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ABSTRA CT

Image formation in radio astronomy is often posed as a problem of con-
structing a nonnegative function from sparsesamplesof its Fourier trans-
form. We explore an alternativ e approach which reformulates the problem
in terms of estimating the entries of a diagonal covariance matrix from
Gaussian data. Maxim um-lik elihood estimates of the covariance cannot be
readily computed analytically; hencewe investigate an iterativ e algorithm
originally proposed by Snyder, O'Sullivan, and Miller in the context of
radar imaging.

The resulting maximum-lik elihood estimates tend to be unacceptably rough
due to the ill-p osed nature of maximume-lik elihood estimation of functions
from limited data, so some kind of regularization is needed. We explore
penalized likelihoods based on entropy functionals, a roughness penalty
proposedby Silverman, and an information-theoretic formulation of Good's
roughnesspenalty crafted by O'Sullivan. We alsoinvestigate algorithm vari-
ations that perform a generic smoothing step at ead iteration.

1 Introduction

The insatiable thirst of astronomersfor increasingly high resolution images
of the cosmoshas led to ingenious developmerts in both instrumentation
and the processeemployed to extract information from the available raw
data. In optical astrononmy, system resolution is, at rst glance, limited
by atmospheric turbulence. Undaunted, researters have tackled the chal-
lengeswith a variety of tactics, including exible mirrors that can rapidly
bend to compensatefor the uctuating atmosphere,and sophisticated sig-
nal processingalgorithms for combining multiple short exposuresinto a
single image. At the comparatively low frequenciesof interest in radio as-
tronomy, the resolution of a single radio telescope is signi cantly limited
by the dicult y and extraordinary costinvolved in constructing antennas
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with large dishes.In the 1940's,this hurdle wasovercomeby correlating the
signalsfrom multiple antennasto form an interferometer. Diversedata can
be collected by mounting the antennason tracks or exploiting the rotation
of the earth to take interferometric measuremets at dierent positions
[RH60, Fom73.

Since the genesisof interferometric radio astronomy, researters have
exploited the connection between the correlation measuremets and the
Fourier transform of the object being imaged. Basically, eac correlation
measuremenm givesan estimate of one point of that Fourier transform. The
position of the point in Fourier spacedepends on the vector separation
of the two antennas assiated with that measuremen For instance, an
array of 27 elemens (unequally spacedto avoid redundant position di er-
ences)provides 272 = 729 Fourier points. By changing the position of the
array elemers (either by physically moving the elemers or by waiting for
the Earth to rotate), additional points may be obtained, but it is almost
impossibleto obtain all the points neededto form a good image by direct
Fourier inversion. Simply setting the missingpoints to zeroand applying an
inverseFourier transform yields a blurry image with complicated sidelobe
structures, often called the \dirt y map." In addition, negative pixel values
are often obtained, eventhough the intensity should be nonnegative. Radio
astronomersrely on two main tools, the CLEAN algorithm [H74, Sch78]
and maximum entropy [Abl74, Pon8(, to produce useful \clean maps."
Although the underlying mapping betweenthe correlation data and the in-
tensity map is linear, CLEAN and maximum entropy algorithms are both
nonlinear forms of processing.

This chapter exploresa radically di erent approach basedon statistical
estimation theory. It doesnot require or explicitly exploit the Fourier rela-
tionships which have ertirely dominated radio interferometry for the past
ft y years. The method can deal with any reasonablelinear relationship
betweenthe astronomical sourceand the raw measuremets; the fact that
these relationships are complex exponertials is somewhat incidental. Un-
der the statistical model, the pixels that form the sky emit white Gaussian
processesThe antenna elemens seea mixture of these processeghrough
a linear transformation and additiv e receiver noise. The signalsseenat the
antenna elemens are then another set of Gaussian process,with correla-
tions betweenthe componerts. One can then simply write down the like-
lihood of the data given the unknown powers and maximize the likelihood
with respectto the unknown parameters.This turns out to be a challenging
maximization which does not yield to a frontal assault; hence, we adopt
an expectation-maximization (EM) algorithm originally proposedby Sny-
der, O'Sullivan, and Miller [SOM8Y] in the di erent but related context of
imaging di use radar targets.

