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Abstract—We consider the problem of rate-compatible puncturing of
low-density parity-check (LDPC) codes over additive white Gaussian noise
(AWGN) channels. In previous work, it was shown that “good” puncturing
distributions exist for LDPC codes but the code length was large. In this
correspondence, we give a procedure for determining the puncturing
distributions for LDPC codes with short block lengths (a few thousand
bits) and show that careful puncturing can produce good performance.
We compare the performance of the rate-compatible punctured LDPC
codes with dedicated LDPC codes across a range of rates and see that the
rate-compatible codes have a favorable complexity/performance tradeoff.

Index Terms—Low-density parity-check (LDPC) codes, puncturing,
rate-adaptive, short block lengths.

I. INTRODUCTION

Over time-varying channels, error-correction codes are required to
be flexible with respect to their code rates depending on the current
channel state. Rate adaptability [1] can be realized with several pairs
of encoders and decoders for the desired code rates, which is sometimes
unacceptable due to complexity. It can also be realized by puncturing
a low rate channel code (mother code), resulting in only one encoder
and decoder for each mother code. It is assumed that the decoder knows
the locations of punctured coded symbols. If the punctured parity bits
in a lower rate code are also punctured in a higher rate code, the rate-
adaptive channel code is called rate-compatible [1]–[3].

Rate-compatible punctured channel codes have another advantage
with type-II hybrid automatic-repeat-request (ARQ) protocols. Here,
a transmitter sends partial redundancies by puncturing a mother code
based on the channel state. If the receiver fails to recover the message,
the receiver progressively requests additional redundancies which were
previously punctured and hence not transmitted. For a given code rate
the coding gain of a punctured code is usually poorer than that of the
corresponding dedicated code, i.e., optimized code for the rate. Thus,
punctured bits must be chosen such that the performance gap between
the dedicated and punctured codes is minimized. A selection of punc-
tured symbols is called a puncturing distribution for a code rate in this
paper.

Previous work [2], [4], [5] gives a puncturing method with irregular
low-density parity-check (LDPC) codes, which is based on the degree
distributions of irregular LDPC codes. It was shown that there exist
good (capacity approaching) puncturing distributions over a broad
range of code rates. Moreover, the designed puncturing distributions
are rate-compatible. However, these results presume infinite block
lengths. Here, we are interested in practical punctured LDPC codes
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that are either regular or irregular at small block lengths (a few
thousand bits). Although there have been several studies [3], [6] about
rate-compatible punctured LDPC codes at moderate block lengths,
the locations of punctured symbols were arbitrarily chosen in these
previous works. In such a way, randomly obtained puncturing distri-
butions may have severe performance losses especially at high code
rates where significant amounts of parity bits are punctured. It is also
possible for some subsets of punctured symbols to be unrecoverable,
stopping sets [7]. Recently, Tian et al. [8] proposed rate-compatible
LDPC codes by puncturing lower-triangular parity-check matrices
where the puncturing does not violate the degree distribution profiles
of mother codes.
In this paper, we propose a systematic way to find the locations of

punctured symbols in LDPC codes which is rate-compatible and min-
imizes the performance loss due to the puncturing. Our idea is based
on a fact that a punctured node will be recovered with reliable mes-
sages when it has 1) more neighboring (check) nodes, and 2) each of
the check nodes has more reliable neighbors (variable nodes) except
for the punctured one. For example, a punctured variable node that has
check nodes whose remaining neighboring variable nodes are unpunc-
tured will have nonzero messages from the check nodes in the first it-
eration. We call the process for a punctured node to have messages
from check nodes as recovery by analogy with the one over binary-era-
sure channels. The punctured node in the preceding example will be
called a one-step-recoverable (1-SR) since the node is recovered in the
first iteration. The 1-SR nodes and unpunctured nodes will help recover
some of the remaining punctured nodes in the second iteration, and so
on. In general, the punctured nodes recovered in the kth iteration are
called k-SR nodes. It is assumed that the more iterations a punctured
node needs for its recovery, the less statistically reliable the recovery
message is. Thus, it is better to puncture nodes that require a smaller
number of iterations, which results not only in less iterations to decode
codewords but also in better performance at a given code rate.
Based on this, our idea focuses on how to find nodes to be recovered

in a certain number of iterations. First, we maximize the size of a group
containing 1-SR nodesGGG1. After that, we maximize the size of a group
with 2-SR nodes GGG2, and so on. The groups GGG1;GGG2; . . . ;GGGK will be
used to determine the puncturing patterns for increasing the rates in a
rate-compatible fashion. Namely, we will first puncture variable nodes
from GGG1 then nodes from GGG2, and so on to achieve higher and higher
rates.
The correspondence is organized as follows. In Section II we intro-

duce notations and some definitions which are used in the other sec-
tions. In Section III, we describe the details of the proposed idea. In
Section IV, we compare the performances of the proposed rate-compat-
ible punctured LDPC codes with conventional (randomly) punctured
LDPC codes and dedicated LDPC codes at various block lengths. Fi-
nally, in Section V, we summarize our results and discuss future work.

II. BASIC NOTATIONS

A low-density parity-check (LDPC) code is a linear block code de-
fined by a sparse parity-check matrix HHH which has m rows and n

columns. In this paper it is assumed that parity-check matrices are de-
fined over GF(2). That is, the elementHj;k at the intersection of row j

and column k inHHH is either 1 or 0. Each row represents a parity-check
equation, and the columns with ’1’ in the row tells the indices of bits in
a codeword which are involved in the parity-equation. That is, a code-
word satisfies the parity-check equation defined by row j as

n

k=1

Hj;k � ck = 0
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where ccc=fc1; c2; . . . ; cng is a codeword, ck is in GF(2), and 1�j�
m:Aparity-checkmatrix can be equivalently expressedwith a bipartite
graph in which there are two types of nodes, check nodes (a set of all
check nodes is denoted as P = fp1; p2; . . . ; pmg) and variable nodes
(a set of all variable nodes is denoted as V = fv1; v2; . . . ; vng). Check
node pj and variable node vk correspond to row j and column k in a
parity-check matrix, respectively. The value ’1’ ofHj;k is represented
with a connection (edge) between check node j and variable node k in
the corresponding bipartite graph where no edge connects two nodes
of the same type. Such a graph is often called a Tanner graph [9]. Both
a Tanner graph and its corresponding parity-check matrix uniquely de-
fine an LDPC code. Thus, Tanner graphs and parity-check matrices are
used interchangeably here.

