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Blind Multiuser Detection Using Linear Prediction

Richard T. CauseyStudent Member, IEEEand John R. BarryMember, IEEE

Abstract—We propose a blind multiuser detection technique proposed in [16]-[18], and an adaptive technique for noiseless
for array processing and code division multiple access (CDMA) channels was presented in [19].

systems that does not require knowledge of the array geometry We introduce a blind WR detector based on linear pre-

or transmitter signature sequences. The technique has two key dicti d | techni f b i Wi
elements: an adaptive algorithm for separating the signal sub- ICtion and a novel technique for subspace separation. vve

space from the noise subspace and an adaptive whitener based orshow that the steady-state performance of the WR detector
linear prediction. The proposed algorithm offers low complexity, closely approximates that of the minimum mean-square-error

fast convergence, compatibility with shaped signallconstellations, (MMSE) or Wiener detector and that it is optimally near—far
near-Wiener steady-state performance, and optimal near—far yagjstant. The adaptive implementations we present offer a
resistance. good compromise between complexity and convergence speed.
~ Index Terms—Adaptive subspace separation, array process-  The paper is organized as follows. In the following section,
'”g'kl?"”d source separation, cochannel demodulation, subspaceye gescribe the problem statement. In Section Il we define
tracking. the structure of the WR detector. In Section IV we describe
an alternative implementation of the WR detector based on
|. INTRODUCTION subspace projection. In Section V we present low-complexity

LIND multiuser detection is the process of recoverddaptive implementations of the proposed blind multiuser

ing data from multiple simultaneously transmitting use,getect.or. Finally, in Section VI, we present simulation results
without access to a training sequence. A partially blind mufor & linear-antenna-array and a synchronous-CDMA system.

tiuser detector exploits some known property of the channel.

For example, the generalized sidelobe canceler [1], MUSIC Il. PROBLEM STATEMENT

[2], and ESPRIT [3] algorithms exploit knowledge of the array | et 5, denote a vector of symbols transmittedsbindepen-
geometry, and the code division multiple access (CDMA) dgrent finite-alphabet transmitters at tinke Let r;, denote the
tectors of [4]-[6] exploit knowledge of the signature sequenggrresponding receiver observation of dimensiendescribed

of the desired user. by
In contrast to the partially blind problem, this paper concerns
the problem of blind multiuser detection withoat priori T, = Hxy, +my, (1)

knowledge of the channel. Thus, the receiver can exploithereH is anm x n memoryless channel matrix, and,
only its knowledge of the statistics of the channel inpul. noise. In a rgrroxbandz-sgnsor linear-array a ,Iicatibn
For example, multiuser extensions of the constant-modultlils ' y app '

; - . the columns ofH represent the steering vectors for the
algorithm (CMA) [7]-[11] attempt to restore the kurtOSISusers, and in a synchronous-CDMA application withchips

of the channel input, but such detectors can exhibit slow baud. the columns @l represent the sianature SEQUENCes
convergence or misconvergence. Property-restoring meth&§& ' P g d

based on fourth-order cumulants have been proposed in [ the n users. The.blmd multiuser detection problem is to
recoverz;, from 7, without knowledge ofH. We assume that

and [13], but they disallow identically distributed source co L
Methods based on explicit estimation of higher order statist%{s has rankn, which implies that the channel is either square

. . > i i
[14], [15] can be effective but are computationally complex.g:;?::d(;n &ggﬁt\/\;;u;?rir n&:zzl:]mai;hgghe S|g:1al_za1ngnr(1jO|se
Following [16]-[19], we decompose the blind multiuser de- . P N . &yt ;] =
. ; : - - Elnni] = o1, with o> 0.
tection problem into two steps by first whitening, then rotating. A linear multiuser detector processes with an n x
The whitening step exploits only second-order statistics and is P R e

well suited for blind implementation. The rotation step can HZaUx C. producingz;, = Cry.. Let MSE; = Ell5 _xl(c)m_
implemented by a unitary matrix chosen to restore some higifote the resulting MSE for user The MMSE detector is
order statistical property of the channel input. The whiter?€ UNIqUEC that minimizes the MSE for each user. It can be
rotate (WR) structure is known to perfectly equalize a noisele€&Pressed in two equivalent ways [4], [21], [22]

i -1
channel [20]. Batch techniques based on the WR structure were Cavse = H* R )
=(H*H + o’T)"'H* 3)
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AWGN In (6), W is anym x m whitener (satisfyingWR,,.W* =1I)
- WHITEN o ROTATE % andJQ satisfies (4). In (7) and (8 = USV™ is an SVD,
o < v Q 1 * andS = JS with J = [L,0].
mxn mxm mxm nxm Proof: See Appendix I.
Fig. 1. The structure of the WR receiver. Using this lemma, we observe several properties of the WR
detector.

