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A Multidimensional Phase-Locked Loop
for Blind Multiuser Detection
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Abstract—This paper concemns the problem of blind multiuser knowledge of the statistics of the channel inputs. The blind
detection, a special case of the blind source separation problem multiuser detection problem is a special case of the blind source
in which the source signals have finite alphabets. Specifically, we separation problem [7] with the restriction that the sources are

address the problem of identifying and resolving then X n uni- finite-alohabet diqital icati - Is havina th
tary matrix ambiguity U that results from whitening the receiver inite-aiphanet digital Communications signais naving te same

observations, wheren is the number of sources. We propose the Signaling rate (and often the same alphabet).
multidimensional phase-locked loop (MPLL) as a generalizaton A common and effective strategy for implementing a blind
<|\J/1I‘PaL Lsca:jar ?eCiSion-(ltlifeC:ed Ff"—é to VeCé‘_)f-Vatluet(:] signals. The multiuser detector is to decompose the process into two steps
4 adapts an estimate of U according 1o the recursion py first\whitening and then rotating [8]-[21]. The whitening step
g{;ilon_ dgs;’a’ir%hfs %ﬁl;s ?hnen’;ﬁ:rnrzzzliegﬁll gbc:ésrggg(l)?fr}“ﬁg requires only second-order statistics and is well suited for blind
O(n?) complexity of an efficient implementation of the algorithm implementation. The effect of whitening is to transform the un-
is extremely low. Nevertheless, simulation results demonstrate known channel matrix into an unknowmitary matrix of di-
good convergence properties and superior steady-state perfor- mensionn x n, wheren is the number of users. The focus of
mance when compared with prior techniques. The algorithm is s haper is on the second step of rotation, which blindly iden-
also able to accommodate large alphabets and shaped alphabets. ... . . .
tifies and resolves this unknown unitary matrix.
Index_Terms—Adaptive unitary filtering, finite alphabets, source Among the previously proposed blind source separation al-
separation. gorithms, many do not constrain the alphabets to be discrete.
For example, Cardoso and Souloumiac proposed the joint ap-
|. INTRODUCTION proximate diagonalization of eigenmatrices (JADE) algorithm
. . . 10], which is an effective separator that places few restrictions
ARLY strategles for managing interference n wweles%n the source signals. (See also [20]). It estimates the columns
. communication networks were based on a philosophy gf 11 o the eigenvectors of an? x n? sample cumulant
interference avoidance, whereby multiple users competing fatrix. The main drawbacks of JADE are its batch-oriented

the same medium were allocated orthogonal channels in SPatsture, making it ill-suited for time-varying channels, and its

time, or frequency. In contrast, modern networks UtI|IZInHi h O(n*) computational complexity [22]. Another example

code- or space-division multiple access are (by design) SUbjféC he equivariant adaptive source separation (EASI) algorithm

to a s_ign_ificant amount of r.r!“'“‘_lser iptgrferendﬁultiuser 23] of Cardoso and Laheld. It is an adaptive algorithm whose
detectionis the process of mitigating this interference throug (n3) complexity is significantly lower, albeit with slower con-

_signal pr_ocessing a_\t the receiver with the aim of recovering tt}Srgence. Lower still in complexity is th@(n2?) adaptive al-

mformatllon trar?smltted.by each user. . . gorithm of Zarzoso and Nandi [24], but its convergence speed
A partially bI|nq multiuser detector exploits _partlal knowl—iS comparable to that of EASI, and it is untested in noise.

edgg of the matr|?< channel that maps transmltteq sympols ©other separation algorithms require knowledge of a specific

receiver observations. For example, the gener_ahzed S'del_ Bperty of the alphabet at the receiver. For example, the clus-

canceler [1], MUSIC [2], and ESPRIT [3] algorithms exploitgying aigorithms of [19] and [25] exploit the finite nature of

k_nowledge of the array geometry, and the code—division-m%e symbol alphabets, but they are batch-oriented and restricted
tiple-access detectors of [4]-[6] exploit knowledge of th binary alphabets, and their exponent¥l") complexity is

sign_ature sequence of th_e desired user. In contrast to ffn prohibitive. A related approach wi(n*) complexity is
partially blind problem, this paper concerns the fully blind, ,,seq by van der Veen [26]. Constant-modulus algorithms
phroblﬁm n IW h'Ch. the receglerhhas frzoprion knowleld_ge Olf [21], [27], [28] have low complexity and can be effective for
the channel matrix. Instead, the receiver can exploit only i alphabets but suffer from slow convergence and can fail