For an arbitrary node v we define Nv as a set of all nodes that can
be reached from v by traversing only one edge. The nodes in Nv and
the size of Nv are called the neighbors of v and the degree of v, re-
spectively. Since one type of nodes have the other type of nodes as
their neighbors in Tanner graphs, a check node has variable nodes as
its neighbors and vice versa.

Puncturing of the mother code can be performed either randomly
or according to carefully chosen locations of punctured bits optimized
for a given parity-check matrix. We will refer to the first as random
puncturing and to the latter as intentional puncturing in the subsequent
sections. We often use Tanner graphs to explain our ideas, where we
refer to bits as variable nodes.

Suppose that some variable nodes are punctured. The decoder will
set their log-likelihood ratios (LLRs) to 0 at the initialization. If a
punctured variable node receives a nonzero LLR message from one of
its neighboring check nodes, it is said to be recovered, regardless of
whether the nonzero LLR value implies the correct bit value or not.
Through iterations, all punctured variable nodes have to be recovered
with the information from the unpunctured nodes.

The updating rule for variable nodes suggests that a punctured vari-
able node v will be recovered when at least one of the incoming check
node messages is nonzero. On the other hand, a check node p cannot
decide its message to the punctured node v if there is at least one punc-
tured node among Np n fvg. Accordingly, we refer to a punctured
variable node v as one-step-recoverable (1-SR) if it has at least one
neighbor p, called the survived check node, such that all variable nodes
from the setNp n fvg are unpunctured. The check nodes fromNv that
do not satisfy this condition are referred to as dead check nodes. We
illustrate an example of a 1-SR node in Fig. 1 where S1 and S2 are the
survived check nodes, and D is the dead check node.

In general, a punctured variable node v is called k-step recoverable
(k-SR) if v has at least one neighbor p, called the survived check node,
such that the setNp n fvg contains at least one (k� 1)-SR node while
the others are m-SR, where 0 � m � k � 1.1 A k-SR node, k � 1,
can have multiple survived check nodes but the puncturing algorithm
that we propose in this paper guarantees an existence of at least one
survived check node for each k-SR node. We refer to it as the guaran-
teed survived check node. Notice that a k-SR node will be recovered
after exactly k iterations.

We seek an automated procedure for determining exactly which vari-
able nodes should be punctured and inwhich order they should be punc-
tured. What follows is a systematic search algorithm for determining
the order of nodes to be punctured. The algorithm first attempts tomaxi-
mize the number of punctured nodes that are 1-SR.When nomore 1-SR
nodes can be found, it proceeds with 2-SR nodes, etc., until every node
in V has been chosen to be either unpunctured or punctured.We say the
search algorithm assigns the variable nodes to groupsGGG0;GGG1; . . .GGGk ,
where k indicates the level of recoverability of variable nodes in that

1A 0-SR node denotes an unpunctured node.

Fig. 1. One-step recoverable node; the filled and unfilled circles are
unpunctured and punctured variable nodes, respectively. The squares S and
S are the survived check nodes, and the squareD is the dead check node.

group. For instance, if a variable node is chosen to be unpunctured,
it is assigned to GGG0, whereas if it is chosen to be punctured such that
it will be recovered in the kth iteration, it is assigned to GGGk . At any
particular time during the search algorithm, all variable nodes whose
status (punctured or unpunctured) has not been determined yet are in
GGG1. Hence, when the algorithm starts GGG1 = V , and when it stops
GGG1 = ;.

To get a better understanding of the search algorithm we need a clear
picture of how a node is to be recovered. Consider now a k-SR node
v. We build a tree originating from v in the following way. First, we
link v with its guaranteed survived check node p and subsequently link
p with all variable nodes from the set Np n fvg. In the next step, this
process is repeated on every new punctured variable node in the tree
until every branch terminates with an unpunctured variable node. The
resulting tree is called the recovery tree of v. We show an example of
a recovery tree in Fig. 2. Later, the number of unpunctured nodes in
the recovery tree of v will be of big importance, so we designate it as
S(v). In Fig. 2 S(v) is equal to 14. Assuming that v is recovered with
the message-passing decoding algorithm on the recovery tree of v, we
define the recovery-error probability of v, Pe(v) as follows.

Definition 1: (Recovery error probability Pe(v) of a k-SR node v)
For v 2 Gk and k � 1, Pe(v) is the probability that v is recovered

with a wrong message in the k-th iteration, where the message is based
only on the information from the unpunctured nodes in the recovery
tree of v.

When we transmit a punctured LDPC code over a BEC with an era-
sure probability of � , the probability that a variable node v in GGGk is
recovered in its recovery tree is expressed in a recursive form as shown
in Definition 2. Thus, the recovery-error probability of v is simply
(1�	(v; �))=2. The term	(v; �) is also useful to compute a recovery-
error probability of a punctured variable node over AWGN channels.
We will show the details of recovery-error probabilities in Section III.

Definition 2:

	(v; �) =

(1� �); for v 2 GGG0

d �1

j=1

	(
j ; �); for v 2 GGGk and k > 0

where GGG0 and GGGk are sets of unpunctured nodes and k-SR nodes, re-
spectively, dc is a degree of the survived check node of v, 
j ’s are the
neighbors of the survived check node except for v, and 
j 2 GGGh for
0 � h � k � 1.

Definition 3: (Effective column weight of a column 
 with respect
to a subset of rows RRR, cwe�(
;RRR))
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Fig. 2. Recovery tree of a 3-SR node; the squares are survived check nodes,
the filled circles are unpunctured variable nodes, and the unfilled circles are
punctured variable nodes.

