AMBER algorithm. The

convergence behaor of (4-10) is numerically studied in thexteection.

We canapplythe dual-signconceptin [19] to obtainanupdatealgorithmwith a com-
plexity lower thanthe algorithmof (4-10) but with a fastercorvergenceperformancehan

thatof (4-1). Insteadof a singlestepsize,we may usemultiple stepsizesso thatupdates
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m(yi)

™ foep + 1)

fo(Xkep = 1) foXksD

Fig. 4-3. lllustration of a 2-step AMBER algorithm.

occurmore frequently For example,a 2-stepAMBER usesm andm, for thresholds 4
andt ,, asillustratedin Fig. 4-3. The2-stepAMBER algorithmadjustsanequalizemwith a
largerincrementwhenthe equalizemutputis furtheraway from thedesiredsignalfpx, + p-

Higherstep AMBER algorithms can be constructeewise.

4.5 NUMERICAL RESULTS

In this section,we ®rstusecomputersimulationresultsto substantiat@ur claim that
the AMBER algorithmcornvergesglobally. We thencomparethe corvergencespeef the
AMBER algorithm and its variants.Finally, we investigate the decision-directednode

performance of the AMBER algorithm.

4.5.1 Global Cowergence

In this subsectionwe ®rstplot the loci of two simple equalizablechannelsandthe
deterministicAMBER trajectoriedo con®rmour analyticalpredicationsWe thenperform
simulationson channelgo investicate the global convergencepropertyof the stochastic

AMBER algorithm.
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We ®rstusethesimplechanneH (z) = 0.6 + z*! from Example4-1. For visualization
purposewe updatea two-tapequalizersothatwe canplot the updatetrajectoryin a two-
dimensionabpaceWe useSNR= 10 dB andt =0.1. In Fig. 4-4, we plot thelocusandthe
trajectorywith theinitial condition[+2, 1]. In Fig. 4-5, we plot thelocusandthetrajectory
with the initial condition+1, +1] The equilibrium point i§0.2031, 0.5014].

We substantiateour claim with anothersimple channel:H(z) = 0.4 + z*! + 0.27*2.
With SNR = 10 dB andt = 0.1. In Fig. 4-6, we plot the locusandthe updatetrajectory
with theinitial condition[+1, £1]. In Fig. 4-7, we plot thelocusandthetrajectorywith the
initial condition[1, 1]. The equilibrium point i§0.2278, 0.6629].

As predictedby our analyticalreasoningn section4.3, the deterministictrajectories
from above two examples®rstapproachthe loci andthenaslide® alongthe loci to reach
the equilibrium points.

Besidesobservingthe deterministictrajectoriesof the ensembleaveragedAMBER
algorithm,we also performcomputersimulationsto substantiat®ur claim on the global
convergencepropertyof the stochastiAMBER algorithm.We pick onehundredequaliz-
ablethree-taplSI channelswhosetapsare distributed uniformly between-1 and 1, and
apply three-tapequalizersAll equalizersareinitialized with small randomnumbersAll
equalizerscorverge closely to their minimum-errofprobability solutions. For each
channelwe ®rst®ndthe EMSER solutionand thus®ndthe minimum-SERvalue.Each
equalizerlearningcurwve is plottedwith time k versusSER,/SER;, . Insteadof plotting
one hundreddifferent equalizerlearning curves, we averagethe one hundredlearning
curvesandplot the averagedearningcune in Fig. 4-8. All equalizersisea stepsizeof m

=0.0001 and a threshold d@af=0.1.
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Fig. 4-4. The locus and the 2-tap equalizer trajectory (with initial
condition [-2, 1]) for the channel H(z) = 0.6 + z*1.
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Fig. 4-5. The locus and the trajectory (with initial condition [+1, £1]) for
the channel H(z) = +0.6 + z*1.
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Fig. 4-6. The locus and the 2-tap equalizer trajectory (with initial
condition [+1, +1]) for the channel H(z) = 0.4 + 71+ 0.27%2.
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Fig. 4-7. The locus and the 2-tap equalizer trajectory (with initial
condition [1, 1]) for the channel H(z) = 0.4 + z*1+ 0.27*2,
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Fig. 4-8. The averaged learning curve of 3-tap equalizers over 100 3-tap
channels.

4.5.2 Corvergence Speed

In this subsectionwe comparecornvergencespeedof the AMBER algorithm,the 3-
stepAMBER algorithm,andthe2in®nite-step?PAMBER algorithmof (4-10) on onehun-
dred 3-tap 2-PAM channelswith SNR = 20 dB. All equalizershave threetapsandthe
delaysDs are chosento minimize MSE. We usem= 0.0001 andt = 0.1 for the AMBER
algorithm. For the 3-stepAMBER, we use parametersn, = 0.0004, n} = 0.0002, my =
0.0001,t, =0, t, = 0.05, andt ; = 0.1. For the@in®nite-stepAMBER algorithm,we usem
=0.01. In Fig. 4-9, we seethatthe Oinbnite-step°’ AMBER algorithmhasthe bestcorver-
genceperformancethe 3-stepAMBER algorithmis next, while the 1-stepAMBER algo-

rithm has the wrst cowvergence performance.
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Fig. 4-9. Averaged convergence comparison of the AMBER, 3-step
AMBER, and inbnite-step AMBER algorithms.

