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Abstract

The symmetric measurement equation approach to multiple target tracking is revisited

using unscentedKalman and particle �lters. The characteristics and performance of these�lters

are compared to the original symmetric measurement equation implementation relying upon

an extendedKalman �lter . Counterintuiti ve results are presentedand explained for two setsof

symmetric measurement equations, including a previously unknown limitation of the unscented

Kalman �lter . The point is made that the performance of the SME approach is dependent on

the interaction of the set of SME equationsand the �lter used.Furthermor e, an SME/unscented

Kalman �lter pairing is shown to have impr oved performance versusprevious approacheswhile

possessingsimpler implementation and equivalent computational complexity. Finally, Taylor series

expansionsareusedto analyzethe propertiesof the SME approachin conjunction with the Kalman

�lters.
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I . INTRODUCTION

In the early 1990's, KamenandSastrypresenteda novel approachto multiple target tracking

basedon symmetricmeasurementequations(SME) [1], [2]. The underlyingideawas to create

a “pseudomeasurement”vector ~y consistingof symmetricfunctionsof the original datay. For

example,considera simple caseof tracking threetargets in one dimension.Two possiblesets

of SME's are the sumof productsandsumof powers1 as follows:

~ypr od =

0

B
@

y1 + y2 + y3

y1y2 + y1y3 + y2y3

y1y2y3
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A ; (1)
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2 + y3
3

1

C
A : (2)

Notice that theoriginal yi 's may be rearrangedwithout affecting ~y. It canbe shown that the yi 's

may be recovereduniquely (up to a permutation)from ~y, so there is no fundamentalloss of

information.This approachturns the dataassociationproblem,which hasa discretecharacter,

into an analytic nonlinearity. In this way, one dif�cult problemis tradedfor anotherdif�cult,

but quite different,problem.

The�rst studiesof theSMEapproachusedextendedKalman�lters to handlethenonlinearities.

In practice,this turnedout to have somedif�culties. The EKF in this situationoften exhibits

instability, particularly when targets cross,and can be extremely sensitive to initial stateand

error covariancevaluesas well as the chosenprocessnoisecovariance.The trouble lies not in

theunderlyingSME idea,but in the fragility of theEKF. TheEKF is basedon �rst-order Taylor

seriesexpansions(linearization)aroundthe stateestimate,andthe accuracy of theseexpansions

breaksdown if the estimatedstateis too far from the true state.The EKF seemswell-suitedto

handlegentlenonlinearities,but not the sort which arisein the SME approach.

One probleminherentin pairing Kalman �lters and the SME approachis that the nonlinear

SME transformationsproducemeasurementsthat cannotbe perfectly modelledas signal plus

additive Gaussiannoise– violating a requirementfor Kalman �lters. One must �nd an addi-

tive Gaussiannoiseapproximationto the true measurementprobability density. The unscented

1In practice,we subtractsomeconstantsto ensurethe pseudomeasurementsare zero mean,as shown in (66). We suppress

thoseconstantshereto avoid cluttering the exposition.
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Kalman �lter (UKF), introducedby Julier and Uhlmann [3] [4], conveniently �nds this ap-

proximationas part of its basicstructure,whereasthe EKF requiresa pre-computedanalytical

approximation.TheUKF comparesfavorably to theEKF in two otheraspectsaswell. TheUKF,

like the EKF, forcesthe posteriordensityto be Gaussian,but the posteriormeanandcovariance

are accurateto a third-orderTaylor seriesexpansioncomparedto �rst-order accuracy for the

EKF [4]. Finally, the UKF has the sameorder of computationalcomplexity as the EKF [5].

With thesecredentials,the UKF wasexpectedto consistentlyoutperformthe EKF.

This paperrevisits the SME approach,replacingthe extendedKalman �lter with unscented

Kalman and particle �lters. The UKF experimentproducedtwo unexpectedresults.First, the

UKF appearsto be fundamentallyincompatiblewith the sum-of-productsform of the SME. We

show this to be a limitation of the UKF ratherthan a �a w in the SME approach.Second,we

show that the sum-of-powers formulation,when pairedwith the UKF, outperformsthe sum of

productspaired with the EKF. This contrastswith Kamen's early studieswhere the sum-of-

productsform outperformedthe sum of powers form with the EKF; hence,all later work by

him andhis colleaguesfocusedon the sum-of-productsform.

The next stepperformedin this studywasto apply particle �lters to the SME approach.The

particle�lter wasusedto evaluatetheeffectivenessof usingapproximationsto additive Gaussian

noisewith the SME formulation. The resultsfrom studying the EKF, UKF, and particle �lter

suggesttheperformanceof theSME approachis extremelydependenton thepairingof anSME

implementationandnonlinear�lter , ratherthandependenton either individually.