For a parity-check matrixHHH = [Hj;k 2 f0; 1g] where 1 � j � m
and 1 � k � n, let���
 = f� : H�;
 = 1 and 1 � � � mg andRRR be a
subset of row indices, respectively. cwe�(c;RRR) is defined as j���c \RRRj,
where j � j is a cardinality of a set [10].

Definition 4: (Effective row weight of a row � with respect to a
subset of columns CCC, rwe�(�;CCC))

For a parity-check matrixHHH = [Hj;k 2 f0; 1g] where 1 � j � m
and 1 � k � n, let ���� = f
 : H�;
 = 1 and 1 � 
 � ng and CCC
be a subset of column indices, respectively. rwe�(r;CCC) is defined as
j���r \CCCj, where j � j is a cardinality of a set.

III. ALGORITHM FOR DETERMINING PUNCTURING PATTERNS
In what follows we present a search algorithm consisting of two

steps: Grouping and Sorting. In the Grouping step we distribute all
variable nodes into groups GGG0;GGG1; . . . ;GGGK , while in the subsequent
Sorting step we determine the order of puncturing of nodes within each
group. We start by deriving some results on the recovery error proba-
bility, which is computed based on the information from the nodes in
the recovery tree – the exact error probability of the recovery message
seems to be too complicated. When we have to choose a new node out
of several candidates for the grouping and sorting, we will choose the
one with the smallest recovery-error probability.

Fact 1: The recovery error probability Pe(v) of a variable node v 2
GGGk>0 over a BEC with an erasure probability of � is 1

2
(1�	(v; �)),

where 	(v; �) = (1 � �)S(v) for v 2 GGGk and k > 0 and 	(v; �) is
the same as the probability that the variable node v is recovered.

Proof: We will prove this fact by induction. For k = 1, all vari-
able nodes in the recovery tree of v are inGGG0. Thus,

Pe(v)=
1

2
(1�(1��)d �1)= 1

2
(1�(1��)S(v))= 1

2
(1�	(v; �))

where dc is a degree of a survived check node of v. For 
 2 GGGk , assume
that

Pe =
1

2
(1�	(
; �)) =

1

2
(1� (1� �)S(
))

then for v 2 GGGk+1,

Pe =
1

2
(1�

d �1

j=1

	(
j ; �))

=
1

2
(1� (1� �)

S(
 )

)

=
1

2
(1� (1� �)S(v))

=
1

2
(1�	(v; �))

where dc is a degree of the survived check node of v, 
j ’s are the
neighbors of the survived check node except for v, d �1

j=1 S(
j) =
S(v), and 
j 2 GGGh for 1 � h � k.

Fact 2: The recovery error probability Pe(v) of a variable node v 2
GGGk over a Binary Symmetric Channel with an erasure probability of �
has a relation with 	(v; �), Pe(v) =

1�	(v;2P )
2

.
Proof: A recovery error probability of a variable node v 2 GGG1

will be 1�(1�2�)
2

= 1�	(v;2�)
2

. Assume that for a variable node

 2 GGGk

Pe(
) =
1� (1� 2�)S(
)

2
=

1�	(
; 2�)

2
:

Thus, for a variable node v 2 GGGk+1

Pe(v) =

1�
d �1

j=1

(1� 2�)S(
 )

2

=
1� (1� 2�)

S(
 )

2

=
1�	(v; 2�)

2

where dc is the degree of a survived check node of v, 
j ’s are the
neighbors of the survived check node except for v, d �1

j=1 S(
j) =
S(v), and 
j 2 GGGh for 1 � h � k.

Fact 3: The recovery error probability of a variable node v 2 GGGk

over an Additive White Gaussian Channel with Gaussian Approxima-
tion [11] is Pe(v) = Q( mu(v)=2), where Q(�) is the Q-function,
mu(v) = ��1(1��(1�	(v; �(mu )))) formu = 2=�2 and noise
variance �2, and �(x) 1 � 1=

p
4�x tanh u

2
e�(u�x) =4xdu for

x > 0 and �(x) 1 for x = 0 (see the details of �(x) in [11]).
Proof: An updated mean of a variable node v 2 GGG1 will be

��1(1� [1� �(mu )]d �1)) =��1(1� [1� �(mu )]S(v)))

=��1(1�	(v; �(mu ))):

Assume that for a variable node 
 2 GGGk ,

mu(
) = ��1(1�	(
; �(mu ))):

Then, for a variable node v 2 GGGk+1

mu(v) =��1 1�
d �1

j=1

[1� �(mu )]S(
 )

=��1 1� [1� �(mu )]

S(
 )

=��1 1� [1� �(mu )]S(v)

=��1(1�	(v; �(mu )))

where mu is the mean of a log likelihood ratio message from the
channel to unpunctured variable nodes, dc is a degree of a survived
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check node of v, 
j ’s are the neighbors of the survived check node ex-
cept for v, d �1

j=1
S(
j) = S(v), and 
j 2 GGGh for 1 � h � k.

Facts 2 and 3 tell that a k-SR node v with larger S(v) has a larger
recovery error probability. Later, in the algorithm, we will look for a
variable node with a smaller S(v) as a new k-SR node.

Proposed Algorithm: Grouping

Step 0.0 [Initialization] For a givenm�n parity-check matrixHHH ,
k = 1,RRR0 andRRR1 are empty sets,RRR1 = f1; 2; . . . ;mg,
���� = f
 : H�;
 = 1; and 1 � 
 � ng, ���
 = f� :
H�;
 = 1 and 1 � � � mg,GGG0 andGGG1 are empty sets,
GGG1 = f1; 2; . . . ; ng, S(j) = 0 for all 1 � j � n.

Step 1.0 [Group Column Indices] Form a setG�1 such thatG�1 =
���� \GGG1 for each � 2 RRR1.

Step 2.0 [Find Candidate Rows] Make a subset of RRR1 (call it



) such that 8 ! 2 


, jG!1j = rwmin

e� � jG�1j =
rwe�(�;GGG1) for any � 2 RRR1.

Step 3.0 [Group Row Indices] Make a set C
1 such that C
1 =
���
 \RRR1, for all 
 2 G!1, and ! 2 


.