4.5.3 Decision-Diected Adaptation

In this subsectionye evaluatethe decision-directeanodeof the AMBER algorithm.
After usingatrainingsequenc¢o initialize theequalizemwith someacceptablerrorprob-
ability, we switchthe adaptatiorto a decision-directeenodeto seewhetherthe algorithm
is able to comere closely to the minimum errprobability performance.

In Fig. 4-10, we plot the learningcurve of a 3-tap AMBER algorithmon the 4-PAM
channeH(z) = 1 + 1.67z*1. We usem= 0.0005, t = 0.1, andSNR = 30 dB. After 2500

trainingdata,we switchthe adaptatiorio a decision-directednode.Obsene thatthe algo-
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rithm continuesto corverge closelyto the minimum errorprobability state.In addition,
we addthelearningcurve obtainedwith trainingdataandobsene thatit behaiors closely

to the decision-directed learning carv

4.6 SUMMARY AND CONCLUSIONS

In this chapteywe have obtainedthe deterministictrajectoryequationof the AMBER
algorithm by taking expectationof the stochasticupdatealgorithm. We found that the
expectationof the noisecomponentermof thereceved channebutputvectorconstituted
a shrinkingtermwhich is alwaysin the oppositedirectionof the equalizer Basedon the
deterministictrajectory of AMBER, we have gained someunderstandingf its update

dynamics.Becauseof its highly nonlinearand complicateddynamicalbehaior, we have

1
10*
Switch to decision-directed mode
10i2
o
w
] 103 Without training data

10%4 With training data

Minimum Error Probability

0 5000 10000 15000
TIME

Fig. 4-10. Learning curve comparison of a 3-tap AMBER equalizer with
and without training data after 2500 iterations.
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not beenableto rigorouslyprove global corvergence However, we canqualitatvely pre-
dict the nonlineardynamics.Further we have substantiateaur claim of the global con-

vergence property with computer simulation results.

In additionto thediscussiorontheglobalconvergencewe have proposeda multi-step
variantof AMBER to increaseconvergencespeedWe have shavn thatthe @in®nite-tap®
AMBER equalizercorvergesratherquickly at a costof somecompleity increase By
incorporatingthe ideasof the dual-signalgorithm and the continuousfunction of the
expectederrorindicatorfunction, we have usedvariablestepsizesto increaseupdatefre-

gueny and comergence speed.
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APPENDIX 4.1

PROOF OF
THEOREM 4.1

In this appendix,we prove Theorem4.1 This proof closely follows the proof in
Appendix 3.3 and will only be skched here.

We ®rst®ndthe ensembleaverageE[l;x,] by ®ndingthe scalarg[lx, . p] andthe
VECIOrE[l,z] Wherez = [X, ¥, Xkep+ 1 Xkt Dt1r Y4r Xemen+1] -

Following the notations in Appendix 3.3, weviea

E[ltXksp] = iLL—+1E[It| left] + Ll-_"-lE[|t| right] (4-12)
LillE_QéDibTZitd EQ£D+bTZit6 ; s
- i — e | T a0l R _
L % i g Icls QJ [ g Icls QJ%

=t tcp | 4-14
C 5|9 s 5 (4-14)

2L +2 _[ aéD+szJ_rt('_5}
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whereb = [fg, ¥, fps1, fos 1, ¥4, fyens 11T~ Thederivationof E[I,z] is similar to the deriva-

tion of E[I z] in Appendix 3.3 and is:

T
oL +2 adpt+tb ztto
E[l =——E —_— 4-15
[l Z] i { icls } ( )
Combining (4-14) and (4-15), we Ve
Bl ] = 2L £2E QagTH)éitdA (4-16)
T L [é lcls ﬂ}
and

where A is arandomvectorwith distribution p(#&) = p(x,| Xx +p = 1), i.e., A is uniformly

distributed wer the set of M™N *1 | -aryx, vectors for which .p = 1 andé =H A,

Again, following the derwvation of E[I n,] in Appendix 3.3, the ensembleaverage

E[Itnk] is

E[lin] = QEllinill 1 =1,z2=2"1P[ly=1,2=2+
|
A E[linll (=+1,z=2"1P[l, =+1,z=2], (4-18)
|

where the conditionak@ectatiorE[l;n|l { = 1,z = Z'] is:

E[l,ny]l (= 1,z=2]=2sE 0+b 2 ttg) 4-19
il =1, 2= 2] = 3B mEE= === el (4-19)

where the functiom(h) is de®ned in (3-54).
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We naw derive the joint probability[l, = 1, z = Z']:

Plly=1,z=21=P[l, =1 z=Z1P[z = 2] (4-20)
Ls1 dptb'zete g
= ===Q¢ : . (4-21)
L & ||c||s ﬂLM+Nil

Combining (4-19) and (4-21), the ®rst summation term in (4-18) becomes

L +1)s 8&(cTé\Ft)2@ c
AE[Iin |l  =1,2=2P[l,=1,z=2"] = 2—=22F| expc—————tz | —. (4-22)

a| [ t kI t ] [ t ] L/\/ZJ |: < 2”0"282 gi|||C”

It is not hard to she that

QENN {=1,2=21P[l;=1,2=2
|

= QE[inll (=+1,z=21P[ly=#1,z=2"], (4-23)
|

and thus

Elliny ] =+

@—(CT Bt )Zﬂ e (4-24)

—E| exp + :
L /2p [ < 20c?s? lcll

Q.E.D.
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APPENDIX 4.2

PROOF OF
LEMMA 4-1

In this appendix,we prove Lemma4-1: The equilibrium state describedby (4-7)
cannotbetruefor ac with anarbitrarylarge or smallnorm.In addition,thereexistssome
c with a ®nite non-zero norm satisfying (4-7).