. . _ _ with shaped alphabets.
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sense that it is not derived according to any criterion of optivherex; is as before, wher@l is an unknown (nonunitary)
mality. Although the scalar PLL has been tied to Kalman fileomplex-valuedn x n channel matrix withrn > n and full
tering [29], we make no such claims for the MPLL. Neverthezolumn rank, and where;. is a complex circularly symmetric
less, we will see that many of the same features of the scalar Pivhite-Gaussian noise sequence satisfyihigv, wi] = o?L. If
that make it a workhorse in the scalar setting carry over inld = Q.+, S, x» Unxr IS @ truncated SVD for whicl*Q =

the higher dimensional problem of adapting unitary matricebl*U = I andS is diagonal, ther, S, ands may be recov-
Specifically, the MPLL algorithm has the following attributes.ered blindly using second-order statistics only, namely, from

. Itis adaptive. an eigendecomposition df [r,ri] = QS?Q* + oL It fol-
. Its O(n?) complexity is significantly lower than prior lows thatW = S~'Q* is ann x m whitening matrix and that
techniques. vr = Wr, accomplishes the whitening step. Then, the unitary
« It has good convergence properties. model of (1) describes the whitened dgta= Wr},, where the
+ Its decision-directed nature leads to excellent steady-staise autocorrelation matrix B2 = o2S~2,
performance. For the convolutive case of channels with memory, a combi-
« It can accommodate higher order alphabets and Shag@jion of spatial and temporal Whitening will also lead to the
alphabets. unitary model (1) [13], [17], [30]. Alternatively, the whitening

The MPLL algorithm is also conceptually simple, with a usefuit®P need not be based on second-order statistics; for example,
geometric interpretation that will facilitate its application to nevi@ Whitener based on higher order statistics and a vector con-
areas. Finally, the MPLL is parameterized by only a single pant-modulus algorithm has been proposed [21], [28].
rameter, which helps contribute to its robustness.

The remainder of this paper is organized as follows. In Sec-
tion 1, we present our system model and problem statement. In lll. PHASE-LOCKED LooP

Section Ill, we review the scalar PLL and then present its multi- ) L .
dimensional extension. In Section IV, we present numerical re- Ve describe the multidimensional PLL (MPLL), a low-com-

sults, illustrating the effectiveness of the MPLL algorithm, ~ Plexity technique for adapting a unitary matrix. Since the MPLL
can be viewed as a generalization of a scalar PLL to vector-

valued signals, we begin by reviewing a first-order scalar PLL
for carrier phase synchronization.
We consider a memoryless unitary channel in which the re-

ceiver observatioly; = [y, .. .yk<")]T attimek is given » scalar PLL

Il. CHANNEL MODEL AND PROBLEM STATEMENT

by
A single-user quadrature-amplitude modulation (QAM) com-
yi = Uxp +ny (1)  munication system with carrier-phase offset is a special case of
T (1) in which all signals are scalars. In this case, (1) reduces to
wherex;, = [z ™),...2,(™]" represents a vector of trans-

mitted symbols,U is an unknownn x = unitary matrix,
and where the noisa; is a complex circularly symmetric
Gaussian noise sequence with diagonal autocorrelation matri . . .
E[rliknl*] . EIDQ anquu [ WIII*] _I gfor ml; 0 wheré( ) vvlﬁ(eree is the unknown phase;;, is the transmitted symbol

. k — ‘-I—rn, k — y . . . . .
denotes complex conjugate transpose. We assume that th%hqsgn from a f|n|te alphabet, ami Is the noise. The vast'
symbol sequences are mutually independent, with symbolsni] jority of p_ractlcal recevers mitigate S.U.Ch phe}se offset using
each sequence being chosen independently fropossibly a LL._ In Fig. 1(a), we depict the traditional first-order dis-
distinct (although often identical) finite alphabets. The alphg—r?lfﬁ'tmle P:‘L' f the PLL | | iivated by first
bets are assumed to be knowarpriori at the receiver and are € structure of the 'S easi y_moy \vated Dy first ne-
normalized to have unit energy so th&tx;x;] = I The glectmg noise. Le¥; denote the receiver's estimate éfat .
problem addressed in this paper is straightforward: Given tH@e_k', In an atteg;gt to cancgl the phaitjéf)ffset, the receiver
unitary model (1), blindly and adaptively identify and resolv&ultiplies yx by ¢™/%, producmgzﬁk: ¢ "ty In the ab-
U. We remark that while not strictly necessary, it is advarp€"ce Of ?lo'sej this reduceSth;lf xlk, wheree;, = § — 9?1
tageous for the receiver to exploit the fact that the channel§nOtes thestimation error With knowledge ofcy. (i.e., wit
unitary because this reduces the number of degrees of freedGaing), the receiver may then recovr by measuring the

and thus may lead to better performance, faster converger@%%le betweem; andz;. If this angle is known exactly at time
or lower complexity. k, the receiver can force the estimation error to zero at time

