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Abstract

We consider the problem of multiple-input multiple-output (MIMO) sampling of multiband signals.
In this sampling scheme, a set of input signals are passed through a linear time-invariant continuous-time
MIMO channel. The inputs are modeled as multiband signals whose spectral supports are arbitrary sets
of finite measure, and the channel characteristics are assumed known. The channel outputs are sampled
on different nonuniform sampling sets. The objective is to reconstruct the inputs from the output samples.
This scheme is a very general and it encompasses various other schemes, including Papoulis’ generalized
sampling and nonuniform sampling as special cases.

We first define joint upper and lower densities for a collection of sampling sets. We then derive
necessary conditions on these densities for stable sampling and consistent reconstruction of the channel
inputs from the sampled outputs. These are generalizations of Landau’s necessary density results for
stable sampling and interpolation of single channel multiband signals. For stable MIMO sampling and
consistent reconstruction we also find that the channel must satisfy additional conditions on the singular
values of the submatrices of its transfer function matrix. All these necessary conditions trivially apply to

the blind channel problem.
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I. INTRODUCTION

Multichannel deconvolution or multichannel separation of a convolutive mixture is an important prob-
lem arising in several applications and has attracted substantial interest recently. The problem, simply stated,
deals with a multiple-input multiple-output (MIMO) channel whose outputs can be observed, and the pri-
mary goal is to invert or equalize the channel to recover the original input signals. In general, the channel
inputs have overlapping spectra and share a common bandwidth. Some example applications where MIMO
channels arise are multiuser or multiaccess wireless communications and space-time coding with antenna
arrays, or telephone digital subscriber loops [1-4], multisensor biomedical signals [5, 6], multi-track mag-
netic recording [7], multiple speaker (or other acoustic source) separation with microphone arrays [8, 9],
geophysical data processing [10], and multichannel image restoration [11, 12].

While much of the recent work on MIMO equalization has been on the so-called blind problem, we
consider the non-blind problem and assume that the channel characteristics are either known or that they can
be estimated accurately using known test input signals. Thus, instead of the problem of blind equalization,
we focus on a simpler problem. In practice, digital processing is used to perform the channel inversion,
whereas the channel inputs and outputs are continuous-time signals. Consequently, the channel outputs
need to be sampled prior to processing. In other words, the objective is to reconstruct the channel inputs
from the sampled output signals. Therefore, the MIMO channel inversion problem can be restated as one in
sampling theory, and we call this sampling scheme MIMO sampling. We study this problem entirely from
the perspective of sampling theory, although the problem could, equally well, be viewed as one of channel
equalization. The questions that we address are to determine necessary conditions on the sampling densities
and the MIMO channel to allow its inversion. These necessary conditions also trivially apply to harder
problem of blind MIMO equalization in the presence of sampling.

The MIMO sampling problem is formulated as follows. Let z,.(¢), r = 1,..., R, be a collection of
multiband signals whose spectral supports are measurable sets 7, C R of finite measure. These R signals
are the inputs to a MIMO channel consisting of linear time-invariant filters (see Figure 1) producing P

output signals y,(t), p = 1,..., P. In other words

R
yp:ngr*gf'ra p=1,...,P
r=1

where * denotes convolution, and g, € L?(R) are the channel filter impulse responses. The outputs
yp(t) are subsequently sampled on either a uniform or a nonuniform grid A, = {\,, : n € Z}. We then
attempt to reconstruct the channel inputs from the output samples. This sampling scheme is very general and

subsumes various other sampling schemes as special cases. For instance Papoulis’ generalized sampling [13]



is essentially a single-input multiple-output (SIMO) sampling scheme, i.e., R = 1. A natural generalization
of Papoulis’ sampling expansion to vector valued inputs considered by Seidner and Feder [14] is also a
special case where all input channels have identical low-pass spectra, i.e., 7. = [—B, B]. See [15] for an
interesting SIMO sampling scheme applicable to general signal spaces including wavelet and spline spaces.

However, we restrict our attention to multiband signal spaces alone.

t=An1
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Figure 1: MIMO sampling.

Landau [16, 17] proved the following fundamental result for sampling and interpolation of multiband

signals. Let X (f) denote the Fourier transform of a signal z(t), and
B(F) ={z e L’ R)NCRY) : X(f) =0, Vf ¢ F},

the class of continuous L?(R¢) signals bandlimited to a measurable & C R<. Suppose that a function
r € B(F) with F C R? is sampled at a discrete set of points A = {\, : n € Z} € R% Then, for
stable reconstruction of x(¢) from its samples x(A,,), it is necessary that the density of A be no less than the
measure of F, i.e., A must be sufficiently dense in order to stably reconstruct the input. A dual problem is

that of interpolation where we seek necessary conditions on A that guarantee that
dz e B(F) st z(M\)=cp 1)

whenever {c,} € I2. Equation (1) is called the interpolation condition, and a necessary condition for this
problem is that the density of A be no more than the measure of F. Roughly speaking, the samples of z(t)
on the set A can take arbitrary values only if A is sufficiently sparse. Alternatively, the density of A can be
interpreted as a lower bound on the size of the class of multiband signals with spectral support F, in which
a solution to the interpolation problem is guaranteed to exist, where “size” refers to the Lebesgue measure
of the spectral support F.

Grochenig and Razafinjatovo [18] recently provided a simpler proof of Landau’s result. Their technique
also allowed them to prove necessary density conditions for some derivative sampling schemes. However,

all their results, unlike Landau’s, are applicable only when the boundary of the set F has zero measure.



The purpose of this paper is to extend the idea of [18] to prove more general results for MIMO sampling
while removing the restriction on the boundaries of the spectral supports. We consider only single variate
functions in our analysis (d = 1), and the results easily extend to multivariate functions. The questions
that we address are the following: (a) what are the necessary density conditions on the sampling densities of
{A,} for stable reconstruction of the MIMO inputs z, € B(F;) from the MIMO output samples {y,(Anp)}?

(b) what are the necessary conditions on the sampling densities of {A,} such that
dz, € B(F:) st yp(Anp) = cnp (2

for any sequence {cp, : n € Z, p=1,...,P} € 12. Problem (b) is analogous to Landau’s interpolation
problem for classical single input sampling, and (2) is the analogue of the interpolation condition in (1).
However, we call (2) the consistency condition® rather than the interpolation condition. Roughly speaking,
this condition implies that the channel outputs on the sets A, can take arbitrary values, and this requires that
A, be sufficiently sparse. Equivalently, these conditions can be interpreted as minimum size requirements
on the sets F,.