I I . THE UNSCENTED KALMAN FILTER

A. TheUnscentedTransform

TheunscentedKalman�lter reliesupona mathematicaltechniquereferredto astheunscented

transform[3]. The unscentedtransformcapturesthe meanandvarianceof any randomvariable

using a set of “sigma points.” The samplemeanand varianceof thesesigmapoints matchthe

statisticsof the original randomvariable.

Julier and Uhlmannshow in [4] that �nding thesesigmapoints is a straightforward process

basedupon the squareroot of the randomvariable's covariancematrix. While any squareroot

is acceptable,the Cholesky decompositionis generallychosenfor its numericalstability.
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For example,let X be an n-dimensionalrandomvariablewith mean� andcovariancematrix

Pxx . Let X be the setof sigmapoints for the randomvariableX . Julier andUhlmannshow in

[3] that the 2n + 1 sigmapointsshouldbe chosenas follows:

X0 = �; (3)

� = 2n columnsof �
p

nPxx ; (4)

X i = � + � i ; (5)

where

nPxx =
p

nPxx
T p

nPxx : (6)

Supposewe are interestedin the randomvariableY = g(X ) whereg(�) is any function of

an n-dimensionalrandomvariable.The estimatedstatisticsof Y can be found by generatinga

new setof sigmapoints,Y, where

Yi = g(X i ) for i = 0,.. . ,2n: (7)

The estimatedstatisticsof Y arethenthe meanandvarianceof Y. Theseestimatesareaccurate

up to a third-orderTaylor seriesexpansion[5].

B. Building a KalmanFilter

Here we presenta brief overview of the UKF. See [3] and [5] for a detailed derivation.

Building the unscentedtransforminto a �lter requiresaugmentingthe statevariableto include

noiseterms.Speci�cally, we now de�ne our stateat time instantk as:

X a
k =

0

B
@

X k

Uk

Vk

1

C
A ; (8)

whereX k is the original (desired)stateinformation,Uk , is the observation noiseandVk is the

processnoise.The covariance,PX a
k X a

k
, is:

PX a
k X a

k
=

0

B
@
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PX U PUU PUV

PX V PUV PV V

1

C
A : (9)

The unscentedtransformis thenappliedto the augmentedstateandcovariance,X a
k andPX a

k X a
k
,

to generatea set of sigmapoints,Xk . To �nd the predictedstate,the statetransitionfunction,
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f (�), is applied to the sigma points Xk , generatinga new set of sigma points, Xk+1 jk . The

predictedstate,X �
k+1 , is the samplemeanof Xk+1 jk andthe predictedcovariance,P �

X a
k +1 X a

k +1
, is

the samplevariance.

Now supposeg(�) is the observation function. A third setof sigmapoints,Yk+1 jk , are found

to representthe predictedobservation:

Yk+1 jk = g(Xk+1 jk): (10)

The predictedobservation, Y �
k+1 , and the predictedobservation covariance,PYk +1 Yk +1 , are the

samplestatisticsof Yk+1 jk :

Y �
k+1 =

2nX

i =0

Yi;k +1 jk ; (11)

PYk +1 Yk +1 =
2nX

i =0

[Yi;k+1jk � Y �
k+1][Yi;k+1jk � Y �

k+1]T : (12)

The predictedcrosscorrelation,PX k +1 Yk +1 , is the samplecrosscorrelationof Xk+1 jk andYk+1 jk :

PX k+1Yk+1 =
2nX

i =0

[X i;k+1jk � X �
k+1][Yi;k+1jk � Y �

k+1]T : (13)

We now have the familiar setupof a Kalman�lter . The Kalmangain, K , is:

K = PX k +1 Yk +1 P � 1
Yk +1 Yk +1

: (14)

The �lter estimateof the stateis then:

X a
k+1 = X �

k+1 + K (Yk+1 � Y �
k+1 ); (15)

PX a
k +1 X a

k +1
= P �

X a
k +1 X a

k +1
� K PYk +1 Yk +1 K T : (16)

C. Breakingthe UnscentedKalmanFilter

This sectionusesa simple example, the sum-of-productsSME, to illustrate how a speci�c

observation function breaksthe UKF. Supposewe are tracking two targetsin one-dimensional

space.De�ne the stateto be:

X =
� x1

x2

�
; (17)

where x1 and x2 are the positionsof targets one and two. Note, for simpli�cation, we have

not augmentedthe statevectorwith noiseparameters,as is necessaryfor the actualUKF. This
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simpli�es analysiswithout changingthe conclusion.Completing the sameanalysiswith the

augmentedstatevector is straightforward.

