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. INTRODUCTION

In the early 1990s, Kamenand Sastrypresented novel approachto multiple target tracking
basedon symmetricmeasuremengquations(SME) [1], [2]. The underlyingideawasto create
a “pseudomeasurementiector y consistingof symmetricfunctionsof the original datay. For
example,considera simple caseof tracking threetargetsin one dimension.Two possiblesets

of SME's are the sumof productsand sumof powes! asfollows:

yit ya2+tys
Yprod = %l)ﬁyz T Yiys + Y2Y3g ; (1)
Y1Y2Ys
yit y2+Yys
Yoou = @Y2+ Y2+ V3K : )

i+ Y+ ys3
Notice thatthe original y;'s may be rearrangedvithout affecting y. It canbe shavn thatthey;'s
may be recovered uniquely (up to a permutation)from y, so thereis no fundamentalloss of
information. This approachturns the dataassociatiorproblem,which hasa discretecharacter
into an analytic nonlinearity In this way, one dif cult problemis tradedfor anotherdif cult,
but quite different, problem.

The rst studiesof the SME approaclusedextendedKalman lters to handlethenonlinearities.
In practice,this turnedout to have somedif culties. The EKF in this situation often exhibits
instability, particularly when targets cross,and can be extremely sensitve to initial stateand
error covariancevaluesas well asthe chosenprocessnoise covariance.The trouble lies not in
the underlyingSME idea, but in the fragility of the EKF. The EKF is basedon rst-order Taylor
seriesexpansionglinearization)aroundthe stateestimate andthe accurag of theseexpansions
breaksdown if the estimatedstateis too far from the true state.The EKF seemswell-suitedto
handlegentlenonlinearities but not the sort which arisein the SME approach.

One probleminherentin pairing Kalman Iters andthe SME approachis that the nonlinear
SME transformationgproducemeasurementthat cannotbe perfectly modelledas signal plus
additive Gaussiamoise— violating a requirementfor Kalman Iters. One must nd an addi-

tive Gaussiamoise approximationto the true measuremenprobability density The unscented

In practice,we subtractsomeconstantso ensurethe pseudomeasuremersse zero mean,as shavn in (66). We suppress

thoseconstantshereto avoid clutteringthe exposition.
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Kalman Iter (UKF), introducedby Julier and Uhlmann [3] [4], corveniently nds this ap-
proximationas part of its basicstructure, whereasthe EKF requiresa pre-computecdanalytical
approximationThe UKF comparedavorablyto the EKF in two otheraspectaswell. The UKF,
like the EKF, forcesthe posteriordensityto be Gaussianbut the posteriormeanand covariance
are accurateto a third-order Taylor seriesexpansioncomparedto rst-order accurag for the
EKF [4]. Finally, the UKF hasthe sameorder of computationalcompl«ity as the EKF [5].
With thesecredentialsthe UKF was expectedto consistentlyoutperformthe EKF.

This paperrevisits the SME approachreplacingthe extendedKalman Iter with unscented
Kalman and patrticle Iters. The UKF experimentproducediwo unexpectedresults.First, the
UKF appeardo be fundamentallyincompatiblewith the sum-of-productgorm of the SME. We
shaw this to be a limitation of the UKF ratherthana aw in the SME approach.Secondwe
shav that the sum-of-pavers formulation, when pairedwith the UKF, outperformsthe sum of
productspaired with the EKF. This contrastswith Kamens early studieswhere the sum-of-
productsform outperformedthe sum of powers form with the EKF; hence,all later work by
him and his colleaguedocusedon the sum-of-productgorm.

The next stepperformedin this studywasto apply particle Iters to the SME approach.The
particle Iter wasusedto evaluatethe effectivenessof usingapproximationgo additve Gaussian
noise with the SME formulation. The resultsfrom studyingthe EKF, UKF, and particle Iter
suggesthe performanceof the SME approachs extremelydependenbn the pairing of an SME

implementatiorand nonlinear Iter , ratherthan dependenbn eitherindividually.

Il. THE UNSCENTED KALMAN FILTER
A. The Unscentedlransform

TheunscenteKalman lter reliesupona mathematicatechniquereferredto asthe unscented
transform[3]. The unscentedransformcaptureshe meanandvarianceof ary randomvariable
using a setof “sigma points’ The samplemeanand varianceof thesesigmapoints matchthe
statisticsof the original randomvariable.