Note that although the sampling theorems for special cases considered in [13, 14] provide sufficient
densities for uniform or periodic sampling, these are not shown to be necessary for arbitrary, nonuniform
sampling of the channel outputs. In Section II-A, we introduce some notation and review some mathematical
background. In Section IlI, we establish necessary conditions on {A,} for stable MIMO sampling and
consistent MIMO reconstruction. For stable reconstruction, we prove that the sum of densities of A, is lower
bounded by the sum of the measures F,.. Similarly, for the consistency problem, the sum of densities of A,,
is upper bounded by the sum of the measures of F,.. Apart from these natural generalizations of Landau’s
results, we also derive necessary conditions on the joint density for each sub-collection of sampling sets, as
well as conditions on the channel transfer function. These bounds provide an outer bound on the region of

achievable densities. We provide examples to illustrate the results.

Il. PRELIMINARIES

A. Signals and Matrices

The class of continuous L2(R) signals bandlimited to a measurable F C R is denoted by

B(F)={ze L) (R)NC[R): X(f) =0, Vf ¢ F}, (3)

1Equation (2) does not describe an interpolation problem because the multichannel samples are not samples of the input signals
themselves.



where X (f) is the Fourier transform of a signal z(¢):

X(f) = /R (t)e 12 g,

The space B(F) is a separable Hilbert space. Let 1(-) denote the Lebesgue measure, and x(-), the indicator
function. For instance, x(f € F) takes the value 1 on the set F, and O elsewhere. Let ¢ (¢) denote the

inverse Fourier transform of x(f € F):

or(t) = /f e’?mItdf.

Denote the time-shift operator by ©., i.e., ©,f(t) = f(t — 7). Let 0 denote the empty set, and S¢, the
complement of a set S in the appropriate universal set.

We now introduce some notation pertaining to matrices. We denote the class of complex-valued matrices
of size M x N by CM*N_ Let e, € CF*! denote the r-th standard basis vectors, i.e., e, has a 1 at the
r-th position, and zeros elsewhere. For a given matrix A, let A denote its conjugate-transpose, A, its
submatrix corresponding to rows indexed by the set R and columns by the set C. Also let A, ¢ denote the
submatrix formed by keeping all rows of A, but only columns indexed by C, and A o, the submatrix formed
by retaining rows indexed by R and all columns. We use a similar notation for vectors. Hence, X  is the
subvector of X corresponding to rows indexed by R. We always apply the subscripts before superscripts.
So Agyc is the conjugate-transpose of A ¢. When dealing with singleton index sets: R = {r} or C = {c},
we omit the curly braces for readability. Therefore, A, , and A, . are the 7-th row and the c-th column of
A respectively. Let Apax(A) and Amin(A) denote the largest and smallest eigenvalues of A. Let omax(A)
denote the largest singular value of matrix A, and omin(A), the smallest nonzero singular value of a A if
A#0.1f A= 0, wetake opin(A) = co.

The following proposition, which is proved in the Appendix, is used later to characterize the region of

achievable densities.

Proposition 1. Let G € C#*#, and let A and B be subsets of {1,..., R}. Then

rank(G g.0) + rank(Gpe) > rank(G 4us,e) + rank(G ans,e)- 4)

B. Stable sampling and consistency

The following material on frames is standard (cf. [19, 20]). Let H is a separable Hilbert space equipped

with an inner product (-, ). A sequence {t,} C H is called a frame if there exist constants A, B > 0 such



that
Allz)® <3 [, o) < Bllzl?, (%)
n

for all x € H. The constants A and B are called the lower and upper frame bounds. If A = B, then the

frame is a tight frame. The frame operator S, defined as

Sz = (z,9n)n, VzeH,
n
is a bounded linear operator satisfying AI < § < BI, where I is the identity operator. Let ¢, = S~ 1t,,.
Then {;Zn} is also a frame (the dual frame) for 7+ with frame bounds B—' and A~'. Then any = € H can

be expanded as

z=Y (%) b0 =) (& n)Pn. (6)

n n

If {1, } is a frame, then for any sequence {c,} € 1%, we have

| > nt

T<BY el @)

A sequence {1, } C H is called a Riesz basis if it is fully equivalent to an orthonormal basis for H, i.e.,
if there exists a bounded invertible operator 7" and an orthonormal basis {e,, } such that ¢,, = Te,,. A Riesz
basis is a frame, and hence (6) and (7) hold. In fact, for a Riesz basis, we can replace (7) by the following

stronger condition:

AN Jeal® < || 32 catn

Conversely, if {1, } is a complete sequence in H, then it is a Riesz basis for H whenever (8) holds for finite

T<BY el (®)

sequences [19]. The dual frame {¢,} of a Riesz basis {1, } is called the biorthogonal basis of {¢,,}, and it
is also a Riesz basis for H.

A sequence {1, } C H is called a Riesz-Fischer sequence if the moment problem:

<x, ¢n> = Cn )

has a solution = € H whenever {c,} € . If {¢,,} is a Riesz-Fischer sequence, then there exists a solution
x to (9) such that
1
2 2
< —

for some a > 0 called the bound of the Riesz-Fischer sequence. A necessary and sufficient condition for



{¢} to be a Riesz-Fischer sequence with bound a is that

| envn

>0 jef? (10)

for every finite sequence {c,, }. Finally, note that the moment problem in (9) has a unique solution if {¢,,}
is a complete Riesz-Fischer sequence in H. Every Riesz basis is a Riesz-Fischer sequence, but the converse
is not true. However, if a Riesz-Fischer sequence is also a frame, then it is a Riesz basis. The notions of
frames and Riesz-Fischer sequences are used in much of our analysis in Section Ill.