Step 3.1 [Find Best Rows] Find a subset of 


 (call it 


�) such
that 8 !� 2 
�, 9 c 2 G!1 such that jCc1j = cwmin

e� �
jC
1j = cwe� (
;RRR1) for any ! 2 


 and 
 2 G!1.

Step 3.2 [Make a Set of Ordered Pairs] Pick a column index
c� 2 G!1 with cwmin

e� randomly, when there are more
than one column index with cwmin

e� . Then, we will have
an ordered pair O = f(!�1 ; c

�
1); (!

�
2 ; c

�
2); . . . ; (!

�
p ; c

�
p)g,

where !�j ’s and c�j ’s are row and column indices with
rwmin

e� and cwmin

e� , respectively, and 1 � j � jOj = p.
Step 3.3 [Find The Best Pair] Pick a pair (!�; c�) from O such

that W(!�) � W(!�j ), where 1 � j � p, W(!�j ) =


2���
S(
). If there are more that one pair satisfying

the inequality, pick one randomly.
Step 4.0 [Update]GGGk = GGGk [ fc

�g,GGG0 = GGG0 [ G!1 n fc�g ,

GGG1 = GGG1 n G!1 , RRRk = RRRk [ f!�g, RRR0 = RRR0 [

C!1 n f!�g , and RRR1 = RRR1 n Cc1 , S(
) = 1 for


 2 G!1 n c�, S(c�) =

2f��� nc g S(
).

Step 5.0 [Check Stop Condition] If GGG1 is an empty set, then
STOP.

Step 5.1 [Decision] IfRRR1 is not empty set, go to Step 1.0.
Step 5.2 [No More Undetermined Rows] RRR1 = f� : � 2

RRR0 and rwe�(�;GGG1) > 0g:
Step 6.0 k = k + 1, and go to Step 1.0.

Details of the Grouping Algorithm:
In Step 0.0, ���� (���
 ) is a set of nonzero column (row) indices in

the row � (column 
), andGGG0,GGG1, andGGG1 are sets of unpunuctured,
1-SR and undetermined column indices, respectively. When there are
no more undetermined columns (GGG1 is an empty set in Step 5.0), the
algorithm will stop. RRRk and RRR1 are sets of row indices which are
(guaranteed) survived check nodes of k-SR nodes and undetermined
check nodes, respectively. Suppose a row contains a k-SR node. That
k-SR node is also in dv � 1 other rows, where dv is a degree of the
k-SR node. The indices of the other dv�1 rows of all k-SR nodes will
be assigned toRRR0, and the rows inRRR0 are excluded from the candidate
rows for a new survived check node of a k-SR node. ���� (���
 ) is a set
containing the indices of all nonzero columns (rows) in row (column)
� (
).

In Step 1.0, we form a set G�1 that contains all the column indices
both in ���� and GGG1. Thus, the cardinality of G�1 is rwe�(�;GGG1) by
Definition 3. In Step 2.0, we look for rows in RRR1 with a minimum
of rwe�(�;GGG1) which is simply denoted as rwmin

e� . Since the size of
jGGG1j decreases by jG�1j in Step 4.0, choosing a row with rwmin

e� will
leave us more candidate rows one of which can serve as a survived
check node for the next k-SR node. In general, there may be more than
one row with rwmin

e� , and their indices are contained in the set 


. In

Step 3.0, we form a set C
1 with row indices that belong to both ���


and RRR1. Similar to G!1, the cardinality of C
1 is cwe� (
;RRR1) by
Definition 3. We look for rows in which there is at least one column
with a minimum of cwe� (
;RRR1) which is simply denoted as cwmin

e� .
Again, we will have more k-SR nodes with cwmin

e� since in Step 4.0,
jRRR1j decreases by jC!1 j. In Step 3.3, we make a set O of ordered
pairs each of which has a row and a column of the row with rwmin

e� and
cwmin

e� , respectively. The set of ordered pairs may not be unique since a
row may have several columns with cwmin

e� . In this case, we randomly
choose a column from them. In terms of maximizingGGGk , each ordered
pair gives us statistically the same result. Among the ordered pairs, we
will choose the one with the highest (smallest recovery error) proba-
bility to be recovered in the kth iteration. The facts 2 and 3 tell that the
k-SR node with a smaller S(c)will have a smaller recovery error prob-
ability. Thus, in Step 3.3 we pick up a pair with smallest S(c), which is
equivalently evaluated with a measureW for computational efficiency.
In Step 4.0, we update the sets with the pair chosen in Step 3.3. In
Step 5.1, the cardinality of RRR1 is checked. If it is not zero, Step 1.0
will be visited again. Otherwise,RRR1 is updated in Step 5.2 whereRRR1
takes rows �’s with nonzero rwe�(�;GGG1) in RRR0. In Step 6.0 we in-
crease k by 1 and start looking for (k + 1)-SR symbols.
The rows in RRRk are the survived check nodes of the corresponding

k-SR nodes. Thus, the algorithm guarantees at least one survived check
node for each k-SR node. We define a set of GGGk’s from the algorithm
as

��� = fGGG0;GGG1; . . . ;GGGKg

where it is assumed that the algorithm runs untilGGG1 = ;, andK des-
ignates the highest number of iterations that will be required to recover
all punctured nodes.
By puncturing symbols in GGGk , the maximum achievable code rate

rmax can be expressed as

rmax =
r0

1�
K

j=1

jGGGj j=n

where r0 is themother code rate, andn is the block length of the mother
code. For a sequence of designed rates, r0 � r1 � � � � � rM � rmax,
we can compute the required number of punctured nodes npj as

npj =
n(rj � r0)

rj

for 0 � j � M . We will choose npj nodes from GGGk’s such that the
performance loss due to the puncturing is minimized. To achieve this
we choose the lower indexed group first. Next, we will take a node
with a lower column index first until we have npj nodes. That is, in
the process of choosing np1 nodes, first we chooseGGG1 and take a node
with the smallest column index from GGG1, in the next choose a node
with the next smallest column index and so on until we either take all
the nodes inGGG1 or have np1 nodes from GGG1. If jGGG1j is less than np1,
we will do the same process with GGG2 until we have np1 nodes. For
np2, we will do the same process and the nodes for np2 automatically
include the ones for np1. This idea gives us a set of rate-compatible
punctured LDPC codes in which the punctured nodes for a lower rate
are included in the ones for all the higher rates. Although this idea
gives us reasonable performance, we elaborate more on the way how
we choose punctured nodes fromGGGk’s, which must be rate-compatible
and minimize performance loss at each rate.
Now, we discuss the Sorting step where we determine the order of

puncturing within each group GGG1;GGG2; . . . ;GGGK .