The CLEAN algorithm, and traditional maximum-entropy algorithms,
require the investigator to choosea variety of parameters; the results of
thesealgorithms are often highly dependert on the skill of the practitioner
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in choosing these parameters. By cortrast, in adopting the maximum-
likelihood framework, one can\turn the crank" of the EM algorithm with-
out having to tune any such operational parameters. Our new approac
alsofully exploits all statistical knowledgeabout the data collection.

One of the advantages of maximum-entropy techniques in traditional
radio astronomy formulations is that the entropy functional ensuresnon-
negative estimates. The maximume-likelihood approach has this same ad-
vantage; nonnegativity is automatically guaranteed by the form of the EM
iterations.

To our knowledge, Leshem and van der Veen [LvdV00] o er the only
other reported work on a maximume-likelihood approach to radio astron-
omy. They considerimaging in the presenceof strong man-maderadio inter-
ference,for instance, from communication satellites; hence,their primary
interest lies in performing maximume-likelihood inferencefor speci c point
sources.This yields closeties to the direction-of-arrival literature [JD93].
They presert a simplifying approximation to the loglikelihood and a co-
ordinate descen algorithm which treats already-discorered point sources
as colored noise. This diers, in both goal and execution, from our EM
algorithm for pixel-basedimaging. Thus, this chapter and [LvdV00] com-
plemernt one another.

Section 2 presens our statistical formulation of the radio astronomy
problem, and Section 3 preseris the EM algorithm for computing estimates
using this model, as well as some simulation results. These experiments
illustrate the need for regularization; various possibilities are explored in
Section 4. Section 5 suggestssomeavenuesfor future exploration.

The literature on radio astronomy is vast and rich. We have found the
collections of papers edited by Goldsmith [Gol88] and Felli and Spencer
[FS8Y, as well asthe text by Thompson, Moran, and Swenson[TMS88],
to be particularly helpful.

2 Problem Formulation

Supposethe sensorarray hasK elemers. Sinceradio astronomy antennas
are quite expensiwe, it is commonto either mount the antennas on tracks
which allow them to be moved or to simply let the earth rotate, which
placesthem at a new e ectiv e look position. Supposewe take data at M
such look positions and that we collect N snapshotsat ead position.
Anticipating discretization for computer implementation, we suppose
that the sky is madeup of | pixels. We will usea singleindexi = 1;::: ;I
to run over the the entire two-dimensional pixel array. Let ; and ; de-
note the anglesthat pixel i form with respect to a line perpendicular to
and crossingthe certer of the array. Assume ead pixel i radiates a com-
plex, white Gaussianprocessci(n;m);n = 1;:::;N;m = 1;::: ;M with
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unknown variance 2. Let 2=1[ %;:::; 2]" and = diag( 2).

Assumingthat ; and ; are small sothat small-angleapproximations to
trigonometric functions apply, ead sensorseesthe signal from ¢; with an
assaiated phaseshift expfj2 [xx(m) i+ yx(m) i]g, where (xx (m);yk(m))
are the coordinates of sensork at look position m. We can write the data
received at sensork

X
re(n;m) = ci(n;m)expfj2 [xk(m) i+ yk(m) iJg+ we(n;m); (1.1)
i=1

where wy (n; m) is white, complex, zero-meanGaussianreceiver noise with
variance Ng.

Let r = [ry;:::;rk]". For corvenience,we form matrices of complex
exponertials " (m);m = 1;:::;M, and express(1.1) for all k as

r(n;m) = " (m)c(n; m) + w(n; m); 1.2

wherec = [cg;:::;¢]" andw = [wy;::: ;wk ] areindependert and iden-

tically distributed asCN (0; ) and CN (0; Nol), independent with respect
to ead other, and independen with respectto n and m.
Note that for all n, r(n;m) N (0; K, (m)), where

Ke(m)= "(m) (m)+ Nol: (1.3)

Estimating the intensity map  brings us to the structured covariance
estimation waters rst charted by Burg et al. [BLW82]. The loglikelihood
for the data is

X XX
Lg( )= N IndetK (m) rA(n;m)K, Y(m)r(n; m):
m=1 m=1 n=1

(1.4)

3 An Algorithm for Maximum-Likelihood Imaging

Maximum-lik elihood imaging requiresusto nd the diagonal = diag( ?)
that maximizes (1.4). Since no simple solution is evidert for this di cult
optimization problem, weturn to the expectation-maximization algorithm.
The algorithm explored hereis a trivial extensionof the EM algorithm de-
signedby Snyder, O'Sullivan, and Miller [SOM89 in the context of radar
imaging. In the context of the EM algorithm, r(n; m) is called the incom-
plete data and (1.4) is the incomplete data loglikelihaod.