Following the unscentedtransform,we need2n + 1 = 5 sigmapoints.Let thesesigmapoints

be:

X =
� x1

x2

x1+ p11

x2+ p21

x1 � p11

x2 � p21

x1+ p12

x2+ p22

x1 � p12

x2 � p22

�
; (18)

where
p

nPX X =
� p11 p12

p21 p22

�
: (19)

The sum-of-productsobservation function is:

Y = g(X ) =
� y1

y2

�
=

� x1 + x2

x1x2

�
; (20)

so the setof predictedsigmapointsbecomes

YT =

2

6
6
6
6
6
6
4

y1 y2

y1+ p11+ p21 y2+ x1p21+ x2p11+ p11p21

y1 � p11� p21 y2 � x1p21� x2p11+ p11p21

y1+ p12+ p22 y2+ x1p22+ x2p12+ p12p22

y1 � p12� p22 y2 � x1p22� x2p12+ p12p22

3

7
7
7
7
7
7
5

: (21)

Theinterestingcaseoccurswhenthetargetscrosspathsandx1 = x2. Thepredictedsigmapoints

become

YT =

2

6
6
6
6
6
6
6
4

y1 y2

y1+ p11+ p21 y2+ x1(p21+ p11)+ p11p21

y1 � p11� p21 y2 � x1(p21+ p11)+ p11p21

y1+ p12+ p22 y2+ x1(p22+ p12)+ p12p22

y1 � p12� p22 y2 � x1(p22+ p12)+ p12p22

3

7
7
7
7
7
7
7
5

: (22)

One �nal observation is requiredto understandwhen the UKF breaksdown. When the targets

behave independently, the cross-correlationtermsof nPX X headtowardszeroasthe �lter locks

on to the targets' behavior. In equationform:

nPX X !

 
p2

11 0

0 p2
22

!

: (23)

Recall (19), wherewe de�ned
p

nPX X suchthat

nPX X =
� p11 p21

p12 p22

� � p11 p12

p21 p22

�
(24)

=

 
p2

11 + p2
21 p11p12 + p21p22

p11p12 + p21p22 p2
22 + p2

12

!

: (25)
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Comparing(23) and (25), p12 and p21 headtowardszero when our assumptionthat the targets

move independentlyis met. This leavesour predictedsigmapoints in the following form:

YT =

2

6
6
6
6
6
6
4

y1 y2

y1+ p11 y2+ x1p11

y1 � p11 y2 � x1p11

y1+ p22 y2+ x1p22

y1 � p22 y2 � x1p22

3

7
7
7
7
7
7
5

: (26)

The covariancematrix is calculatedaccordingto the following:

PY Y =
2nX

i =0

[Yi � Y ][Yi � Y ]T ; (27)

wherethe Yi are the individual sigmapointsof Y. Applying equation(27) to the setof sigma

points (26) leadsto:

PY Y =

"
2(p2

11 + p2
22) 2x1(p2

11 + p2
22)

2x1(p2
11 + p2

22) 2x2
1(p2

11 + p2
22)

#

: (28)

PY Y is a singularmatrix with the secondcolumnbeing the �rst scaledby x1. This meansthat

the previously two-dimensionalspacehas degeneratedinto a one-dimensionalspace– all the

sigmapoints lie alonga single line asseenin the top, right portion of Fig. 1. The reductionin

dimensionalitymeansthe covariancematrix PY Y is ill-conditioned and the inverse,if it exists

at all, will have elementswith extremely large values.The Kalman gain, K = PX Y P � 1
Y Y , will

thenmultiply the observed databy enormousvaluesandproduceinaccuratetarget tracks.

The needto arti�cially increasethe covariancefor numericalstability hasbeenaddressedin

[6], [7]. A simplesolutionwould be to hard limit the minimum valueof the covariancematrix.

Experimentalresultsshow that this approachreduces,but doesnot remove, the degeneration

of Pyy andmay leadto problemsmaintainingits positive-de�niteness.This is, however, simply

applyinghacksto the UKF, which defeatsthe purposeof using it in the �rst place.

D. Whenthe UnscentedKalmanFilter Works

In SectionII-C, we showedhow theUKF breaksdown whenpairedwith thesum-of-products

form of SME. This section follows a similar derivation for the sum-of-powers SME imple-

mentationand illustrateshow the problemsof the previous sectionare avoided by the sum of

powers.
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The setupis the sameas in SectionII-C with

X =
� x1

x2

�
(29)

and

X =
� x1

x2

x1+ p11

x2+ p21

x1 � p11

x2 � p21

x1+ p12

x2+ p22

x1 � p12

x2 � p22

�
: (30)

Insteadof (20), the observation function is:

g(X ) =
� y1

y2

�
=

� x1 + x2

x2
1 + x2

2

�
; (31)

which leadsto the following setof predictedsigmapoints:

YT =

2

6
6
6
6
6
6
6
4

y1 y2

y1+ p11+ p21 y2+ 2x1p11+ 2x2p21+ p2
11+ p2

21

y1 � p11� p21 y2 � 2x1p11� 2x2p21+ p2
11+ p2

21

y1+ p12+ p22 y2+ 2x1p12+ 2x2p22+ p2
12+ p2

22

y1 � p12� p22 y2 � 2x1p12� 2x2p22+ p2
12+ p2

22

3

7
7
7
7
7
7
7
5

: (32)