Proposed Algorithm: Sorting
[Step 0.0] [Initialization] For a givenm�n parity-check matrix,

j = 1, k = 1, ���c is a set of nonzero row indices in the
column c,PPP 0 is an empty sets, andRRR = f1; 2; . . . ;mg.

[Step 0.1] If j > M , STOP.
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[Step 0.2] PPP j = PPP j�1.
[Step 0.3] �npj = npj � jPPP j j.
[Step 0.4] If �npj is zero, j = j + 1 and go to 0.1.
[Step 1.0] Make a set of column indices fc1; c2; . . . ; cpg, for 1 �

p � jGGGkj from GGGk such that 8 cj 2 fc1; c2; . . . ; cpg,
cwe�(cj ;RRR) = cwmax

e� � cwe� (c;RRR), for any c 2 GGGk .
[Step 1.1] If p > 1, we take nodes c�j such that 8c 2

fc1; c2; . . . ; cpg, deg(c�j ) � deg(c). If there are
multiple such nodes, we pick one from them arbitrary
and call it c�.

[Step 2.0] PPP j = PPP j [fc
�g,GGGk = GGGk n fc

�g, andRRR = RRR n���c ,
�npj = �npj � 1.

[Step 3.0] If GGGk is an empty set, k = k + 1, and RRR =
f1; 2; . . . ;mg.

[Step 4.0] Go to Step 0.4.

In the proposed sorting algorithm,PPP j will contain column indices of
the variable nodes which are punctured to achieve rate rj . Obviously,
for r0,PPP 0 is an empty set at the initialization. It is assumed that we will
design rates from r0 to rM which is less than or equal to rmax. Thus, in
Step 0.1, if j is larger thanM , the algorithm will stop. Subsequently, in
Step 0.2, PPP j inherits the column indices from PPP j�1, which makes the
punctured LDPC codes rate compatible since all the punctured nodes
for rj�1 will be punctured again for rj . In Step 0.3, �npj accounts for
how many additional nodes are needed to make PPP j besides the ones
in PPP j�1. The loop between Step 0.4 and Step 4.0 continues until �npj
becomes zero. In Step 1.0 we look for nodes with the largest number
of survived check nodes which is equivalent to nodes with cwmax

e� .
We compute the additional number of punctured nodes to the ones in

the previous rate rj�1. If we need additional nodes, the algorithm looks
for nodes with a maximum effective column weight cwmax

e� , which
means the node with the maximum number of survived check nodes.
We exclude rows with k-SR nodes from RRR in Step 2.0. Thus, cwmax

e�

counts only survived check nodes of a variable node.
Each variable node in fc1; c2; . . . ; cpg has cwmax

e� survived check
nodes and deg(cj) � cwmax

e� dead check nodes since check nodes of
a variable node are either survived or dead. In Step 1.1, we choose
nodes with the smallest column degree, deg(c�), which is equivalent
to choosing variable nodes with the smallest number of dead check
nodes. Some of the dead nodes are survived check nodes of already
punctured nodes and become dead due to puncturing the new k-SR
node c�. If we choose a node with more dead check nodes in Step
1.1, it will make more survived check nodes of previously punctured
nodes dead. Thus, we look for nodes with the largest number of sur-
vived check nodes to maximize the number and reliability of incoming
messages and the smallest number of dead check nodes to minimize
the disturbance caused to the other k-SR nodes. It looks obvious that
as we choose nodes fromGGGk , the node chosen later may have smaller
cwmax

e� , which is intended to minimize performance loss at lower rates.

IV. SIMULATIONS

A. Simulations With Regular LDPC Codes

The proposed algorithms in Section III are based on the claim that
a puncturing distribution that will be recovered in the smallest number
of iterations guarantees better performance. In this section, we verify
the claim with computer simulations, where we show that puncturing
according to the proposed algorithms yields better performance than
conventional random puncturing in terms of bit-error rate (BER)2 and
word-error rate (WER). The BER and WER performances are mea-
sured after observing at least 50 erroneous code words at each Eb=N0

value to guarantee statistical confidence. The punctured LDPC codes,
in this case regular, are also compared with dedicated LDPC codes
which are designed at the rates of the punctured LDPC codes.

2To evaluate BER, we observe only message bits, which are all unpunctured.

TABLE I
BLOCK LENGTHS OF PUNCTURED LDPC CODES; THE LENGTHS IN

PARENTHESES ARE THE NUMBERS OF PUNCTURED SYMBOLS AT THE RATES

First, we implement half rate mother LDPC codes with a regular
structure (�(x) = x2 and �(x) = x5) at block lengths of 1024 and
4096. We deliberately avoid 4-cycle loops in parity-check matrices of
the mother codes to achieve better minimum distance property [12].
Subsequently, we puncture the mother codes to obtain punctured LDPC
codes at rates 0:5; 0:6; 0:7; and 0:8. The block lengths of the punctured
LDPC codes and the numbers of punctured parity bits for the rates are
listed in Table I. It should be noticed that the punctured LDPC codes
have shorter block lengths at higher rates due to a higher number of
punctured parity bits. Although punctured LDPC codes have shorter
block lengths, a received LDPC code is decoded on the Tanner graph
of its mother code (1024 or 4096 in our simulations). For fair com-
parisons, dedicated LDPC codes are designed at the block lengths of
the corresponding punctured LDPC codes for the given rates. Thus, the
dedicated codes are decoded on shorter Tanner graphs as compared to
the punctured LDPC codes.
In the case of block length 1024, puncturing distributions are de-