To formulate an EM algorithm, one postulates a set of complete data
which, if available, would make the maximization problem tractable. Here
we take the complete data to be fc(n;m);w(n;m);n = 1;:::;N;m =
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1;:::;Mg, wherec(n;m) CN(O; ) andw(n;m) CN(O;Ngl). The
classicEM formulation requiresthat there be a many-to-one mapping from
the complete data to the incomplete data; this is provided by (1.2). The
complete data loglikelihood is

XN
Lea( ) = NM Indet cH(n;m)  lc(n;m)
m=1 n=1
X MW X ininm)i2
jci(n;m)j*,
= NM In?2 " (1.5)
i=1 m=1 n=1 i=1 !

Let Q denote the expectation of the complete data loglikelihood given
the incomplete data and the estimate from the previous iteration:

Q[ j ()] df ElLea( )j ©9:r] (1.6)

X XX . 2: (old).

I
i=1 m=1 i=1 i

Notice that in the secondterm, sincethe N snapshotsof ¢; areindependen,
we have not notated the explicit dependenceof ¢; on n in the expectation.

At ead iteration of the EM algorithm, we get the new estimate by max-
imizing Q:

(new) = argmaxQ[ j ©9: (1.7)
The derivative of Equation (1.6) with respectto 2, setto zero, is

1, N Elem? O _

N M —+ N (72 0; (1.8)
I m=1 I
which yields the simple update
1 .
e = SEfa(m)? 5] (19)

Computing the expectation in Equation (1.9) is a standard problem ad-
dressedin estimation theory texts (see,for instance, Equation 7.1120n p.
303 of Scharf [Sch9]] or Equations V.B.21 and 7.B.22 on p. 221 of Poor
[Po094). Its solution results in the explicit update

Id
2new) _ 200d) | 2oy X
i = v
m=1

(MK Ym)s(m)K *(m) "i;

[ (mK *(m) "(m) (1.10)
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where
Km)= "(m) D (m)+ Nl (1.12)
and
S(m) = Ni)(“ r(n; m)r™ (n; m): (1.12)
n=1

Notice that the data only enters into the inferencevia its empirical covari-
anceS. We have written (1.10) in a way to show the symmetric structure
of the matrix computations. In implemertation, it is more e cien t to com-
pute the term in brackets by calculating ( m) = (m)K *(m) followed
by (m) H(m) S(m) H(m)]. Sinceonly the diagonal terms are needed,
the nal step only requires! inner products.

Taking N = 1 and M = 1 yields the original algorithm [SOM89 for
forming radar images of di use targets. There, c is the re ectance of a
radar scatterer, 2 is called its sattering function, and  contains time-
shifted and doppler-shifted versionsof the transmitted waveform.

3.1 Simulations

Our simulations are meart to illustrate the overall operation of the EM

algorithm, and are not intended to represer any particular real-world sce-
nario. We assumea 27-elemen array modeled after the Very Large Array

in New Mexico [NTE83]. The array consistsof three arms arrangedin a 'Y

pattern, with equal angular spacingbetweeneac arm. Each arm hasnine
elemerts. The distance of the nth antenna on eadh arm from the certer of
the array is proportional to n*'716, The real VLA's elemers are mounted

on tracks, sothe overall size of the array can be changed.Here, we assume
the array is set at its largest con guration, in which the furthest elemeris

on eac arm are 21 km away from the certer.

For simplicity, our simulated array departs from the real array in New
Mexico in that we suppose the array can be rotated around its certer
to get di erent looks (or equivalertly, the array is certered at one of the
Earth's poles). We will supposethat M = 5 di erent looks are taken, and
that the array rotates 10 degreesbetweenlooks, for a total rotation of 40
degrees Figure 1 shows the Fourier sampling pattern this generatesin the
traditional radio astronomy paradigm. At eat look m, N = 500 snapshots
are taken to form the empirical covariance matrix S(m).