Again, examiningthecaseof targetscrossingandassumingthatp12 andp21 arenearlyzero,the

predictedsigmapointsbecome:

YT =

2

6
6
6
6
6
6
6
4

y1 y2

y1+ p11 y2+ 2x1p11+ p2
11

y1 � p11 y2 � 2x1p11+ p2
11

y1+ p22 y2+ 2x1p22+ p2
22

y1 � p22 y2 � 2x1p22+ p2
22

3

7
7
7
7
7
7
7
5

: (33)

Applying equation(27) to the setof sigmapoints (33) leadsto:

PY Y =

"
2(p2

11 + p2
22) 4x1(p2

11 + p2
22)

4x1(p2
11 + p2

22) 8x2
1(p2

11 + p2
22) + 2(p4

11 + p4
22)

#

: (34)

In contrastto SectionII-C, thecolumnsof PY Y areclearlynot linearly dependent.Consequently,

PY Y remainsfull rank and its inverseis well-de�ned. The lower right portion of Fig. 1 shows

the graphicalperspective. Again, all the sigmapointsfall onto the samecurve, but this time the

curve is quadratic,maintainingtwo dimensionsratherthan collapsingto one,as with the sum

of products.
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Fig. 1. SigmaPoint Transformation

I I I . THE PARTICLE FILTER

The particle �lter implementationwaschosento provide a boundon the performanceof the

EKF andUKF. Sincetheparticle�lter allows theposteriorto benon-Gaussian,we expectedit to

have thebestperformance[8]. In practice,however, �nding theexact likelihoodfunction for the

particle�lter is dif�cult becausetheSME transformationsproducehighly nonlinearanddif�cult

to calculatemeasurementnoise densities.Ratherthan calculatethe noise density exactly, the

particle �lter was implementedwith two different approximations.The �rst is an analytically

derived additive Gaussiannoise approximationfrom the EKF [9], and the secondis also an

additive Gaussianapproximation,but basedupon the unscentedtransformdiscussedin Section

II-A. Thus, the particle �lters may still provide an upperlimit on performance,and also allow

analysisof the Gaussiannoiseapproximations.

A. Noisein the SMEFormulation

Supposeour systemis tracking N targets,and let the actual received measurement,yi , be

modelledas the truth, x i , plus an additive Gaussiannoise,ui , so that

yi = x i + ui for i = 1; : : : ; N : (35)

Applying an SME observation function g(�) to the actualmeasurementsyields:

~yi = g(y1; y2; � � � ; yN ) for i = 1; : : : ; N : (36)
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The restrictionson the choiceof SME functionsgiven in [1] requirethat equation(36) canbe

written as:

~yi = g(x1; x2; � � � ; xN ) + vi for i = 1; : : : ; N ; (37)

where vi is a zero meanwhite noise term. Note that vi is not Gaussian,becausethe SME

functionsarenonlinear.

B. Analytical GaussianApproximation

Despitethe statementin SectionIII-A above that the noisetermsvi are not Gaussian,they

can be approximatedas such.Kamenpresentsa detailedderivation of an analyticalGaussian

approximationin [9] for the sum of products.Unfortunately, the derivation for the sum-of-

powerscaseis not nearlyasneat,but theresulthasbeenincludedin theAppendix.Furthermore,

deriving the approximationsbecomesincreasinglytediousasthe numberof targetsincreases.It

is this approximation,however, that Kamenet al. usedwith the SME-EKF pairing. The same

approximationcan be usedwith a particle �lter . The resultsusing this approximationwith the

particle �lter aregiven in the Particle Filter - Analytical sectionof TablesI, II, and III.

C. UnscentedTransformbasedGaussianApproximation

Anotherapproachto generatinga Gaussianapproximationis to usethe unscentedtransform

discussedin II-A. The advantageof usingthe unscentedtransformis that it tries to approximate

thenon-Gaussianwhite noise.Consequently, it shouldproducea better-performingparticle�lter .

To implementthis approach,theunscentedtransformis appliedto eachparticleof the �lter at

eachtime step.This is expensive computationally;however, for our analyticalpurposes,we do

not needthe particle �lter to run in real-time.Unfortunately, the unscentedtransformdoesnot

work for the sum-of-productsformulation for the samereasonsthat it broke down in the UKF,

as discussedin SectionII-C. The resultsin SectionIV, however, show improved performance

in the sum-of-powerscaseover the analyticalGaussianapproximation.Note that this is not the

“unscentedparticle�lter” aspresentedin [5]. Theunscentedparticle�lter in [5] usestheUKF to

estimatethetransitionprior density;whereas,we areinvestigatingusingtheunscentedtransform

to provide a betterestimateof the likelihooddensity.