In the context of classical multiband sampling, the class of input signals is the separable Hilbert space

'H = B(F) having the following inner product:
(@) = [ =@y, Vay € BE)
R

Obviously, the norm on H is defined as ||z| = /(z, z).
A discrete set A = {\,, : n € Z} is called a stable set of sampling for B(F) if there exist A, B > 0 such
that

Allzll* <> [z(\)P < Blla|l’, V€ B(F). (11)
neEZ

First notice that z(A,) = (x, O, ¢F). Using this fact and (11), we see that {©,,¢r : n € Z} is a frame for
B(F) with frame bounds A and B. Denoting its dual frame by {<Z>n} and using (6), we obtain the following

interpolation equation to reconstruct z:
T = Z<ma @Angbf)(%n = Ziv()‘n)‘gn- 12)

The following argument shows that (12) is a stable reconstruction formula. Suppose that a perturbation
{62,} € 1% is added to z, = z(\,). Then, owing to linearity of (12), the resulting perturbation dz in the

reconstruction is given by

or = Z (52n<;~5n.

neEZ

Using (7) and noting that the upper frame bound for the dual frame is 1/A, it follows that

012 = || > budn

2 1 9
< Z;ml : (13)



Finally, from (11) and (13) we conclude that

loz]] - /B Jloz]|
] A =

The ratio K = /B/A > 1is called the condition number of the sampling scheme, and K2 is a bound on
the amplification of the normalized perturbation energy. Similarly, it can be shown that a perturbation of jx

in z € H produces a perturbation of §z € (2 in z,, = x(\,) such that

o=l /B 1oz
[zl = VA ]

Thus, the stability condition in (11) guarantees that the errors in the sampled signal or its samples cannot
produce arbitrarily large errors in the reconstructed signal. Conversely, if this condition is not satisfied, then
there exist bounded inputs or perturbations in the samples that produce unbounded errors in the reconstruc-
tion. Therefore, this is a natural condition to impose on any sampling system.

The set A is called a set of interpolation if there exists x € B(F) such that z(\,) = ¢, whenever
{e,} € I2. In other words, the sampling operator from B(F) to I? is onto if A is a set of interpolation.
This condition is clearly equivalent to {©,,¢F : n € Z} being a Riesz-Fischer sequence in B(F). There
are several practical implications to A being a set of interpolation. First, it implies that any data sequence
{cn} € 1? can be interpolated to a signal = € B(F) whose samples on A agree with the data sequence.
Second, it implies that the samples of = € B(F) on A are nonredundant because each sample is completely
independent of all the others. If A is not a set of interpolation, then the samples of z € B(F) can only live
in a subspace of 72, and are linearly dependent, with some samples completely determined by the others.
Finally, if A is a set of both sampling and interpolation, then {© ¢+ : n € Z} is a Riesz basis for B(F).
The theory of frames thus provides a convenient tool to study sampling [21].

We shall now generalize the above notions of stable sampling and interpolation for the MIMO problem.

Recall that the channel input and output signals are related to each other as

y@zg*ﬂﬂzég@—ﬂdﬂ#

where z is the input vector whose components are multiband signals =z, € B(F;), and y is the channel

output in vector form. The class of input signals is the separable Hilbert space

H = B(F1) x - x B(F) (14)



equipped with the inner product
R _
(@, 2) = / 2zt =3 / 2D ()dt, Va,z € H. (15)
R —17R

The norm on H is clearly defined as ||z| = +/(x, ). In the rest of this paper let R and P denote index sets

for the components of the channel inputs and outputs, i.e.,
R={1,...,R} and P={1,...,P}.
Suppose that
Cr=A{r:feR} (16)

then it is clear that X'¢,(f) captures all the nonzero elements of X (f). Hence, the channel output in the

frequency domain can be expressed as

Y(f) = G(f)X(f) = Goc,(f) X, (f), 17)

where G(f), the Fourier transform of g(t), is called the channel transfer function matrix.

Definition 1. A collection of discrete sets A, = {\,, : n € Z}, p € P is called a stable collection of MIMO
sampling w.r.t. G(f) for the space H if there exist A, B > 0 such that

P
Alz)? <D lgpAp)l? < Blz|? (18)

p=1neZ

for every @ € H, where Y (f) = G(f) X (f).

Itis clear that we can write y,(Anp) = (, O, %,,) for appropriate 1, € H. In fact asimple calculation

reveals that

R
@, (f) =D Gu(Hx(f € Fer, (19)
r=1

where e, is the r-th standard basis vector.

Now, (18) is equivalent to the condition that {©,. v, : n € Z, p € P} is a frame for H. This
observation, as in the case of classical sampling, implies that we can perform the reconstruction of the
channel inputs from the output samples using the dual frame as the set of interpolating functions. Also,
the stability condition in (18) guarantees that the errors in the sampled signal or its samples do not produce

arbitrarily large errors in the reconstructed signals. The condition number for the MIMO sampling scheme

isK=,/B/A>1.



Definition 2. A collection of discrete sets A, = {\,, : n € Z}, p € P is called a collection of consistent
reconstruction w.r.t. G(f) for the space H if there exists a solution € H to the problem y,(Anp) = cnp
for every {cnp} € 12, where Y (f) = G(f) X (f).

Equivalently, {A, : p € P} is a collection of consistent reconstruction w.r.t. G(f) for the space H if
{Ox,, %, : n € Z, p € P} is a Riesz-Fischer sequence in . For any finite sequence {cy,, }, observe that
‘2

xEBy

2
H Z Cnp@)\np’l,pr = max ‘ chp<$a 9)\np¢p>
n,p mp

2

7

= max ‘ chpyp()\np)
n’p

xEBy

where By = {x € H : ||z|| < 1} is the unit ball in H. In view of (10), it is clear that
{Or, ¥y :n €L, pe P}

is a Riesz-Fischer sequence in H if and only if

xeBy

2
max |3 ey (up)| = @ e (20)
n,p n,p

for every finite sequence {cn,}. It turns out that the above characterization of consistent MIMO recon-
struction is easier to use than Definition 2. Finally, we point out that if a collection of discrete sets
A, = {\np : n € Z}, p € P is a collection of both stable sampling and consistent reconstruction, then
{Orp¥p 1 1 € Z, p € P} is aRiesz basis for H.

C. Notions of sampling density

A discrete subset A = {\,, : n € Z} C Riis called uniformly discrete with separation ¢ if
|Ame — An| > 20, Vm #n.