The top row of Figure 2 shows two ideal intensity functions usedin our
experiments. The bottom row shows the simple estimate

! #
U )
£ = real (m)S(m) " (m) ; (1.13)

m=1 i
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FIGURE 1. Fourier sampling pattern asscaiated with the simulated scenario.

which correspondsto the \dirt y map" of traditional radio astronomy.
Figure 3 show the results of EM iterations (1.10) on data simulated from
theseideal intensity functions using the described set-up.

4 Regularization Tedniques

Although the estimatesshown in Figure 3 are quite sharp, and the badck-
ground cha becomeslessevidert with increasing iterations, the recon-
structed objects su er from a spiky, noisy appearance.The roughnessas-
saciated with increasingEM iterations is indicativ e of the ill-p osednature
of maximum-likelihood estimation of functions from limited data. In most
numerical algorithms, accuracy improves as the discretization is re ned.
Here, the opposite is true; as the grid is re ned, the problem becomes
increasingly ill-p osedand the solutions increasingly ill-b ehaved. This phe-
nomena, called dimensional instability by Tapia and Thompson [TT78],
would manifest itself in any algorithm that maximizesthe loglikelihood.

Theseissueshave beenextensiely studied in the context of Poissonin-
tensity estimation in applications such as medical imaging (see [SM85],
[SMLTP87], and Chapter 3 of [SM91]). Seweral solutions have been pro-
posed for Poissonimaging which we can adapt to our radio astronomy
problem.

4.1 The Methad of Sieves

One approad is to restrict the solution to lie in a restricted subsetcalled
a sieve [Gre81]. One possibility is to require it to be a weighted sum of
basis functions. Gaussian basis functions yielded much successin emis-
siontomography [PS88 SMLTP87, PS91]. In the radio astronomy problem
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FIGURE 2. Top row: Two ideal intensity functions usedin the simulations. Bot-
tom row: Traditional \dirt y maps" formed from simulated data.

and the related radar imaging problem originally consideredby Snyder,
O'Sullivan, and Miller [SOM89], the EM algorithm of Section 3 can be
extended to incorporate such a siewe constraint. Moulin and co-workers
[MOS92 OSPM92] presert this extendedalgorithm (for N=1, M=1), along
with speci ¢ examplesemplaying B-splines for radar imaging. Radio as-
tronomers employing the CLEAN algorithm typically smooth the result by
convolving it with a so-called\clean beam." This clean beam may pro-
vide a natural starting point for choosingthe sieve in maximum-lik elihood
estimation. Wavelet thresholding techniques have also been explored for
denoising spedled radar imagery [Mou93].

4.2 Regularization via Penalties

Another approad to regularization is to subtract a penalty ( ) which
discouragesunacceptably rough estimates and to maximize the penalized
likelihood

PC)=La() () (1.14)

Bayesiansmay think of this as maximum-posterior estimation using a (usu-
ally improper) prior proportional to exp[ ()]
The EM algorithm can be easily extended to maximize this penalized
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FIGURE 3. Results of the unconstrained EM algorithm for two dierent data
sets (shown in dierent rows). From left to right, columns show results at 100,
200 and 1000 iterations.

likelihood. The function Q (1.6) is generalizedto

Qe[ j 9]

[11=3

ElLeca( )i “5r1 () (1.15)
X WX i i2: (old).
i=1 m=1 i=1 i

()

To maximize (1.15), we can take derivatives(analogousto (1.8)) and solve
the set of equations:

N _ . (old).
am L E[Q(m()zi)2 1] @é)Z) -0 (1.16)

i m=1

alternativ ely written as

1 iZ(UC)( (old)) @X )

7T WM e?

=0; (1.17)

where 2(uwe)( () is the result of the unconstrained update speci ed by
(1.10). At ead iteration, we take the updated value (") to be the
that solves(1.17).

Entropy Functionals

Beginning with Frieden [Fri72], numerous authors [ES88 AH91, Mea8§
SSB79 SB84, FW78, GD80, WD77] have proposedregularizing a variety of
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inverseproblems with nonnegativity constraints via the entropy functional
X 2 2
e( )= 2 Z (1.18)

i
At ead iteration, the new is found by nding the zero of

i2+ i2(uc)( (old))

(D@ f) (1.19)
for eadh i. This is conveniert becausethe solution is decoupledfrom pixel
to pixel. Molina and Ripley [MR89] suggestthat entropy \corresponds to
a rather peculiar prior, sinceit dependsonly on the marginal distribution
of grey levels and not on their spatial locations. It is thus surprising that
maximum entropy solutions appear smooth in many published examples."
Donoho, Johnstone,Hoch, and Stern [DJHS9Z] o er a highly practical dis-
cussionof the how erntropy regularization operatesin practice. They suggest
that nonlinearities of the form induced by (1.19) encouragea \shrinking" of
estimatestowards a nominal value of 1=e Narayan and Nityanada[NN84]
study a generalclassof functions which include (1.18) asa special caseand
have similar e ects on the reconstruction.

