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Abstract—Narrow beamwidth and inaccurate angle-of-arrival
(AoA) estimation make perfect beam alignment difficult in
millimeter-wave (mm-wave) systems. The extent of beam mis-
alignment depends on the uplink received signal-to-noise ratio
(SNR) at a single antenna element of the array. Using stochastic
geometry, this paper analyzes and quantifies the loss in downlink
SNR coverage probability due to beam misalignment. The stan-
dard deviation of the beam alignment error is obtained through
the Cramér-Rao lower bound (CRLB) of AoA estimation. The
analytical results are verified through Monte-Carlo simulations
and it is shown that the beam alignment errors affect the system
coverage significantly when the downlink SNR threshold (with
array gain) is less than 5 dB. It is also illustrated that increasing
the number of antennas alone cannot counter the effects of beam
alignment errors.

Index Terms—Millimeter-wave, beam alignment error,
beamwidth, antenna radiation pattern, Cramér-Rao lower
bound.

1. INTRODUCTION

The millimeter-wave (mm-wave) frequencies (28-300 GHz)
offer enormous bandwidth and are thus lucrative for 5G and
beyond [1], [2]. A key differentiating feature of mm-wave
frequencies is the sensitivity to blockages and high path loss.
Thus, highly directional transmissions are required to achieve
satisfactory performance at mm-wave frequencies.

The maximum array gain is achieved by steering the main
beam in the desired direction using beam alignment algorithms
based on the angle-of-arrival (AoA) estimation [3]. In practice,
the beam alignment algorithms introduce some error resulting
in a suboptimal array gain [2], [4]. It is, therefore, important to
analyze the effect of beam misalignment on the performance
of mm-wave networks.

In [5], the authors investigate the effects of beam mis-
alignment on the throughput and coverage of an ad-hoc
wireless network using tools from stochastic geometry but
do not incorporate the propagation characteristics of mm-
wave communications. The loss in ergodic capacity of a mm-
wave ad-hoc network has been characterized in [3] using the
sectored and the Gaussian antenna models and it is shown
that the sectored or “flat-top” antenna model is not suitable
for studying the effects of beam alignment errors. The works
in [2] and [4] provide a comprehensive analysis of beam
misalignment but do not consider the dependence of beam
alignment errors on the quality of AoA estimation.

This paper uses the Cramér-Rao lower bound (CRLB) of
AOA estimates to obtain the variance of the beam alignment

error. Specifically, the actual antenna array pattern is approx-
imated by a simpler radiation pattern that captures the effects
of beam alignment errors more accurately than the sectored
antenna model. The distribution of the uplink received signal-
to-noise ratio (SNR) at a single antenna element is derived
and the variance of the beam alignment error is approximated
thereof using the expression of CRLB. The truncated Gaussian
distribution is utilized to characterize the beam alignment
errors and the performance of the network is analyzed in terms
of the downlink SNR coverage probability. This is motivated
by the fact that mm-wave systems are noise limited and the
throughput of a network depends on the SNR [6]. A compari-
son of the coverage probabilities obtained through perfect and
imperfect beam alignment illustrates that the performance of
mm-wave networks is not solely dependent on the number of
antennas per base station.

II. SYSTEM MODEL

This paper considers the downlink of a mm-wave cellular
network where all the BSs are distributed in R? according
to a homogeneous Poisson point process ®p with intensity
measure Ag. The BSs transmit at a constant power Py. As per
the Slivnyak’s theorem, the analysis in this paper is conducted
for a typical user placed at the origin, O [1], [7], [8].

The blockage effects are modeled using the modified line-
of-sight (LOS) ball model in which the LOS region around
each transmitter/ receiver is approximated as a ball of fixed
radius Rp [6]. Inside the ball, mm-wave links can be cate-
gorized into LOS and non-line-of-sight (NLOS) links and the
value of Rp represents the range of a LOS link. The probability
of a mm-wave link with length » being LOS is given in [8] as
PL(r) = u-1(r < Rp), where p is the average fraction of the
LOS area inside the ball and 1(-) is the indicator function.