Recallthatalocusdepictsnormsanddirectionsof equalizersatisfyingthe ®xed-point
relationshipof (4-8). However, notall equalizernthelocussatisfy(4-7). For referencing

corvenience, here we am state the equilibrium condition of (4-7):

a8 Bty _ S a&(c #¢t) Of ¢
E| Q3 4 = =_F S0 T (R 4-25
s 7 {exp% 2lcl?s? g}ncu @29

Herewe shav thatanequalizerc (on thelocus)with anarbitrarylarge or smallnorm

cannotsatisfy (4-25). In orderfor (4-25) to be true, the normsof both sideshave to be
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equal.We seethatwhenanequalizersatis®e$d-25),thenormof theleft handsidetermin

(4-25) is

ot Bxtod

& Bty
€ [cls

T

_C o §+t0§\ - o g"‘toc A 4-26
‘ i B O e o8 = B o s o (4-26)

T

Icl
woé‘] The norm of the right hand

sincethe vector E[Q arein the samedirection

é‘] andthe unit-normvector &—

andtheir inner productequalsthe norm of E[Qe Icls @

side term in (4-25) is simply

Tx . 2.
E{ pg_(c det ) 0}

é 2[c|*s? a]lcl

Tx . 2.
- EE{pgw} @27)

€ 2fc|"s” @

Thus, the equilibrium point(s) on a locus needsto satis®edoth (4-25) and the fol-

lowing norm equality:

.. T » 2.
[Qag Tdetac & s {expa&(c &t ) g} (4-28)

€ fcls 2lcl ] ~ /2p é 2lc|?s? o]
Now if |c| is arbitrarily large, the effect of t in (4-28)is zeroandthe left handside
term of (4-28) effectively becomesE [Q é\oc , andthe right handsideterm of (4-

Clcls2cl
T 2.

aa 0
28) becomes—E{ex e 2(c } andwe will shav thatthetwo termscannotbeequal
@

J2p | el ®s?
undertheassumptionthatc opengheeye of thechanneli.e. thelnnerproductsc 4>0).
é\ 1 éwz" . .
Let =2 = w and usethe fact that exp®==0 s strictly a upperbound for
BE Jopw e 2 e y atbp

Q(w), we prave the follaving inequality:

a e & _ )
[Qencnsﬂncus} Fletww] *29
1 ‘W 6 .
< @E[expe ! g} (4-30)
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22 (c§°0
= (4-31)
J_p{ e2||c||232z}

Thus,theexistenceof anequalizemwith anarbitrarily largenormis not possibleat equilib-
rium. We now shaw the existenceof anequalizemwith anarbitrarily smallnormis not pos-

sibleatequilibrium.As |c| ® 0, theeffectoft in (4-28)dominate$heterm c¢' 4 andthe

T

left handsideof (4-28)effectively becomef[Q%gﬁC” or E (Q(w) »1ifw

<< 0), andtheright handside of (4-28) effectively becomesA/:Ertex +t2 22} or0
2p e2||C|| s™@

(exp(w) » 0 if w << 0).

We now prove that there exists somec satisfying (4-25). Let Z be the difference

between the tev norms of (4-28):

" 2.
[Qa@ Tdstoc’ 4 a(c' Att) 9} (4-32)

S
expc———————=+ |.
e Tels elel ]~ Jzp [ "€ 2102 o
We seethatz is acontinuougunctionof c. Sincez < 0when|c| is arbitrarily largeandz
> 0 when|c| is arbitrarily small, we concludethat thereexists somec with a ®nitenon-

zero norm which yieldg = 0 and thus, satis®es the equilibrium s@tE.D.
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APPENDIX 4.3

PROOF OF
LEMMA 4-2

In this appendixwe prove Lemma4-2: Thereexists a suf®cientlysmallstepsizesuch
thatif ¢, andc’(||cy||) form an anglef, thenthe angle betweenc,,, andc”(||c]|) is

strictly smaller therfi .

Without loss of generality we sketch a three-dimensionaspaceexample (a 3-tap
equalizer)in Fig.4-11 and Fig. 4-12. The spherein Fig.4-11 hasa radiusof el and
¢’ (Jlck]]) is the uniquevector with thenorm ”Ck” , satisfying(4-8). Thedarker shadectir-
cularconehasabaseangleof f, andhasc(||c,||) atits centerandcy atits perimeterThe
lighter shaded irgular cone is the signal cone as discussed in chapter

In Fig. 4-12, we plot the top cross-sectionaliew of the cones.Let P denotethe plane
containingthe origin andthe perpendiculabisectorof ¢, andc”(||c||). This planedivides

the signal cone S = {S; 2,4 : a;3 0} into two subconesA andB, sothatS=AE B,
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whereA is theintersectiorof S with the setof vectorsonthec”(||cy||) sideof P, excluding
P, andB is the intersectionof S with the setof vectorson the ¢, sideof P, including P.