signed with the intentional and random puncturing for the code rates in
Table I. The distributions with the random puncturing are implemented
three times with different random seeds to see the performance varia-
tions due to the different maximum levels of recoverability.
We analyze the group distributions of the selections of punctured

parity bits obtained by the proposed grouping algorithm (denoted as
Intentional in Table II) and the three different random selections of
punctured bits (denoted as Random 1, 2, and 3 in Table II). Since the
punctured parity bits with the grouping algorithm are in GGG0 � GGG3,
the distribution with the intentional puncturing requires three itera-
tions to recover all the punctured parity bits. That is, the maximum
level of recoverability is 3. However, the distributions obtained by the
random puncturing require at least 9 iterations, which results in higher
recovery-error probabilities of the symbols in the groups with higher
indices.
In Fig. 3, we compare BER performances of the randomly punc-

tured LDPC codes with the three different random seeds at block length
1024, where the ones with the smallest and largest maximum levels of
recoverability (denoted as Random 1 and 3 in Table II, respectively)
show the best and the worst BER performances at rate 0:8, respectively.
Thus, the simulation results justify our design rule which looks for se-
lections of punctured parity bits with a smaller level of recoverability
for the highest rate, 0:8. However the performances at the intermediate
rates (0:6 and 0:7 in our simulations) in Fig. 3 do not seem to depend
on the levels of recoverability since the punctured LDPC code with
the puncturing distribution Random 3 has better performance than the
one with Random 2. The distributions in Table II describe levels of
recoverability of the punctured LDPC codes at the highest rate. Thus,
better group distribution of a punctured LDPC code does not guarantee
better performance at intermediate rates if we do not carefully choose
the order of puncturing. For the intentional puncturing, we apply the
sorting algorithm to determine the order of puncturing but in the case
of random puncturing, we puncture parities with smaller node indices
first. The performances of the randomly punctured LDPC codes at the
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TABLE II
GROUP DISTRIBUTIONS OF THE INTENTIONAL PUNCTURING AND THE THREE DIFFERENT TRIALS OF THE RANDOM PUNCTURING OF A REGULAR LDPC CODE WITH

�(x) = x AND �(x) = x AT A BLOCK LENGTH OF 1024; THE LARGEST CODE RATE IS 0:8

Fig. 3. Randomly punctured LDPC codes with three different random seeds; the circles, squares and triangles correspond to BERs of Random 1, 2, and 3 in
Table II , respectively, and the BERs of the half rate mother code at block length 1024 are represented with the diamonds.

Fig. 4. Randomly punctured LDPC codes at rate 0:7with (solid lines)/without (dashed lines) the sorting algorithm; the filled and unfilled circles are performances
of the punctured LDPC codes with the puncturing distributions Random 2 and 3, respectively and the mother code has a block length of 1024.

intermediate rates can also be improved by applying the sorting algo-
rithm. That is, we can analyze the randomly obtained puncturing dis-
tributions and give priority to the nodes with a smaller level of recover-
ability. In Fig. 4, we compare the performances of the punctured LDPC
codeswith Random 2 andRandom3 at rate 0:7with/without the sorting
algorithm. The sorting algorithm improves theEb=N0 performances of
the punctured LDPC codes at a BER of 10�5 by 0.5 dB for Random
2 and 0.3 dB for Random 3. After applying the sorting algorithm, the

punctured LDPC code with Random 2 has better performance than that
of Random 3, which means the punctured LDPC with the smaller level
of recoverability at the highest rate has better performance.
One more thing to be noticed in Fig. 3 is the BER performance varia-

tions with the different seeds. The requiredEb=N0 to achieve a BER of
10
�5 at rate 0:8 has a difference of 2.2 dB between the best (Random 1)

and worst (Random 3) cases. As mentioned in Section II, random punc-
turing may delete a significant amount of parity bits in a stopping set,
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Fig. 5. Comparison between the intentional (filled) and random (unfilled) puncturing of an LDPC code at block length 1024; code rates are 0:5; 0:6; 0:7; and
0:8 from the left to the right, the puncturing distributions are from Intentional and Random 2 in Table II and the BERs of the half rate mother code are represented
with the diamonds.

Fig. 6. BERs (filled) and WERs (unfilled) of a dedicated LDPC code, an intentional punctured LDPC code and a randomly punctured LDPC code with rate 0:7

from the left to the right, respectively; the block length of the mother LDPC code is 1024.

which results in a severe performance loss especially at higher rates.
It is hard to know whether random puncturing results in catastrophic
selections of punctured parity bits without time-consuming computer
simulations. However, by analyzing the level of recoverability under
the framework of the proposed grouping algorithm, we can predict the
performance of randomly punctured LDPC codes and rule out the cata-
strophic selections. Thus, the proposed idea is also useful for designing
randomly punctured LDPC codes.

The intentionally punctured LDPC codes are compared with the ran-
domly punctured ones in Fig. 5. In the comparison, the intentional
puncturing outperforms the random puncturing for the rates, where the
performance improvement with the proposed algorithm becomes more
distinctive at higher rates. At rate 0:8 and a BER of 10�5, the intention-
ally punctured LDPC code has 3 dB better Eb=N0 performance than
that of the randomly punctured one.