The unitary model of (1) may arise in a wide variety®+1 Py choosing the next phase estimate t#hg, = 6y +ey.

of applications, including blind multiuser detection, blind TN€ impact of noise is to prevent the receiver from knowing
beamforming, array-to-array (MIMO) communications, ané exaptly. Leté, denote t_he receiver’s estimatesqfat tlmgk,
multicarrier modulation. For example, consider the problem gf estimated by measuring the angle betweeand 2 using
blind multiuser detection for an-user system in which thith ~ thephase detector

observation at an array ef sensors is

&, =sin"* {Im T2k
ri = Hxy 4+ wy, (2) g |75 25| )

Y = e xp + N
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Fig. 1. (a) Phase-locked loop for scalar channels. (b) Its equivalent model. (c) MPLL for matrix channels.

Because of noise, this estimate differs frep As illustrated in  whereZ;, is the alphabet symbol closest4p. The PLL shown
Fig. 1(a), afirst-order PLL updates the phase estimate accordingd-ig. 1(a) is decision directed.
to [31]: We now present an alternative model of the scalar PLL that
will facilitate its generalization to vector-valued signals. The al-
~ ~ R ternative model is shown in Fig. 1(b) and is precisely equiva-
D1 = Or + Ak () |ent to that of Fig. 1(a). The basic difference here is that pro-
here th ter € (011 is referred t the | fil cessing is performed o = ejehdirectly instead of indirectly
\évaiirgr stiz Sizgerzne(:hogsi( dé:] ;Si;easgr%pr;{ae Sonl? iﬁc')nﬁelaﬁt via 6. In particqlar, lett;, = e/ denote the receiver's esti-
y mate ofU = ¢/¢ at timek. Rather than viewing the VCO as

sence of noise. A smaller gain will mitigate noise at the expense _ . umulator followed by a complex exponentiator, we opt
of slower convergence and poorer tracking (for the case Wwhen '

varies with time), A proper choice of trades off conver encemstead to view it as a complex exponentiator followed by a
- A Prop 9 product accumulator so that the VCO output can be rewritten

speed and tra.cklng capat?lllty for noise 'mm“”'“(g . aslf, = Hé;_ol exp(jAé;). By definition of the phase detector,

The block d|§1gram of Fig. 1(a) ghows the traditional view C_U\/e may interpret the termxp(j&;) as the unique unitary scalar
the PLL described by (3), consisting of a phase detector Wit rotatess; /|| to z;/|2|. To emphasize this interpretation,
outputéy, a loop filter with output\é,, an accumulator with |« introduce the new notation

output 8, = )\Zf;& ¢;, and a complex exponentiator with
outputc®s = exp (jAS¥0 ¢,). The cascade of the accu-
mulator and complex exponentiator is commonly referred to abe VCO output may now be expressed 8B =
a VCO, in deference to its analog origins. In the absence Hff:_& RM#; — =z}, where RM#; — =z} may be inter-
training, the PLL can be operated irdacision-directednode preted as the unique unitary scalar that rotates a fractioh
by substituting decisions; in place ofz;, in the phase detector, the way fromi; /|Z;| to z;/|z|.

R{#; — 2} = exp(jé;).
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As shown in Fig. 1(b), we define thetation detectoms the i) R{xx — zi}xe/l|Xk|| = 21/ |25 |-
cascade of the phase detector, loop filter, and exponentiator. Thé) R{%X; — z;}w = w for anyw L Spad Xy, zx}.
rotation detector takes two inputg,(andz,) and produces the  Even with the second constrailR{x; — z} is not unique.
output R 2y — 2 }. Simply stated, the rotation detector proWe can make it unique by choosing tResatisfying conditions
duces the unique unitary scalar that rotates a fractiaf the i) and ii) that minimizes the Frobenius distance betwReand
way from one of its normalized inputs to the other. The VC@he identity matrix; this strategy is intuitively pleasing because
outputffk = H;“;Ol RM2; — z;} can then be generated recurwe expectR to approximate the identity near convergence. As
sively using shown in Appendix A, the unitary matriR closest to the iden-

tity and satisfying conditions i) and ii) is

Uk-{—l = ﬁkR)\{aAjk — Zk}. (4) R
R{xk—>zk}=I+[x | V]
This recursion is a compact and exact description of a first-order e 1 _eiag x*
decision-directed PLL. X s 1 } [ v } (6)