It is important to avoid a potential misunderstanding. Maximizing the
penalizedlikelihood (1.14), using the ertropy penalty (1.19) and the loglike-
lihood given by Equation (1.4), is not equivalent to \maxim um entropy"”
as traditionally practiced ,py radio astronomers. In traditional maximum
entropy, one maximizes . 2In 2 subject to agreemen with the corre-
lation data. This agreemen is most often measuredusing a simple least-
squarescriterion; this could be viewed as maximizing a penalizedlik elihood
where the \lik elihood" has an implied Gaussianform, with the correlation
measuremets assumedto be corrupted by additiv e white Gaussiannoise}!
which is not at all like (1.4).

Good's Roughness

Good's roughnesspenalty [GG71] was originally formulated for smooth-
ing estimatesin nonparametric probability density estimation; a thorough
analysisin this context is given by Tapia and Thompson [TT78]. Following
the suggestionof Snyder and Miller ([SM85], Section I1.1), Good's rough-
nesswas later applied to closely related problems of Poissonintensity es-
timation in PET [MR91], SPECT [MM91, BM93, MB93, BMMW94 ], and
optical-sectioning microscopy [JM93].

In the next few subsections,in order to conveniertly expressthe penal-
ties, we will index 2 using two spatial coordinates, asin 2, , i1
1,::051q, 02 = 15100512, wherel = |41,. The penalties we now explore

1The empirical correlation would be more accurately modeled as following a Wishart
distribution [GN99].
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are most easily interpreted in their original cortinuous form, so we will
alsolet 2() or 2(;) denote the corntinuous functions underlying the
discrete represertations. In one dimension, Good's continuous rst-order
roughnesspenalty [GG71] may be written in seweral equivalent ways:

Z 2 z 2
4 %Zp Z(X) dx = 2(X) %'n 2(X) dx
240 2
I 2)()5;)dx _ z(x);'?m 2(x)dx:  (L.20)

The last equality in (1.20), which wasestablishedindependertly in [O'S95|
and [Fri91], follows from integration by parts. Consider the rightmost ex-
pression.The penalty is straightforwardly extendedto two dimensions(see
pp. 155-1560f [SM9]] or Section 3 of [MR91]):

2(x;y) % + % In 2(x; y)dxdy: (1.21)
Discretizing Equation (1.21) yields ¢ (f) =
_x_ i21;i2[|n i21+1;i2 +1In i21 i, tIn i2;i2+1 +In {4, 1 4In i21;i2]:
o (1.22)

O'Sullivan [0'S99] noted that the discretized penalty (1.22) hasan appeal-
ing information-theoretic interpretation in terms of I-divergencesbetween
neighboring pixel values.

At ead iteration, the new may be found by solving a set of nonlinear
di erence equations:

2(un),  (old)
0 = 5 + I1,I22( )2 ) (123)
i1iiz i13i2
2 2 2 2 2
+ [(ln i1+1;iz+ In i1 1;i2+ In i1;i2+1 + In i1§iz 1 4In i1§iz)

1
t—— Pt b onnt Rt fn 1 A0
1512
Figure 4 shows the results of 1000iterations of the EM algorithm using
Goods's roughnesspenalty for = (NM) = 0:002and = (N M) = 0:005.

Silvermaris Roughness

Inspired by the work of Good and Gaskins [GG71], Silverman [Sil82] sug-
gested alternativ e penalties that employ di erential operators of the log-
arithm of the function. Like Good's roughness, Silverman proposed his
penalty in the context of density estimation. We considerthe special case

z7z
@,

2
2(y- .
' @ In “(x;y) dxdy: (1.24)
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FIGURE 4. Results of 1000iterations of the EM algorithm using Good's rough-
nesspenalty with = (NM) = 0:002 (left column) and = (NM) = 0:005 (right
column).