Obsere thatc™(||cy||) T A andc, T B and thaia andB are disjointA C B = /E

The function g;(c”(||ck]|)) can be decomposednto two weightedsummationsover

signal \ectors fromA andB:

e DTEY 26
& g o (o) S0 (a-33)

2 (o) T8 1o
||01||5 o i g © €18 1

g (leddu @ Qg

V1 A

Insteadof g;(c"(||c]])), we look at g;(c,); it too canbe expressedusing (4-33), but
with differentweights.Comparedwith c¢”(||c,||), the vectorc, forms a larger anglewith
all vectorss®) from A, while it forms a smalleror equalanglewith all vectorsfrom B.
Thus,comparedvith the weightsfor g, (c"(||ck|])), the weightsfor g, (c) in (4-33)strictly
increasefor thes™ vectorsin A, while they eitherdeceaseor remainthe samefor vectors
in B. Sinceg, (¢ (||ckl)) 1 c*(Jlekl)T A, it follows that g;(c) is alsoin A asshavn in
Fig. 4-12. Thevectorc,, is alinearcombinationof c, andg,(c,) andcanbe madeinside
the circular coneif the stepsizeis suf®cientlysmall. Thus,the anglebetweenc,,,; and

¢’ (Jlck]D) is less than the angle betwegrandc”(||cy||). Q.E.D.



Fig. 4-11. A three-dimensional sphere with radius ||Ck|| a circular

cone, and the signal cone.

|
Fig. 4-12. A top view of the signal cone and the circular cone. The plane
P bisects the segment connecting ¢, ; andc” (jlck|D.
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CHAPTER 5

APPROXIMATE
MINIMUM -BER
MULTIUSER
DETECTION

5.1 INTRODUCTION

Previous chaptershave beendevotedto deriving and evaluatingthe minimum error
probabilityequalizersin this chapterwe will extendtheresultson minimum-errofproba-

bility equalization to multiuser detection.

Theclassof linearmultiuserdetectorgwhich includesthe corventionalmatched®lter
(MF), decorrelatgrand MMSE detectors)is particularly attractve becausaét offers the
adwantage®f low compleity, easeof adaptationandthe ability to operatan a decentral-

ized fashion,meaningthatonly a singleuserof interestneedbe demodulatedWhile the
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MMSE detectoris widely regardedas a good multiuserdetectoy a betterN indeed,the
bestN linear multiuser detectorwould chooseits coefdcientsso as to minimize the

resulting error probability

Lupas and Verdce[4] proposed the maximum asymptotic-multiuseef®cieny
(MAME) lineardetectorwhich minimizesBER in thelimit asthe noiseapproachegero.
An adaptve algorithm for realizing the MAME detectoris not yet available. Adaptive
algorithmsfor realizingthe minimum-BER multiuserdetectorwere proposedn [5] and
[6], but they areeitherhighin compleity or requireknowledgeof the signaturesequence
of theuserof interest. The AMBER multiuserdetectoproposecerehaslow compleity

and does not require kwtedge of the signature sequence of user of interest.

This chapteiis organizedasfollows. In section5.2, we presenthe problemstatement.
In section5.3, we discussthe exact minimum-BER (EMBER) multiuser detection.In
section5.4, we proposethe approximateminimum-BER(AMBER) multiuserdetectorin
section5.5, we presentnumericalresultscomparingthe AMBER, MMSE, decorrelatgr

and MF detectors.

5.2 MEMORYLESS MULTIUSER CHANNELS

The essentiafeaturesnf the multiuserdetectionproblemarecapturedoy the synchro-

nous CDMA channel model in which the re@iobseration waveform is gven by

N ¥ _
M= & A & bl)s(t+kT)+n(t), (5-1)
i=1 k = +¥

whereN is thenumberof active userss;(t) is the unit-enegy recevedsignaturesequence

for useri, A is therecevedamplitudefor useri, b(ki) T {#1} is theinformationbit for user



105

i during bit-epochk, andn(t) is additive white Gaussiamoisewith PSDs?. Assumethat

the signature sequence for usex of the direct-sequence form
M .
s®)= & dp(tzjT ), (5-2)
i=1
whereM is the numberof chipsperbaud,p(t) is a unit-enegy Nyquist chip pulse-shape,

andd; = [d;® 12 d;M)T is a unit-norm ector representing the spreading code for user

Therecever may generatesuf®cientstatisticsby passing (t) througha ®Itermatched
to the chip-pulseshapeand samplingthe outputat the chip rate,which leadsto the fol-

lowing equvalent discrete-time memoryless model:
rk:ku+nk, (5-3)

whereH =[d; d, ¥% dy]A hasdimensionM “~ N, A = diag(A;), by = [b(kl) Ya b(kN)]T, and
ny is white Gaussiamoisewith PSDs?l. A decentralizedinear multiuserdetectorfor

useri is then characterized by &nvectorc and the decision rule:

B = sgnicrg. (5-4)

5.3 EXACT MINIMUM-BER MUL TIUSER DETECTION

Based on (5-3), the probability that the decision of (5-4) foriusezrroneous is then

PO 1 b D =P[b{"cTr < 0]

=P[b{ cTHby + bl cTn, < 0]
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=E[P[b(ki)cTku+ b’ cTny <0 | bk]]
_E[ a@Tkub(k";j}

5-5
C Tels (5-5)

where the expectationsare over the 2N equally likely binary bit vectorsb, 1 {1} N.
Obsenethatthe productb b(ki) Is abinaryvectorwith aonein thei-th componen{corre-
spondingo theuserof interest) Letb®, ¥4, b®) denoteary orderingof thek = 2N*1 such
distinctvectors.Similar to the signalvectorsde®nedy (2-17),the signalvectorsfor this

multiuser setup are:

sO=HpO I =1v K. (5-6)

Theses() vectorsrepresenthe K possiblenoiselesshanneloutputvectorsgiventhatthe
k-th bit from the desired user is unibg) = 1. With this de®nition, (5-5) simpli®es to

o s

PER = eTols &

1
K | (5-7)

n Qo x

1

Again,theBER depend®nthedirectionc 4| c || of c only, andthatthenormof c isirrele-
vant; this is becauseéhe recever decisionsare determinedby the sign of the detector

output only

Similarto theassumptiorof the channebeingequalizablen chapter2, in this chapter
we assumehatuseri is linearly detectableby whichwe meanthatthesignatured; of user
i does not lie within the interference subspace spannéd, by} .

Letcgymper denotea linear multiuserdetectorthatachieresthe exact minimum-BER
(EMBER) performanceminimizing (5-7). Unlike cyyysg = Aj(HH * + s21)*1d; thatmini-

mizesMSE = E[(cr, + b, ())?], thereis no closed-formexpressiorfor cgyger - However,
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by settingto zerothegradientof (5-7) with respecto the multiuserdetectorc, we ®ndthat

CemBer Must also satisfy:

c = af(c) for somea > 0, (5-8)

asseenfor the equalizatiorproblem,wheref(c) is the functionde®nedy (2-21). Similar
to its role in equalizationthe ®xed-pointrelationshipof (5-8) characterizefocal maxima
aswell aslocal minimafor the BER costfunction,andhence(5-8) is a necessaryput not

suf®cient criterion for the global minimum as illustrated by the follg example.

Example 5-1: Considerthesimplestnontriial two-usersystemdescribedy (5-3)
with d4=[1, 0], d,=1[r, . /1+r?]T, normalized correlation r = 0.9, SNR;=
A,%=s?=18dB, andSNR, = 14.6 dB. In Fig. 2-2 we presenia polar plot of BER
for user1 versusq for the unit-normdetectorc = [cosq, sing]". Superimposean
this plot are the K = 2 signal vectorssY) and s, depictedby solid lines. Also
superimposedare the coef®cientvectors of four detectors:the minimum-BER
detectorat an angle of q= £36.% the MMSE detectorat q = +60.2E the MF
detectorat q = 0E; and the decorrelatorat g = +64.2E Obsenre that none of the
traditionaldetectorsnot eventhe MMSE detectoyarecolinearwith the minimum-
BER detector We shouldpoint out that the minimum-BERdetectoris not always
colinearwith the worst-casesignal vector but rathersatis®eg5-8) in the general

case.

While (5-8) is a necessaryondition for minimum-BER performancethe previous
exampleillustratesthatthe BER surfaceis not corvex, andthattheremay exist solutions

to (5-8) thatarenon-globallocal minima. One generalmethodfor ®ndingthe minimum-
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BER solution(hencethe EMBER detector)s to ®ndall solutionsto (5-8), andchoosethe
solutionthatyields the smallestBER. However, we canavoid this brute-forcemethodby
using this simple suf®cieng test which has beenemplged in equalizationsetup: If
¢ = af(c) andBER £ 2*N | thenc minimizesBER. Thistestis basen the obsenationthat
the eye diagramis openwhenthe conditionis satis®edandthatlocal minimaariseonly

when there st certain combinations of interfering bits that close tee e

To recwer a solution to (5-8), we can use EHESER algorithnproposed in 2.4:

Ck+1 = Ck + N(Cy). (5-9)

CDECORR

Fig. 5-1. A polar plot of BER; versus q for a two-user system with correlation

r = 0.9. Superimposed are the signal vectors (scaled by a factor of 0.5) and the
MMSE, decorrelating, MF, and minimum-BER detectors.
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It hasbeenshowvn thatthe EMSERalgorithmis guaranteedo convergeto a solutionsatis-
fying (5-8). However, corvergenceof the EMSERalgorithmto the globalminimum-BER

detector cannot in general be guaranteed.