That the PLL always converges is not immediately evident,
given that it is both blind and decision directed, and initial decwherep = x*z is the inner product betweex = X /||Xx ||
sions will almost surely be incorrect. (A decision-directed LMSaNdz = z/[|zx||, wherec = |p| < 1, wheres = /1 — [p|?,
based linear equalizer is known to be a poor blind equalizer, fsherec’> = p/|p|, and wherev = (z — px)/s is chosen so
example.) Indeed, with a 16-QAM alphabet and in the abseni®@t{x, v} forms an orthonormal basis for the spanxcdndz.
of noise, Simon and Smith [32] have shown that the output 6Pr the singular and rare case|pf = 1, we setv = 0 in (6).
the phase detector is identically zero when the phase erroA&expectedR{X; — z;} reduces to the Householder matrix
er = 22.5° or E[é,]er = 22.5°] = 0. For sufficiently small I — 2xx* whenz = —x.
step size\, thereforeg;, may linger neae;, = 22.5° foralong  In principle, we may use (6) directly in (5). However, this
time. In theory [32], however, such misconvergence will not la¥ould require thaR be raised to a fractional powerat each
indefinitely; even for zero noise and infinitesimgl an appro- iteration. In practice, we can avoid this computationally inten-
priate sequence of symbols will eventually occur that allows ti§éve task by solving foR* directly as a function ok, andzy.
PLL to escape this local minimum, aegl is guaranteed to con- As derived in Appendix A, wittR. given by (6), R* may be ex-
verge eventually to a multiple of 90Fortunately, in practice, Pressed as
there is always noise, andis always significantly larger than -, » (.. .
zero, both of which prevent the PLL from getting trapped inde{{ i = 7} _AI + [X | V]
initely in an undesirable stable point. For this reason, the exis- X dy +ys—1 z(dl —p) } [x—*} @)
tence of local minima rarely causes a problem in practice. Ydy—p)* di —ys—1 v

- . wherep, s, andv are as defined in (6); wherg = e/ and
B. Multidimensional PLL dy = ce 93 with e = 0/|uf, A = cos L(|u), andp = (p +
In this section, we generalize the scalar decision-directgg])/2; and wherey = jse sin (AA)/(sin(A)|d; — p|).
phase-locked loop of the Section Il to vector-valued signals. The expression foR* in (7), together with (5), defines the
Assume the model (1), and |&f; denote the receiver's esti-MPLL algorithm. Itis parameterized by the step skze (0, 1].
mate of the unitary matri¥J at timek. Letz, = Uy, denote We emphasize that the MPLL is a true generalization of a scalar
the MPLL output, and let;, denote the receiver’s estimatePLL and that (5) and (7) collapse to a conventional scalar deci-
of x;, as found through either quantizimg or via training. sijon-directed first-order PLL when = 1.
(In the former case, théh component of, is taken as the  We remark that because matrix multiplication is not commu-
element of theth alphabet closest to thith component of;.) tative, we had to make a choice about the orderin@gfand
Generalizing (4) to higher dimensions leads to the following, = R*{%; — z;} in (5). Our choice to postmultip§;,
recursion for updating the receiver’s estimatd.of by Ry, is easily motivated on heuristic grounds. By definition
N o DAre of the rotation detegtoRzzk should be closer t&;, than was
Uit = UlRM % — 20} ®) z, or equivalently(U; Ry )*yx should be closer t; than was

whereR? is the rotation detector output at tinke as shown UrYx, where we used, = Ujyy;. However, from (1), we have

in Fig. 1(c). The key question is how to define this rotation detx = U +ny; therefore, another equivalent statement is that

tector. Extending the scalar definition, we will require that it palt/x R+ should be closer t&] than wasUy. It thus follows that

tially rotatexy, /||Xx|| to zx/||zx . Unlike the scalar case, how-the postmultiplication in (5) is the natural choice.

ever, such aR* is not unique. We define a suitadRe® in the The multiplicative recursion of (5) can be implemented as an

following. additive recursion with lower complexity since the difference
Because the two inputs B.{X; — z} lie within the sub- Dx = R* — T'is a rank-two matrix consisting of the sum of

space spanned b, andzy, the rotation detector at timecan four outer products. Specifically, substituting (7) into (5) yields

learn nothing about vectors orthogonal to this subspace, and ° _T °

hence, it is intuitively reasonable to limit the action of the ro- Utr = U+ UrDy. ®

tation detector to this subspace. This observation suggests i@ matrix multiplication in (8) has only(n?) complexity,

R{%X) — z;}w = w for anyw L SparXy,z:}. We will thus which is significantly less than th@(n?) complexity of a di-

require that the unitarf satisfy the following two conditions: rectimplementation of the matrix multiplication in (5). Both re-
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cursions preserve orthogonality exactly, without the need for .
extra normalization step (like that used in [23]). s

While an analytical study of the convergence of the MPLL hei'
proven difficult (see [21]), the numerical results of Section Ng
demonstrate that, like the scalar PLL, the MPLL exhibits gocis
convergence properties.