Julier and Uhlmannshaw in [4] that nding thesesigmapointsis a straightforvard process
baseduponthe squareroot of the randomvariables covariancematrix. While any squareroot

is acceptablethe Cholesly decompositioris generallychosenfor its numericalstability.
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For example,let X be ann-dimensionarandomvariablewith mean andcovariancematrix
Py . Let X bethe setof sigmapointsfor the randomvariable X . Julier and Uhlmannshaw in

[3] thatthe 2n + 1 sigmapoints shouldbe chosenasfollows:

Xo= : 3
= 2n columnsof © Py (4)
Xi= + ()
where
NP,y = P nPXXTIO NPy : (6)

Supposewe are interestedin the randomvariableY = g(X) whereg( ) is ary function of
an n-dimensionalrandomvariable. The estimatedstatisticsof Y canbe found by generatinga

new setof sigmapoints,Y, where
Yi = 9(Xi) for i =0,...,2n: @)

The estimatedstatisticsof Y arethenthe meanandvarianceof Y. Theseestimatesareaccurate

up to a third-orderTaylor seriesexpansion[5].

B. Building a Kalman Filter

Here we presenta brief overview of the UKF. See[3] and [5] for a detailed deriation.
Building the unscentedransforminto a Iter requiresaugmentingthe statevariableto include

noiseterms.Speci cally, we now de ne our stateat time instantk as:

OXkl

xa=Bu X (8)
Vi
where X is the original (desired)stateinformation, Uy, is the obsenation noiseand V is the
processnoise.The covariance,Pxkaa, is:
PX X PX U I:)X \%

Pxaxa = E@qu Puu I:’uvgi 9

k Mk
I:)XV I:)UV I:)VV
The unscentedransformis thenappliedto the augmentedstateand covariance X ¢ andPxaxa,

to generatea setof sigmapoints, Xx. To nd the predictedstate,the statetransitionfunction,
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f (), is appliedto the sigma points Xy, generatinga nex set of sigma points, Xy.1jx. The

predictedstate,X ., , is the samplemeanof Xy.1x andthe predictedcovariance,PX3+l xa I8

k+1

the samplevariance.
Now supposey( ) is the obsenration function. A third setof sigmapoints, Y.k, arefound

to representhe predictedobsenation:
Yirtjk = 9(Xks1jk): (10)

The predictedobseration, Y, ., , and the predictedobsenration covariance,Py, ,, v,,, , are the
samplestatisticsof Y1 jx:
)@n
Yie1 = Yik+1jk; (11)
i=0
)@n
PYk+1 Yis1 — [Yi;k+1jk Yk+1][Yi;k+1jk Yk+1]T: (12)
i=0
The predictedcrosscorrelation,Px, ., v,., , IS the samplecrosscorrelationof Xy.1jx and Y1 jk:
)@n
PxiYir = ik XiealYikege  Yieal ' (13)
i=0
We now have the familiar setupof a Kalman Iter. The Kalmangain, K , is:
K= PXk+1 Yic+1 P ! : (14)

Yik+1 Yk+1

The lter estimateof the stateis then:

a
X k+1

X ke1 Tt K (Yk+l Yk+1); (15)

an Xa K PYk+1 Yi+1 K T: (16)

k+1 k+1 N k+1

X
Q
11

C. Breakingthe UnscentedKalman Filter

This sectionusesa simple example, the sum-of-productsSME, to illustrate how a speci c
obsenation function breaksthe UKF. Supposewe are tracking two targetsin one-dimensional
space De ne the stateto be:

X = ; (17)

where x; and X, are the positionsof targets one and two. Note, for simpli cation, we have

not augmentedhe statevectorwith noise parametersasis necessaryor the actualUKF. This
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simpli es analysiswithout changingthe conclusion.Completing the sameanalysiswith the

augmentedstatevectoris straightforvard.