Blockage induces different path-loss for LOS and NLOS
channel states. The path-loss between the typical UE and
the serving BS, with channel state k& and located at z, is
represented as Ly (z) = Cy||z||~** where C}, and ay, are the
path-loss intercept and path-loss exponent of the channel state
k, respectively, and k € {L, N}. For brevity, the LOS and
NLOS channel states are denoted as “L” and “N” respectively
in the rest of this paper. The UE is served by the BS that offers
the minimum path loss i.e., the maximum average received
power. A single omnidirectional antenna is assumed at the
UE.
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TABLE I
NOTATION AND DEFAULT SYSTEM PARAMETERS

[ Notation| Description [ Value
B BS density 50/km?
Py Downlink transmit power 30 dBm
Py Uplink transmit power 23 dBm
fe Carrier frequency 28 GHz
w Bandwidth 1 GHz
ar,an | LOS and NLOS path loss | 2, 2.92

exponents respectively

Cp,Cx | LOS and NLOS path loss | —61.4 dB, —72 dB
intercepts respectively
Np, Ny | Nakagami shape parameters | 3, 2
for LOS and NLOS signals
a2 Noise power —174 dBm/Hz -+
10log,y (W) + 10
dB
w, Rp LOS ball model parameters 0.2, 200 m

Antenna arrays composed of directional antenna elements
are assumed at the BS to provide high directivity gains. The
power radiated by a single antenna element in a direction ¢ is
specified by the antenna element pattern G. (¢). Mathemati-
cally, the element radiation pattern is defined as [5]

10T (2)

where Gp,x is the maximum directional gain of the sin-
gle element which is obtained at the boresight, G is the
average sidelobe gain, ¢. is the half-power beamwidth
(HPBW) and O, is the mainlobe beamwidth given by ©, =
(¢e/2) 1/(10/3)10g1o (Gmax/Gs)- As per the 3GPP specifica-
tions adopted in [10], Ginax = 8 dBi, Gy = —22 dBi, ¢, = 65°
and ©, = 102.8°. Moreover, each BS utilizes three sectors to
provide coverage. The field of view of a sector is, therefore,
[—%, %} Each sector is equipped with a uniform linear array
(ULA) comprising M directional antenna elements. The array
response pattern, G (¢, 0), is obtained by

if ‘(ﬁ‘ <06, D
if 0. <|[¢| <,

Ga (¢a 9) = Ge (¢) - AF (qﬁ, 9) ’ )
where ¢ € [’T’T, g] is the AoA, 0 € [’T’T, %} represents the

mainlobe steering direction and AF (¢, 0) is the array factor
which depends on the number of antenna elements and the
physical array configuration. The subscripts e and A stand for
the single element and array respectively. The array factor is
represented as AF (¢,0) = |a- w|?, where a € CM is the
vector of beamforming weights and w € C is the channel
response vector, which depends on the angle ¢. For a ULA,
the channel response vector is given by

W (¢) =1, eji:d sin(¢) || ’ej21(1;£771)d sin(¢) , 3)
where d is the spacing between adjacent antenna elements
which is kept at half-wavelength and \. is the carrier wave-
length. The beamforming vector a (6) is the same as w (¢)
but scaled by 1/+/M and with ¢ replaced by 6.

Small-scale fading is assumed to be independent for each
link and modeled using the Nakagami distribution. With Nak-
agami fading, the received power is gamma distributed. Dif-
ferent Nakagami shape parameters, /N, and Ny, are assumed
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Fig. 1. Antenna array radiation pattern with 16 elements and 6 = 0°

for LOS and NLOS propagation respectively. For analytical
tractability, Ny and Ny are assumed to be integers [2], [7].

Analyzing the performance of the network with the actual
array radiation pattern using (2) is not feasible [10]. Therefore,
the actual array radiation pattern is approximated using the
3GPP antenna model in (1) as done in [11]. The broadside
HPBW, ¢4, of the ULA is computed as [12]

1.391
(pA:ﬂ'*zCOS_l <7er>' 4)

The peak mainlobe gain, GG}, and the average sidelobe gain,
(G, of the ULA are computed as in [10]

1
M sin? (%) .
Using (4)—(5), the approximated array radiation pattern,
G 4 (¢, 0) can be written as

G1(¢) = Ge(0) M, G ®)

=3 (2(6=0)?
G (9107 50 irp—0/< 0.