] Property 1: The WR detector is information lossless. This
We use the MMSE detector as a benchmark for assessing {f\fows from (8) by observing thaJ U* discards no signal

performance of other detectors. energy and that botV and(S? + ¢2I)~/2 are invertible.
Property 2: The WR detector approaches the decorrelating
. WR DETECTION or zero-forcing detector in the limit as the noise energy goes
In the context of the system (1), an x m matrix C is to zero
said to be awhitenerif the covariance ofz;, = Cr; is the lim Cwg= VS 1JU* = VSTU* = HT. (9)
identity matrix, CR,,.C* = I. We define the WR detector as g0t
the whitener with minimal MSE. Property 3: The WR detector is optimally near—far resistant
Definition 1: The WR Cyy r for (1) is then x m whitener [25]. Optimal near—far resistance is inherited from the zero-
that minimizes the MSE sun[||Cr, — =i ||?]. forcing detector.

Any short whitenelC of dimensionn x m can be expressed Lemma 2: The MSE for theith user of the WR and MMSE
as the first» rows of a larger whiteneB of dimensionm xm. detectors, respectively, can be expressed as
In particular, we can writeC = JB whereJ = [L,0] is

n x m and whereBR,,.B* = L. Recall that, for any given MSEM# = 24¢ [I - (92 + 021) I/QQ} v;  (10)

m X m whitening matrixW, every other whitening matriB o

can be expressed in the forlBB = QW for somem x m MSEMMSE — ;247 (92 + 021) v; (11)
unitary matrix Q [23]. Thus, given any particulam x m

whitening matrixW, we can express eveny x m whitener wherew; is the ¢th column of V*.

as C = JQW for some unitary matrixQ. This suggests a Proof: See Appendix Il. Using this lemma, we arrive at
three-stage implementation of the WR detector, as depictedte following property of the WR detector.

Fig. 1. Property 4: The MSE of the WR detector approaches that

Observe from (2) that the MMSE detector can be expressetithe MMSE detector in the limit as the noise energy goes
as Cyusg = H*W*W = (WH)*W where we use the to zero
identity W*W = R;! for any whitenefW. Thus, the MMSE MSEW R
detector could be implemented by following a whiteiV€rby 1im+ rapMMsE = L (12)
the n x m filter (WH)*. By its definition, however, the WR 0" MSE;
detector must follow a whitener by a matrix of the fodhQ. The proof follows from (10) and (11) and a straightforward
It can be shown that, rather thdaR®VH)*, the best such filter application of I'Hopital’s rule. In Fig. 2 we use (10) and (11) to
(minimizing total MSE) is the unique so-called polar factocompare the theoretical performance of the WR detector to that
of (WH)* [24], which is simply (WH)* with its singular of the MMSE detector for a receiver withh = 10 sensors. We

values replaced by unity consider two caseg, = 2 users and = 10, for which we plot
. MSE; versusSNR; = X7, |h;,|*/0?, averaged over 1000
JQ = (fjJTV*) (4) channels of dimensiot0 x ». The coefficients of each channel

were selected independently from a zero-mean unit-variance
where U, ., and V, ., are factors in a singular-valuecomplex Gaussian distribution, and then the channel columns
decomposition (SVD) oWH — TS V*. Note thatQ satisfies were scaled so that all odd-numbered users have energy 10
(4) if and only if it is of the form dB below that of even-numbered users. The curves for the
two-user case show that even for a sev&lR; of —10 dB,
Vo0 e, user one suffers only a modest 2-dB MSE penalty. Moreover,
Q= [0 VN}U () for SNR; > 10 dB, the performance difference is negligible.
The curves for the ten-user case show that as the number of
whereV y is an arbitrary unitary matrix of dimension —n. users approaches the number of sensors, the performance of
The following lemma summarizes the form of the WFpoth detectors degrades. However, the performance difference

detector. between the two detectors widens only slightly.
Lemma 1: The WR detector of Definition 1 is unique, and
it can be expressed in the following three equivalent ways: IV. SUBSPACE SEPARATION BEFORE WHITENING

Cwr =JQW ©6) In the previous section, the rotat@y of (5) performs two

WR . oL tasks. First, it removes all signal energy from the last n
=VIJ(SS* +0°T)" Pur (7) components of its output, thereby separating the signal and
=V(S? +5%1)~Y2JU*, (8) noise subspaces. Second, it also provides the best unitary
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_15 _10 _5 0 5 10 15 29 &S the receiver front end. (b) Equivalent square channel.