Let the maximum and minimum number of sampling points of A found in any interval of length 2+ be

denoted by

VJ(A):§2£#<A037(T)) and v, (A) = inf #(A N B,(7)) (21)

10



respectively, where #(S) denotes the cardinality of a set S, and
By(t)={ceR:|oc—-71| <~}

is a closed interval of length 2+ centered at ¢. For a discrete set A, the upper and lower densities are defined

as
(A T(A
D' (A) = limsup vy () and D7 (A) = liminf (4
y—oo 2y y=oo 2y

(22)

respectively. See [21] for several other notions of density for nonuniform sampling. Although traditionally
written as “lim inf” and “lim sup,” the limits in (22) can be replaced by simple limits [21]. If the lower
and upper densities coincide, this density is called the uniform density and is denoted by D(A). Note that
this does not mean that the sampling points in A are uniformly spaced. Any large interval of size [ contains
approximately 1D (A) points of A. If A is uniformly discrete, then DT (A) is finite. The converse statement
is not true. However Dt (A) < oo implies that A can be expressed as a union K uniformly discrete sets
[22].

When dealing with a collection of sampling sets, as in the MIMO setting, it is useful to define joint
densities for the collection. In [22], we introduced the following generalizations of the densities defined

earlier.

Definition 3. Given a finite collection of discrete sets A,,, p = 1,..., P, their joint upper and lower densities

are defined as

T(Aq,..., A
Dt (Ay,...,Ap) = limsup vy (A1 P), (23)
y—00 2y
“(Aq,..., A
D (A,...,Ap) = liminf 2 (A P) (24)
Y—00 2’)/
respectively, where
P
Vi (A, Ap) = sup 37 # (8 1 By(7),
TE pil
P
v, (Ay,...,Ap) = TigHgZ #(Ap N B, (7))
are the maximum and minimum number of sampling points of the collection {A, : p = 1,..., P} found in

any interval of length 2~.

11



If these densities coincide, then {A1, ..., Ap} has uniform joint density of
D(Ay,...,Ap) = DE(Aq,...,Ap).

If each A, has uniform density, then so does the collection {A1, ..., Ap}. However, the converse is not true.

From these definitions it is clear that

We use the above properties later without explicitly stating them. finally, we restate the following proposi-

tion, which is proved in [22].

Proposition 2. The lim sup in (23) and the lim inf in (24) can be replaced by simple limits. In fact,

Uj(Ala"'aAP)ZQFYD-'_(AI’""AP% (25)
V’y_(Ala"'aAP)SQFYD_(AIV"’AP) (26)

for all v > 0.

I11. NECESSARY DENSITY CONDITIONS

A. Previous Results and a New Comparison Theorem

Our aim in this section is to prove necessary density conditions for MIMO sampling of multiband sig-
nals. These results are analogous to Landau’s density result for nonuniform sampling of multiband signals
[16, 17]. Grochenig and Razafinjatovo [18] provided a simpler proof of Landau’s result. Their idea allowed
them to prove some results for derivative sampling. With some modifications, the results in [18] can also be
extended to SIMO sampling and interpolation. However, these results apply only to signals in the class of
multiband signals B(F) for which x(0F) = 0, i.e., the boundary of F has measure zero. Most sets of prac-

tical interest satisfy this condition, while several pathological sets such as nowhere dense sets are excluded.

12



Unfortunately, the condition also excludes some reasonable sets. For example, let 7 = [0, 1]NQ°¢, where @
is the set of rationals. Then 0F = [0, 1], implying that .(0F) = 1. But B(F) = B(]0, 1]) since F differs
from [0, 1] by a set of measure zero. In other words their results do not apply to some elementary classes of
signals under a simple disguise.

The following theorem, which is proved in [22], is a stronger version of the main result in [18]. This
theorem allows us to compute necessary density conditions for the stable MIMO sampling and consistent
reconstruction. However, the theorem is very general, involving arbitrary signal spaces, and can potentially

be used for proving necessary density conditions for sampling problems in wavelet or spline spaces.

Theorem 1 (Comparison Theorem). Let H g and Hy, be closed subspaces of Ho, and let X4, ..., ¥Xq, and
A1,...,Ap be discrete subsets of R such that all D*(A,) < co. Suppose that s1,...,sg and l4,...,lp
are such that

{Bpsq:0€%,, ¢=1,...,Q} CHg

is a Riesz-Fischer sequence in Hg with bound a > 0, and that
{O\lp: AeA,, p=1,...,P} CH,

is a frame for H . Then
Q
D*(Ay,...,Ap) = D*(%1,...,5Q) — Y _ gD (%), (27)
qg=1

ifall DT(X,) < oo, where

sup ||©y84 — Py, Opsg]|-

1
\/a o€,

In particular, D (X,) < oo is guaranteed whenever all oy < 1.

Qq

Note that H, and Hg are arbitrary subspaces in H,. However, the comparison theorem is most pow-
erful when we let the spaces be nearly the same. In this case, the coefficients o, would be small, thereby

yielding the following density bound:
DE(Ay,...,Ap) > DE(Zy,...,50) — ¢,

where e > 0 is a small quantity representing the summation in (27) involving the terms a,,. The import of
this statement is roughly that a frame, being an overcomplete sequence in a Hilbert space #, is “denser”

(contains more vectors) than a Riesz-Fischer sequence H. By using an appropriate limiting argument, we

13



can then show that e > 0 can be made arbitrarily small, yielding
D*(A4,...,Ap) > D¥(%y,...,50).

We illustrate the use of this theorem in the next section, where we derive necessary density conditions for
the MIMO sampling problem.
B. Density conditions for stable sampling

We begin with the following lemma, whose proof can be found in [22]:

Lemma 1. Let h € B([v1,v2]). then

W) sup |h(r)],
|r—t|<1

satisfies h# € L?(R) and ||h#|> < C|/h||? for some C = C(v2 — v1) > 0 that depends only on the
difference (vo — v1). Moreover, if A = {\,, : n € Z} C Ris a discrete set with D*(A) < oo, then

> mowrsc | I (1)t 28)

An—0>T lt=o]2I—1

forallc € R,T" > 0, and some C’ = C’(A) > 0. In particular

> ()2 < CCln)1%.

neZ

Lemma 1 says that the samples of a bandlimited signal on a sampling set of finite upper density cannot
be arbitrarily large. As we shall see later, it is a simple but powerful result.
We now introduce a few quantities relevant to the main result that follows shortly. Define the following

separable Hilbert spaces:

Mg = (B(-6,8))", B8>0,
HOO = (LQ(R))Ra

and let the inner product on both spaces be defined as in (15). Note that H s is the space of vector functions
whose R components are bandlimited to the frequencies [3, 5]. Let Ps : Ho — S denote the orthogonal

projection operator onto a closed subspace S C H .