Gal(9,0) =
4(.6) {Gz 04 < |6— 0] <,
(6)

where ©4 = (¢4/2)1/(10/3)log;, [Gi (¢) /G,] is the main
lobe beamwidth of the approximated array radiation pattern
corresponding to a specific value of true AoA ¢. We define
the beam alignment error to be ¢ = (¢ — 6). Since G4 (¢,0)
depends on (¢ — ¢) and ¢ itself, we express the array response
as G 4 (¢, €) in the remainder of this paper.

Fig. 1 illustrates the relation between the proposed approx-
imated array radiation pattern and the actual array radiation
pattern for §# = 0°. The sectored antenna model widely used
in the existing literature (e.g., [2], [7]), is also shown for
comparison. As compared to the sectored antenna model, the
proposed approximation better models the main lobe gain.
In fact, the approximated pattern exactly matches the actual
pattern up till the HPBW making it a good fit to study
the effects of beam alignment errors in directional mm-wave
cellular networks.

The beam alignment error, €, is assumed to follow a
truncated-Gaussian distribution with zero mean [2], [3]. More-
over, the absolute value of the error is bounded by the main
lobe beamwidth [11], i.e., |¢| < O 4. This is because an error
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exceeding the main lobe beamwidth is merely an alignment
failure and no transmission occurs under such a scenario. The
probability density function (PDF) of a truncated Gaussian
distribution is given as

[ [—@A, @A} (@)

\%’;F) — erf (\/g);)
where erf () is the error function and o, is the standard
deviation of the beam alignment error. In prior works (e.g., [2],
[4]), o was chosen arbitrarily to generate a specific mean ab-
solute error. However, in practical beam alignment algorithms,
the value of o, is dependent on the AoA estimation. In this
paper, o, is obtained from the CRLB of AoA estimation. The
CRLB is a theoretical bound which gives the lowest estimation
variance of any unbiased estimator. The CRLB of the AoA
estimate is obtained by inverting the Fischer Information (FI)
[13]. For channel state k, it can be expressed as

CRLB = 0 A_ ®)

where Ay is the FI correspondmg to the AoA estimate. From
[9] and [13], the expression of Ay for a ULA can be written
as a function of two parameters and is given as

orfodcos (¢)\2 M (M? — 1),
Ak (¢v %) = < ( )> ( ) 5
c 6
where f. is the carrier frequency, c is the speed of light, ¢ is

the true AoA and ~y is the uplink received SNR at a single
BS antenna element.

C))

III. UPLINK RECEIVED SNR DISTRIBUTION FOR A
SINGLE ANTENNA ELEMENT

Because the downlink steering error depends on the uplink
SNR received at a single antenna element, the uplink SNR
distribution is derived in this section. If the typical UE is
served by a BS with channel state k, then the uplink received
SNR, v, at a single directional antenna element of the BS
sector can be formulated as

_ RGe () 0z L (2)

2 )
O-TL

(10)

where P, is the uplink transmit power, o, is the channel gain
due to small-scale fading on the link and o2 is the noise power.
The CDF of ~; is expressed as

j—’Yk (T) = P(’Vk < T|k)

(a) TO',,QL
o< manm )
@) —ByT0,, "
2o ([1-o0 (et i)
N
D143 e <]7vlk>

k)
—Bnrol

x/oo (e >>f (6) fi (x) do da,
’ (11)

where 3, = N (Nk!)ﬁ, fr (x) is the PDF of the distance to
the serving BS [7], [8], (a) follows directly from (10), (b) is
obtained from the CDF approximation of the gamma random
variable [7] and (c) is obtained by applying the binomial
theorem and the expectation operator on (b).