In the context of optical astronomy, Molina and Ripley [MR89] suggest
smoothing the logarithm of the image, noticing that \astronomers tend to
look at the raw data on a logarithmic scale(by choosing corntour levelsin a
geometric progression)except when looking at details at near background
level."

Discretizing (1.24) yields

s(f) = [(In i21+1 i, In i21;i2)2 + (In i21;i2+1 In i21;i2)2]3 (1.25)
i1i2
Using this penalty requires solving the following set of nonlinear equa-
tions at ead iteration of the EM algorithm:

2(un),  (old)
1 i1
0 = 5 + |1,|22( )2 ) (126)
i15i2 i15i2
2
Wz—[ln i21+l;iz+ In i21 1;iz+ In i21;iz+1 +1In i21;i2 1 4In i21;i2]:
l1512

Figure 5 shows the results of 1000iterations of the EM algorithm using
Silverman's roughnesspenalty for = (NM) = 0:002and = (NM) = 0:005.

General Markov Random Fields

Note that, when discretized, Good's and Silverman's roughnesspenalties
can be thought of asinducing a prior with a nearest-neigtbor Markov ran-
dom eld structure. A wide variety of such priors have been proposedfor
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FIGURE 5. Results of 1000 iterations of the EM algorithm using Silverman's
roughness penalty with = (NM) = 0:002 (left column) and = (NM) = 0:005
(right column).

image reconstruction [GR92] which could be tried here. For instance, the
useof the squarein (1.20) and (1.24) results in reconstructions that, while
lessnoisy, have smoothed edges.Employing powerslessthan two results in
a penalty that tendsto smooth cortinuous regionswhile better preserving
edges.For simple penalties employing the derivative of the function (in-

stead of the square-raot or the logarithm as above), this correspondsto a
Markov random eld with the popular generalizedGaussian distribution

[BS93. Good's roughnessand Silverman's roughnesscould be generalized
in a similar way. We leave this topic for future work.

4.3 Regularization via Geneml Smathing Steps

Notice that in the method of penalties, a simple modi cation of the EM
algorithm canbe usedto producethe penalizedlik elihood estimates;the re-
sulting algorithm happensto amount to nonlinearly smoothing the result of
the maximization step at ead iteration beforereturning to the expectation
step. In the elds of emissiontomography and stereology Silverman et. al.
[SIWN9Q] have suggestedexperimerting with di erent kinds of smooth-
ing steps. For arbitrary choices of smoothing, the resulting expectation-
maximization-smoothing (EMS) algorithm will not, in general,correspond
to a particular penalized likelihood method. In addition, it is dicult to
determine exactly what such algorithms cornvergeto, if they converge at
all. Howewer, considering the successllustrated in [SJIWN9Q] for Poisson
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intensity estimation, we are motivated to explore other kinds of smoothing
in our radio astronomy application. One such exampleis shown in Figure
6, in which the smoothing step is a simple nearest-neigtbor linear Iter
de ned by

(L )i, = Ffiio+t [fierio ¥ fiy wip + fiioa + fii, 1] (1.27)

+P—§[fi1+1 o+l Fin v+ Fi e + iy 1, 1l

where hereis a parameter which controls the amount of smoothing.

FIGURE 6. Results of 1000 iterations of an EMS algorithm using the linear
smoothing step de ned by (1.27) for = 0:001 (left column) and = 0:003
(right column).

Applying a linear smoothing step in the EM iteration for emissionto-
mography has a natural relationship to minimizing a penalizedlikelihood
in which the penalty is quadratic in the squae root of the intensity (see
[Nyc9Q] and Section5 of [SJWNO9Q)]), yielding a rather unexpected connec-
tion to Good's roughnessof Section 4.22 Latham and Anderssen[LA94]
provide some deep analysis of linear smoothing in the emissiontomogra-
phy iteration. We know of no equivalert existing analysisof adding a linear
smoothing step to (1.10).

Eggermort and LaRiccia [EL95] proposesmoothing by nonlinear opera-
tion N, constructed from a linear smoother accordingto Nf = exp[L In(f)].

2Surprisingly , neither the authors nor the discussarnts of [SJWN9O0] refer to the work
of Good and Gaskins or to its later application in emission tomography. The connection
is explicitly noted by Eggermont and LaRiccia [EL95], however.