To compare performances of dedicated and the punctured LDPC
codes, we design a regular LDPC code (�(x) = x2 and �(x) =
x9) for rate 0:7 at block length 731. The block length of the dedi-

cated and the punctured LDPC codes should be equal at each rate to
ensure a fair comparison. As mentioned, the punctured LDPC codes
are decoded on the Tanner graph of their mother code whose block
length is 1024 in this case. However, the block length of the dedicated
LDPC code is only 71% of the mother code and is decoded on the
shorter Tanner graph. The differences in block lengths become more
significant at higher code rates. Since dedicated LDPC codes can have
smaller minimum distances due to shorter block lengths, it is possible
that dedicated LDPC codes show poorer performances at high Eb=N0

regions. In Fig. 6, we compare the BER and WER performances of
the dedicated, randomly punctured and intentionally punctured LDPC
codes with code rate 0:7 and block length 731. In the comparisons, the
BER/WERperformances are in the order of the dedicated, intentionally
punctured, and the randomly punctured LDPC codes from the best to
the worst. However, at high Eb=N0 regions, there are crossover points
in BER and WER curves of the dedicated and intentionally punctured
LDPC codes due to the smaller block length of the dedicated LDPC
code. Thus, for very low BERs/WER’s, intentionally punctured LDPC
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TABLE III
GROUP DISTRIBUTIONS OF THE INTENTIONAL PUNCTURING AND THE THREE DIFFERENT TRIALS OF THE RANDOM PUNCTURING OF A REGULAR LDPC CODE WITH

�(x) = x AND �(x) = x AT A BLOCK LENGTH OF 4096; THE LARGEST CODE RATE IS 0:8

Fig. 7. Randomly punctured LDPC codes with three different random seeds; the circles, squares and triangles correspond to BERs of Random 1, 2, and 3 in
Table III , respectively, and the BERs of the half rate mother code at block length 4096 are represented with the diamonds.

Fig. 8. Histograms of the maximum levels of recoverability; results from 10 000 trials with the regular LDPC codes (�(x) = x and �(x) = x ) at the block
lengths 1024 (unfilled), 4096 (shaded), and 65536 (filled).

codes provide not only structural advantage of the rate compatibility
and a lower complexity of encoders and decoders but also better per-
formances than those of dedicated LDPC codes.

The performance variation of random puncturing becomes smaller
as the block length increases. To see the performance variation with in-
creasing block lengths, we do the same simulations at a block length of
4096. The group distributions of the intentional and random puncturing
are listed in Table III, where the maximum levels of recoverability are 3
and at least 11 for intentional and random puncturing, respectively. We
evaluate the BER performances of the three randomly punctured LDPC
codes in Fig. 7, where the performance variations among the different

random puncturing distributions are noticeably smaller. At rate 0:8, the
required Eb=N0 for a BER of 10�5 has a variation of less than 0.9 dB
as compared to 2.2 dB in the case of block length 1024. The smaller
performance variation can also be predicted by the group distribution
in Table III. Thus, locations of punctured parity bits are more important
at shorter block lengths.
To see how the maximum level of recoverability changes with in-

creasing block lengths, we design 10 000 different random puncturing
distributions for the regular (�(x) = x2 and �(x) = x5) LDPC
codes at the block lengths of 1024; 4096; and 65536. The levels of
recoverability are observed by analyzing the group distributions of
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Fig. 9. Comparison between the intentional (filled) and random (unfilled) puncturing of a regular LDPC code (�(x) = x and �(x) = x ) at block length 4096;
code rates are 0:5; 0:6;0:7; and 0:8 from the left to the right, and the puncturing distributions are from Intentional and Random 2 in Table III .

Fig. 10. Comparison between the intentional puncturing (filled dots) and random puncturing(unfilled dots); the half rate irregular mother code (leftmost) has a
block length of 1024, and the punctured LDPC codes have rates of 0:6;0:7; and 0:8 from the left to the right.

the puncturing distributions. Histograms of the maximum levels of
recoverability with the three different block lengths (1024; 4096; and
65536) are compared in Fig. 8, where most of the time, the maximum
level of recoverability is bigger than 10. However, the variations of
the maximum level of recoverability become smaller at the longer
block lengths. In the extreme case when the block length is 65536,
the variation of the maximum level of recoverability is significantly
smaller, where 11 and 12 account for over 99% of the occurrences.
Thus, we confirm that careful selections of punctured bits are more
important at smaller block lengths from a different perspective.

The randomly punctured LDPC codes (Random 2 in Table III)
are compared with the intentionally punctured ones (Intentional in
Table III) in Fig. 9, where at rate 0:8 and a BER of 10�5, the inten-
tionally punctured LDPC code requires 1.6 dB less Eb=N0 than that
of the randomly punctured one.

B. Simulations With Irregular LDPC Codes

The proposed algorithms are also applicable to irregular LDPC
codes. To demonstrate the performance of irregular punctured LDPC

codes, we design an irregular LDPC mother code with the rate 0.5
whose degree distribution pair is

�(x) = 0:28286x+ 0:39943x2 + 0:31771x7 and

�(x) = 0:6x5 + 0:4x6:

A parity-check matrices for the irregular LDPC code at block lengths
1024 and 4096 are designed with Progressive Edge Growth (PEG) al-
gorithm [12] to get a better girth distribution. The mother code is punc-
tured randomly and intentionally based on the proposed algorithms.
The group distributions are listed in Table IV, where Random (Inten-
tional) 1024 and 4096 indicate the group distributions of random (in-
tentional) puncturing at block lengths 1024 and 4096, respectively.
For fair comparisons, we simulate random puncturing with three dif-
ferent random seeds, then pick the one which has middle performance
among them as we did in the regular case. The performances of the ran-
domly and intentionally punctured LDPC codes at block lengths 1024
and 4096 are evaluated and compared in Figs. 10 and 11, respectively.
Again, the intentionally punctured LDPC codes outperform the ran-
domly punctured LDPC codes at all the rates. At rate 0:8 and a BER of
10�5, the intentionally punctured LDPC codes at block lengths 1024
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Fig. 11. Comparison between the intentional puncturing (filled dots) and random puncturing(unfilled dots); the half rate irregular mother code (leftmost) has a
block length of 4096, and the punctured LDPC codes have rates of 0:6; 0:7; and 0:8 from the left to the right.

TABLE IV
GROUP DISTRIBUTIONS OF THE INTENTIONAL PUNCTURING AND THE THREE DIFFERENT TRIALS OF THE RANDOM PUNCTURING OF AN IRREGULAR LDPC CODE

WITH �(x) = 0:28286x+ 0:39943x + 0:31771x AND �(x) = 0:6x + 0:4x AT A BLOCK LENGTH OF 1024

and 4096 have 1.25- and 0.8-dB Eb=N0 improvements over those of
the randomly punctured ones, respectively.

