
HEpromiseofhighspectralefÞciencyanddiversityto

fadinghasledtowidespreadinterestinmultiple-input

multiple-output(MIMO)communications.Apracticalobstacle

totherealizationofaMIMOsystemisthecomplexityof

detection.Forexample,thecomplexityofmaximum-likelihood

(ML)detectiongrowsexponentiallywithboththespectral

efÞciencyandthenumber ofchannelinputs.Apopular

reduced-complexityalternative,despiteitssigniÞcantlyinfe-

riorperformance,istheBLAST-ordereddecision-feedback

(BODF)detector[1]Ð[3],whosecomplexityisroughlyinde-

pendentofspectralefÞciencyandgrowsonlycubicallyin .

Thelargegapinbothperformanceandcomplexitybetween

theMLandBODFdetectorshasmotivatedthesearchfor

ManuscriptreceivedMay23,2006;revisedJuly30,2007.Theassociateed-

itorcoordinatingthereviewofthismanuscriptandapprovingitforpublication

wasDr.SergiyVorobyov.ThisresearchwassupportedinpartbyNationalSci-

enceFoundationgrants0431031and0121565.Portionsofthisworkwerepre-

sentedinthe Proceedings of the IEEE Global Telecommunications Conference
(IEEE GLOBECOM), Dallas, TX, November 29ÐDecember 3, 2004, vol. 4,
pp. 2635Ð2639.

D. W. Waters is with Texas Instruments, Dallas, TX 75243 USA (e-mail:
deric@ti.com).

J. R. Barry is with the School of Electrical and Computer Engi-
neering, Georgia Institute of Technology, Atlanta, GA 30332 USA (e-mail:
barry@ece.gatech.edu).

, except that it uses a unique symbol
ordering to improve performance. More recently, a generaliza-
tion of the parallel detector called the Þxed-complexity sphere
detector has been shown to achieve full diversity over-input

-output channels [23].
This paper proposes the-Chase detector, and demonstrates

that the B-Chase detector can approach ML performance in
some cases with less complexity than previously reported
detectors [6], [12], [15], [21]. The B-Chase detector distin-
guishes itself from previous list-based detectors in the unique
way it builds its list. It will be shown that the B-Chase de-



740 IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 56, NO. 2, FEBRUARY 2008

Fig. 1. Block diagram of the Chase detector.

Section IV, we describe a computationally efficient imple-
mentation of the B-Chase detector. In Section V, we present
some performance and complexity numerical results, and in
Section VI, we make concluding remarks.

II. CHASE DETECTION: A GENERAL FRAMEWORK

This paper considers a memoryless channel with inputs
and outputs :

(1)

where is a complex channel ma-
trix whose th column is , and where is
noise. We assume that the columns of are linearly indepen-
dent, which implies . We assume that the noise com-
ponents are independent and identically distributed (i.i.d.) com-
plex Gaussian random variables with , where
denotes the conjugate transpose of . Further, we assume that
the complex inputs are uncorrelated and chosen from the same
unit-energy discrete alphabet , so that .

In this section, we introduce the Chase detector, a general de-
tection strategy for MIMO channels that reduces to a variety of
previously reported detectors as special cases. The Chase de-
tector defines a simple framework for not only comparing ex-
isting MIMO detection algorithms but also proposing new ones.
Specifically, a Chase detector is defined by five steps, as illus-
trated in Fig. 1, and as outlined below.
Step 1) Identify , the index of the first symbol

to be detected.
Step 2) Generate a sorted list of candidate values for the

th symbol, defined as the elements of the alphabet
nearest to , where is
the output of either the zero-forcing (ZF)
or MMSE linear filter.

Step 3) Generate a set of residual vectors by
cancelling the contribution to from the th symbol,
assuming each candidate from the list is, in turn,
correct:

(2)

Step 4) Apply each of to its own independent
subdetector, which makes decisions about the re-
maining symbols (all but the th symbol).

Together with , the th subdetector defines a can-
didate hard decision regarding the input .