Following the unscentedransform,we need2n + 1 = 5 sigmapoints.Let thesesigmapoints

be:
X1 X1+ P2
X2 Xot P21

where
p

anx

The sum-of-productobsenation function is:

Y =g(X)=

so the setof predictedsigmgpoints becomes

Y1
Y1t Pt P21
YT=R8Y1 Pu Pa
Y1t P2t P22

Y1 P2 P22

X1 P11

X2 P21

X1+ P12 X1

X2+ P22 X2

p
12 ; (18)
P22

P11 P12

= : (29)

P21 P22

Y1 X1+ X2

; 20
Y2 X1X2 ( )
Y2 3
Yo+ X1P21+ X2P11+ P11P21
Y2 X1P21 X2P117t P11P2a
Yo+ X1Po2+ XoP12t Pi2P22

Y2 XiPo2 XoPiot Pr2Po2

(21)

Theinterestingcaseoccurswhenthetargetscrosspathsandx; = x,. The predictedsigmapoints

become 2 Vi

Y1t Put P22
YT=/Y1 Pu Pa
Y1t Prat P22

Y1 P12 P22

Y2 3

Yo+ X1(P21+ P11) + P11P21
Y2 X1(P21t P11) + P11P21
Yo+ X1(P22+ P12) + P12P22

Y2 X1(P22+ P12) + Pr2P22

(22)

One nal obsenationis requiredto understandvhenthe UKF breaksdown. Whenthe targets

behae independentlythe cross-correlationermsof nPy x headtowardszeroasthe Iter locks

on to the targets' behaior. In equationform:

2
0
anx ! P11 , (23)
0 p3
Recall (19), wherewe de ned P NnPx x suchthat
P11 P21 P11 P12
anx = (24)
P12 P22 P21 P22 |
2 402 + ’
_ P11+ P21 pllpiz pzlpzz : (25)
P11P12 + P21z Pt P
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Comparing(23) and (25), p1» and p,; headtowardszerowhen our assumptiorthat the targets

move independentlyis met. This leaves our predictedsigmapointsin the following form:
2 3
Y1 y2

Yit P Y2t XiPu
YT =8Y: puu Y2 XaPui4: (26)
Yit P22 Y2t X1P22

Yi P22 Y2 XaPzz
The covariancematrix is calculatedaccordingto the following:

)@n
Pyy = [Yi  YIIY; Y]T; (27)

i=0
wherethe Y; arethe individual sigmapointsof Y. Applying equation(27) to the setof sigma
points (26) leadsto: " #
Py = 203, + P5,)  2xa(Phy + P3y) : (28)

2x1(Pi + P3)  2X3(PLy+ P3)

Pyv is a singularmatrix with the secondcolumnbeingthe rst scaledby x;. This meansthat
the previously two-dimensionalspacehas degeneratednto a one-dimensionaspace— all the
sigmapointslie alonga singleline asseenin the top, right portion of Fig. 1. The reductionin
dimensionalitymeansthe covariancematrix Pyy is ill-conditioned and the inverse,if it exists
at all, will have elementswith extremely large values.The Kalmangain, K = Pxy Py, will
thenmultiply the obsered databy enormousvaluesand produceinaccuratetarget tracks.

The needto arti cially increasethe covariancefor numericalstability hasbeenaddressedn
[6], [7]. A simplesolutionwould be to hardlimit the minimum value of the covariancematrix.
Experimentalresultsshav that this approachreduces,but doesnot remove, the degeneration
of Pyy andmay leadto problemsmaintainingits positve-de nitenessThis is, however, simply

applying hacksto the UKF, which defeatsthe purposeof usingit in the rst place.

D. Whenthe UnscentedKalman Filter Works

In Sectionll-C, we shaved how the UKF breaksdown whenpairedwith the sum-of-products
form of SME. This sectionfollows a similar dervation for the sum-of-pavers SME imple-
mentationand illustrateshow the problemsof the previous sectionare avoided by the sum of

powers.
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The setupis the sameasin Sectionll-C with
X1

(29)
X2

and

X1 X1+ P2

X2+ P21
Insteadof (20), the obsenration functioniis:
oY Xt X
9(X) = P VAR

which leadsto the foIIowigg setof predictedsigmapoints:

X1 P11 X1

P21

X1+ P12

Xo+ P22

P12
P22

X2 X2 X2

(31)

Y1
Y1t Pt Po1
Y1 P P22
Y1t P2t P22

Y1 P2 P22

y2
Yo+ 2X1P11+ 2XoPo1+ Piyt Py
Y2 2XP1 XoPart Piyt Phy
Yo+ 2X1P12+ 2XoP22t Plot P5;
Y2 2X1P12 2XoPao+ Prot P3

(32)

