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ABSTRA CT

Radar imaging is often posedasa problem of estimating deterministic re ectancesobsenedthrough a linear mapping
and additive Gaussianreceiver noise. We consider an alternativ e view which considersthe re ectances themseles
to be a realization of a random process;imaging then involvesestimating the parametersof that underlying process.
Purely di use radar targets are modeledby a zero-meanGaussianprocesswhile speculartargets intro ducean additive
componernt with xed amplitude and random uniform phase. When corvertional stepped frequency waveforms are
employed, the linear mapping amounts to a Fourier transform, and parameter estimation is straightforward. If
more complicated waveforms are employed, maximume-likelihood parameter estimates cannot be readily computed
analytically; hence, we explore an iterativ e expectation-maximization algorithm proposedby Snyder, O'Sullivan,
and Miller. Although this algorithm was designedfor di use radar imaging, argumerts basedon the certral limit

theorem and computational experiments support its applicability to the specular case.

The resulting estimatestend to be unacceptably rough due to the ill-p osednature of maximum-likelihood esti-
mation of functions from limited data, so somekind of regularization is needed. We explore penalized lik elihoods
basedon entropy functionals, a roughnesspenalty proposedby Silverman, and an information-theoretic formulation
of Good's roughnesspenalty.

1. INTR ODUCTION

In the late 80's, Snyder, O'Sullivan, and Miller * proposedan approach to radar imaging which represened a radical
departure from traditional radar techniques. They employed statistical models for radar turns which, although well-
explored in the detection arena, had received relatively little attention in the developmert of imaging algorithms.
Instead of pre-supposing a certain kind of processingstructure, such as linear ltering, they derived an imaging
algorithm basedon rst-principles estimation-theoretic techniques, resulting in a nonlinear processorconsisting of
an iterativ e expectation-maximization®3 (EM) algorithm for maximum-likelihood imaging. Intuitiv ely speaking,
the algorithm \deconvolves" the ambiguity function assaiated with traditional matched ltering by fully exploiting
statistical knowledge of the underlying data generation mechanism.

Most modern high-resolution radar systemsemploy stepped frequencywaveforms. Suc waveformsare not neces-
sarily optimal from any theoretical point of view; instead, their popularity arisesfrom the simplicity of the resulting
processingalgorithms, which often reduceto two-dimensionalfast Fourier transforms. A wide variety of other wave-
forms have been proposed, including sequenceswith a varying chirp rate,® decaying exponertial ervelopes/®
frequency-hoppingpulse trains built from Costasarrays,® constart-p ower, amplitude-modulated pulse trains based
on Barker codes or pseudorandomsequencegRef. 10, Sec. 10.4.2), and random signal radar (RSR) waveforms!!
In addition to theseactive waveforms, passiwe radar applications'? which employ commercial television or FM radio
signals have garnered increasing interest recertly. The framework of Snyder, O'Sullivan, and Miller allows easy
incorporation of any type of transmitted waveform.

Although the approac and resulting algorithm was preseried over a decadeago, surprisingly little work hasbeen
reported on it, especially comparedwith other applications of EM algorithms, such as Poissonimaging in emission
tomography,*3'#4 astronomy,'® and optical sectioning microscopy.'® This is most likely due to its computational
complexity. The original 1989paper which preserted the imaging algorithm® contained no examplesof its execution;
examplesof it in the literature have beenmostly restricted to the special caseof stepped frequency waveforms 718
which permit somesubstartial simpli cations that allow great reductions in computational complexity. Considering
the rapid advancemen of computer power, we feel that it is time to reintro duce this algorithm to the radar imaging
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community. To our knowledge, this paper is the rst to report an implementation of the algorithm for transmitted
signalswhich are not stepped frequency waveforms.

Section 2 outlines our probabilistic formulation of radar imaging, including specialization to the delay-doppler
paradigm explored here. Section 3 derivesan EM algorithm for maximum-likelihood imaging which is applied to
simulated data in Sec. 4. These simulations illustrate the needfor regularization as discussedin Sec. 5. Section 6
postulates somedirections for future work.