V. CONCLUSION

We propose the grouping and sorting algorithms to design rate-com-
patible punctured LDPC codes at small block lengths. The algorithms
are based on the claim that a punctured LDPC code with a smaller level
of recoverability has better performance. We mathematically explain
why the proposed algorithms provide us with better punctured LDPC
codes by introducing the concepts of recovery tree and recovery error
probability.

The proposed algorithms are verified by comparing performance of
punctured LDPC codes based on the algorithm (called intentionally
punctured LDPC codes) with randomly punctured LDPC codes. The
intentionally punctured LDPC codes show better BER performances at
relatively small block lengths (1024 and 4096), where the performance
improvement is more distinctive at smaller block lengths. In the caseof
the regular code with block length 1024, the intentionally punctured
LDPC has 3 dB better Eb=N0 performance than that of the randomly
punctured one for a BER of 10�5 at code rate 0:8. For the longer block
length 4096, the intentionally punctured LDPC code outperforms the
randomly punctured LDPC code by 1.6 dB at rate 0:8 and a BER of
10
�5. That is, the improvement becomes smaller but is still significant.
Another important observation is the performance variation of ran-

domly punctured LDPC codes. Especially, at small block lengths, the
variation becomes unacceptable. In our simulations, we observed 2.2
dB performance difference between the best and the worst randomly
punctured LDPC codes. Random puncturing makes it possible to punc-
ture a significant amount of parities in a stopping set, which results in

poor performance. In the conventional design rule of randomly punc-
tured LDPC codes, the performance variation can be evaluated with
time-consuming computer simulations. However, by analyzing group
distributions of a random puncturing distributions, we predict their
BER performances in a much faster way. The performance variations
become smaller at larger block lengths, which is verified by evaluating
histograms of the maximum levels of recoverability at three different
block lengths, 1024; 4096; and 65536. In the case that we have to use
random puncturing, the analysis under the framework of the grouping
algorithm gives us a good random puncturing distribution.
We also show that the sorting algorithm can be applied for random

puncturing. A random puncturing distribution tells the locations of par-
ities to be punctured but the distribution does not say in which order the
parities should be punctured. Although performance at the highest code
rate is determined by the maximum level of recoverability, the perfor-
mances of punctured LDPC codes at intermediate code rates from that
of themother code to the highest code rate depend on the order in which
the parities are punctured.
Finally, we apply the proposed algorithm to irregular LDPC codes

at block lengths 1024 and 4096. The performance improvements of
the intentionally punctured LDPC codes are 1.25 dB for block length
1024 and 0.8 dB for block length 4096 over randomly punctured LDPC
codes at code rate 0:8 and a BER of 10�5.
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Monomial Bent Functions

Nils Gregor Leander

Abstract—In this correspondence, we focus on bent functions of the form
where Tr( ). The main contribution of this cor-

respondence is, that we prove that for = 4 , odd, the exponent
= (2 +1) allows the construction of bent functions. This open ques-

tion has been posed by Canteaut based on computer experiments. As a con-
sequence for each of the well understood families of bent functions, we now
know an exponent that yields to bent functions of the given type.

Index Terms—Bent functions, Boolean functions, monomial Boolean
functions, power functions, trace expansion.

I. INTRODUCTION

A complete classification of bent functions is elusive and looks hope-
less today. As a first step toward a characterization of all bent functions,
we focus on traces of power functions, so called monomial Boolean
functions. This approach is well known in related areas like almost
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perfect nonlinear (APN) functions or m-sequences, but has not yet
been comprehensively studied for bent functions. This approach turns
out to be very fruitful for several reasons. The only known nonnormal
bent functions are monomial bent functions (see [2], [3], [5]), demon-
strating that the study of monomial functions leads to new classes of
bent functions. Furthermore one result of our considerations is, that for
each of the well studied families of bent function, there is a monomial
bent function belonging to these classes. Moreover, carefully studying
the proofs for the monomial bent functions all these families can quite
easily be rediscovered. In this sense most of the variety of (at least
known) bent functions can already be discovered by the investigation
of monomial functions.
We first recall all the known cases of monomial bent functions. In

the case of the Dillon–Dobbertin monomial bent function we sketch an
algorithmic approach to study the dual of these bent functions.
As one of our main results in this correspondence we present a

new class of monomial bent functions, not corresponding to one of
the known monomial bent functions. This class was found with the
help of computer experiments by Canteaut, who first conjectured
that the concrete examples found belong to the new class (see [1]).
This exponent actually leads to functions belonging to the Maiorana–
McFarland class of bent functions.

A. Preliminaries

Throughout the correspondence let n = 2k be an even integer.
Given a Boolean function f : n

2 ! 2, the function

a 2 n
2 7! f

W(a) =
x2

(�1)f(x)+ha;xi

is called the Walsh transform of f . Moreover, the values fW(a), a 2
n
2 are called the Walsh coefficients of f .
A measure of the linearity of a Boolean function f with respect to

the Walsh transform is defined by

Lin(f) = max
a2

f
W(a) :

For n even, f is called bent if Lin(f) = 2n=2, which is the minimal
value that can occur and we then have fW(a) = �2n=2 for all a 2 n

2 ,
since

a2

f
W(a)2 = 22n (Parseval's equation):

Bent functions always occur in pairs. In fact, given a bent function
f : n

2 !
n
2 , we define the dual f

� of f by

(�1)f (a) 2n=2 = f
W(a):

In other words, we consider the signs of the Walsh-coefficients of f .
Due to the involution law the Fourier transform is self-inverse. Thus
the dual of a bent function is again a bent function, and we have the
rule f�� = f .
We recall some well know families of bent functions. The class of

Maiorana–McFarland consists of bent functions of the form

f : k
2 �

k
2 ! 2

f(x; y) = hx; �(y)i+ h(y)

where � : k
2 !

k
2 is a permutation and h : k

2 ! 2 is an arbitrary
function. A special case of Maiorana–McFarland bent functions are the
quadratic bent functions.
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