14



Definition 4. A subspace S C H . is called shift-invariant if ©,x € S for all o € R whenever € S.

Evidently H, and H 3 are shift-invariant spaces. We write x 1. S whenever (x, z) = 0 for all z € Hg.

The following properties of a closed shift-invariant subspace S C H ., can be verified easily.

Proposition 3. Suppose that x € Hg, o0 € R, and S C H, is a closed shift-invariant subspace. Then
(a) ¢ L S = O,z L S, and (b) Ps©,x = O,Psx, i.e., translation commutes with orthogonal

projection onto S.

Proof. (a) Suppose that z L S. Then (O,x,2z) = (x,©_,z) = 0 whenever z € S and o € R because
O_,z € S. Hence ©,x L S. To prove (b), note Ps©,x — ©,Psx € S. For arbitrary z € S, we have

(Ps©,x — ©,Psx,z) = (PsO,x,z) — (O,Psx, z)
= (Oyx, Psz) — (x, PsO_,z)
=(Osx,z) — (X,0_,2) =0,

proving that PsO,x = O, Psx. O

We are now ready to compute necessary density results for stable sampling in the MIMO setting using

Theorem 1.

Theorem 2. Suppose that F,., » € R are real sets of finite measure, and A, p € P are discrete sets with
DT (A,) < oo that constitute a stable collection of MIMO sampling w.rt. G(f) for H = B(F1) x --- X
B(Fg). Then for every II C P,

R
D™ ({A, :peIl}) > Z (Fr) — / rank (G]‘[c’cf (f))df, (29)
where Cy = {r : f € F,.} and II¢ denotes the complement of IT in 7. Furthermore, if

eifsemf Omin (GHC c; (f) 0, F= U Frs (30)
rer

for some II # P, then the inequality in (29) is strict.

Proof. Note that F is the set where C; is not empty. Let II C P be a fixed subset. We consider two cases:
first suppose that either IT = P or (30) does not hold. In this case take Dy = . Otherwise II # P, so we
can define

K =maxC’'(Ap)C(1), (31)
pelle
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where C’ and C' are quantities defined in Lemma 1. Let ¢y > 0 be such that Ke% < A/2, where A is
the lower stability bound in (18). Since (30) is satisfied in the second case, there exists a set Dy such that
u(Dp) > 0 and

Omin (GHC,Cf (f)) < €0, Vf € DO- (32)

Without loss of generality, assume that Dy C [v, v + 1] for some v € R. In fact, (32) is satisfied in both
cases. Let the cardinality of the set C be denoted by |Cy|, i.e.,

R
Crl =D _x(f € F). (33)
r=1
Let the dimension of the null space of Gre ¢, (f) be denoted by

p(f) = |Cs| — rank (Grec, (f)), (34)

and let the columns of U’(f) € C/%*Pl)) form an orthonormal basis for the null space of Grec, (f).
For f € Dy, let U"(f) € CsI1*1 be a unit-norm right singular vector of Griec,(f) corresponding to
its smallest nonzero singular value. We can always choose U’(f) and U”(f) to be measurable functions.
Clearly, U”(f) is orthogonal to the columns of U’(f) for f € Dy. Therefore,

[U'(f) U"(f)] if f € Do,
U'(f) otherwise,

U(f) =

has orthonormal columns for all f. Let G, be the set where U (f) contains r columns, i.e.,

Gr={f:p(f)+x(f€Do) =7}, reR. (35)

The sets {G, } are clearly disjoint sets of finite measure. Therefore, for any § > 0, there exist finite collection
of disjoint intervals {Z, : r € R, k =1,..., K, } such that the sets

K,
G JZu, remr (36)
k=1

approximate G, in the sense that (G, N G¢) < §/R% and u(G.° N G,) < §/R2. 1t follows that

R
ZW (G, G SZR—5 (37)

r=1
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It is also clear that |u(GL) — u(G,)| < 6/R?. Consequently, we have

<. (38)

R R
> ru(G) = i)

Now, define W (f) € CE*™ on G/ for each r as follows:

Io,CfU(f) if f € g;- N gT‘a
(ela"'ae'r‘) Iffeg'ilﬂngﬁa

W (f) = (39)

where I is the R x R identity matrix. Note that the columns of W ( f) form an orthonormal set of vectors
for each f € G.. Foreach r € R, let k and m be indices suchthat 1 < k£ < K, and 1 < m < r. For

convenience let ¢(r, k,m) denote an invertible mapping from the triplet (r, k, m) to a single index g:
qr,k,m) : {(r,k,m):reR, k=1,...,K,, m=1,...,r} - Q,

where @ = {1,...,Q} and
R

Q= ZTKT.

r=1
In the rest of the proof, assume that ¢, r, k, and m are related to each other by ¢ = ¢(r, k, m). We shall now
define several quantities with the intention of eventually using Theorem 1 to derive the necessary density

conditions. Let {s,} C Hoo be defined as follows in terms of their Fourier transforms:

Sq(f) _ W:,m(f)/\/ w(Zrx) i f €Ty, (40)

0 otherwise,

where W ., (f) is the m-th column of W (f). The sampling set

def n
Yg = n€Zy, VYmed{l,...,r 41
ez et D
has uniform density of u(Z,). Since the intervals Z, are disjoint, and {W7 . (f) : m = 1,...,r}isa

set of orthonormal vectors for each r and f, it follows that {O,, s, : ¢ € Q, n € Z} is an orthonormal

Ong

sequence. Let H g be the closure of the span of this orthonormal sequence, i.e.,

Hg =span{Oy, sq:q € Q, n € Z} C Ho. (42)

Ongq
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Then clearly {O,,,s, : ¢ € Q, n € Z} is an orthonormal Riesz basis for g with lower frame bound
a = 1. In particular, it is a Riesz-Fischer sequence with bound a = 1.

Now define
Hr={z €M : Xc,(f) =UHU(f) X, (f) ae}. (43)

Itis obvious that H r, is a shift-invariant subspace. To see that H , is closed, consider the following argument.

Let {x'} € H be a sequence converging to x> € Hy.. Then we have

Xe,(f) = UNOU" () XL, (f) ae.

Also, X*(f) converges to X°°(f) in the L2 sense. Hence there exists a subsequence {i;} such that as
§ — oo, We have X% (f) — X°°(f) a.e. Therefore

UHUT(HXE(S) = lim UHU(NXE (f) = XE(f) ae,

Jj—o0

or equivalently x., € Hp, proving that H is closed.