Step 5) Choose as the final hard decision the candidate hard
decision that best represents the obser-
vation in a minimum mean-squared-error sense:

(3)

The Chase detector is roughly analogous to its namesake,
the well-known Chase algorithm for soft decoding of binary
error-control codes [24], but with the temporal dimension re-
placed by the spatial dimension. The analogy is loose, but still
useful. The Chase algorithm begins by identifying the least
reliable bits of a received codeword, and enumerates all cor-
responding binary vectors while fixing the remaining more re-
liable bits. This is analogous to Steps 1) and 2), except in Step
1), only one symbol (not necessarily the least reliable) is identi-
fied instead of , and in Step 2), only a subset of the most likely
values are enumerated. The Chase algorithm decodes each of
the binary vectors using a simple hard-decoding algorithm,
producing a set of candidate hard decisions for the codeword.
This is analogous to the cancellation and subdetection in Steps
3) and 4). Finally, the Chase algorithm chooses the candidate
codeword that best matches the received observations in a way
precisely analogous to that in Step 5).

To uniquely define an instance of the Chase detector requires
that the following four parameters be specified:

• a strategy for selecting in Step 1);
• a list length for Step 2);
• a filter type, ZF or MMSE, for Step 2);
• a subdetector algorithm for Step 4).

Table I summarizes how the maximum-likelihood (ML), BODF,
parallel decision feedback (PDF), and parallel detectors may be
specified as Chase detectors using these four parameters. For ex-
ample, the Chase detector reduces to the ML detector when the
subdetectors are themselves ML detectors, and the list length is
maximal . In this case, the choice of which symbol
to detect first has no effect on performance. On the other hand,
the Chase detector reduces to the BODF detector when the list
length is one and the subdetectors are themselves BODF detec-
tors. In this case, the choice of which symbol to detect first is
critical to performance. The parallel detector is another Chase
detector whose performance is highly sensitive to the choice of
which symbol to detect first. The last row of Table I describes a
new detector that will be proposed in the next section.
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Fig. 2. Decision regions for a = e and different list lengths: (a) ` = 1; (b) ` = 2; and (c) ` = 3. The decision list contains a whenever the input to the list
detector falls within the shaded region. Also indicated is the minimum distance d to the boundary.

TABLE I
SPECIAL CASES OF THE CHASE DETECTOR

The index BLAST signifies the first index of the BLAST ordering [1].

III. A NEW CHASE DETECTOR

In this section, we introduce the B-Chase detector, as summa-
rized by the last row of Table I. The B-Chase detector is defined
simply as a Chase detector that uses BODF as a subdetector.
The list length can be any integer in the set , and
the filters can be ZF or MMSE. It remains to specify the key pa-
rameter, namely, the index of the symbol to detect first. Two
algorithms for selecting will be described later in this section.
Before describing them, we must first understand the impact of
the list detector on the signal-to-noise ratio (SNR) of the th
symbol.

A. SNR Gain of a List Detector

We say that a list detector makes an error when the actual
transmitted symbol does not appear somewhere on the list. With
this definition, increasing the length of the list leads to a de-
crease in the probability of error. (Indeed, a maximal list length
of ensures that the list detector never makes an error.) The
decrease in error probability can be interpreted as an SNR gain.
We demonstrate this effective gain using the 4-QAM alphabet
as an example.

Assume a 4-QAM alphabet with a ZF
front end , and assume that the transmitted symbol is

. The input to the list detector is then ;
this defines a scalar channel whose SNR is .
In Fig. 2, we illustrate the correct decision regions for lists
lengths . As shown in Fig. 2(a), a list detector
with (i.e., a conventional decision device) will be correct
when is in the first quadrant of the complex plane. As
illustrated in Fig. 2(b), a list detector with will be correct
when . As illustrated in Fig. 2(c), a list

detector with will be correct when is not in the third
quadrant. Therefore, letting denote the list-error probability
for 4-QAM when the list length is , we find that

(4)

(5)

(6)

where . We twice invoked the
Chernoff-bound approximation , which is valid
only at high SNR, and we further assumed that
in the second approximation for . Comparing (4) and (5), we
see that increasing the list length from to ap-
proximately doubles the SNR. Intuitively, we can attribute this
SNR gain to the fact that the minimum distance to the decision
boundary increases by a factor of when the list length is in-
creased from to . Likewise, the SNR gain for is
the same as that for because, as shown in Fig. 2, they have
the same minimum distance from to the decision boundary.