Again, examiningthe caseof targetscrossingandassuminghatp;, andp,; arenearlyzero,the

predictedsigmapoints become:

2Y1

Y1t pPu
Y1 Pu
Y1t P22

Y2 3

Yo+ 2X1pr1+ Pi;
Yo 2X1puit phy
Yo+ 2X1 P22+ P5,

(33)

Vi P2 Y2 2XiPrat Py
Applying equation(27) to the setof sigmapoints(33) leadsto:
2(08y + PBy) Axa(Pfy + P3o)
ax1(P3y + P5,) 8XI(PEy + P3o) + 2(Piy + P2o)
In contrastio Sectionll-C, the columnsof Pyy areclearlynotlinearly dependentConsequently

#
(34)

Pyy =

Pyvy remainsfull rank andits inverseis well-de ned. The lower right portion of Fig. 1 showvs
the graphicalperspectie. Again, all the sigmapointsfall onto the samecurwe, but this time the
curwe is quadratic,maintainingtwo dimensionsratherthan collapsingto one, as with the sum

of products.
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Fig. 1. SigmaPoint Transformation

[11. THE PARTICLE FILTER

The particle Iter implementationwas chosento provide a boundon the performanceof the
EKF andUKF. Sincethe patrticle Iter allows the posteriorto be non-Gaussianye expectedit to
have the bestperformancd8]. In practice,however, nding the exactlikelihoodfunctionfor the
particle lter is dif cult becausehe SME transformationgroducehighly nonlinearanddif cult
to calculatemeasuremenhoise densities.Ratherthan calculatethe noise density exactly, the
particle Iter wasimplementedwith two differentapproximationsThe rst is an analytically
derived additive Gaussiannoise approximationfrom the EKF [9], and the secondis also an
additive Gaussiamapproximation but baseduponthe unscentedransformdiscussedn Section
lI-A. Thus,the particle lters may still provide an upperlimit on performanceand also allow

analysisof the Gaussiamoiseapproximations.

A. Noisein the SME Formulation

Supposeour systemis tracking N targets, and let the actual receved measurementy;, be

modelledasthe truth, x;, plus an additve Gaussiamoise,u;, so that
Vi = Xj + U fori= 1;::::N: (35)
Applying an SME obsenation function g( ) to the actualmeasurementgields:
¥ = 9o(y1;y¥2;  ;yn) fori=1;:::;N: (36)
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10

The restrictionson the choiceof SME functionsgiven in [1] requirethat equation(36) canbe

written as:
¥ = O(X1; X2, sxXn)+ Vv fori=1;::0iN; (37)

where v, is a zero meanwhite noise term. Note that v; is not Gaussianbecausehe SME

functionsare nonlinear

B. Analytical GaussianApproximation

Despitethe statemenin Sectionlll-A above that the noisetermsv; are not Gaussianthey
can be approximatedas such. Kamen presentsa detailedderivation of an analytical Gaussian
approximationin [9] for the sum of products.Unfortunately the derivation for the sum-of-
powerscaseis not nearlyasneat,but the resulthasbeenincludedin the Appendix.Furthermore,
derving the approximationdecomesncreasinglytediousasthe numberof targetsincreasesilt
is this approximation,however, that Kamenet al. usedwith the SME-EKF pairing. The same
approximationcan be usedwith a particle Iter. The resultsusingthis approximationwith the

particle Iter aregivenin the Particle Filter - Analytical sectionof Tablesl, Il, andlll.

C. UnscentedlransformbasedGaussianApproximation

Another approachto generatinga Gaussiarapproximationis to usethe unscentedransform
discussedn II-A. The adwantageof usingthe unscentedransformis thatit triesto approximate
the non-Gaussiamwhite noise.Consequentlyit shouldproducea betterperformingparticle lter.

To implementthis approachthe unscentedransformis appliedto eachparticleof the lter at
eachtime step.This is expensve computationally;however, for our analyticalpurposeswe do
not needthe particle Iter to run in real-time.Unfortunately the unscentedransformdoesnot
work for the sum-of-productgormulationfor the samereasonghatit broke down in the UKF,
asdiscussedn Sectionll-C. The resultsin SectionlV, however, shav improved performance
in the sum-of-pavers caseover the analyticalGaussiarapproximation Note that this is not the
“unscentedarticle lter” aspresentedn [5]. Theunscentegbarticle Iter in [5] usesthe UKF to
estimatethe transitionprior density;whereasye areinvestigating usingthe unscentedransform

to provide a betterestimateof the likelihood density
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V. RESULTS
A. SimulationSetup

The simulationconsistedof threetargetsmoving in one dimension.Eachtarget moved inde-
pendentlywith nearlyconstantvelocity anda known processoisevariance Initial positionsand
velocitieswere chosenso that the tagetswere likely to crosspaths.The obsenation datawas
generatedy addingGaussiamoisewith zeromeananda known variance.Software developed
by Wan andvan der Merwe provided the basisfor thesesimulations[10].