January28, 2005 DRAFT



11

IV. RESULTS

A. SimulationSetup

The simulationconsistedof threetargetsmoving in onedimension.Eachtarget moved inde-

pendentlywith nearlyconstantvelocity anda known processnoisevariance.Initial positionsand

velocitieswere chosenso that the targetswere likely to crosspaths.The observation datawas

generatedby addingGaussiannoisewith zeromeananda known variance.Softwaredeveloped

by Wan andvan der Merwe provided the basisfor thesesimulations[10].

To easediscussion,the �lters andSME pairing will be referredto by a pair of abbreviations,

e.g.UKF-Productsfor the unscentedKalman�lter pairedwith the sumof products.

B. Data

TABLE I

PERCENTAGE OF TIME FILTERS MAINTAINED CORRECT TARGET ASSOCIATIONS

Sumof Products Sumof Powers

ExtendedKalman 73:75 37:25

UnscentedKalman 40:50 82:25

PF - Analytical 86:00 82:75

PF - Unscented 13:50 87:50

Global NN 41:00

AssociatedKF 98:00

TableI containsthepercentageof time thateach�lter maintainedthecorrecttargetassociations

for the three targets moving in one-dimensionalspace.Table II containsan associatedmean

squarederror(MSE) measurement.Theterm“associated”indicatesthattheerroris only included

in the averagewhenthe �lter maintainsthe correcttarget association.TableIII containsthe “set

estimation”MSE. The setestimationMSE is calculatedby �nding the track-estimate/track-truth

associationwith the smallestMSE at eachtime step and then averagingover all time steps.

Consequently, target associationsarenot considered.

Several relationshipsevident in the tables are worthy of mention. First, the EKF clearly

performsbetterwith thesum-of-productsimplementation(73.75%)thanwith thesumof powers
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TABLE II

MEAN SQUARED ASSOCIATED ERROR

Sumof Products Sumof Powers

ExtendedKalman 5:52 5:09

UnscentedKalman 12:86 5:06

PF - Analytical 5:75 4:57

PF - Unscented 5:90 4:56

Global NN 3:08

AssociatedKF 3:36

TABLE III

SET ESTIMATION MEAN SQUARED ERROR

Sumof Products Sumof Powers

ExtendedKalman 3:26 3:21

UnscentedKalman 7:75 2:91

PF - Analytical 3:33 2:84

PF - Unscented � � �� 2:73

Global NN 2.01

AssociatedKF 2.51

(37.25%).This resultwasexpectedsincethe original investigators,usingonly the EKF, quickly

abandonedthe sumof powers.

Second,we seethe effect of the UKF breakingdown under the sum of products(40.50%)

asdiscussedin SectionII-C. An exampleof the UKF breakingdown is given in Fig. 2. Notice

how the estimatedtarget tracksmay jump whentwo estimatescross.

Themostexciting resultis thatUKF-Powersoutperforms(82.25%)bothEKF implementations

andapproachestheperformanceof theparticle�lters. Not only is this resultnew andunexpected,

but theUKF is signi�cantly easierto implementandrunswith similar computationalcomplexity

to the EKF. Also, by both MSE metrics,the UKF-Powershasthe bestperformance.

Judging by the percentageof correctly maintainedtracks, the PFUT-Powers showed the
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Fig. 2. UKF breakingunderthe sumof products.

best performance(87.50%),followed by the PFAN-Products(86.00%)and the PFAN-Powers

(82.75%).However, by both MSE metrics, the PFAN-Productssuffers noticeablyworseerror

performance.

Finally, a note on the global nearestneighbor(GNN) associationand associatedKF is nec-

essary. GNN representsa simple solution to the multiple target tracking problem. Since the

simulation scenariodoesnot include false alarmsand misseddetections,eachobservation is

usedto updateexactly one track. GNN associatesthe observations with tracks such that the

sum of the distancesfrom the observations to the predictedpositionsis minimized [11]. This

approachmay also be thought of as a 2-D assignmentalgorithm. SeparatestandardKalman

�lters arerun for eachtrack.TheassociatedKF, on theotherhand,hasknowledgeof thecorrect

target associationsand runs a standardKalman �lter for eachtrack. In Table I it may appear

incorrectthat the associatedKF maintainsthe correcttrack 98% of the time insteadof 100%,

sinceit knows the correctassociations.The discrepancy appearswhenthe tracksfor two targets

are very closeand run nearly parallel. The associatedKF track for target 1 is actually closer

to the truth for target 2 and vice versa.This scenariocausesthe track-switchingalgorithm to

detecta lossof track.