SNRy (dB) the outputy, = @ry of a subspace-separating matrix can be

Fig. 2. A comparison of the WR detector with the minimum-MSE detectowritten as

UsSV*
yk = |: SO

separation of users within the signal space. In other words, }”’“ + On (14)
Q separates both signal from noise, and signal from signal. R

It is often desirable to separate subspaces at the receiere S = JS. Because the lasty — n components oy,
front end, before whitening, by immediately projecting theontain only noise energy, they can be used to estimate the
m-dimensional receiver signal onto tmedimensional signal noise variance, if desired, or they can be discarded without
subspace using a unitary matr@. The advantages of suchany loss of signal information, thereby effectively producing
a front-end projector are two. First, it allows all subsequentsquare channel, as shown in Fig. 3(b)
signal processing to operate indimensions rather tham, . . .
which reduces the receiver complexity. Second, it reduces the 7 = Hzy, + (15)
numper of receiver parameters, which often leads to fasWﬁere 7 = JOr, T = UsSV*, and Eliuil] = oL
receiver convergence as well.

We now precisely define a unitary matr@ that separates
the signal and noise subspaces.

Definition 2: Given them x n channelH of (1), anm x m
unitary matrix® is a subspace-separation matrikand only
if the lastin —n rows of @H are identically zero. Constraining
the lastm — n rows of @H to zero guarantees that the Iasg
m — n components o®ry represent a projection af, onto
the noise subspace. Furthermore, because a uréaaways

has full rank, it follows that the firsk. components 0@ Proof: The proof applies to the MMSE detector (2) as
represent a prpjecuon of; onto the signal sut_)space. well as the WR detector (8), since both can be expressed in

Lemma 3: Given the channel of (1), a unitary SUbSpace{erms of an SVDH = USV* asC = VDJU* where the
separating matrix must be of the form diagonal matrixD is D = (§2442T)~1/2 for the WR detector

o—|Us 0 |y 13 andD = S(S? 4 ¢2I)~! for the MMSE detector. We need to
|10 Un (13) show that the cascade #® and an: x» detectorC, designed

. ) ) ) . for the reduced channdl, is equivalent to the same type of
whereUs andU v are arbitrary unitary matrices of dimensioryetector designed for the original chani#! In other words,
n andm —n, respectively, and wher® is again the left factor \yo need to show tha€J® — C. But based on the SVD

The n components of the new observation vecfqr form

a set of sufficient statistics for estimatiag.. Thus, the WR
detector of Section Il (or any other blind multiuser detector)
can be applied to this new channel without compromising
performance.

Theorem 1: The cascade of a signal-subspace projeg@®r

nd a WR detecto€yy » designed for the reduced chani#l
precisely implements the WR deteci@¥%y r designed for the
original channelH.

of a chan.nel SVDH = USV™. . _ H=UgSV* of the reduced channel, we haGe= VDU,
Proof: In terms of an SVDH = USV", we can write¢ ¢4 thatCJO = VDU*SJ[I{)S Uo JU* = VDJU* = C.
OH = OUSV". Becausdd has rankn, the lastm —n rows N 0

of SV* are already zero. Thus, the last— n rows of ©H
remain zero as long a®U passes none of the energy from
the firstn inputs to the lastn — n outputs, or equivalently,
becausedU is also unitary,@ satisfies (13). O In this section we describe a blind adaptive implementation
The firstn rows of @ in (13) form an orthonormal basis of the WR detector of Section lll, as illustrated in Fig. 1, and
for the signal subspace, and the last- n rows form a basis of the subspace separat@ of Section IV, as illustrated in
for the noise subspace. From (13) and an SHD= USV™*, Fig. 3(a). With the exception of the algorithm for estimating

V. BLIND ADAPTIVE IMPLEMENTATIONS
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the final unitary matriXQ in Fig. 1, they are all strictly second- After P converges to (19), the covariance of the resulting
order algorithms. They impose no constraints on the chanegtor ¢, = (I — P)r;, is diagonalR.. = D?. Therefore, a
input distribution and are thus inherently compatible witdiagonal gain matrixA = D~* converts the prediction error

shaped, or even Gaussian, channel inputs. ¢, into the white sighal, = Ae;, with covariance matrix
R.,., = L. This gain matrix can be implemented adaptively
A. An Adaptive Whitener by a bank of independent scalar automatic gain-control loops,