We approximate the list detector SNR gain at high SNR by
how far it moves the decision boundary. Specifically, let
denote the minimum distance from any element in to the cor-
responding decision region boundary of the list detector with
list length . We define the SNR gain for a list detector with
a list length of as

(7)

This gain approximately quantifies the benefit of a list de-
tector relative to a conventional detector . For
example, from Fig. 2 we see that 4-QAM and

4-QAM 4-QAM , which is consistent with an
SNR gain of two for both and . At one extreme, a
minimal list length yields no SNR gain , as
expected. At the other extreme, a maximal list length
yields an infinite SNR gain , since there is no de-
cision boundary at all in that case. A straightforward analysis
of the list detector decision regions for 16-QAM reveals that
the list detector SNR gains are , , , and

. Similarly, the list detector SNR gains for 64-QAM
are , , , , and . When
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reduced each time a lower cost is found (see Line 15 of
Fig. 4).

As presented here, the B-Chase algorithm implements the
subdetectors in serial fashion. The B-Chase detector also lends
itself to a parallel implementation since each of the subdetectors
can operate independently, as portrayed in Fig. 3.

V. NUMERICAL RESULTS

This section examines the performance and complexity of
B-Chase detectors on Rayleigh-fading channels, assuming
the channel parameters and are known to the receiver.
We will compare the MMSE B-Chase detector to the ZF and
MMSE sphere detectors as implemented in [6] whose initial
radii are set to inÞnity. Setting the initial radius to inÞnity
for these sphere detectors is equivalent to setting it to the
mean-squared error of the output of the ZF and MMSE BODF
detectors, respectively. That enables the ZF sphere detector
to achieve ML performance. We also compare against the
lattice-reduced MMSE BODF (LR-BODF) and lattice-reduced
MMSE linear (LR-linear) detectors [21]. The last detector we
compare against is the ML-DF [12] detector, which detects the
Þrst three symbols using ZF sphere detection [6], and theÞnal
symbol using ZF DF detection. We willÞrst give numerical
results for the performance and complexity of these detectors
individually, then jointly. We use B-Chase to denote the
B-Chase detector with list length, , and selection
algorithm (14). Likewise, we use B-Chase to denote the
B-Chase detector with list length, , and selection
algorithm (16). The MMSE versions of the parallel and BODF
detectors are also included in the comparison, since they are
the special cases B-Chase and B-Chase(1), respectively.

The B-Chase detector achieves near-ML performance for
a variety of channel dimensions. To demonstrate this we per-
formed simulations over -input -output Rayleigh-fading
channels with 16-QAM inputs. Fig. 6 shows the performance
versus the number of antennas, where the SNR per bit is

. We see that B-Chase(16)
achieves near-ML performance, with an SNR penalty that
ranges from 0.5 dB to 1.0 dB as the number of antennas

increases from 2 to 6. Reducing the list length degrades
performance, but B-Chase(4) performs at least as well as the
LR-BODF detector over the range of from 2 to 6.

We now quantify the complexity of the B-Chase detector. The
best complexity metric depends upon many variables that are
speciÞc to a particular implementation. We avoid the problem of
deÞning the relative complexity of differentßoating-point op-
erations by measuring complexity as the total number of real
multiplies (RMs) per bit. The squared absolute value of a com-
plex number is counted as two RM, and complex multiplica-
tions are counted as three RMs. Since the number of divisions
and square-roots is small compared to the number of multi-
plies, the main drawback of counting only the multiplies is that
it neglects the contribution to the complexity of the addition
operations. However, this is a reasonable simpliÞcation since
multiplies are generally more complex to implement than ad-
ditions. Another important point is that the multiplication of a
ßoating-point number by a constellation point is counted as an
addition since the constellation points are just scaled integers
[30]. This means that implementing interference cancellation
(22) is multiply free.