Suppose that € Hj,. Then using (17) and (43) we see that

Yne(f) = Guec, (/)X e, (f) = Guec,(NUNUT ()X, (f).

Using the definitions of U(f) and U”(f), we conclude that

YHC(f) = 05 f ¢ DO, (44)
1Y e ()]l = |G e, (HU" (U™ () X, ()]
<elX(l, f€Do. (45)

Equations (44) and (45) imply that ||Y e (f)]| < eo|| X (f)]|. Hence

/R 1Y e ()% < Bz (46)

By (44) for each p € II¢, Y,(f) is supported on Dy C [v,v + 1]. Applying Lemma 1 to y,, p € II¢ and
using (46) yields

33 )2 < K /R 1Y e (F)I1%df < Kedlz|®, 47)

pell¢ neZ

where K is the constant defined in (31). Combining (47) with the first inequality in the sampling stability
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condition in (18), we obtain

DD 1Onp)l® 2 (A = Kep)l® > IIwIIZ, Vo € Hy, (48)

pell neZ

where the second inequality above follows from the choice of €. From (18), we obviously also have

DD ) < Bllaolf?, Vo e Hy (49)

pell neZ

because Hy C H. Combining (48) and (49), we obtain

A
S lel” < DD () < Bllell?, Ve € Hy. (50)

pEllnez

Letl, = Py, v, where 1, is defined in (19). Recall that H, is shift-invariant. Hence, using Proposi-

tion 3, we obtain
@Anplp = @)\MPHL’([JP = P'HL@Anp'l/)p € Hp. (51)

Also,
<£E,@)\npl > <£E P'HL@)\npd’p> <:E (_))\np’libp> (Anp)a Va € Hy,. (52)

It follows from (50), (51), and (52) that {©,,,,1, : p € II, n € Z} is a frame for . Having verified
all the required hypotheses, we can now apply Theorem 1 to obtain the following inequality relating the
densities of {A, : p € II} and {¥£, : ¢ € Q}:

D™({Ap :pe1l}) ED_(EL---’ZQ)_Zan+(zq)a (53)
qeQ
where
ag = sup ||©y84 — Py, Opsg]|-

706 Z

Since H, is shift-invariant, we can use Proposition 3 to obtain
1
Qq = 7 sup [©584 — 5 Pr; 84l = 75”311 — Prpsqll = [Isq — Prysql|

o€y

where the last equality holds because a = 1. We shall estimate «, in @ moment, but first, define v, € H as
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follows:

S,(f) iff €N
Vq(f){ olf) T E T (54)

0 otherwise.
Forall f € Z,, NG, we use (39), (40) and (54) to conclude that

U(HU(flUem(f) _ Uem(f)

UHU(HVlf) = WTe) V@

This proves that v, € Hy. Therefore, oy < |sq — vg4||. Using Parseval’s Theorem and (40) and (54) we

s (fusan-viora) - ([ [7es] )"

Since W ,,,(f) is a normal vector, we arrive at the following estimate for a:

obtain

W m(f)
(L)

M(Irk N gﬁ) .

a U(Irk) (9)

Qq
Combining (53) and (55) and using the fact that 3, has a uniform density of ;(Z,), we obtain

D ({Apipe)) 2 Y puTw) — Y agn(Zoe)

rm,k rm,k

2 Z ru(Gr) — Z 1Tk N G (Zrk)-
T rk

Using the Cauchy-Schwarz inequality, we obtain

Dty p M) 2 Soru@) ~ (ZruEandn) (Srutrn)’
r Tk
=" ru(@) — (Y ru(@ngp) (Zm AN (56)

Now, (37), (38), and (56) imply that

=
[T

D~({Apspe T} > [ S ru(@)] -0 - [5(6+ Y ru@n))] : (57)
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Meanwhile, using (33), (34) and (35), and the definition of the Lebesgue integral, we obtain

> (@) = [ (o) +x(s € Do)l

r=1

= (D) + [ [16s] = rank (Gec, (1)
R
= :U'(DO) + Z/L(.F,-) — / rank (GHC,Cf (f))df (58)
r=1 R

Putting together (57) and (58), and letting 6 — 0 yields

R
D ({Ap:peT}) > u(Do) + Y ulF) - /Rl"ank (G, (f))df.
r=1
This proves (29). Finally, recall that if (30) is satisfied for some IT # P, then p(Dy) > 0, proving that the
strict inequality in (29) holds in this case. O

Theorem 2 is a generalization of Landau’s classical result to the MIMO sampling problem. Letting
IT = P in (29), we obtain

D_(Ala"'aAP)ZZM(fT)' (59)

In other words, the combined sampling density on all the output channels must be no less than the combined
bandwidth of all the input signals. Theorem 2 also provides lower bounds on the joint densities of sub-
collections of {A,}, and some of them may even be strict inequalities.

In (29), the joint density D~ ({A, : p € II}) is interpreted as an upper bound on the “signal information”
captured by the samples of y, on those sampling sets. The bound on the joint density of {A, : p € II}
depends only on the Giiie ¢, (f), i.e., the submatrix of G(f) whose rows are indexed by the complement of
IT and columns by C;. Note that G, (f) is irrelevant for f ¢ F, because X,.(f) vanishes outside .. This
explains restriction of the columns to the set C; = {r : f € F,.}. Suppose that the outputs y,(t), p € II°
are completely known for all ¢ € R. Then Yne(f) = Gnec,(f)Xc,(f) is also known for all f. Then
rank (Gncycf (f)) is the number of independent components of X (f) that can be determined from Y e ( f)

alone. Consequently,

/Rrank (GHc’Cf(f))

is @ measure of input signal information that can be captured by knowing the outputs y,(t), p € II° com-
pletely (for all t). The additional signal information required from the samples of {y,(A\,p) : p € II} is
indicated by the difference of the two terms in (29). This also explains why (29) depends only on G (f)
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for p € 1.

Next, if some singular value of Grie ¢, (f) takes arbitrarily small nonzero values, then there is not enough
information in Y'ne(f) = Ge ¢, (f) X, (f) to stably recover rank (G]‘[cycf(f)) independent components
of X (f). Therefore, the information contained in the samples of y,,(¢) must be a little bit more than right-
hand side of (29) for stable reconstruction, and this explains the strictness of the bound.

The following corollary shows that stability of sampling requires an additional condition on the channel

transfer function matrix G(f).