To easediscussionthe lters and SME pairingwill be referredto by a pair of abbreiations,

e.g. UKF-Productsfor the unscentedKalman Iter pairedwith the sum of products.

B. Data

TABLE |

PERCENTAGE OF TIME FILTERS MAINTAINED CORRECT TARGET ASSOCIATIONS

Sumof Products| Sumof Pawers
ExtendedKalman 7375 37:25
Unscentedkalman 40:50 82:25
PF - Analytical 86:00 82.75
PF - Unscented 1350 87:50
Global NN 41:00
AssociatedKF 98:00

Tablel containghe percentagef timethateach Iter maintainedhecorrecttargetassociations
for the three targets moving in one-dimensionakpace.Table Il containsan associatednean
squarecerror (MSE) measurement heterm“associated’indicatesthattheerroris only included
in the averagewhenthe Iter maintainsthe correcttargetassociationTablelll containsthe “set
estimation”"MSE. The setestimationMSE is calculatedby nding the track-estimate/track-truth
associationwith the smallestMSE at eachtime step and then averagingover all time steps.
Consequentlytarget associationgre not considered.

Several relationshipsevident in the tables are worthy of mention. First, the EKF clearly

performsbetterwith the sum-of-productsmplementation73.75%)thanwith the sumof powers
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TABLE 1

MEAN SQUARED ASSOCIATED ERROR

12

Sumof Products| Sumof Pawers
ExtendedKalman 5:52 5:09
Unscentedkalman 12:86 5:06
PF - Analytical 5:75 4:57
PF - Unscented 5:90 4:56
Global NN 3:08
AssociatedKF 3:36

TABLE IlI

SET ESTIMATION MEAN SQUARED ERROR

Sumof Products| Sumof Pawers
ExtendedKalman 3:26 321
Unscentedkalman 775 2:91
PF - Analytical 3:33 2:84
PF - Unscented 2:73
Global NN 2.01
AssociatedKF 251

(37.25%).This resultwas expectedsincethe original investicators,using only the EKF, quickly
abandonedhe sum of powers.

Second,we seethe effect of the UKF breakingdown underthe sum of products(40.50%)
asdiscussedn Sectionll-C. An exampleof the UKF breakingdown is givenin Fig. 2. Notice
how the estimatedarget tracksmay jump whentwo estimatesross.

Themostexciting resultis that UKF-Pownversoutperformg82.25%)both EKF implementations
andapproachethe performancef the particle Iters. Not only is this resultnew andunexpected,
but the UKF is signi cantly easierto implementandrunswith similar computationatompleity
to the EKF. Also, by both MSE metrics,the UKF-Powners hasthe bestperformance.

Judging by the percentageof correctly maintainedtracks, the PFUT-Powers shaved the
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postition

-60

0 50 _ 100 150
time

Fig. 2. UKF breakingunderthe sumof products.

bestperformance(87.50%),followed by the PFAN-Products(86.00%) and the PFAN-Powers
(82.75%).However, by both MSE metrics, the PFAN-Productssuffers noticeablyworse error
performance.

Finally, a note on the global nearesteighbor(GNN) associatiorand associatedKF is nec-
essary GNN representsa simple solution to the multiple target tracking problem. Since the
simulation scenariodoes not include false alarmsand misseddetections,each obsenation is
usedto updateexactly one track. GNN associateshe obsenations with tracks suchthat the
sum of the distancesrom the obsenationsto the predictedpositionsis minimized [11]. This
approachmay also be thought of as a 2-D assignmentalgorithm. SeparatestandardkKalman
Iters arerun for eachtrack. The associatedF, on the otherhand,hasknowledgeof the correct
target associationsnd runs a standardkalman Iter for eachtrack. In Table | it may appear
incorrectthat the associatedKF maintainsthe correcttrack 98% of the time insteadof 100%,
sinceit knows the correctassociationsThe discrepang appearsvhenthe tracksfor two targets
are very close and run nearly parallel. The associatedKF track for tamget 1 is actually closer
to the truth for target 2 and vice versa.This scenariocauseshe track-switchingalgorithmto

detecta loss of track.