Fig. 6. SNR required versus number of antennas for various detectors. Results
are averaged over10 Rayleigh-fadingN � N channels with 16-QAM inputs.

The number of computations required by the detectors we
compare varies for different channel and noise realizations.
Using theaveragecomplexity as the basis for comparison may
be too optimistic, since systems are often designed to handle
the worst-case scenario. On the other hand, the worst-case
complexity may be too pessimistic since a practical system
could enforce limits on complexity that are sufÞciently high
so as to have only a negligible effect on performance. One
beneÞt of the B-Chase detector is that even in the worst case,
it is still low in complexity. On the other hand, the worst-case
complexity of the sphere detector and LLL algorithm can be
extremely large. In order to give a fair and practical complexity
comparison, we choose the complexity limit of the detector
such that the probability that it is exceeded is the same as the
target probability of a bit error. In other words, since the target
BER is , we quantify complexity using the 99.9% quantile
of real multiplies.

The preprocessingcomplexity includes those computations
that are required only once per channel estimation. The prepro-
cessing used to implement the B-Chasedetector is described
in Fig. 5, where the sorted-QR decompositions dominate the
preprocessing complexity. On the other hand, the most com-
plex part of the preprocessing used to implement the B-Chase
detector is the QR decomposition of the extended channel ma-
trix in line 1 of Fig. 5. The preprocessing complexities of the
MMSE sphere, LR-BODF, and LR-linear detectors are higher
than that of the B-Chase detector. Although the preprocessing
for the MMSE sphere detector is essentially the same as that of
B-Chase(1), it is more complex because it uses the real channel
model which doubles the channel dimensions. The LR-BODF
detector requires the same preprocessing as the MMSE sphere
detector in addition to LLL lattice reduction.
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LR-BODF, LR-linear, and B-Chase detectors does not pay off
unless is quite large.

VI. CONCLUSION

The Chase family of detection algorithms for MIMO chan-
nels is a combination of a list detector and a parallel bank of
subdetectors. The general Chase detector reduces to a variety
of existing MIMO detectors as special cases. Based on the
Chase framework, we proposed the B-Chase detector that
can trade performance for reduced complexity by modifying
the list length. Using efficient implementations and a new
selection algorithm, the B-Chase detector achieves near-ML
performance with low complexity. For example, on a four-input
four-output Rayleigh-fading channel that changes every eight
symbol periods, and whose inputs are uncoded 16-QAM, the
B-Chase(16) detector fell 0.4 dB short of the ML detector
while reducing complexity by 68%. Compared to the MMSE
sphere detector, the B-Chase(16) fell only 0.1 dB short while
reducing complexity by 41%. At the low end of the complexity
spectrum, the B-Chase(2) detector outperformed the MMSE
BODF detector by 4.4 dB while increasing complexity by only
17%.

REFERENCES

[1] G. J. Foschini, G. Golden, R. Valenzuela, and P. Wolniansky, “Simpli-
fied processing for wireless communication at high spectral efficiency,”
IEEE J. Sel. Areas Commun., vol. 17, no. 11, pp. 1841–1852, Nov.
1999.

[2] M. K. Varanasi, “Group detection for synchronous Gaussian code-di-
vision multiple-access channels,” IEEE Trans. Inf. Theory, vol. 41, no.
4, pp. 1083–1096, Jul. 1995.

[3] J. Luo, K. Pattipati, P. Willett, and G. Levchuk, “Optimal grouping for a
group decision feedback detector in synchronous CDMA communica-
tions,” IEEE Trans. Commun., vol. 51, no. 3, pp. 341–346, Mar. 2003.