V. ANALYSIS WITH TAYLOR SERIES EXPANSIONS

Several authorshave presentedTaylor seriesexpansionsabouta randomvariable's meanas

a methodfor comparingthe accuraciesof the EKF andUKF [3], [4], [5]. This sectiongivesa
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brief introductionto this analysistool andusesit to examinethe �lters' performanceswith the

SME nonlinearities.

In this paper, the systemhaslinear dynamics,but the SME formulationgeneratesa nonlinear

measurementequation.Undertheseconditions,theEKF usesthemeasurementcovarianceupdate

PY Y (k + 1jk) = J gPX X (k + 1jk)J T
g + R(k + 1); (38)

and the UKF uses

Yk+1 jk = g(Xk+1 jk); (39)

Y �
k+1 =

2nX

i =0

Yi;k +1 jk ; (40)

PYk +1 Yk +1 =
2nX

i =0

[Yi;k+1jk � Y �
k+1][Yi;k+1jk � Y �

k+1]T ; (41)

whereg(�) is the nonlinearSME function, J g is the Jacobianmatrix of g(�), andR is the mea-

surementnoisecovariancematrix. The J gPX X (k + 1jk)J T
g term in (38) is a direct linearization

of the covariancefrom the systemspaceto the measurementspace.Although the mechanicsof

the UKF arenot asclear, the Taylor seriesexpansionwill provide someinsight.

Following thederivation in [5], we representtheprior variable,x, asa zero-meandisturbance

� x aboutthe mean�x. Then the Taylor seriesexpansionof g(x) becomes

g(x) = g(�x + � x) =
1X

n=0

�
(� x � r x )ng(x)

n!

�

x = �x

: (42)

To simplify notation,we de�ne

D n
� x g , [(� x � r x )ng(x)]x = �x (43)

so that (42) canbe written

y = g(x) = g(�x) + D � x g +
1
2!

D 2
� x g +

1
3!

D 3
� x g + : : : (44)

A. Analyzingthe Mean

From [5], the meanafter the nonlineartransformationis:

�yT = E[y] = E[g(x)]; (45)

= E
�
g(�x) + D � x g +

1
2!

D 2
� x g +

1
3!

D 3
� x g + : : :

�
; (46)
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wherethe subscriptT indicatesthat the expressionrepresentsthe true mean.Equation(46) can

besimpli�ed by assumingthatx is a symmetricallydistributedrandomvariable,which causesall

odd-momentsto equalzero.Two identitieswill alsohelp simplify (46). First, E[� x� x T ] = P x .

Second,E[D � x g] = 1
2[(r T P x r )g(x)]x = �x . This leadsto

�yT = g(�x) +
1
2

[(r T P x r )g(x)]x = �x + E
�

1
4!

D 4
� x g +

1
6!

D 6
� x g + : : :

�
: (47)

In [5], the authorsshow that the unscentedtransformcalculatesthe meanas:

�yUT = g(�x) +
1
2

[(r T P x r )g(x)]x = �x +
1

2(L + � )

2LX

i =1

�
1
4!

D 4
� i

g +
1
6!

D 6
� i

g + : : :
�

; (48)

where� i denotesthe i th columnof the matrix squareroot of
p

(L + � )P x . The linear approx-

imation usedin the EKF calculatesthe meanas

�yLIN = g(�x): (49)

Comparingequations(47), (48), and(49), theunscentedtransformmatchesthe truemeanin the

�rst andsecondorder terms,whereasthe linearizationonly matchesthe true meanfor the �rst

term.JulierandUhlmanshow in [3] that theerrorsin thehigherordertermsof �y UT aresmaller

than the error in assumingthesetermsareall zeroas the linear approximationdoes.

B. MeanApproximationfor the Sum-of-ProductsSME

For the three-target sum-of-productscase,

r T =
�

@
@x1

@
@x2

@
@x3

�
; (50)

anddescribingP x as

P x =

2

6
4

� 11 � 12 � 13

� 21 � 22 � 23

� 31 � 32 � 33

3

7
5 ; (51)

leadsto

[(r T P x r )gpr od(x)]x = �x =

2

6
4

0

2(� 12 + � 23 + � 13)

2(� 12x3 + � 23x1 + � 13x2)

3

7
5 : (52)

Throughoutthis paper, targetshave beenassumedto move independently, which makes P x a

diagonalmatrix. Sinceall the elementsof the secondorderterm (52) dependonly on the cross-

covariances,the entiresecondorder term is zero.Furthermore,the derivatives in the fourth and
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higher order termsof (48) reduceto zero for the three target case.This leaves �y UT = g(�x),

which is exactly the sameas �yLIN . With the three-target sumof productsSME anda diagonal

P x , the UKF and EKF employ the sameapproximationfor the measurementnoisemeanafter

the SME transformation.