A simple way to perform whitening is to use adaptive IineadresIgned to force the energy at each output to unity. We

. . . i) Propose a simple first-order loop for adapting each diagonal
prediction. Suppose we wish to predict this component;; component ofA. — diag (AD, ..., A(™)
of r;, using a linear combination of the preceding components
ri 07 yielding an estimate A (8) = |AY = 5, (02 = 1)), (21)

71 = Pry, (16) | summary, the proposed adaptive whiteneMWs= A (T —

where P is a strictly lower triangular matrix of prediction P), whereP and A are adapted according to (20) and (21).

coefficients. The prediction error is, = (I — P)r,. The

best predictor in the least-mean-square sense, i.e., minimizﬁﬁ'g

E[|lex||?], is closely linked to the Cholesky factorization of Recall the structure of the WR detector of Fig.@, =

the covariance matriR,,. of r. JQW. Let v, = Wry, denote the whitener output. WitiW
Lemma 4—Generalized Cholesky Factorizatigln Her- adapted according to the previous section, it remains to specify

mitian matrix R of dimensionm x m and rankn x m can an adaptive algorithm for the rotat€}. Let y,, = Qu; denote

An Adaptive Rotator

be factored in either of two ways the rotator output. By Definition 1, th@ of the WR detector
minimizes the MSE-sum cost functid(||Jy,, — zx||*]. If we
R =GG" (17)  define a new vectar; = [zZ,0]7 by stackingz; abovemn —n
=MD’M* (18) zeros, then the whiten-rotatg also minimizes the following
cost function:
where G = MD is a uniquem x m lower triangular

matrix with real, nonnegative diagonal elements, wHBre= E|:||yk - fk||2} = E[HJ?M - $k||2} + o tr [WW*]. (22)
diag (G), and whereM is lower triangular with ones on the
main diagonal (monic). The matri¥ is unique if and only
if the firstm — 1 rows of R are linearly independent.

Proof. See Appendix IIl.

Theorem 2—Linear Predictiontet r be a randommn x 1
vector with covariance matrif® = F[rr*] and lete =
(I — P)r denote the error of a linear predictor whePeis
strictly lower triangular. Thé? that minimizesE][||e||?] is

P=1I-M"1! (19) = {Q(') O}yk- (23)

The two cost functions are simultaneously minimized because
the last terma? tr [WW?*] is independent ofQ. Thus, the
whiten-rotateQ is the rotator that best mapg, to z.

Let z;, denote the receiver’s estimate®f. Clearly the last
m —n components of this estimate should be zero. Thefirst
components can be estimated in a decision-directed and blind
manner by exploiting knowledge of the signal alphabets [26]

0 O

whereM is any valid monic factor in the generalized Cholesk}gor ;
factorization (18) ofR. The predictor is unique if and only if

M is unique, or equivalently, if and only if the first — 1 . - :
rows of R are linearly independent. We modify the multidimensional phase-locked loop (MPLL)

Proof: See Appendix IV of [27] to find a rotation that best mapg, to z;. Following

As long as the noise variance is nonzero, the covarian@g]’ we define a partial rotation from to y as
R,, = HH"* + o°I is full rank and the Cholesky factor _1 P oAz P2 "
(18) and corresponding predictor (19) are both unique. (S&x — y) =1 + [u, v][ ’ ] [u }
Appendix V for a discussion of the noiseless case.) In practice, Vv1=|p|? lp| —1
the coefficients ofP can be adapted according to the least- (24)
mean-square algorithm

< n,ﬁ:g) = qi(yg)) is the point in the constellation of
useri closest toy'”, but fori>n,2\" is set to zero.

vt

wherep is a normalized inner product, = z*z/(||=|| - ||||)
Pit1 = (Py + pperri) @ L (20) with z = Ay + (1 — M)z, and where{u, v} is a basis for the
two-dimensional subspace spannedsbwandy: « = z/||z||
wheree, = r, — Pry, is the prediction error, wherg, isa andwv = (z/||2|| — pw)/+/1 — |p|2. (For the singular case of
step size, where denotes a component-wise (Schur) produc|tp| = 1, we takev = 0.) As in [27], the estimate ofQ
and wherelL. is a mask, with ones below the main diagongk iteratively updated by accumulating a matrix that partially
and zeros elsewhere, that constraldsto be strictly lower rotatesz; to
triangular. We remark that, because (20) is derived from a . .
guadratic cost function, convergence to (19) is guaranteed for Qi1 =RN&r — )" Qi (25)
a sufficiently small step sizg,,. = Qi +[RM&r — v)" — I|Qu. (26)
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7 components of;, = ©r, where we introduce
Uk Ve x
Q, {q( ) 0} k X I o
/ Rotati We can interpretz;, as a projection ofr; onto the signal
A Dg,gég’r subspace, with the cost function measuring the projection
error. Observe that this cost function is minimized by &hpf
@ the form given in (13). Because of the similarity between (23)
7 and (28), we can again use the modified MPLL update of (26)
Ty Vi Io & to update®, except thats; is defined by (28) instead of (23).
Oy [0 0} k This adaptive subspace separator is illustrated in Fig. 4(b). The
/ subspace separator is thus adapted according to
., Rotation Oni1 = O + [RA(@ ) — 1} O (29)
Detector