Similarto the stratgyy for ®ndingthe EMSERequalizeywe usethefollowing stratgy
for ®ndingthe EMBER linear multiuserdetector First, iteratethe EMSER algorithm of
(5-9) until it corverges.If theresultingBER £ 2*N, stop.Otherwisejnitialize the EMSER
algorithmsomavhereelseandrepeatthe processThis is an effective stratgyy whenthe
initial conditionof the EMSERalgorithmis chosencarefullyandwhenthe SNRis suf®-

ciently lage that BERE 2*N is possible.

5.4 APPROXIMA TE MINIMUM-BER MUL TIUSER DETECTION

Although the EMSER algorithmis usefulfor ®ndingthe minimum-BER detectorof
known channelsijt is poorly suitedfor adaptve implementationn time-varying applica-

tions. We nav extend the AMBER algorithm of chapt8rto the multiuser problem.

Thenumericalalgorithm(5-9) canbetransformednto a stochastiaipdateequationby
usinganerror indicator functionly, similar to the errorindicatorintroducedn chapter3,

where

l .
Iy = 5 (L sgnlby’ yi), (5-10)

wherey, = c'r is the decisionstatisticfor the kth

bit. In otherwords, I,, =1 whenan
erroris made(@y(!) 1 b(ki)) and |, = 0 whenno error is made(kg\((i) = bf(i)). Note that
because¢he multiusersystemwe areconsiderings binary, we caneffectively treatit asa
2-PAM systemwherethereareno2inner® pointsin the constellatiorandthus,simplify the

errorindicatorin (3-9). With the errorindicatorandfollowing the previous derivation for
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approximatingthe EMSER equalizeralgorithm, we transformthe EMSER multiuser

detector algorithm of (5-9) using the follong equalities:

Ci+1 = MF(Cyk)

T ..
» C + NE Q%EES
‘ geilsa

O

Hb, 6 (i
= g + NE QM?bE)bek
& [els o

= ¢ + rrE[E[Ibyl bl HbyJE] bE)ku]}
N )
= Ck [1pyby " HDy]

» Cy + nE[l byb(ki) rk] (5'11)

The approximationof (5-11)is valid assuminghe effect of noiseis insigni®cantt high
SNR. We can thenform a simple stochasticupdatealgorithm by simply removing the

expectation in (5-11):
Ck+s1 = Ck T mbyb(ki) Mg - (5-12)

We referto this stochastialgorithmasthe AMBERalgorithmfor linear multiuserdetec-
tion. The detectoris updatedonly whenan erroris made.It hasan insightful geometric
interpretationRecallthatthe noiseles®utputof the detectomvhena oneis transmittedoy

the desireduseris the inner productof ¢ with s0). Most errors occur when this inner
productis small,i.e., whentheeyeis nearlyclosed. The AMBER updateof (5-12)dictates
thateachtime anerroris made thedetectorcoefdcientvectorc takesa smallstepin space

towardsthe s0) vectorthat resultedin the error Therefore the next time the interfering
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usersconspireto producethe sames() vector its inner productwith ¢ will be larger At
steadystate the detectorc will be attractedto eachs() by an amountproportionalto the
conditional error probability given that s0) is the signal vector which closely approxi-

mates the steady stateogl,ser described by (5-8).

Recall that the LMS algorithm for implementing the MMSE detector is:
Ci+1 = Ck £ MET, (5-13)

whereg, =y, + b(ki) =clr + bS) is the error signal. We seethatthe AMBER andLMS
algorithmsare nearly identical, the only differencebeingthat 1, =1 + bg)yk for LMS
andly, = %(1 + sgn[b(ki)yk]) for AMBER. In fact, AMBER hasmorein commonwith the

sign-LMS algorithm:
Ck+1 = Cx £ MBgN{g}r, (5-14)

becauseb(ki) = xsgn{g} whenanerroroccurs(l,, * 0). Thus,we canrewrite thestochastic

AMBER algorithm in the form of a modi®ed sign-LMS algorithm:
Ck+1 = Ck = My sgn{edr. (5-15)

Simply stated AMBER canbeviewedasthesign-LMSalgorithmmodibPedo updateonly
whenan error is made The sign-LMS wasmotivatedby its low compleity comparedo
theLMS algorithm,despitets poorerperformanceThe simplemodi®catiorfor AMBER,
ontheotherhand,providesdramaticperformancemprovementwithout any costin com-

plexity.
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As mentionedin chapter3, a major dravback of the AMBER algorithmis its slow
convergenceat high SNR; becausdhe detectoris updatedonly whenanerroris made,a
low BER necessarilympliesslow corvergence We modify the errorindicatorfunction of

(5-10) by introducing a non-gative threshold 3 0 as follows:
_1 (i)
lpy = 5 (1 £sgn[by "y £1]). (5-16)

In otherwords, the modi®edndicatorfunctionly,, = 1 if b(ki)yk £t andly, =0 otherwise.
This indicator function reverts back to the original (5-10) whent is zero. In addition,
insteadof a singleupdatethreshold anda singleupdatestepsizem we canemploy mul-

tiple @ andt @ to further increase the c@igence speed of AMBER detector

Fromchapter3, anotheradwantageof thethreshold is to allow the AMBER multiuser

detector algorithm to operate in a decision-directed manner

5.5 NUMERICAL RESULTS

Lupasand Verdogd4] proposedhe asymptoticef®cieny to evaluatethe error proba-
bility performancef amultiuserdetectorathigh SNR.Thekth userasymptoticef®cieny

of the optimal linear tew-user detector equals [4]