C. Reduced-Complexity Approximations to the Rotation
Detector

The rotation detector of (7) is expressed as a fun
tion of the angleA = cos™ (|p+ |p||/2) and the factor
v = jse’sin(AA)/ (sin(A)|d; — p|), neither of which
possesses a straightforward geometric interpretation. The cc=
plexity required for computingh and~ may also be significant
in certain applications. As alternatives, in this section, w
present two approximations to the rotation detector (7); bo
approximations have reduced complexity and are somewhat

easier to interpret than (7). Fig. 2. Convergence slows with increasing alphabet size.
First, from (17) in Appendix A, we have that

NSTANTANEOQUS ESTIMATION

R— [Gm 0} [COS(e) —Sin(e)} U*WH to the identity matrix. However, there are two am-

0 1] [sin(f) cos(6) biguities in the blind setting that make this goal unattainable.
First, the ordering of the users is arbitrary and unobservable,
and second, rotating each user’s alphabet by certain angles may
also be unobservable. These two ambiguities are inherent to any
' blind source separation problem and are captureddmnaplex
R ~ {CM‘X 0} [COS(M) - Sin(w)} permutation matrix?, which we define as any matrix express-

0 1| |sin(A8) cos(NG) |~ ible as the product of a permutation matrix and a diagonal uni-

This approximation possesses a simple geometric interpretaﬁﬁw matrix. Thus, the actual goal of a blind multiuser detector is

as a partial plane rotation followed by a complex scalar rotatiof?, 'o7¢€ the channel-whitener-rotation cascadartpcomplex

It also requires fewer operations than (19). The approximate REMutation matrig. _ _
tation detector that results is given by Consider a squarex3 3 version of the multiuser channel (2),

with each of the three symbols iy, being chosen i.i.d. uni-
R{x; —z1} =1+ [x | v] formly from a unit-energy QAM alphabet, and assume that an
P cos(Af) — 1 —er sin(A6) x* 9 ideal whitenefW = S~1Q* is used, wherd = QSU is an
sin(A0) cos(\@) — 1 } { } ©) SVD. The performance of the blind MPLL algorithm (7) and

) o g8n) is shown in Fig. 2, where we plot the instantaneous esti-
Second, we can derive another approximation to the rotati

. o 2 . .
detector (7) by introducing an intermediate veegr= Az; + mation errorf|U; WH = Py||,; versus time for three different

(1—)\)%;, betweeng;, and;.. Based on the observation that th&IPhabet sizes: 4-QAM, 16-QAM, and 64-QAM. Hei is

. Ao . ) computed anew at each timkeas the complex permutation ma-
true rotation detectoR*{x; — z;} will approximately rotate . ey
I : s . trix closest toU; WH. The channeH was generated randomly
x1/||Xx|| to zx/||zA||, we may approximate (7) using

withi.i.d. A°(0,1/+/2) real and imaginary components, the SNR
RM% — 21} ~ R{Xp — za} (10) wasl/o? = 60 dB, and the MPLL step size was= 0.8. The
. . ) ) performance of the JADE algorithm is also shown in Fig. 2.
whereR{x; — z,} is computed from (6) withx replacingzx. ~ aseq on Fig. 2, we make the following observations. First,
For the special case in which all alphabets are real, it is sho convergence of the blind MPLL slows as the size of the al-

in [21] that (10) is equivalent to (7), albeit with a different valug,, . ots increases. This is because initial decisions are less likely

for . . to be correct when the alphabet is large. Nevertheless, even with
Although (9) and (10) only approximate (7), they are equa"é’4-QAM, the blind MPLL converges successfully after 95 itera-

valid extensions of the PLL to higher dimensions in the senﬁgé;f& Second, the blind MPLL converges faster than JADE, and

}hat th((ajy both reiuce toa coEventi?nal scalar d%cision-ldir(.aqp ers superior steady-state performance. This latter fact is due
irst-order PLL whem = 1. The performance and complexity rimarily to the decision-directed nature of the blind MPLL. In

of the two approximations (9) and (10) will be compared wit ontrast, JADE does not exploit the finite-alphabet property.

the true rotation detector (7) in the Section IV. The steep slopes of the MPLL curves in Fig. 2 are typical
of an individual trial, but the exact instant at which the error
drops can vary significantly from one trial to the next. Indeed,

At first glance, it might seem that the goal of a blind multhere may exist symbol and noise realizations for which the
tiuser detector is to force the channel-whitener-rotation cascaaimd MPLL converges slower than JADE. To better illustrate

the product of two matrices, whefe = cos—*(|p|). Raising
each of the two matrices to the poweindividuallyleads to the
approximation