) wherey, = Oxrk andzy is defined by (28). See Section VI-A
for a demonstration that (29) with (28) converges to (13).
Fig. 4. Adaptive rotator. (a) Used to implement the MMSE rotator of (29). ap adaptive WR detector that uses the subspace separator
(b) Used to implement the subspace separator of (13) of (29) is shown in Fig. 5. With ideal subspace separation,
the outputy,, of the front-end rotato® is given by (14), and
Observe that the matrix within the square brackets of (26) hias particular, the lastn — n components contain no signal
rank two, implying that (26) has lower complexity than (25¢nergy. Thus, the subspace separator can be followed by an
whenm > 2. The modified MPLL is illustrated in Fig. 4(a). n x m nonadaptive matrixd = [I,0]. The net effect is a
Because of the ambiguities inherent in any fully blindquare channel described by (15) so that the remainder of
detection algorithm, the MPLL (26) may not converge to (She algorithm (the predictak — P, the automatic gain control
exactly. Because identically distributed users are statistica(lkGC) bank A, and the MPLLQ) can be implemented as
indistinguishable, they are arbitrarily labeled at the output bEfore.
any fully blind detector. Moreover, the constellation of each In practice, any signal-space estimation or tracking algo-
user has rotational symmetries that cannot be blindly resolveithm [28]-[31] can be used before the whitener. The proposed
Rotating any square quadrature amplitude modulation (QAKBchnique of (28) and (29) provides a precisely orthonormal
constellation by an integer multiple of $0for example, does estimate of both subspaces at each iteration. The cascade
not change its statistics. In practice, these ambiguities are of bf- the signal-space projector, predictor, and AGC in Fig. 5
tle consequence because they can be resolved by other meam®unts to an adaptive short whitener that, although higher
Therefore, it is generally satisfactory ¥z;, = Kx, where in complexity than the adaptive prewhitener of [19], preserves
K = KpKp is then x n product of a permutation matrix all information about the signals.
Kp and a diagonal unitary matriKz = diag (exp (j6;)),
with the angled; determined by the rotational symmetries of VI]. NUMERICAL RESULTS
constellatiory. If all users transmit 16-QAM, for example, then
K is acomplexpermutation matrix, i.e., a matrix with exactlya. Random Gaussian Channels
one nonzero element froft1, -5} per row and per column.

: i . First, we demonstrate the convergence of the adaptive
In Section VI, we present empirical evidence to support the . :
. Subspace separator of Section V-C. According to (14), we need
conjecture that the MPLL converges to

only demonstrate that the last — n rows of the separator-
R channel cascad®,H converge to zero. We consider again
Q= [KV 0 }fj* (27) the random Gaussian channels of Section Ill with= 10,
0 Vy n = 2, and the signal-to-noise ratio (SNR) of each user fixed
at 27 dB. Fig. 6 shows the energy in each row®fH as a
where, as in (S)ﬂ and 'V are factors of an SVD oWH — function of timek, avera_ged over 100 channels: We see that
the energy of the last eight rows converges quickly to levels
of —40 dB or less.

We now demonstrate convergence of the entire project-first
algorithm of Fig. 5. We consider two users, each transmitting
C. An Adaptive Subspace Separator 16-QAM with 20-dB SNR. Fig. 7 showISE; = E[|z{") —

We now describe an adaptive technique for implementingil)|2] as a function of time, averaged over 1000 realizations of
the subspace projector of Section IV, as shown in Fig. 3(ajput, noise, and a 1& 2 complex Gaussian channel. There
The intent of the front-end filtel® is to implement the are five curves in all. The bottom curve, labeled MMSE, is
m X m unitary matrix (13), separating the signal subspace froMSE; for the ideal MMSE equalizer. The initial subspace
the noise subspace. That ®, minimizes the cost function separator is adaptive for the curve above that, but all remaining
E[||ly, — 2x||%] that measures the energy in the last— »n functions are idealized. Similarly, the other curves are labeled