2. PROBLEM FORMULA TION

In the statistical approac to high-resolution radar imaging, the received data is modeledasr = Yc+ w, wherec
is the complex target re ectance, represerts a linear obsenation medanism, and the receiver noise vector w is
i.i.d. complex Gaussianwith variance No. We will let  be rather general. For simple range pro ling, the rows of

contain samplesof the transmitted waveform; for delay-doppler imaging, it will contain the transmitted waveform
multiplied by complex sinusoidsassaiated with doppler shifts; for tomographic imaging, may alsorepresert scene
rotations. In addition to radar imaging, power spectrum estimation can also be formulated this way, in which case
holds complex exponertials. Our algorithm will result from performing optimal statistical inferenceusing this model,
and not presupposeany particular kind of processingstructure such as matched lItering.

Although statistical models for the radar re ectance ¢ have enjoyed frequert application in analyzing the per-
formance of target detection systemsi® their application in radar imaging has been far less frequert; typically,
radar imaging is posedas a deterministic reconstruction problem amenableto traditional Itering techniques, with
c treated as a nonrandom parameter.

Shapiro et al.1® have suggestedmodeling ¢ asa random processconsisting of specular (glint) and di use (spedle)
componerts. Diuse returns may be modeledascqy CN(O; ), where is a diagonal covariance matrix. The
vector of its diagonal entries = diag( ) is called the sattering function. Specular returns are modeled as
cs = b expj ], where is ani.i.d. uniform random vector over [0;2 ), b is the deterministic glint re ection
coe cient function, and represens elemeriwise multiplication.

Under a purely diuse model,r CN(0;K,) whereK, = Y  + Ngl and estimating the scattering function
brings us to the structured covariance estimation waters rst charted by Burg.?° The loglikelihood for the data is

Liu( )= Indetk, r"K, 1r: (1)

If is unitary (for instance,in the caseof properly chosenstepped-frequencywaveforms), then one can orthog-
onalize the data by computing + = r , and the ML estimate is just ; = max(0;jsj?> No); otherwise, there is no
closed-formsolution for the maximizer of (1). Section 3 reviewsan iterativ e expectation-maximization algorithm for
computing ML estimatesof  from r proposedby Sryder et al.

When the re ectance processhas a specular componert, the distribution of r becomesmore complicated. If

is unitary, the data can be orthogonalized, and j&j consists of independen Rician random variables amenable
to estimation algorithms described in Refs. 21{23. If no such orthogonalization is available, we are not aware of
any closedform for the density of r, which would make pure maximum-likelihood estimation a formidable task.
However, note that if the columnsof have a su cien t number of non-zero ertries, then the elemeris of r consist
of sumsof independert zero-meanrandom variables; by the certral limit theorem, the marginals on r appear to be
Gaussian (although the joint distribution will be more intricate), and r overall appears\nearly Gaussian"in the
senseof Mallows?* This obsenation, alongwith recert computational experience,has motivated applying the di use-
re ectance EM algorithm described above in situations where the re ectance processcortains specular componerts.

2.1. Specialization to Delay-Doppler Imaging

Let s(t) denote the cortinuous-time transmitted signal. We adopt the discretization technique employed by Moulin
(Sec. 2.3, Ref. 25). Supposewe want to compute the delay-doppler scattering function on a discrete grid at delay
times -;" = 1;:::; 1R, with aspacingof , and at doppler frequenciesfy;k = 1;::: ;lcr, with a spacingof ;. The
vector represerts the scattering function at delay - and doppler fx with the element ¢, ... One canimagine
the Ir by Icr 2-D image being unwrapped and strung along a length Igrlcgr 1-D vector.

To avoid some cumbersome double-superscripting in later sections, we use to represert variance instead of the traditional 2.



Supposethat N samplesof the radar return are taken at a spacingof ;. The (n;k+ ‘l1cg)™ entry ofthe N |
matrix " (wherel = IrlcRr) is given by (Eq. 16 of Ref. 25)

expj2 f(n ¢ ~=2)Is(n ¢ ): (@)

One could develop  matrices for other imaging models, such as the tomographic paradigm of Munson et al.2®
In this case, would incorporate angle-limited Radon transforms.