V. ANALYSISWITH TAYLOR SERIES EXPANSIONS

Several authorshave presentedraylor seriesexpansionsabouta randomvariables meanas

a methodfor comparingthe accuracie®f the EKF and UKF [3], [4], [5]. This sectiongivesa
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brief introductionto this analysistool andusesit to examinethe Iters' performancesvith the
SME nonlinearities.
In this paper the systemhaslinear dynamics,but the SME formulationgenerates nonlinear

measuremergquationUndertheseconditions the EKF usesthe measuremertovarianceupdate

Pyy (K + 1jk) = JgPxx (k + 1jk)J gT + R(k + 1); (38)
andthe UKF uses

Yie1jk = 9(Xk+1jk); (39)

)@n
Yiesr = Yiksijks (40)

i=0

)gn
PYk+1 Yis1 — [Yi;k+1jk Yk+1][Yi;k+1jk Yk+1]T; (41)

i=0
whereg( ) is the nonlinearSME function, J 4 is the Jacobiarmatrix of g( ), andR is the mea-
suremennoisecovariancematrix. The J ¢Px x (k + 1jk)J gT termin (38) is a directlinearization
of the covariancefrom the systemspaceto the measuremergpace Although the mechanicsof
the UKF arenot asclear the Taylor seriesexpansionwill provide someinsight.
Following the deriationin [5], we representhe prior variable,x, asa zero-meardisturbance

x aboutthe meanx. Thenthe Taylor seriesexpansionof g(x) becomes

(x 1 x)"g(x)

b
g(x) = g(x + x) =

n=0 n! X=X @2
To simplify notation,we de ne
D%g, [(x 1x)"9(X)]x=x (43)
sothat (42) canbe written
V= 90 = g0+ D «g+ SD%g+ SD%g+ 1 (44)
A. Analyzingthe Mean
From [5], the meanafter the nonlineartransformationis:
yr = Ely] = E[g(X)I; (45)
= E g(x)+ D ,g+ %szg+ %D3Xg+ A (46)
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wherethe subscriptT indicatesthat the expressionrepresentshe true mean.Equation(46) can
be simpli ed by assuminghatx is a symmetricallydistributedrandomvariable which causesll
odd-momentgo equalzero. Two identitieswill also help simplify (46). First, E[ x xT] = Py.
SecondE[D «g] = 3[(r TPxr )g(X)lx=x. This leadsto

1 1 1
Y1 = g0x) + Sl TPxr )90k« + E D%g+ SDSgF i (47)
In [5], the authorsshawv that the unscentedransformcalculateshe meanas:
— 1 T 1 XL 1 4 1 6 v s
yur = 9(x) + E[U Pxr )g(X)]x=x + 20+ ) ~ ED g+ aD g+ (48)

. : P— :
where ; denoteshe i columnof the matrix squarerootof = (L + )Py. Thelinear approx-

imation usedin the EKF calculategshe meanas

yun = 9(X): (49)

Comparingequationg47), (48), and(49), the unscentedransformmatcheghe true meanin the
rst and secondorderterms,whereashe linearizationonly matcheshe true meanfor the rst
term.JulierandUhimanshaw in [3] thatthe errorsin the higherordertermsof y yr aresmaller

thanthe errorin assuminghesetermsare all zeroasthe linear approximationdoes.

B. Mean Approximationfor the Sum-of-PoductsSME

For the three-taget sum-of-productsase,

e o2 (50)
anddescribingP as 2 3
11 12 13
Py = 9 21 22 23% ; (51)
31 32 33
leadsto 2 0 3
[0 TP YGroa00lex = & 2012+ 2+ 1) b (52)

2( 12X3+ 23X1+  13X2)
Throughoutthis paper tamgets have beenassumedo move independentlywhich makes P, a

diagonalmatrix. Sinceall the elementsf the secondorderterm (52) dependonly on the cross-

covariancesthe entire secondorderterm s zero. Furthermorethe derwvativesin the fourth and
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higher order terms of (48) reduceto zero for the threetarget case.This leavesyyr = g(x),
which is exactly the sameasy y . With the three-taget sum of productsSME and a diagonal
P, the UKF and EKF emplgy the sameapproximationfor the measurementoise meanatfter

the SME transformation.