USV* and Vy is any arbitrary unitary matrix of dimension
m — n.
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AWGN " Subspace 4 o o K
| Separator ~ fLp AGCH | MPLL
Tk T Yk Ty | k
—» H 0 [S] J -~ I-P A Q
mxn : mxm nxm /nxn /nxn : nxn
L e e e L = -
LOSSLESS SHORT WHITENER nxm
Fig. 5. A block diagram of an adaptive project-first WR receiver.
0 T T T T T T T T T Y T T 1 T T T T T T
’ L A =0.025 /250
First 2 rows 7 4 Hp=0.03 (27k/300)
‘ - Ha=0.02 (27300
o0 & - Ao =0.8/(1+ %/200)
—~ Fully adaptive
) - -8 I
= o Adaptive projector, predictor, AGC
o T —
L%) —40 Last 8 rows ur 12 Adaptive projector, predictor |
n
mg W " o = Adaptive projector only
w. MY e
60 ” ) v “lv -16 |-
i A=0.1(27#300) 7| 20 I VSE =
-80 1 L ] I 1 1 | | 1 ] I I 1 | | 1 1 I
0 400 800 1200 1600 2000 0 200 400 600 800 1000
Time Time

Fig. 6. Demonstration of the convergence of the subspace separator: engiigy 7. Convergence of the project-first adaptive algorithm of Fig. 5, show-
in the rows of the separator-channel cascétigH versus timek. ing contributions to MSE from each stage.

to indicate which components of the algorithm are adaptive. 4 T T T T T T T T T

Everything is adaptive for the top curve, with the effect of ]
. . % *
the ambiguous complex permutation matli removed for o
each trial. These curves illustrate the MSE contributed by each f * 7
stage of the project-first algorithm. The subspace separator User 1 User2
converges very quickly and has little impact on MSE. The, —_, ' ]
linear predictor and AGC bank also converge quickly, and tife * "
receiver eventually closely approximates the MMSE solutio(@ _’i ®

= -8
Ay = 0.8/ (1 + £/200)
Hp=0.1/(1 +E/250)
Ly = 0.2 (2 41000y |
Ao =0.8/ (1 +R/150)

B. A Linear Antenna Array Example

Consider a 20-sensor linear antenna array with half- _5
wavelength spacing, and suppose that two signals are incident
at angles?; = 0° and 8, = 20° (measured from broadside).

For this arrangement the channel model is (1) vithy x> = -16 ! ! ! ! ! ! ! ! L
(1/+/20)VB where V;; = exp {j(m/\)(i — 1)sin (6;)} [32] 0 1000 2000 3000 4000 5000

and B = diag (By, B2) where B? is the received power of
the ith user. Each user transmits 4-QAM wifd§ / B = —20
dB, SNR; = 35 dB, andSNR, = 15 dB. Fig. 8 shows Fi_g. 8 Convergenqe of project-WR receiver for the linear-array application
a plot of MSE, versus time, averaged over 100 input an§" Mset constellations near convergence.

noise realizations, with the effect of the complex permutation

removed. The inset shows constellations from time 40G®e Nyquist and the receiver uses a chip-rate-sampled matched
to time 5000 from the last trial. Once again, we see quidHter followed by a serial-to-parallel converter, the resulting

Time

convergence to near-MMSE performance. discrete-time channel is again given by (1) wilsz,3 =
(1/\/@)[61 Co Cg]B where Bs, 3 = dlag (Bl,BQ,Bg) is

C. A Synchronous-CDMA Example a matrix of signal amplitudes. The signature sequences have
Consider now a synchronous direct-sequence-CDMA appfiormalized correlationp;; = 35 ¢f'¢; of p12 = —1/8, p13 =

cation with three interfering users, each transmitting 16-QAM:1/4, and p23 = 1/4. Fig. 9 shows an MSE learning curve,
Let ¢; € {£1}*? denote the binary signature sequence witaveraged over 100 input and noise realizations, WXR; =
length 32 of theith user. If the transmitter pulse-shape filterd0 dB and SNR; = SNR3; = 20 dB. We see that the
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T T C, = P{QW H}"QW, = (QP{W. H})"QW, =
rese srer | P{W, H}*W; = C;, a contradiction. O
. . . APPENDIX I
User 1 User 2 User 3 | PROOF OF LEMMA 2
) I:?E EEEE ‘f Using (8), we can express the error of the WR detector as
e 13417 ERan i
) g e =(CwrH — I)zi + Cywrny
= Ay =0.8/ (1 + K/500) —V[AS — I[V*ay + VAIU*n, (30)
up =0.06 (2 7k/1000) -1 R R
Ha=005(27*1%) 1 whereA = (S? + 02I)~/2. The covariancRe. = Flexe]]
Ao =05/(1+-1000) | of this error is given by
= . 2 )
1 ! ! 1 ! 1 1 1 ! Ree =V |:AS — I:| V* +02VA2V*

0 1000 2000 3000 4000 5000 ~ 929 ~ = 279 e

=V[A28? +1- 248 +0?A%]V

Time .