3. AN EM ALGORITHM FOR MAXIMUM-LIKELIHOOD IMA GING

Maximum-likelihood imaging requiresusto nd the = diag( ) which maximizes(1). Sinceno simple solution is
evident for this di cult optimization problem, weturn to an expectation-maximization algorithm derived by Snyder,
O'Sullivan, and Miller %; the algorithm is alsoreviewed in the overall context of information-theoretic imaging in Sec.
IX.C of Ref. 27. In the context of the EM algorithm, r is called the incomplete data and (1) is the incomplete data
loglikelihood.

To formulate an EM algorithm, one postulates a set of complete data¥ which, if available, would make the maxi-
mization problem easier. Here we take the complete data to be fc;wg, wherec CN(0; ) andw CN(O;Ngl).

Traditional EM formulations requires that there be a many-to-one mapping from the complete data to the
incomplete data; this is provided by r = Hc+ w. The complete data loglikelihood is

X X iz
Lea( )= Indet M c= : 16)7. 3)

Let Q denotethe expectation of the complete-dataloglikelihood given the incomplete data and the estimate from
the previous iteration:
X X i~ 2 old.
Qi 12 Ellea( )i *r1=  m, B0
i=1 i=1

(4)

At ead iteration of the EM algorithm, we get the new estimate by maximizing Q. The derivative of (4) with
respectto ; is

1 EC|2 Old;r
= [JJJZ 1. (5)

Equating (5) with zeroyields the simple update

o= EfGiE ) ©®)

Computing the expectation in (6) is a standard problem in estimation theory texts; see,for instance, Eq. 7.112
on p. 303 of Scharf?® or Egs. V.B.21 and 7.B.22 on p. 221 of Poor.?® This results in the explicit update

A i N S S e @

whereK = " %4 4 NglandS=rrH.

Notice that the data only enters into the inferencevia its empirical covariance S. We have written (7) in a way
to show the symmetric structure of the matrix computations. In implementation, it is more e cien t to compute the
term in brackets by calculating = K, followedby [ " S H]. Sinceonly the diagonal terms are needed,
the nal matrix multiplication only requires| inner products.

YWe call the resulting algorithm \an" EM algorithm instead of \the" EM algorithm since di eren t choices of complete data may result
in dieren t algorithms.



4. EXAMPLES

This section explorestwo di erent kinds of targets. One consistsof three distinct point scatterers. The other is a 10
meter diameter sphererotating at a rate of 100 revolutions? per second;one can imagine a styrofoam ball wrapped
in crinkled aluminum foil. (Such an experiment is described in Ref. 18). The theoretical delay-doppler scattering
functions of thesetargets is shown in Fig. 1. The scattering function of the spherewas calculated as described in
Appendix B of Ref. 30. To avoid an aliased appearance,the sphereimage was compute on a grid four times denser
and then downsampledvia averaging.

Figure 1. Two ideal scattering functions usedin the simulations.

V\{)e will explore data generated under both di use and specular models. In the specular experimerts, we take

= " . Note that the scattering function for the sphere was derived under the di use assumption; we do not

necessarilyexpect that in reality a rotating smaoth spherewould generate specular re ections basedon the di use

scattering function. We do this to provide a comparison of the overall e ect of the dierent kind of underlying
statistical models on an even footing.

Our simulations employ a certer frequency of 15 GHz. The transmitted waveform is a 2.13 microsecondlong
constart-p ower waveform consisting of 64 equally spacedsegmets; the amplitude of each segmen wasindependertly
setto -1 or 1, with equal probabilities. Such waveformsare known to have good ambiguity properties (Ref. 10, Sec.
10.4.2). The waveform and its autocorrelation are showvn in Fig. 2.
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Figure 2. Left panel: Transmitted waveform. Right panel: Auto correlation of transmitted waveform.