C. Mean Approximationfor the Sumof Powers SME

Following the derivation from the previous section, the secondorder term in the Taylor

expansionfor the sum-of-pavers SME is

2 3

0
(r TPxr )Gpow(X) ,_, = 8 2(u+ 2+ w & (53)
6( 11X1+ 22X2+  33X3)
The secondorderterm (53) dependnly on the variancetermsof P . Consequentlythe second
ordertermis not zero, althoughthe dervativesin the fourth and higher order termsreduceto
zerofor a threetarmget case.Thus, with one more non-zeroterm than the EKF, the UKF will

provide a betterestimateof the meanthanthe linearizationusedby the EKF.

D. Analyzingthe Covariance

Now usingthe Taylor seriesapproximationto nd an expressionfor the true covariance[5],

P, =J,P,J) (54)

" # X=X
X 41 -
+E WD'XQ (D',9)
== ¢ }
" i6j=1 "
)Q' X E D2i g E DZJ g T .
ey PH9EDLe
| — {z }

i6j=1

whereJ, is the Jacobianmatrix of g(x) evaluatedat x = x.
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Using a similar approachaswith the mean|[3], it canbe shavn that the unscentedransform

calculateghe posteriorcovarianceas

(Py)ut = IxPyJ) (55)
% (r TPer)ax) (r TPxr)g(x) '
" -
TR I T
MET ) ir o1 e P9 (L9
Z
.. i } )
)4 )4 1 XL XL , . ;
@A e, D9 P
=1 j=1 k=1 m=1
{z }
i6j=1

For the covariance,the unscentedransformcorrectly calculatesthe rst two terms. The lin-

earization,on the otherhand,calculateshe posteriorcovarianceas
(PY)LIN = JxPxeT; (56)

which is only accuratefor the rst term. Again, the authorsof [3] shav that the error for
unscentedransforms approximationis lessthat the assumptiorthat all higher ordertermsare

Zero.

E. Covariance Approximationfor the Sumof Products

SectionV-B shaved that the secondterm of (55) is zero for the sum of productswhenthe
prior covariancematrix is diagonal. The third and fourth terms are also zero for the sum of
productswhenthe prior covariancematrix is diagonal.Any elementof thesetermsthatis non-
zero after taking all the appropriatederivativesis multiplied by a cross-cwariancethatis zero.
The unscentedransforms meanand covarianceproducean approximationsimilar to that of the
linearizationusedin the EKF for the sum-of-productsSSME. Unfortunately a direct comparison

of the EKF andUKF is not practicalbecausehe UKF is incompatiblewith the sumof products.

F. Covariance Approximationfor the Sumof Powers

SectionV-C it was shavn that the secondterm of (55) dependson the variancetermsof the

prior covariancematrix andwill be nonzero.Thus,the unscentedransformwill generatea more
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accurateapproximationof the measuremenposteriorthan the linearizationusedin the EKF.
The effect of this improved approximationcanbe seenin the results.The UKF hassigni cantly

betterperformanceahanthe EKF when pairedwith the sum-of-pavers SME.

G. Other Observationdrom Taylor SeriesAnalysis

1) DataDependenceEquationb2 and53 revealonedravbackto the SME method.Sincethe
dataappearsn the third row of the expressionthe covarianceestimateis a function of the data.
This is equvalentto sayingthat the covariancedependsupon the location of the mean.While
this problem can be alleviated by using a centeredcoordinatesystem,ideally the covariance
estimatewould be independenbf the raw datas choiceof Cartesianorigin.

2) Increasing the Number of Targets: The multiple tamget tracking problem increasesin
complity as the number of targets increasesin the SME approach,this is manifestedby
an increasein the numberof equationsneededthe magnitudeof the numbersusedin these
equationsandthedif culty posedby increasinghe numberof variablesmaintainedoy the lIter.
From the Taylor seriesexpansionanalysispresentedabove, it becomesevident that increasing
the numberof tamgetsreducesthe accurag of the EKF and UKF's approximationsin terms
of the Taylor series,both can be thoughtof as truncatingthe Taylor seriesafter somenumber
of terms. The derwvativesin the higher order termsgenerallycausethosetermsto be zero for
the SME case.Hence,the error can be thoughtof asall the nonzerotermsnot includedby the
EKF or UKF's approximationsAs the numberof targetsincreasesthe numberof nonzeroterms

increasesg¢reatinga correspondingncreasen the error.