—2v [I - AS} V*, (31)
Fig. 9. Convergence of the project-WR receiver for the CDMA application

with inset constellations near convergence. ) (i) 127 ; )

The MSE of theith userE[|c,” |?] is then given by (10).

. ) .. Similarly, using (3), we can express the error of the MMSE
algorithm converges quickly, eventually closely approximatingaiactor as

the MMSE solution. The inset constellations show the last

1000 symbols from the last trial. er = (CvmseH — Dz + Crvnisene
=[(H*H +o’1)"'H*H - 1|z}, + (H*H + o’I)!
VIl. CONCLUSIONS “H'n,,

We have presented a blind multiuser detector based on a =(H'H + o2I) " [H'H — (H*H + ¢T)]zs
lossless WR structure. The algorithm uses linear prediction and N P\ s

K . R . .. . +(HH+O’I) H*n,;
projection techniques to exploit second-order statistics first. e i 2 R
The higher order statistics of the channel input are exploited = —0"VA“V7x, + VAS"U'ny. (32)
only at the Ias_t step, by finding a unitary m_atrlx that beﬁthe covariance of this error is
restores the discrete nature of the channel inputs. We have N o y
also demonstrated a new technique for the adaptive separation R, = V[o*A* 4+ 0?A*S?|V* =s*VAZV*  (33)

of signal and noise subspaces. The proposed algorithms offer i ) ) ,
both low complexity and performance approaching that §1d the corresponding MSE of thith user is then given by

the minimum-MSE detector. Future work should extend thegel)' -
techniques to channels with memory, perhaps by applying
temporal prediction [33], [34]. APPENDIX Il
PROOF OF LEMMA 4
APPENDIX | Given an Hermitian matriR of dimensionm x m and rank
PROOF OF LEMMA 1 n < m, there exists a square-root matfsuch tha8S* = R.

Substituting an SVOH = USV* into R,,. = HH* + 21 Since R has rankn, the rows ofS, {s;,s;,...,sm}, span
yields R, = UAU* where A = SS* + 421 is diagonal. @nn-dimensional spacé. Performing the Gram—Schmidt or-

It follows that W = A~1/2U* is a whitener, satisfying thonormalization procedure on the ordered row$ @iroduces
WR,.W* = I and thatWH = A~1/2SV*. Replacing the & Set ofm row vectors{v;, vz, ... ,vn}, exactlym —n of
singular values of WH by unity produces its polar factor Which are zero ana _of which form an orthonormal basis of
JTV*. From Section Ill, the WR detector is the@y g = S- Thus, we can write

JQW whereJQ is the polar factor of WH)*, orJQ = VJ. S—FV (34)
Thus, we haveCyy g = VIW = VIA~1/2U*. This proves

(7). If we define the diagonal matriA = JAJT = (§° + where the rows ofV are the vectorw;, 1 < i < m andF
02T)~'/2 then (8) follows from (7) and the identifA = AJ. is a Gram matrix

We now establish by contradiction the uniqueness of Fy 0
the WR detector. Suppos€; = P{W;H}*W; and Fyy Iy
C, = P{W,;H}*W, denote two distinct WR detectors F=1. . (35)

derived from whitenersW; and W, respectively, where
P{A} =U_,4V7 denotes the polar factor & = US4 V7.