Corollary 1. Suppose that the hypotheses of Theorem 2 are satisfied, and let 7 = J,..x . Then
ess. inf Amin (Gie ¢, (f)Ge e, (f)) > 0, (60)
for every IT C P, II # P such that D~ ({A,, : p € IT}) = 0. In particular,

eicseijrrlf Amin (Gale, ()G, (f)) > 0. (61)

Proof. From Theorem 2 and (33) and (34) we have

R R
D (A p €M) = 30 p(F) — [ rank (Gee, (1) = 30 () = [ iesldf > 0.

If D=({A, : p € II}) = 0, all the inequalities above must, in fact, be equalities. In particular, (29) holds

Wlt 1 an equality, Wi IiCh illlplies that
€8s .Ilf ‘7min G c 3
fe%’l-' ( ycf (f)) > “

by Theorem 2. We also have rank (Gre ¢, (f)) = |Cy| a.e., implying that

2

Amin (GgC,Cf(f)GHC,Cf (f)) = [Umin (GHC,Cf (f))} :

Now (60) follows by combining the last two observation. Applying this result to IT = (, we obtain (61). [

Equation (61), which states that the singular values of G’.,Cf(f) are uniformly bounded away from the
origin, must always hold for stable MIMO sampling. In fact, even if all outputs y,(¢) are known for all ¢, we
cannot stable recover the channel inputs unless (61) holds because this condition is necessary to satisfy the

lower stability bound in (18). In particular, a more elementary necessary condition that emerges from (61) is
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that P > |Cy| a.e., i.e., the number of channels cannot be less than the number of overlapping input spectral
supports at any frequency. Next D~ ({A, : p € II}) = 0 implies that the output samples on the sampling
sets {A, : p € II} are too sparse to contain any signal information. Therefore, we must rely entirely on
the outputs samples taken on {A, : p € II°} to achieve stable reconstruction, and an argument as before
justifies the validity of (60).

The following theorem provides another necessary condition for stable sampling.

Theorem 3. Under the hypotheses of Theorem 2,

€SS SUP Omax (GH+’Cf(f)) < 00, (62)
feF

where II" = {p € P : D*(A,) > 0} and F = J,cr Fr-

Proof. Suppose that (62) fails to hold, then some entries of GH+7cf (f) are necessarily unbounded on . So

let p, € TIT and r, € R be indices such that for every € > 0, there exists
g g fTo ﬂ {f : |Gpo,7'o(f)|2 2 1/6}’

satisfying 1(G) > 0. Without loss of generality assume that p(G) < oo. Let {Zy : k = 1,...,K} be a

finite collection of disjoint intervals such that

K
gl = U Ika
k=1

satisfies u(G' N G°) < dand u(G"“NG) < 6, where § = eu(G)/(1 + €). It follows easily that u(G’) >

1(G) — 6. Now at least one interval Zj, satisfies

(Zr N G°)
W <e. (63)

Otherwise, we would have
K

@ NG9 => uIrn g >

k=1

] =

eu(T) = en(G') > e(u(G) — 6) =4,

£l
Il

1

violating our assumption that x(G’' N G¢) < 6. So, let Z; denote an interval that satisfies (63). Define
v = 1/(2u(Z)). Since DF(A,,) > 0, Proposition 2 and (21) imply that there exists 7 € R such that

#(Ap, N By(1)) 2 29(D" (Ap,)/2). (64)
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Define

—j2nfr G ., if T ,
X, (f)=1{° /Gpogo(f) I fETLNG

0 otherwise,

and X, (f) = 0 forall » # r,. Then, we clearly have
l]? < ep(Zy).-

Using (17), we conclude that

Yoo () = e Tx(f € TN G) = e [x(f € Te) = x(f € TN G7)],
whose inverse Fourier transform is

Yo (t) = w(Zy) sine (u(Zy)(t — 7)) e 92T — pr ge(t — 1), tER,
where sinc(t) = sin(wt)/(7t) and fo is the midpoint of Z. Note that

sup |pznge ()] < (T N G°) < ep(Zy).
Then, for all ¢ such that |t — 7| < v = 1/(2u(Zy)), it follows from (66) and (67) that
|Ypo (8)] = 1(Zi) (sinc(1/2) — e).

Using (64) and (68), we obtain

P

ZZ |yp()‘np)|2 2 Z |Ypo ()‘npo)|2 > Z |ypo()‘)|2

p=1nez nez AEAp, NB(T)
> 2(D™ (Ap,)/2)[1(T) (sinc(1/2) — €)]°

= Lot (A @) [sine(1/2) —

Combining this result with (65), we conclude that

S O 2 5D (Ao [sine(1/2) — €]l

p=1nez

(65)

(66)

(67)

(68)

Since e > 0 is arbitrary, and = € H is nonzero, the above conclusion violates the second inequality of the
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stability condition (18), proving the necessity of (62). O

In Theorem 3, suppose that D*(A,) = 0 for some p € P. Then the samples of y,, on A, are too sparse
to provide any useful information. Consequently, the p-th row of the G(f) is irrelevant. Thus, IT is the set
of outputs whose samples are sufficiently dense to provide information about the inputs. Now, (62) can be
interpreted as being equivalent to the upper stability bound in (18) for stable sampling.

To explore the implications of Theorem 2) observe that we can view the set of densities
{D"({Ap:pell}): IC P, I#0}
as a point in R2”-1 However, if the sampling sets have uniform densities?, then

D ({Ap:p€ell}) = ZD(AI))a
p€ell
i.e., the joint densities become linearly related to each other, and they can all be described in terms of
the individual densities. The resulting density space is now R?, which has a much smaller dimension.
In general, we are interested in constructing stable sampling sets whose lower and upper densities are the
smallest possible. Obviously, it becomes desirable to achieve minimum density sampling with sampling sets

of uniform densities.

Definition 5. The density region for stable sampling is defined as the collection of all (d1, ... ,dp) such that

stable MIMO sampling is realizable using sampling sets {A,} of uniform densities D(A,) = dp, p € P.

Suppose that every A, has uniform density D(A,) = d,,, then the sampling density conditions in (29)

reduce to

> dy > 6s(1), VICP, (69)
pell
R
05(1) = > u(Fy) - / vank (Gire, (1)) df-
r=1 R

Since (69) is a set of necessary conditions whose sufficiency is unknown, the region specified by (69) is
generally an outer bound on the density region. It is clear that 65(0) = 0 and 5(I1;) < 05(IIy) whenever

II; C II,. Using Proposition 1, it is an easy exercise to show that

GS(Hl) + 95(H2) < es(Hl U Hg) + 95(H1 N Hg), VII;, 11, C P.