[4] E. Viterbo and E. Biglieri, “A universal lattice decoder for fading chan-
nels,” IEEE Trans. Inf. Theory, vol. 59, no. 10, pp. 2400–2414, Oct.
2003.

[5] A. Chan and I. Lee, “A new reduced-complexity sphere decoder for
multiple antenna systems,” in Proc. IEEE Conf. Commun., 2002, pp.
460–464.

[6] M. O. Damen, H. E. Gamal, and G. Caire, “On maximum-likelihood
detection and the search for the closest lattice point,” IEEE Trans. Inf.
Theory, vol. 49, no. 10, pp. 2389–2402, Oct. 2003.

[7] E. Zimmerman, W. Rave, and G. Fettweis, “On the complexity of
sphere decoding,” presented at the Int. Symp. Wireless and Pers.
Multimedia Commun. (WPMC), Abano Terme, Italy, Sep. 2004.

[8] K. Su and I. J. Wassell, “A new ordering for efficient sphere decoding,”
Proc. IEEE Int. Conf. Commun., vol. 3, pp. 1906–1910, May 2005.

[9] W. Zhao and G. B. Giannakis, “Sphere decoding algorithms with im-
proved radius search,” in Proc. IEEE Commun. Networking Conf., Mar.
2004, vol. 4, pp. 2290–2294.

[10] B. M. Hochwald and S. ten Brink, “Achieving near-capacity on a
multiple-antenna channel,” IEEE Trans. Commun., vol. 51, no. 3, pp.
389–399, Mar. 2003.

[11] D. Pham, K. R. Pattipati, P. K. Willett, and J. Luo, “An improved
complex sphere decoder for V-BLAST systems,” IEEE Signal Process.
Lett., vol. 11, no. 9, pp. 748–751, Sep. 2004.

[12] W. J. Choi, R. Negi, and J. Cioffi, “Combined ML and DFE decoding
for the V-BLAST system,” in Proc. IEEE Conf. Commun., Jun. 2000,
pp. 1243–1248.

[13] A. Bhargave, R. J. P. de Figueiredo, and T. Eltoft, “A detection algo-
rithm for the V-BLAST system,” in Proc. IEEE Global Telecommun.
Conf. (IEEE GLOBECOM), Nov. 2001, vol. 1, pp. 494–498.

[14] F. Tu, D. Pham, J. Luo, K. Pattipati, and P. Willett, “Decision feedback
with rollout for multiuser detection in synchronous CDMA,” Proc. Inst.
Electr. Eng.—Commun., vol. 151, no. 4, pp. 383–386, Aug. 2004.

[15] Y. Li and Z. Luo, “Parallel detection for V-BLAST system,” in Proc.
IEEE Conf. Commun., May 2002, vol. 1, pp. 340–344.

[16] H. Sung, K. B. Lee, and J. W. Kang, “A simplified maximum likeli-
hood detection scheme for MIMO systems,” in Proc. IEEE Vehicular
Technol. Conf., Oct. 2003, vol. 1, pp. 419–423.

[17] M. Rupp, G. Gritsch, and H. Weinrichter, “Approximate ML detection
for MIMO systems with very low complexity,” in Proc. IEEE Int. Conf.
Acoustics, Speech, Signal Processing, May 2004, vol. 4, pp. 809–812.

[18] J. H.-Y. Fan, R. D. Murch, and W. H. Mow, “Near maximum likelihood
detection schemes for wireless MIMO systems,” IEEE Trans. Wireless
Commun., vol. 3, no. 5, pp. 1427–1430, Sep. 2004.

[19] H. Yao and G. W. Wornell, “Lattice-reduction-aided detectors for
MIMO communication systems,” in Proc. Global Telecommun. Conf.
(IEEE GLOBECOM), Nov. 2002, vol. 1, pp. 424–428.

[20] C. Windpassinger and R. F. H. Fischer, “Low-complexity near-max-
imum-likelihood detection and precoding for MIMO systems using lat-
tice reduction,” in Proc. IEEE Inf. Theory Workshop (ITW), Apr. 2003,
pp. 345–348.