V*

IV. NUMERICAL RESULTS
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Fig. 4. User 1 constellations at different times (columns) and different SNRs
Fig. 3. Convergence slows as the number of users increases. (rows).

average performance, we now average the instantaneous resittsal (2-D) subspace defined by its two inputs at that time, and
over 1000 independent trials. This time, we fix the alphabet laénce, it must average over many iterations in order to compen-
{#+1 + j}/v/2 and vary the number of users As before, we sate for a rotation in the fult-dimensional space.

assume an ideal whiten® = S~!Q*, whereH = QSU is Like the scalar PLL, the MPLL is effective at low SNR. Con-
an SVD, SNR= 1/0” = 60 dB, and\ = 0.8. The average per- sider the system (2) with = 2 independent 4-QAM users and
formance of the MPLL algorithm is shown in Fig. 3, where wen ideal whiteneW = S~1Q*. The performance of the blind
plot average estimation err¢fU; WH — Pk||2> versus time MPLL algorithm is illustrated in Fig. 4, where the first-output
for n € {3,4,5}. Here, the operataf) indicates an arithmetic constellations are shown after 20, 40, 60, 80, and 100 itera-
average over the trials, ari®, is again the complex permuta-tions. (The constellation at tim& € {20, 40, 60, 80, 100} was

tion matrix closest tdJ +*WH. The results were averaged ovegenerated by passing 30 000 symbol vectors through the noisy
1000 independent symbol, noise, and channel realizations, witrannel while holdindU fixed at U .) The results are shown

H having i.i.d. A’(0,1/4/2) real and imaginary componentsfor SNR = 1/57 values of 4, 6, 8, and 10 dB. The chanigl
Two cases are shown: The blind MPLL algorithm generates th@s generated randomly with i.i.8/(0, 1/v/2) real and imag-
symbol estimateg;, in (7) using a memoryless component-wisénary components, and the MPLL step size was- 0.1. The
decision device, and the trained MPLL algorithm uses the actuigicision-directed MPLL performs well for SNR as low as 6 dB,
transmitted symbols; in place ofxy. despite the occurrence of frequent decision errors.

We should emphasize at this point that the trained MPLL is To examine the impact of SNR on the MPLL performance
not a blind receiver since it has access to all of the transmittgitistics, consider again the system (2) witk: 2 independent
symbols. Nevertheless, the trained MPLL is of interest for thrdeQAM users. We applied the MPLL algorithm with = 0.2
reasons. First, it provides an empirical bound on the perf@ver 40000 independent channel, noise, and symbol realiza-
mance of the blind MPLL. Second, by comparing the blintions, where the components of the charHelvere generated
MPLL to the trained MPLL, we can immediately discern th&andomly with i.i.d.A/(0,1/+/2) real and imaginary compo-
impact of incorrect decisions on the performance of the bliritents and using an ideal whitener. The performance of the blind
MPLL. Third, a trained MPLL may be useful in unrelated nonMPLL is compared with that of the trained MPLL in Fig. 5,
blind applications that are beyond the scope of this paper; fshere we plot performance as a function of SNR 1/0?
example, a trained MPLL may be used to adapt unitary matrica&er 400 iterations. In this example, we measure performance in
to implement a singular-value decomposition of the channel niree different ways, using mean-squared error, median-squared
trix [17], [33]. error, and 90%-percentile squared error. All three performance

Observe from Fig. 3 that the trained MPLL converges signeasures take the forf U3 WH — Py|| ) with & = 400 but
nificantly faster than the blind MPLL. The initial sluggishnessvith the operatof-) appropriately defined in each case.
of the blind MPLL can be blamed on the fact that many of the We make a number of observations based on Fig. 5. As ex-
decisions are initially incorrect. The initial decision errors argected, the estimation errors decrease with increasing SNR. In
not catastrophic, however; the performance of the blind MPL4ll cases, the blind and trained MPLL curves have the same
eventually equals that of the trained MPLL. In addition, obsenstope at high SNR. The performance penalty of the blind MPLL
that for the trained as well as the blind MPLL, the speed of corelative to the trained MPLL seems to depend on which per-
vergence decreases as the number of users increases. This laterance measure is used. In terms of mean-squared error, the
fact is not surprising, given that at any iteration, the MPLL iblind MPLL never attains the same performance as the trained
able only to compensate for a rotation within the two-dimemPLL, with a SNR gap of about 2 dB. Nevertheless, the blind
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& Fig. 8. Constellation of the first output for the (a) JADE and (b) blind MPLL
S I b detectors, using a shaped input alphabet.
UE) 7 .
i 1 k4 me’™/3:k,m € Z} the 26 elements closest to the origin.
To shape the alphabzet, the symbols are chosen i.i.d. according to
I S~ 1 thepdfp(a) = ce~lel", with cchosen so thdt, p(a) = 1. The
0 & i . sz resulting alphabet satisfigs]|a|*]/ (E[|a|?)” = 1.97, whichis