The field of view of each BS sector is [ T 3] hence, ¢ is
assumed to be distributed uniformly within this interval with

fo (@) = % The value of fk (z) is given in [7] and [8] as

. T Xk ()
Ji(x) = I (@) exp (—QWAB/ t(1— P (t))dt
0

Ay
(12)

where L (z) = (CN/C’L)I/O‘” (2)° N () =
(CL/CxN)Y " (2)®/° and fy (2) is the PDF of distance of
typical UE from its nearest BS with channel state k given as

Ji (x) =27Ag Py, (z) exp (—271')\3/ 2Py () dx) ,
’ (13)
The term Ay, represents the probability of the typical UE being
associated with a BS with channel state k£ and is given as [8]

0 Xk ()
A = /0 S (z) exp (—277/\3 /0 t(1—"Py (1)) dt) dx

(14)
The PDF, f,,, of the SNR 7, is obtained by differentiating
(11) with respect to 7

1n1((1)0) %": (—1)" (ik)

/ / —Bkno
PG (9) Ly (z)

X f4 (¢) fi (x) Ao da.
Using the law of total probability, the total UL SNR at a
single BS antenna is obtained as f, (7) = >, A f, (7). The
integrand in (15) is the joint PDF of 7, ¢ and x. It follows

that integrating this integrand only over x yields the joint PDF
of ), and ¢ which is represented by f(4 -, ) (¢, 7).

f’Yk( ):

—Bpnro?
PyGe(d) Ly (x)

> (15)

IV. BEAM ALIGNMENT ERROR AND DOWNLINK SNR
COVERAGE ANALYSIS

The SNR coverage probability, C (7), is defined as the
probability that the downlink received SNR, €2, is greater than
a certain threshold 7, i.e., C (1) = P (€2 > 7). The conditional
SNR coverage probability, Cy, (), conditioned on channel state
k, is expressed as

Ch(r) =P(Q>7) 2P (pd Ga(0 9 0cli(@) |,

2
On

(16)

The associated BS determines the AoA based on the uplink
received SNR from the typical UE and steers the beam towards
the desired direction. With perfect beam alignment, the array
gain equals the maximum gain, G1 (¢), corresponding to a
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specific value of ¢. However, perfect beam alignment is hard
to realize due to errors in AoA estimation. To simplify the
analysis and to enable us to use the approach of [2], we average
out the dependence of CRLB on ¢. At a certain value of uplink
SNR, the variance of the beam alignment error for channel
state k is approximated from (8) and (9) as

o2 (1) ~ ( /¢ Ak (6:7) Fom) (6.7) d¢>)_1 |

The accuracy of the above approximation is validated in
Section V through Monte-Carlo simulations. With beam align-
ment errors, the array gain can be formulated as a RV given
by the following lemma

a7

Lemma 1. If f., (t) is the statistical distribution of the beam
alignment error, then the conditional PDF of array gain given
a certain value of ¢ is expressed as

5 g
f(@a)s) 9l0) =2fe, <\/ logy g <W)w>

5 ©A 1
12 [_ g1n (10)
10g10 ( (¢))

(18)
X

where g € [G2, G1 (¢)].

Proof. Since the error is bounded by the mainlobe beamwidth,
application of the method of transformation of RVs on (6)

yields € (g|¢) = ¢a+/(—5/6)log, (9/G1(¢)). The PDF of
a function of a RV is expressed as

fa. (910) = F. (e (g])) - \fg e (glo].

Plugging in the value of € (g|¢) in (19) completes the proof.
The constant factor of 2 in (18) arises due to the symmetry of
the array radiation pattern around the boresight. |

19)

Using the same procedure as in (11), Cj, (7) is obtained as
T02

follows
Cr(r)=Plox>——= k
Py Ga(¢,€) Ly (x)
ol Ny
Wi-E - [1_6<M)} i
Ny,
(b) n [ Ng
= — -1
S (2)

a / /

PdJL“‘))fGA (9l¢)dg [y (¢)do
X fi (z

(20)

where (a) follows from the CCDF approximation of the
gamma random variable [7] and (b) follows by applying
the binomial theorem and the definition of the expectation
operator. The total downlink coverage probability can be
expressed as C (7) = > _jc(r vy ArCr (7).
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Fig. 2. PDF of uplink received SNR at a single antenna element of the BS.
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Fig. 3. Downlink SNR coverage probability vs. downlink SNR threshold (7)
with varying number of BS antennas (M) at a BS density (\g) = 50/km?.