1. Statistical Imaging in Radio Astronomy via an Exp ectation-Maximization Algorithm for Structured Covariance Estim:

When applied to density or Poissonintensity estimation, the resulting EMS
algorithm maximizesa particular functional they call a\mo di ed loglikeli-
hood". This contrasts with other EMS algorithms which do not necessarily
correspond to minimizing some particular functional. To our knowledge,
there is no parallel body of analysis of EMS algorithms for structured co-
variance estimation; it remains a wide-open area for future work.

»

FIGURE 7. Left column shows results of 1000 iterations of an EMS algorithm
using a nearest-neighbor median lter asthe smoothing step. Right column shows
results of median lItering 1000 iterations of the unconstrained EM algorithm.

For another example, the left column of Figure 7 shaws the results of an
EMS algorithm which usesa 3 by 3 median lter asthe smoothing step.
Observe how the EMS algorithm with median smoothing maintains sharp
edgesand yields a cartoon-like reconstruction; also note that this is not
equivalent to median ltering the raw ML estimate of the unconstrained
EM algorithm, asshown in the right column of Figure 7.

5 Directions for Future Work

The simulations presenied in this chapter o er preliminary insight into the
behavior of statistical estimation techniques for forming radio astronomy
images.More detailed studies should be conducted, including studies with
real data, which compare maximum-likelihood and maximum penalized-
likelihood estimateswith the results of traditional proceduressuc asthe
CLEAN algorithm and classicalmaximum-entropy algorithms.
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Real radio astronomy measuremets exhibit seweral phenomenawhich
our statistical model currently doesnot accourt for. In someradio astron-
omy arrays, in order to reducecost, the correlators are\hard wired" in such
a way that only certain correlation measuremets are made; thus certain
elemens of S may be missing. Before correlation, the raw data is often
signi cantly truncated, sometimesas coarselyas one bit, which hasan un-
pleasart e ect on the correlation measuremeh (see Sections 8.3 through
8.5 of [TMS88]). It may be bene cial to explicitly model thesee ects and
derive appropriate extensionsto the EM algorithm preseried here. There
are also a host of calibration issues(particularly in Very Long Baseline
Interferometry (VLBI), wherethe sensorarray may spanwhole continents
[FS89) which we have neglectedwhich could also be incorporated into the
model and the algorithm. Leshemand van der Veen[LvdV00] discussthese
calibration issuesfrom a maximum-lik elihood viewpoint.

One of the main di culties with EM algorithms in generalis their slow
convergencerates. A variety of EM variants have been proposed which
boast faster corvergence.For instance, the Space-Alternating Generalized
EM (SAGE) algorithm of Fesslerand Hero [FH94] updates the parame-
ters in groups instead of all at once; eath group has its own assaiated
hidden data space, which would be a complete data spaceif the remaining
parameters were known. Schulz has formulated sewral SAGE algorithms
[Sch97] for maximizing (1.4) which could be implemented for forming radio
astronomy images. The one-dimensionalexperiments reported in [Sch97]
demonstrate the greater likelihood changeper iteration of the SAGE algo-
rithm; however, that particular implementation requiresaround three times
the amount of computation per iteration as the original EM implementa-
tion. The details of such timing analysesare highly platform dependert;
one could imagine a specialized hardware architecture which could per-
form the SAGE iterations faster than the EM iterations, or vice-versa.In
any particular application, one should compare various implemertations
to nd the algorithm with best performance on somegiven hardware ar-
chitecture for that particular instance. SAGE algorithms are more corve-
nient for maximizing penalizedlik elihoods using Markov random eld type
penalties, becausethe SAGE recipe decouplesthe joint maximization step,
which require solving sets of equationslike (1.23) and (1.26), into a series
of single-parametermaximizations.

An appealing aspect of the statistical formulation is that it allows the
prediction of estimator performancevia Cramer-Raobounds. In addition to
giving the sciertist an understanding of the fundamenrtal limits of the avail-
able instrumentation, it provides an appealing criteria for making design
decisions,such as the placemert of receiver locations, in various applica-
tions. (There has been a tremendous amount of work on studying such
designchoices[Cho72, Mat69] using other kinds of criteria.) For large im-
ages,inverting the Fisher information can becomecumbersome;Hero and
Fessler[HF94] proposean iterativ e algorithm for computing Cramer-Rao
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bounds on parameter subsetswhich avoids explicit inversion of the Fisher
information matrix via a complete/incomplete data formulation analogous
to the EM algorithm.
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