[21] D. Wübben, R. Böhnke, V. Kühn, and K. Kammeyer, “Near-max-
imum-likelihood detection of MIMO systems using MMSE-based
lattice-reduction,” in Proc. IEEE Conf. Commun., Jun. 2004, vol. 2,
pp. 798–802.

[22] C. Windpassinger, L. H.-J. Lampe, and R. F. H. Fischer, “From lattice-
reduction-aided detection towards maximum-likelihood detection in
MIMO systems,” in Proc. Int. Conf. Wireless Optical Commun. (WOC),
Jul. 2003, pp. 144–148.

[23] J. Jaldén, L. G. Barbero, B. Ottersten, and J. S. Thompson, “Full di-
versity detection in MIMO systems with a fixed-complexity sphere
decoder,” in Proc. IEEE Conf. Acoustics, Speech, Signal Processing
(ICASSP), Apr. 2007, vol. 3, pp. 49–52.

[24] D. Chase, “A class of algorithms for decoding block codes with channel
measurement information,” IEEE Trans. Inf. Theory, vol. 18, no. 1, pp.
170–182, Jan. 1972.

[25] B. Hassibi, “An efficient square-root algorithm for BLAST,” in Proc.
IEEE Conf. Acoustics, Speech, Signal Processing, Jun. 2000, vol. 2, pp.
737–740.

[26] R. Böhnke, D. Wübben, V. Kühn, and K. Kammeyer, “Reduced
complexity MMSE detection for BLAST architectures,” in Proc. IEEE
Global Telecommun. Conf. (IEEE GLOBECOM), Dec. 2003, vol. 4,
pp. 2258–2262.

[27] D. Wübben, R. Böhnke, J. Rinas, V. Kühn, and K. Kammeyer, “Effi-
cient algorithm for decoding layered space-time codes,” Electron. Lett.,
vol. 37, no. 22, pp. 1348–1350, Oct. 2001.

[28] D. W. Waters and J. R. Barry, “Noise-predictive decision-feedback
detection for multiple-input multiple-output channels,” IEEE Trans.
Signal Process., vol. 53, no. 5, pp. 1852–1859, May 2005.

[29] A. Duel-Hallen, “Decorrelating decision-feedback multiuser detector
for synchronous code-division multiple access channel,” IEEE Trans.
Commun., vol. 41, no. 2, pp. 285–290, Feb. 1993.

[30] A. Burg, M. Borgmann, M. Wenk, M. Zellweger, W. Fichtner, and H.
Bölcskei, “VLSI implementation of MIMO detection using the sphere
decoding algorithm,” IEEE J. Solid-State Circuits, vol. 40, no. 7, pp.
1566–1577, Jul. 2005.

Deric W. Waters (S’99–M’02) was born in
Wellington, TX, in 1977. He received the B.S. de-
grees in electrical engineering and computer science
from Texas Tech University, Lubbock, in 1999,
and the M.S. and Ph.D. degrees in electrical and
computer engineering from the Georgia Institute of
Technology, Atlanta, in 2002 and 2005, respectively.

Currently, he is a System Engineer in the Digital
Signal Processing and Systems Research and Devel-
opment Laboratory of Texas Instruments, Dallas, TX.

John R. Barry (S’85–M’87–SM’04) received the
B.S. degree in electrical engineering from the State
University of New York, Buffalo, in 1986 and the
M.S. and Ph.D. degrees in electrical engineering
from the University of California, Berkeley, in 1987
and 1992, respectively.

Since 1992, he has been with the Georgia Institute
of Technology, Atlanta, where he is currently a Pro-
fessor with the School of Electrical and Computer
Engineering. His research interests include wire-
less communications, equalization, and multiuser

communications. He is coauthor with E. A. Lee and D. G. Messerschmitt of
Digital Communications (Norwell, MA: Kluwer, 2004, 3rd ed.) and the author
of Wireless Infrared Communications (Norwell, MA: Kluwer, 1994).