We discretize the delay-doppler spaceinto a 20 20 grid. We desirea range and velocity spacingof ; = 1 meter
and . = 100 meters per second,so we choosespacingsof = 2 ,=c 6:7 nanosecondsper pixel in delay and

ZSuch high rotation rates are unlik ely to be encountered in practice. We useit here in our initial studies since it permits the doppler
spread of the system ambiguit y function to t reasonably within our small 20 by 20 reconstruction grid for . Future experiments on
larger grids will allow more realistic velocities.



t = 2 ofc=c 10 kilohertz per pixel in doppler. The radar return is sampledwith a spacingof ; = . At this
sampling rate (150 MHz), the transmitted waveform is 319 sampleslong. We take collect 400 returned samples,so
the resulting  matrix is square.

Fig. 3 shows the magnitude of data simulated using the three-point scatterer. (We do not presern the phases
sincethey are not very informativ e to a human obsener.) A specular model was assumedin which ead point was
assigneda random uniform phase. The leftmost panel of Fig. 4 showsjr j?, the magnitude squared of the output
of a matched lter. Notice that only two points are evidert in the matched- ltered output. The remaining panels
shaw the results of successie iterations of the EM algorithm. At 10 iterations, the scatterersare quite well resolved.
By 20 iterations, the badkground energy has beenremoved.
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Figure 3. Magnitude of data from a specular realization of the three-point scatterer.

o [

Figure 4. Matched- Itered output and EM iterations for the three-point scatterer. Leftmost panel shows the
squaredmagnitude of the matched- ltered output. From left to right, the remaining panelsshow results at 1, 5, 10,
and 20 iterations.
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Figure 5. Squared-magnitudesof two realizations of the underlying di use random processc from the sphere.
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Figure 6. Magnitude of data from two diuse (left panel) and two specular (right panel) realizations from the
sphere. For the left panel, the solid line correspondsto the left panel of Fig. 5; dotted line correspondsto the right
panel.

Figure 5 illustrates two realizations of the random processc assaiated with a di use radar model. The left
panel of Fig. 6 presers the data resulting from these realizations. The dierent rows of Fig. 7 show the result of
processingthe two data sets. The top row correspondsto the left panel of Fig. 5, and the bottom row corresponds
to the right panel. The leftmost column shows the results of matched ltering; the remaining columns show results
of EM iterations. Note that in the top matched- Itered reconstruction, the overall location of the sphereis correctly
indicated, albeit blurred. However, in the lower matched- ltered image, the most evidert location of the sphereis
incorrect. By corntrast, in even as few as v e iterations, the location of the sphereis obvious (although su ering
from blurring in the doppler direction). Further iterations make the overall outline of the scatterer quite evident
and sharp, although the reconstruction su ers from a spiky, noisy appearance. Section 5 will revisit this unpleasart
behavior and discussmethods of addressingit.

I| | . .

|_I : -,

Figure 7. Matched- Itered output and EM iterations for di use data generatedfrom the sphere. Leftmost column
shows the squaredmagnitude of the matched- ltered output. From left to right, the remaining columns show results
at 1, 5, 10, and 20 iterations. Top and bottom rows correspond to di erent di use data realizations.

Figure 8 reproducesthe sphereexperiment, except specular instead of di use re ections are used. The data is



shown in the right panel of Fig. 6. In this case,only the phasesof the underlying processc are random, so the
equivalent of Fig. 5 would look simply like the sphereimage of Fig. 1. Although the algorithm was not designedfor
specular scatterers, it appearsto do aswell asit did for the di use case.
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Figure 8. Matched- Iter output and EM iterations for specular data generatedfrom the sphere. Leftmost column
shows the squaredmagnitude of the matched- ltered output. From left to right, the remaining columns show results
at 1, 5, 10, and 20 iterations. Top and bottom rows correspond to di erent specular data realizations.

5. REGULARIZA TION

The roughnessassaiated with increasingEM iterations obsenedin Figs. 7 and 8 is indicativ e of the ill-p osednature
of maximume-likelihood estimation of functions from limited data. In most numerical algorithms, accuracy improves
as the discretization is re ned. Here, the opposite is true; asthe grid is re ned, the problem becomesincreasingly
ill-p osed and the solutions increasingly ill-b ehaved. This phenomena, called dimensional instability by Tapia and
Thompson3! would manifest itself in any algorithm which maximizesthe loglikelihood, and is not a problem with
the EM algorithm itself per se.