C. MeanApproximationfor the Sumof Powers SME

Following the derivation from the previous section, the secondorder term in the Taylor

expansionfor the sum-of-powersSME is

�
(r T P x r )gpow(x)

�
x = �x

=

2

6
4

0

2(� 11 + � 22 + � 33)

6(� 11x1 + � 22x2 + � 33x3)

3

7
5 : (53)

Thesecondorderterm(53) dependsonly on thevariancetermsof P x . Consequently, thesecond

order term is not zero,althoughthe derivatives in the fourth and higher order termsreduceto

zero for a three target case.Thus, with one more non-zeroterm than the EKF, the UKF will

provide a betterestimateof the meanthan the linearizationusedby the EKF.

D. Analyzingthe Covariance

Now using the Taylor seriesapproximationto �nd an expressionfor the true covariance[5],

P y = J x P x J T
x (54)

�
1
4

�
�
(r T P x r )g(x)

� �
(r T P x r )g(x)

� T
�

x = �x

+ E

"
1X

i =1

1X

j =1

1
i !j !

D i
� x g (D j

� x g)T

#

| {z }
i 6= j =1

�

"
1X

i =1

1X

j =1

1
(2i )!(2j )!

E
�
D 2i

� x g
�
E

�
D 2j

� x g
� T

#

| {z }
i 6= j =1

;

whereJ x is the Jacobianmatrix of g(x) evaluatedat x = �x.

January28, 2005 DRAFT



17

Using a similar approachaswith the mean[3], it canbe shown that the unscentedtransform

calculatesthe posteriorcovarianceas

(P y )UT = J x P x J T
x (55)

�
1
4

�
�
(r T P x r )g(x)

� �
(r T P x r )g(x)

� T
�

x = �x

+
1

2(L + � )

2LX

k=1

"
1X

i =1

1X

j =1

1
i !j !

D i
� k

g (D j
� k

g)T

#

| {z }
i 6= j =1

�

"
1X

i =1

1X

j =1

1
(2i )!(2j )!4(L + � )2

2LX

k=1

2LX

m=1

�
D 2i

� k
g
��

D 2j
� m

g
� T

#

| {z }
i 6= j =1

:

For the covariance,the unscentedtransformcorrectly calculatesthe �rst two terms.The lin-

earization,on the otherhand,calculatesthe posteriorcovarianceas

(P y )LI N = J x P x J T
x ; (56)

which is only accuratefor the �rst term. Again, the authorsof [3] show that the error for

unscentedtransform's approximationis lessthat the assumptionthat all higherorder termsare

zero.

E. CovarianceApproximationfor the Sumof Products

SectionV-B showed that the secondterm of (55) is zero for the sum of productswhen the

prior covariancematrix is diagonal.The third and fourth terms are also zero for the sum of

productswhenthe prior covariancematrix is diagonal.Any elementof thesetermsthat is non-

zeroafter taking all the appropriatederivatives is multiplied by a cross-covariancethat is zero.

The unscentedtransform's meanandcovarianceproducean approximationsimilar to that of the

linearizationusedin the EKF for the sum-of-productsSME. Unfortunately, a direct comparison

of theEKF andUKF is not practicalbecausetheUKF is incompatiblewith thesumof products.

F. CovarianceApproximationfor the Sumof Powers

SectionV-C it wasshown that the secondterm of (55) dependson the variancetermsof the

prior covariancematrix andwill benonzero.Thus,theunscentedtransformwill generatea more
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accurateapproximationof the measurementposteriorthan the linearizationusedin the EKF.

Theeffect of this improved approximationcanbe seenin the results.TheUKF hassigni�cantly

betterperformancethan the EKF whenpairedwith the sum-of-powersSME.

G. Other Observationsfrom Taylor SeriesAnalysis

1) DataDependence:Equations52and53 revealonedrawbackto theSMEmethod.Sincethe

dataappearsin the third row of theexpression,thecovarianceestimateis a functionof thedata.

This is equivalent to sayingthat the covariancedependsupon the location of the mean.While

this problem can be alleviated by using a centeredcoordinatesystem,ideally the covariance

estimatewould be independentof the raw data's choiceof Cartesianorigin.

2) Increasing the Number of Targets: The multiple target tracking problem increasesin

complexity as the numberof targets increases.In the SME approach,this is manifestedby

an increasein the numberof equationsneeded,the magnitudeof the numbersusedin these

equations,andthedif�culty posedby increasingthenumberof variablesmaintainedby the�lter .

From the Taylor seriesexpansionanalysispresentedabove, it becomesevident that increasing

the numberof targets reducesthe accuracy of the EKF and UKF's approximations.In terms

of the Taylor series,both can be thoughtof as truncatingthe Taylor seriesafter somenumber

of terms.The derivatives in the higher order termsgenerallycausethosetermsto be zero for

the SME case.Hence,the error canbe thoughtof asall the nonzerotermsnot includedby the

EKF or UKF's approximations.As thenumberof targetsincreases,thenumberof nonzeroterms

increases,creatinga correspondingincreasein the error.