N

1+2|r|A oA, + AZoA2 if (A 8A, )E]r]

h:( _ :, i Tk [ K (A BAY) (5-17)
T1+r2 otherwise.
Ontheotherhand,the MMSE multiuserdetectorapproachethedecorrelatoasthe Gaus-
siannoisevarianceapproachegero,andthustheasymptoticef®cieng of the MMSE mul-

tiuser detectoris the sameas that of the decorrelatar The asymptoticef®cieny of the

decorrelator is [4]
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hy =1#r2 (5-18)

Finally, the asymptotic @cieny of the MF detector is [4]

hkm =max2EO,1J_rr::—Lu. (5-19)
Givenr in atwo-usersystemwe canplot theasymptoticef®ciencie®f the optimallinear
multiuser detectoy the decorrelatar and the MF detectoras functions of Aj/A . In
Fig. 5-2, we plot userl asymptoticef®cienciegor r = 0.6. The asymptoticef®ciencie®f
the optimum linear multiuserdetectorand the decorrelatorare the samewhen A,/A 4 is
largerthanr = 0.6. In addition,theasymptoticef®ciencie®f theoptimumlinearmultiuser
detectorandthe MF detectorarevery closewhenA,/A ; is small. Whenthe asymptotic

ef®ciencie®f the MF detectorandthedecorrelatoareaboutthe sametheoptimumlinear

multiuser detector performs signi®cantly better than both of them.

a 14 Optimum linear multiuser detector
— \ .
o \ ——— Decorrelating detector
2 Yoot MF detector
5 X
@ 1+ r2 \\\
8 - \
w N
(&) \
=] \
g
£ N
7} AN
< N
0 >

1r
Ir| I AJIA;

Fig. 5-2. Asymptotic ef@iencies in two-user case (r = 0.6) [4].
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With the asymptoticef®ciencie®f the optimal linear multiuserdetectoranddecorre-
lator derived by Lupasand Verdad4], we can usethem as the boundson gain of the
EMBER multiuser detectorover the MMSE multiuser detector We will now compare
BER performance®f the EMBER, AMBER, MMSE, MAME of Lupasand Verdod4],
decorrelatarand MF detectorson a two-usersystemwith d, = [1, 0]T, d, = [r, W]T
andr = 0.9. We chooseheinterferencepower of A,? oA, = +4.15 dB sothattheasymp-
totic ef®ciencief both the decorrelatorandthe MF detectorare signi®cantlylessthan
thatof the optimumlinear multiuserdetector andthuswe expectthe EMBER, AMBER,
andMAME detectorgperformsigni®canthbetterthanthe MMSE, decorrelatingandMF
detectorsat high SNR. In Fig. 5-3 we comparethe BER performanceof the above six
linear multiuserdetectorsObsenre thatthe EMBER, AMBER, andMAME detectorsare
indistinguishableandthatthey outperformthe MMSE detectoy morethanl dB athigh
SNR and outperform the matched ®lter and the decorrelator bgmmweler magin.

We also considera simple three-useisystemdescribedby (5-3) with d, = [1, 0.1],
d,=1[0.9, 1]7,dz =[0.1, 1]7, andSNR; = SNR, = SNR3 = 20 dB. In Fig. 5-4 weillustrate
the performanceof AMBER, with parameters, = 0.2, t, = 0.4, m andmn, initialized to
0.06 and0.02, andwith m andm, cutin half every 200 iterations AlthoughAMBER can
not improve the BER performancefor user2, it improves BER of usersl and 3 over

MMSE solutions signi®cantly

For comparisonpurposeswe include in Fig. 5-4 the performanceof the adaptve

0.001
log(n)’
(wheren is time),andathreshold =0.08 Thecornvergencerateof this algorithmis com-

detectorof Psaromiliglos et al. [6]. We usedparameter®f a,, = ¢, = 0.1n*025

parableto thatof AMBER. Unlike AMBER, however, it requiresknowledgeof all thesig-

nature sequences of users.
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5.6 SUMMARY AND CONCLUSIONS

Basedon the derived ®xed-point equationfor the minimum-BER linear multiuser
detectoy we have proposeda low-complity stochasticmultiuser detectoralgorithm
which approachethe minimum-BERperformanceThealgorithmhasa lower compleity
thanthe LMS algorithm but achieres signi®cantlybetter BER performancevhen mul-
tiuserinterferences severe asdemonstratedyy the shortchannelsvherethe numberof

users is smaller than the dimension of the signal space.

1012
10i4 |
—
@
5
+6
5 10*°
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0]
m
10i8 |
1010 ! ! ! ! )
13 15 17 19 21 23
SNR1 (dB)

Fig. 5-3. BER comparison of various detectors.
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CHAPTER 6

CONCLUSIONS AND
FUTURE WORK

6.1 CONCLUSIONS

This thesishasconcentratean the designandadaptatiorof ®nite-tapequalizersand
multiuser detectorsto minimize error probability We have proposedlow-compleity
equalizerand multiuserdetectoralgorithmsfor combatinglSI and multiuserinterference
in the presence of addié@ Gaussian noise.