Since W; and W, are both whiteners, there exists awith F,; = (s,u;). There exists a set of» — n unit-norm
unitary Q such thatW, = QW,. It then follows that vectors{#;,os,...,¥mn—n»} Orthogonal to the: nonzero rows

Frnl FrnQ e Frnrn
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of V. Let V be a unitary matrix formed by replacing theHence, for any inverse generalized Cholesky fadvbr!, the
zero rows ofV with this set of vectors. Because the columnproduct (T + BYM~! = M~! is the inverse of some other
of F multiplying the zero rows ofV in (34) are also zero, Cholesky factor. Thus (41) reduces to (19). O

it follows that S = FV. BecauseF may have complex

diagonal elements, we defin& = Fdiag(|F;|/F;;) and

U = Vdiag (F;/|F;|). It follows thatS = GU and that

R = GG*. (36) APPENDIX V
A WR DETECTOR FORCHANNELS WITHOUT NOISE
The factorization in (36) is unique because for any other goth the WR structure of Section Ill and its adaptive
square-rooS # S there exists a unitary matri€) such that jmplementation of Section V are derived under the assumption
S =8Q = GUQ = GU whereU is also unitary. of nonzero noise. Although a good assumption in practice,
The factorG can be decomposed & = MD whereM is  the special case of zero noise is also of interest because
lower triangular and monic and whel® = diag (G) such that jt provides insight into the behavior of the WR detector in
o the limit of high SNR. Therefore, this appendix contains
R =MD"M". (37) a brief summary of a WR detector for channels without
) . ) noise. We emphasize that the discussion that follows applies
If any of the firstn —1 diagonal element®;;, 1 < j < m—1 ", yne \yhiten-first strategy of Section Il only. The project-
of D are Zero, the!" elel_’nenMij,z >J of M are not unique. strategy of Section IV and its adaptive implementation
Therefgre,M IS unique if and only !f the f"sm — 1 rows 9f of Section V-C can be applied to noiseless channels without
S are linearly independent, or equivalently, if and only if th?nodification.
first m — 1 rows (or columns) o are linearly independent. Without noise, the covariance matrix of the observation
vectorry, in (1) is R = HH" with rankn. Therefore, if the
channel is tal(m > n) there does not exist an xm whitening
APPENDIX [V matrix W. Consequently, the whiten-first approach illustrated
PROOF OF THEOREM 2 in Fig. 1 and described by (6) is not valid. Nevertheless, there
Given a strictly lower triangular predict@® and prediction does exist @hortn xm whitenerW satisfyingWHH"W* =
errorey, = (I—-P)ry, the MSEJ = E[||ex||?] can be expressedI. And this identity implies thaWWH = T for some unitary
as matrix T. Hence, the WR filterT*W achieves zero MSE,
which is certainly minimal. In fact, any zero-forcing detector
of the formCr = HI+N (whereN is anyn x m matrix in
whereR = E[r;r}]. Applying the factorization in (18) yields the left null space oH) can be interpreted as a WR detector
when it is factored according to the QR-factorization theorem
J=tr[(I— P)MDQM*(I_ P)*). (39) [23], Czr = QW. Thus, in the absence of noise, the WR
detector is not unique.
Because(I — P)M is monic and lower triangular, it can be According to (18) and (19), the least-mean-square linear-
expressed ab+ B whereB is strictly lower triangular. Thus, prediction errore;, = (I — P)r;. has a diagonal covariance

J =t [(I- P)R(I— P)| (38)

the cost function in terms oB is matrix R, = D?, whereHH* = MD?M* is a generalized
Cholesky factorization. Becaud# has rankn, exactlym —n

J =t [(I+B)D*(I+ B)*] of the diagonal elements dD are zero, which implies that
=tr[D? + BD*B* + BD? + D’B*|. (40) the corresponding components of the error sigaal are

identically zero. Clearly we lose nothing by discarding these

BecauseB is strictly lower triangular, the traces 8D? and zeros, thereby producing a reduced veatprof dimension
D?B* are both zero in (40). Furthermore, the tracepfis 7. Let J denote then x m matrix that extracts the nonzero
independent oB. Thus, it suffices to minimizer [ BD*B*], components Ok, SO thate, = Je,, has covariance matrix
which is clearly accomplished by any strictly lower triangulaRez = JD°J* = D* whereD = JD is a full-rankn x n

B in the left null space oD. The best predictor can thus bediagonal matrix containing all of the nonzero components of
expressed as D. The diagonal filterD~! then whitens the reduced error

signal. Ann x m whitening matrix can thus be expressed as
P=T- (I+1§)M—1 41 W =D'JI-P)

The preceding development suggests a method for blind
adaptive implementation oW for the case of low noise.
The adaptive predictor of (20) is guaranteed to converge to
a solution of the form (19). After convergence, the— n

. . vk L\ components of the prediction error that are nearly zero can
[(IJFB)M }R[(M ) (I+B) } be discarded. The: remaining error components can be
. =\ 2 S\ e adaptively scaled according to (21). (The MPLL can be applied
o (I+ B)D (I+ B) =D (42) without modification after the whitener.)

with B so defined. Observe théf + B)M ! is both monic
and lower triangular, and that it diagonalizBs
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