Theseissueshave beenextensively studied in the context of Poissonintensity estimation in applications such as
medical imaging (see Refs. 32, 33, and Chapter 3 of Ref. 34). Sewral solutions have been proposedfor Poisson
imaging which we can adapt to our radar imaging problem.

5.1. The Metho d of Sieves

One approad is to restrict the solution to lie in a restricted subset called a sieve3® One possibility is to require
it to be a sum of weighted basis functions. Gaussian basis yielded much successin emission tomography.36:33.37
In the radar problem, the EM algorithm of Sec. 3 can be extended to incorporate such a siewe constraint; Refs.
17,18presen the extendedalgorithm and speci ¢ examplesemploying B-splines. Moulin 3 has also explored wavelet
thresholding techniques for denoising di use radar imagery when an orthogonalization of the data is available as
described in Sec. 2. To avoid di culties with nonnegativity, the wavelets are used to represen the logarithm of
the scattering function. The logarithm turns the multiplicativ e noiseinherent in spedle imagery into additive noise
amenableto traditional wavelet denoising.

5.2. The Metho d of Penalties

Another philosophically appealing approach to regularization is to subtract a penalty () which discouragesunac-
ceptably rough estimatesand maximize the penalizedloglikelihood

PC)=La() () ®)



Bayesiansmay think of this as maximum a posteriori estimation using a (usually improper) prior proportional to
exp[ ( )]. Although the method of penalties has enjoyed much successn Poissonimaging applications, it has
not yet beenexplored in the maximum-likelihood radar imaging context.

The EM algorithm can be easily extended to maximize this penalized loglikelihood. The Q function (4) is
generalizedto

& EfLaa( )i 511 () ©)
X - X E[jCijzj O'd;r]

Qel j

I
5

i=1 i=1
To maximize (10), we can take derivatives (analogousto (5)) and solve the set of equations:

1 E I2 Old;
— [Cjiz L @(@i)=o; (10)

alternativ ely written as

oy =0 11

i 2 @; (1)

where U“( °9) s the result of the unconstrained update speci ed by (7). At ead iteration, we take the updated
value ™" to bethe which solves(11).

The remainder of this section exploresvarious penalty choices. Theseare currently being implemented.

5.2.1. Entrop y functional

Beginning with Frieden3® numerous authors**8 have proposed regularizing a variety of inverse problems with
nonnegativity constraints via the entropy functional

X
e( )= iln i (12)

i
At ead iteration, the new s found by nding the zero of
M) fasin) (13)

for each i. This is corveniert sincethe solution is decoupledfrom pixel to pixel. Molina and Ripley*® suggestthat
ertropy \correspondsto a rather peculiar prior, sinceit dependsonly on the marginal distribution of greylewvelsand
not on their spatial locations. It is thus surprising that maximum entropy solutions appear smooth in many published
examples." Donoho, Johnstone,Hoch, and Stern® o er a highly practical discussionof the how ertropy regularization
operatesin practice. They suggestthat nonlinearities of the form induced by (13) encouragea \shrinking" of estimates
towards a nominal value of 1=e

Borden®! proposeda generalization of this maximum entropy formulation for regularizing estimates of complex
re ectances in radar imaging. Since(12) is inappropriate for compleximagery, he instead employs the cross-ettropy
betweendensities parameterized by the re ectance.