-60 -50 -40 -30 -20 -10 0

close to the complex-Gaussian value of 2. Consider a two-user
INSTANTENOUS SQUARED ERROR, dB

system, with both users independently drawing symbols from
Fig. 6. Histograms of estimation error for different values of SNR, wit{hiS shaped alphabet. The performance of the blind MPLL is
training and blind. compared with that of JADE in Fig. 7, where we plot average
estimation error versus time. The results were averaged over
and trained MPLL do agree at high SNR in terms of mediad000 independent symbol, noise, and channel realizations, with
squared error and 90%-percentile squared error. Apparently, Hiehaving i.i.d. A’(0,1/4/2) real and imaginary components,
blind MPLL departs from the trained MPLL only on a smalwith SNR = 1/02 = 20 dB, and with a time-varying step size
fraction of trials, which nevertheless has a substantial impactaf = 1/(1 + k£/100). The MPLL is seen to consistently con-
the mean-squared error. This bimodal behavior leads to similearge even with shaped alphabets, which is a by-product of its
median and percentile measurements but differing mean mdaeision-directed nature. In contrast, the JADE algorithm fails.
surements. The bimodal statistics are illustrated more direciife results of a single typical trial are shown in Fig. 8, where
in Fig. 6, where we plot histograms of the squared estimatiaonstellations are shown for the first output of both the MPLL
error from this experiment for different values of SNR. For thand JADE algorithms, based on the final at titne- 600. Only
most part, the performance histograms for the trained and blitihee MPLL is able to faithfully reconstruct the original alphabet.
MPLLs coincide, even at low SNR, except for the heavier tail To test the performance of the MPLL in the presence of fre-
for the blind MPLL at high estimation errors and low SNR. quency offset between the transmitter and receiver local oscil-
The blind MPLL is also effective in the presence of shaped dktors, consider the system (2) with= 2 independent 4-QAM
phabets with probability density functions approximating that afsers. To emulate frequency offset for user 1, the channel matrix
a Gaussian distribution. As an illustration, consider the compl&kin (2) is replaced by a time-varying mat®#; = Hy©®;, with
alphabet defined by choosing from the hexagonal laficeé + ©;, = diag{</2"*2/T 1}, where Af is the frequency offset
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the complexity of (8) eventually dominates for largeregard-
less of how the rotation detector is implemented.

o0 L V. SUMMARY

_______________________________________ e We have proposed the MPLL as an extension of the scalar
-30 |- 1 first-order PLL to vector-valued signals. We have demon-
strated the effectiveness of the MPLL in the context of blind
A0 oo oY multiuser detection or blind source separation with finite-al-
phabet sources. Despite its decision-directed nature, the MPLL
exhibits good convergence properties, with fast convergence
and excellent steady-state performance. The MPLL is able to
accommodate shaped alphabets and carrier frequency offset.
Furthermore, the complexity of the MPLL is oni@(n?),
wheren is the number of sources. Further results on the MPLL,
including a second-order extension and an empirical conver-
TIME gence study, may be found in [21]. Still lacking is a theoretical

understanding of the convergence properties of the MPLL.
Fig. 9. Performance of a trained MPLL in the presence of frequency offset.
For eachA fT, results are shown for the three MPLLs that result from using
(7), (9), and (10) for the rotation detector. The inset shows the corresponding APPENDIX

complexity. DERIVATION OF THE ROTATION DETECTOR

/

2sin¥(nAFT/ )

-50 | 366 370

AVERAGE ESTIMATION ERROR (dB)
\

-80

USING (7)

FLOPs per ITERATION

-70

Letx, z € C™ satisfy||x|| = ||z|]| = 1. LetR denote the uni-

(in Hertz) between the transmitter and receiver local oscillgary matrix closest in Frobenius distance to the identity matrix
tors, andl /7 is the signaling rate. Assume an ideal whitenghat satisfiedRRx = z andRw = w for anyw L Spafix,z}.
W = S'Q*, whereH, = QSU, andH; = QSU, are |n this appendix, we show th& is given by (6) and thaR* is
SVDs, withU, = Up®;. The ideal whitener is seen to begiven by (7).
time-invariant and independent & f. In this case, the uni- | ety denote the inner product
tary model of (1) applies but with a time-varying ambiguity
Uy = UpQy. p=x"z. (12)