V. NUMERICAL RESULTS AND DISCUSSION

This section evaluates the performance of a mm-wave
network in the presence of beam alignment errors and verifies
the accuracy of the developed analytical framework through
Monte-Carlo simulations. The simulation model is based on
the exact expression of 062 given in (8) and (9). Moreover, the
actual gamma-distributed received power is incorporated in
both the uplink and downlink directions. For each simulation,
106 trials are conducted. The default network parameters and
notations are listed in Table 1 for convenience.

The PDF of the uplink received SNR at a single BS antenna
element is illustrated in Fig. 2. The derived analytical results
match very well with the simulation results. The big peak at
around 0 dB is due to the LOS propagation and the small
peak at around —30 dB is due to NLOS propagation. The
discrepancy in the heights of these two peaks represents that
majority of the communication in mm-wave networks takes
place due to LOS signals.

Fig. 3 compares the downlink SNR coverage probabilities
obtained from perfect beam alignment and imperfect beam
alignment for two different numbers of BS antennas. The
analytical curves match very well with the simulation results
for all the cases, hence validating the analytical framework
developed above. For perfect alignment, the coverage with
M = 128 is simply a right shifted version of the coverage
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Fig. 4. Downlink SNR coverage probability with imperfect alignment vs.
SNR threshold (7) for varying number of BS antennas (M) and BS density
(AB).

°

with M = 16. The amount of shift is equal to the difference
between the array directivity gains for the two configurations
i.e., 9 dB in this case. The same, however, is not true for the
coverage probabilities with imperfect alignment.

For 7 < 5 dB, where systems using error correction codes
are likely to operate, the difference between the perfect align-
ment coverage probability and imperfect alignment coverage
probability is quite high for both antenna configurations. This
difference tends to decrease as the system transitions towards
a high SNR regime and almost vanishes at a certain SNR
threshold. However, for M = 128, the difference vanishes
at a comparatively lower SNR threshold value. For example,
at coverage probability equal to 0.8, the difference in SNR
threshold values for perfect and imperfect alignment is about
5 dB for M = 16. The same difference comes out to be
2 dB for M = 128. This is because the variance of beam
alignment errors is inversely proportional to M3 as shown
in (8)—(9). While increasing M reduces the effects of beam
alignment errors, the reduction is more pronounced for high
SNR regime as compared to low SNR regime. Increasing
M from 16 to 128 reduces the difference between perfect
alignment coverage and imperfect alignment coverage by
about 3 dB at a coverage probability of 0.7 but only by 1 dB at
a coverage probability of 0.9. This is due to the dependence of
beam alignment errors on the uplink received SNR at a single
antenna element of the BS. The above discussion implies that
the beam alignment errors degrade the performance of a mm-
wave network significantly in low SNR regime as compared to
high SNR regime; and increasing the number of antennas does
not completely eliminate this degradation of performance.

The effect of increasing the BS density on the coverage
probability with imperfect alignment is illustrated in Fig. 4.
Two of the curves have the same \g = 50/km* and differ
only in the value of M while one of the curves has M = 32
and \g = 70/km?. At both these values of \g, the mm-wave
systems are considered to be noise-limited [6]. With M = 32
antennas, the coverage probabilities for \g = 50/km2 and
Ap = 70/km2 begin to drop rapidly at about 7 = 10 dB.
This sudden drop is due to the blockage caused by the LOS

ball model. At 7 = 10 dB and M = 32, the coverage with
Ag = 50/km? is only about 71% while it is more than 82%
with A\g = 70/km?®. This illustrates that by increasing the
Ag from 50/km? to 70/km?, an additional 11% of UEs are
considered to be inside the LOS ball. If \g is kept fixed at
50/km2 and M is increased from 32 to 128 at 7 = 10 dB,
the coverage probability only increases by 5.8%. This shows
that, while expensive, increasing the BS density with a lower
number of antennas per BS is more effective than increasing
the number of antennas per BS with a lower BS density, for
—10dB <7 <14 dB.

VI. CONCLUSION

This paper analyzes the impacts of SNR-dependent beam
alignment errors on the downlink coverage probability of mm-
wave networks. It is shown that the errors affect the coverage
probability differently in high and low SNR regimes. It is also
illustrated that increasing the number of BS antennas and the
BS density provide varying degrees of benefits to counter the
effects of beam alignment errors.
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