VI . CONCLUSIONS

Several interestingphenomenawereobservedin this study. In Kamen's earlystudies,hefound

the sum-of-productsform of the SME to work better than the sum of powers with the EKF;

hence,all later work by him andhis colleaguesfocusedon the sum-of-productsform. We have

found that an UKF implementationof the sum of powers – the form originally abandoned

by Kamen - actually performsbetter than the EKF implementationof either form. Also, we

have discoveredthat the sum-of-productsnonlinearityis inherentlyincompatiblewith the UKF,

inadvertentlyuncoveringanaspectof UKFs thatdoesnot seemto have beenpreviouslydiscussed

in the literature.Theseresultssuggesttheperformanceof theSME approachis dependenton the
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pairing of a speci�c SME implementationand nonlinear�lter rather than dependenton either

individually.

VI I . FUTURE WORK

This paperfocusedon exploring and comparingdifferent implementationsof the SME. A

clear avenue for future work would be to compareour various SME implementationswith

other associationalgorithms [11] such as JPDA (Joint Probabilistic Data Association),N-D

multiassignmentfor N > 2 (i.e., going several scansinto the past) and Kastella's EAMLE

(Event-AveragedMaximum-LikelihoodEstimation).

Perhapsthemostexciting aspectof thiswork is thepotentialfor usingtheSMEasa framework

for deriving multitargetCraḿer-Raobounds,assuggestedby FredDaum[12]. While developing

an EKF-basedSME �lter for a large numberof targetsis a challengingtask, the samesystem

is easily implementedusingan UKF. Thus the UKF/SME pair may allow easyimplementation

andef�cient computationof a CR boundfor multiple target trackingsystems.Furthermore,the

SME framework allows for straightforwardanalysisof thecorrelationbetweenerrorsin tracking

separatetargets,particularlywhenthe targetscrosspaths.

APPENDIX

A. Sumof Products

Recall that for the sumof products,the measurementsarefound by taking the received data,

y, andcalculatinga pseudomeasurement,~ypr od, as follows:

~ypr od =

0

B
@

y1 + y2 + y3

y1y2 + y1y3 + y2y3

y1y2y3

1

C
A : (57)

Also, recall that yi canbe written asx i + ui wherex i is the truth andui is an additive Gaussian

noiseterm with variance� u i . Restrictionson the SME approachrequirethat yi can be written

as

yi = g(x1; x2; � � � ; xN ) + vi for i = 1� � � N : (58)
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Following the derivation in [9], let R be the covariancematrix of the new measurementnoise,

v. For the three-target case,R canbe approximatedas

R � � 2
1V1V T

1 + � 2
2V2V T

2 + � 2
3V3V T

3 ; (59)

where

� 2
1 = � 2

u1
+ � 2

u2
+ � 2

u3
; (60)

� 2
2 = � 2

u1
� 2

u2
+ � 2

u1
� 2

u3
+ � 2

u2
� 2

u3
; (61)

� 2
3 = � 2

u1
� 2

u2
� 2

u3
; (62)

and

V1 =

0

B
@

1 1 1

x2 + x3 x1 + x3 x1 + x2

x2x3 x1x3 x1x2

1

C
A ; (63)

V2 =

0

B
@

0 0 0

1 1 1

x3 x2 x1

1

C
A ; (64)

V3 =

0

B
@

0

0

1

1

C
A : (65)

B. Sumof Powers

To further simplify calculationsin the sum-of-powers case,eachmeasurementwas assumed

to have the samenoisevariancesuchthat � 2
u1

= � 2
u2

= � 2
u3

= � 2
u. For the sumof powers,

ypow =

0

B
@

y1 + y2 + y3

y2
1 + y2

2 + y2
3 � 3� 2

u

y3
1 + y3

2 + y3
3 � 3� 2

u(y1 + y2 + y3)

1

C
A ; (66)

wherethe � 2
u termsare includedto ensurethat the measurementnoiseafter the sum-of-powers

transformationis zeromean.Thecalculationrequiredto approximatethenew measurementnoise

covariancematrix,R, for thesumof powersis long andtedious,sothedetailshave beenomitted

here.However, the result is the following:

R �

0

B
@

3� 2
u 2� 2

uz1 3� 2
uz2 + 9� 4

u

2� 2
uz1 4� 2

uz2 + 6� 4
u 6� 2

uz3 + 12� 4
uz1

3� 2
uz2 + 9� 4

u 6� 2
uz3 + 12� 4

uz1 9� 2
uz4 + 36� 4

uz2 + 45� 6
u

1

C
A ; (67)

where
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z1 = x1 + x2 + x3; (68)

z2 = x2
1 + x2

2 + x2
3; (69)

z3 = x3
1 + x3

2 + x3
3; (70)

z4 = x4
1 + x4

2 + x4
3: (71)
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