The performance of the trained MPLL with frequency
offset is shown in Fig. 9, where we plot average estimatiddecausex andz are unit lengthp satisfies|p| < 1. Con-
error ||Uy, — Uk”i* versus time forA f7° € {0,0.001,0.01}, Sider first the casép| = 1, which _implies thatz = px. Let
SNR = 80 dB, andA = 0.9. The results were averaged oveV = [X, V2, V3, Vy,...,v,] be aunitary matrix whose columns
10° independent channel, symbol, and noise realizations, wfffm a basis fox’™. In this case, the set of all unitary matrices
H having i.i.d. A(0,1/v/2) real and imaginary componentsMappingx to z is given by
The good performance demonstrated in the figure indicates
that the MPLL is able to track the time-varying unitary matrix R=V {p 0} V* (12)
ambiguity, albeit with a small steady-state error that increases
:ci_nearl)(/j WiIchLLAf.' thIassicaI Iin;ar anzlysii ofba singlef—us_e]ror some(n — 1) x (n — 1) unitary matrixJ. To ensure that
irst-order with frequency offset and in the absence of noi _ _
predicts a steady-state phase offsepef 27 A f1/A[31]. The ?ﬁ;fzkv‘i’sfor w € Spar{x,z}, we must havd = T. It follows
simulation results of the MPLL are seen to match this prediction
since||diag{c’?, 1} — T||2. = 2sin®*(¢/2), as depicted by the RN T+ (p* — 1)xx* (when|p| = 1). (13)
dashed lines in Fig. 9.

Fig. 9 also illustrates the impact of using the approximate re+;s is identical to (6) withv = 0.
tation detectors of (9) and (10) in place of the original rotation gy, the other hand, ifp| < 1, thenx andz span a 2-D sub-
detector of (7) in the MPLL update of (8). Close inspection afyace. Let us introduce the angtes= sin ' (Im{p/|p|}) and
Fig. 9 reveals that for each value &ff7', there are three nearly g — ¢os—1(|p|) so thatp may be written ag = ¢/ cos(6).
indistinguishable curves shown in Fig. 9; from lower to Uppefet {x v} be a basis for the span afandz, where from the

these three curves correspond to using (7), (9), and (10). TBEym—Schmidt procedure, we have
figure indicates that the approximations (9) and (10) converge

slightly slower than the original (7) but with no perceptible per- (z — px)

formance degradation at steady state. The inset to Fig. 9 illus- V= sin(6) - (14)
trates the corresponding complexity reduction, with an MPLL
based on the approximations of (9) and (10) requiring 74 ah€t V. = [x,Vv,v3,v4,...Vv,] be a unitary matrix whose

75% fewer FLOPs (as measured using the MATLAB flops congolumns form an orthonormal basis for*. In terms of this
mand) per iteration, respectively, than the original based on (Ppsis,x andz are described gy the vectofs 0, ..., 0]" and
This reduction in complexity diminishes with increasingas  [e/* cos(6),sin(6),0,0,...,0]", respectively. However, any
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unitary matrix mapping1,0]” to [e/* cos(e),sin(e)]T must  [7]
have the Givens-like form

8]
- e cos(f) —sin(8)] [1 0
R = [ 0 1} {Sin(&) cos(f) 0 eiB—a) (15) o
for somes € (—n, n]. Therefore R must take the form
R [10]
R 0
0 [11]

whereg € (—n, 7] andJ is some(n — 2) x (n — 2) unitary
matrix. Again, to satishRw = w for anyw L Sparfx,z}, [12]
we must havel = 1. It is easy to see from (15) that choosing

3 = a will minimize the Frobenius distance betweBrand the  [13]
identity matrix, in which case, (15) reduces to

A A e el G

From (17) and (16) witld = I, R reduces to (6). [15]
We now derive the expression flR> of (7). Sinycef{ of (17)

is unitary, its eigendecomposition takes the fdRn= VDV* [16]

with D = diag{d;, d»}, where botHD and'V are unitary [34].

It can be verified that [17]

V= V1—p2  —jpeicl? 18 (18]
- inp—ia/2 2 (18)
—jpe 1-p
NN i [19]
and d; = /%2698 dy, = /27D where A =
cos™" (|p + |pl|/2), and

[20]

in (2 [21]
p= 1 1_|p|.sm(2) '

2 sin(A)
[22]
We can then compu®* asR* = VD*V*, which, after some

manipulation, reduces to [23]
5 dy+vs  ~(di —p)

R = 2 . 19 24

Ydi—p)* dY s (19) 4

where [25]
y = jeiar2 sin(f) sin(AA) .

sin(A)|dy — p| [26]

From (19) and (16) witd = I, R* reduces to (7). QED. o7
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