5.2.2. Good's roughness

Good's roughnesspenalty®? was originally formulated for smoothing estimatesin nonparametric probability density
estimation; a thorough analysis in this corntext is given by Tapia and Thompson3! Following the suggestionof
Snyder and Miller (Ref. 32, Sec. I1.1), Good's roughnesswas later applied to closely related problems of Poisson
intensity estimation in PET,> SPECT,>57 and optical sectioning microscopy.®

In one dimension, Good's continuous rst-order roughnesspenalty may be written in seweral equivalent ways:

z 2 z 2 z z
p___ 0 2
P Ha= 0fmoa= Ha= O () (1)
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The last equality in (14), establishedin Ref. 58, follows from analogy with stepsin the proof the Cramer-Rao
bound. Consider the rightmost expression. The penalty is straightforwardly extendedto two dimensions (see pp.
155-1560f 34 or Sec. 3 of 53):

Z7Z
(:;f) %+ % In (;f)dxdy: (15)

Discretizing (15) yields
c( )= wln i+ g+ In s +In e 1 4In e (16)
Sk
As noted by O'Sullivan,®® the discretized penalty (16) hasan appealing information-theoretic interpretation in terms
of I-divergenceshetweenneighboring pixel values.
At ead iteration, the new may be found by solving a set of nonlinear di erence equations:

1 uE Old)
‘—k+ f + [(ln ‘+l;k+ In - l;k+ In Sk +1 +1n ko1 4in ‘;k)
3 “k

1
+—k( ikt okt ket o1 4] =0 (17)

5.2.3. Silverman's roughness

Inspired by the work of Good and Gaskins?? Silverman®® suggestedalternativ e penalties which employ di eren tial
operators of the logarithm* of the function. Like Good's roughness,Silverman proposedhis penalty in the context
of density estimation. We considerthe special case
ZZ 2
@ @
—+ — In (;f d d: 18
@' @ (:f) (18)

Discretizing (18) yields

[N s I 902+ (N wer o)) (19)
f

X
s( )=

Using this penalty requiressolving the following set of nonlinear equationsat ead iteration of the EM algorithm:

1 un( 0|d)
— 'kf"' —In caax+ N+ In ke +In e 1 4In o ]=0 (20)
Sk Kk Sk

6. DIRECTIONS FOR FUTURE W ORK

One of the main di culties with EM algorithms in generalis their slow cornvergencerate. A variety of EM variants
have been proposedwhich boast faster convergence. For instance the Space-Alternating GeneralizedEM (SAGE)
algorithm of Fesslerand Hero® updates the parametersin groups instead of all at once; each group has its own
assciated hidden data space, which would be a complete data spaceif the remaining parameters were known. We
are exploring applying SAGE to the radar imaging problem.

The most formidable obstacleto making the EM algorithm practical in this particular application is the compu-
tational complexity of inverting K in (7). This was the primary reasonfor the exploration of small 20 20 images
in Sec. 4. Table 1 presenis approximate computation times for our MATLAB implementation running on a Sun
Enterprise 3500. The MATLAB codeis highly vectorized, soit runs relatively e cien tly; we do not expect substartial
gainsto be made by, for instance, recading it in C.

XIn the realm of astronomical imaging, Molina and Ripley 4° suggestsmoothing the logarithm of the image, noticing that \astronomers
tend to look at the raw data on a logarithmic scale." The same observation often seemstrue of radar engineers.



Image size | Total time | Time for inverse
20x 20 15 seconds 6 seconds
32x 32 8 minutes 4 minutes
40x 40 32 minutes 13 minutes

Table 1. Computation time for one step of the EM algorithm, assumingthat the collected data vector equalsthe
number of pixels in the image.

As discussedn Ref. 61, K may have somestructure which can aid in crafting faster inversealgorithms, although
it would be preferable to avoid having to compute a direct, brute-force inversealtogether. One possible approac
would be to exploit the fact that since  will not change drastically from iteration to iteration, K is unlikely to
change drastically either, sothe K from a previous EM iteration might be helpful as an initial value in an inner
iteration which nds a newK.

An appealing aspect of the statistical formulation is that it allows the prediction of estimator performance via
Cramer-Rao bounds. This provides a method for selectingthe transmitted waveform in various applications.®? For
large images, inverting the Fisher information can becomecumbersome; Hero and FessleP® propose an iterativ e
algorithm for computing Cramer-Rao bounds on parameter subsetswhich avoids explicit inversion of the Fisher
information matrix via a complete/incomplete data formulation analogouswith the EM algorithm.
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