V1. CONCLUSIONS

Severalinterestingphenomenavereobseredin this study In Kamens early studies he found
the sum-of-productdorm of the SME to work betterthan the sum of powers with the EKF;
henceall later work by him and his colleaguedocusedon the sum-of-productgorm. We have
found that an UKF implementationof the sum of powers — the form originally abandoned
by Kamen- actually performsbetter than the EKF implementationof either form. Also, we
have discoreredthat the sum-of-productsionlinearityis inherentlyincompatiblewith the UKF,
inadwertentlyuncoveringanaspecbf UKFs thatdoesnot seemto have beenpreviously discussed

in theliterature.Theseresultssuggesthe performancef the SME approachs dependenbn the
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pairing of a speci c SME implementationand nonlinear Iter ratherthan dependenbn either

individually.

VIlI. FUTURE WORK

This paperfocusedon exploring and comparingdifferent implementationsof the SME. A
clear avenuefor future work would be to compareour various SME implementationswith
other associationalgorithms[11] such as JPDA (Joint Probabilistic Data Association),N-D
multiassignmentfor N > 2 (i.e., going several scansinto the past) and Kastellas EAMLE
(Event-AveragedMaximume-Likelihood Estimation).

Perhapshe mostexciting aspecbf thiswork is the potentialfor usingthe SME asa framework
for deriving multitarget Cramér-Raobounds assuggestedhy FredDaum[12]. While developing
an EKF-basedSME lter for alarge numberof targetsis a challengingtask, the samesystem
is easilyimplementedusingan UKF. Thusthe UKF/SME pair may allow easyimplementation
andefcient computationof a CR boundfor multiple target tracking systemsFurthermorethe
SME framework allows for straightforvard analysisof the correlationbetweenerrorsin tracking

separatdargets, particularly whenthe targetscrosspaths.

APPENDIX

A. Sumof Products

Recallthat for the sumof products,the measurementare found by taking the receved data,
y, and calculatinga pseudomeasuremeiyty o4, as follows:
Yit Y2t Y3
Yprod = %Wﬂ’z T Yiys + Y2y3£ : (57)

Y1Y2Y3
Also, recallthaty; canbe written asx; + u; wherex; is the truth andu; is an additve Gaussian

noiseterm with variance ,,. Restrictionson the SME approachrequirethaty; canbe written

as

Yi = (X1 X2, xn)+tVv fori=1 N: (58)
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Following the deriationin [9], let R be the covariancematrix of the nev measurementoise,

v. For the three-taget case,R canbe approximatedas

R 2V, + 3LV, + 2LV, (59)
where
=t L (60)
5= 4 L Lt Ll (61)
5= 4L (62)
and
0 4 1 1 1
Vi = F@Xz"‘ X3 X1+ Xz Xi+ ng; (63)
XoX3 X1X3 X1X2
0 7% of
L=B1 1 1X; (64)
X3, X2 X1
0 031
Vo= 0% (65)
1

B. Sumof Powels

To further simplify calculationsin the sum-of-pavers case,eachmeasuremenivas assumed

to have the samenoisevariancgsuchthat 5= 4= 4= i Folr the sumof powers,
yity2tys
Yoou = @Yi+ Y2+ YE 37 X (66)

Yi+Yi+ys 3 5(a+ya+ya)
wherethe 2 termsareincludedto ensurethat the measurememnoiseafter the sum-of-pavers
transformations zeromean.The calculationrequiredto approximateghe nev measurememnmoise
covariancematrix, R, for the sumof powersis long andtedious,sothe detailshave beenomitted
here.However, the resultis the following:
030 2 2, 327,4+9 4
R %;2 2z, 427,+6 ¢ 6 2z3+ 12 174 X (67)

322,+9 ) 62z3+12 %z 9 2z,+36 }z,+ 45

1

where
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Z1 = X1+ Xo+ X3; (68)

Z, = X2+ X3+ x5; (69)

Z3= X3+ X3+ X3 (70)

7y = X7+ X5+ X3 (71)
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