In chapter?, we have derived and investigatedthe propertiesof the minimum-SER
equalizer We have shavn thata necessaryput not suf®cientcondition,a ®xed-pointrela-
tionship,hasto be satis®edy the minimum-SERequalizer We thenproposedpasedon
the ®»ed-pointrelationship,a numericalalgorithm to iteratively recover the minimum-
SERequalizercoef®cientssatisfyingthe ®»ed-pointrelationship.Becausesatisaction of

the ®»ed-pointrelationshipdoesnot guarante¢he minimum-SERequalizeywe have also
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proposedh suf®cieny conditionfor testingthe corvergenceof the numericalalgorithmto
the global-SERminimum. The suf®cieng conditionis basedon the mild assumptiorthat
the noisevarianceis suf®cientlysmall. In addition,we have conjectured¢hatthe MMSE
equalizer approacheshe minimum-SER equalizer as the number of equalizer taps
approaches in®nity

In chapter3, we have usedanotherexponential-like function, the Gaussiarerrorfunc-
tion or Q function,to approximatehe ®xed-pointrelationshipderived for the minimum-
SERequalizerin chapter2. Insteadof multiple solutions thereis a uniquesolutionto the
approximate®»xed-point relationship. We have constructeda numerical algorithm to
recover the unique solution to the approximaterelationship.The numerical algorithm
(AMBER) basedon the ®»ed-pointrelationshipyields a low-compleity stochastiequal-
izer algorithm.We have evaluatedits errorprobability performanceandcomparedt with
the MMSE and the EMSER algorithms.Finally, we have empirically characterizedhe
FIR channeloverwhichthe AMBER andthe EMSERequalizersigni®cantlyoutperform

the MMSE equalizer

In chapterd, we have discussedhe cornvergencepropertiesof the AMBER algorithm.
We have ®rstdeterminedhe deterministictrajectoryof the AMBER algorithmby taking
the expectationof the stochastiapdateequation.The deterministictrajectoryturnsout to
be a complicatednonlineardynamicalsystem.We have then developedsomeanalytical
intuition regardingthe dynamicalsystemandhave discussedhe globalconvergenceprop-
erty of the AMBER algorithm. Although we have not beenableto rigorously prove the
global corvergenceof the algorithm,we have arguedthat the algorithmis likely to glo-

bally corverge. We have then proposedsomemulti-stepvariantsof AMBER to increase
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convergence speed.We also have studied the corvergence performanceof decision-

directed mode.

In chapter5, we have extendedresultson the minimum-errofprobability equalizers
andupdatealgorithmsto multiusersystemsThe conceptf the signalvectorsandsignal
conesin asingle-uselSI channelcanbe extendedin a straightforvard mannerto a mul-
tiuser systemwhere multiuser interferenceis similar to the ISI phenomenonWe have
comparedthe performanceof the minimum-BER multiuser detectorwith the matched
®lterdetectorthe MMSE detectorthe decorrelatgrandthe MAME detectomproposedy
Lupas and ¥rd [4].

6.2 FUTURE WORK

6.2.1 MMSE vs. Minimum-SER Equalizers with Ininite Number of Taps

In chapter2, we madea conjecturethat the MMSE equalizerapproacheshe min-
imum-BER equalizerwhenthe numberof equalizertapsapproachem®nity Otherthan
somesimulationresults,we currentlydo not have a rigorousmathematicaproof to con-
®rmnor a counterexampleto contradictthe claim. A proof or a counterexampleto this
conjecturewould be enlighteningin understandindhe ultimate connectionbetweenthe

MMSE and the EMSER equalizers.

6.2.2 Global Cowergence Ppoof

In chapterd we discussedhe global corvergencepropertyof the AMBER algorithm.
Ratherthana formal mathematicaproof, we completedhetopic with a mixture of obser-
vationsandanalyticalreasoningProving the globalconvergencepropertyrequiresa more

thorough understanding of this particular nonlinear dynamical system.
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6.2.3 Multiuser Channels with Memory

In this thesis,we developedand evaluatedminimum-BERresultson single-usei Sl
channelsand memorylesanultiuserchannelsThe theoreticalresultson single userISI
channelsandmemorylessnultiuserchannelsanbe extendednaturallyto multiuserchan-
nelswith memory However, it will beof practicalinterestto numericallyevaluatethe per-

formance of the AMBER algorithm on multiuser channels with memory

6.2.4 Blind Equalization and Multiuser Detection

The AMBER algorithmin this thesis,similar to the LMS algorithm, requirescorrect
decisionsin initializing equalizersand multiuser detectors.Recentlythere has beena
suiged interestin blind equalization[42] and multiuser detectionresearch32]. Blind
equalizatiorandmultiuserdetectionarevaluablewhenatrainingsequencés eithercostly
or impossibleto transmit.Similar to the blind multiuseralgorithm proposedby Honig,
Madhav, and Verd [43], it will be of practicalinterestto constructsimple and robust
equalizerandmultiuserdetectoralgorithmsto minimize error probability without training

data.
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