2Recall that a sampling set need not have uniform sample spacing in order to have uniform density.
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These properties of 8g(IT) imply that the outer bound on the density region specified by the system of
inequalities in (69) forms a contra-polymatroid [23, 24]. Consequently, every constraint in (69) is active,
i.e., the equality in each constraint in (69) holds for some point in the region.

We now present a simple example to illustrate the necessary conditions for stable MIMO sampling.

Example 1. Consider a MIMO channel with R = 2 inputs and P = 2 outputs having the following transfer
function matrix:

G(f)=
0 1

1 K(f)]

where K(f) = (1 —2f/3)x(f € [0, 1.5]) is shown in Figure 2. Let 7; = [—1,1) and F, = [0, 2) be the

input spectral supports. Figure 3 illustrates the input and output spectra for a typical set of channel inputs.

1
K()
! \ \
0 1 15
Figure 2: K(f).
X(f) Yi(f)
1 0 1 2 1 0 1152
X(f) Ya(f)
1 0 1 2 1 0 1 2

Figure 3: Typical spectra of the channel inputs and outputs.

We seek conditions on the sampling sets A; and Az for stable MIMO sampling w.r.t. G(f). We have
F=FRUF = [—1,2] and

(

{1} i fel-1,0)
{1,2} iffelo,1),
{2} iffell2),

0 otherwise.

Cr={r:feF}=-«

\
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It is easy to check that (62) is satisfied regardless of II*. Also

_ R+ - VR EA -4

Umin(Go,Cf (f)) 2

This quantity is uniformly bounded from below because K (f) is a bounded function. Hence, the necessary

condition in (61) is satisfied. Applying Theorem 2, we obtain the following density conditions:
D™ (A1, A2) 2 p(F1) + p(F2) = 4
D (80) 2 () + plR2) ~ [ rank (Gac, (D)df
R
:4—/ 0df — ldf — ldf =2
[-1,0] [0,1] [1,2]
D (8) 2 () + () ~ [ rank (G, (D)
R
—a- [ g [ aar- [ e £ o
[_170] [071] [172]

=1.5.

Now, a simple calculation reveals that

1 if fe[-1,0),
Umin(Gl,Cf(f)) = 1 +K2(f) Iff € [01 1),
| K (f)] if fe[l,2).

Clearly, this quantity takes arbitrarily small values in the vicinity of f = 1.5, where K (f) vanishes. Hence

the bound on D~ (A) is indeed a strict inequality. Another calculation reveals that®

oo If fe[-1,0),
Umin(GQ,Cf (f)) =31 if f € [07 1)7

1 iffe1,2).

Hence, we cannot guarantee that the bound on D~ (A1) is a strict inequality. Thus, we obtain the following

conditions on the joint densities:

D_(Al,Ag) >4, D_(Al) > 2, and D_(AQ) > 1.5.

3Recall that we take omin(A) = coif A = 0.
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We shall now explain the above bounds intuitively. First of all, we can interpret Landau’s classical sampling
density result as follows: the sampling density must be no less than the number of units of signal information,
where a unit of signal information, roughly speaking, equals the information contained in a unit bandwidth
of a signal spectrum. In other words, sampling at unit density provides no more than one unit of signal
information. In the MIMO problem, the condition D~ (A1, A2) > 4 is a natural generalization of Landau’s
result because the combined bandwidth of the input signals in 4 units.

Next, from at Figure 3, we see that Y5 ( f) is unaffected by X;(f). Therefore X;(f) on the set [-1,0)
must be reconstructed from the samples of y5 alone. In order to reconstruct X;(f) and X»(f) on [0,1), it
is clearly necessary that Y7(f) and Y2(f) on [0, 1) be reconstructible from their samples. Now, X2(f) on
[1.5,2) must be reconstructed based entirely on Y5(f). Combining all these observations, we see that the
samples of y; contain enough information to reconstruct Y7 (f) on [—1,1), while the samples of y» contain
enough information to reconstruct Y3(f) on [0,1) U [1.5,2). This explains that D~(A;) > 2 and that
D~ (Az) > 1.5. Suppose that D~ (A3) = 1.5, then roughly speaking, there is just enough information in the
samples of y; to reconstruct Y>(f) on [0,1) U [1.5,2). Consequently, we must reconstruct Yz(f) = Xa(f)
for all f € [1,1.5) based entirely on the samples of y;. Now, Yi(f) = K(f)Xa(f) for f € [1,1.5),
where K (f) takes arbitrarily small values on [1,1.5). Hence, this inversion cannot be accomplished stably,
justifying the need for D~ (Ag) > 1.5.

Finally, we point out that we can have under-sampling at each output and yet, be able to reconstruct
all the inputs jointly from the available information. For instance, we do not need D~ (A1) > 2.5, even
though y; has a bandwidth of 2.5. To see this, we construct a sampling scheme for which the densities
(d1,d2) = (2,2) are achievable, where d, = D(A,), i.e., A, has a uniform density of d,,. Let A; and A, be
uniform sampling lattices:

A=A ={n/2:neZ}.

Clearly, yo = xo can be reconstructed stably. Now, the samples of z; on A; can be computed as follows:

z1(An1) = y1(An1) — k * x2(An1),

because x4 (t) is known for all ¢. Thus, 22 can also be reconstructed stably. However, it is not immediately

clear whether all densities satisfying the necessary conditions are achievable, or how to achieve them.

C. Density conditions for consistent reconstruction

We now present the necessary condition for consistent MIMO reconstruction, which is a dual problem

to the one of stable sampling.
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Theorem 4. Suppose that 7., » € R are real sets of finite measure, and A,, p € P are discrete sets that
constitute a collection of consistent reconstruction w.rt. G(f) for H = B(F1) X --- x B(Fr). Then for
every IT1 C P,

D*({Ay :p €Y < [ ranik (G, (). (70)

where Cy = {r : f € F,}. Furthermore, if

inf opin (G =0, F= Fr, 71
eiselfn o ( H,Cf(f)) TLEJQ r (71)

for some IT # (), then the inequality in (70) is strict.

Proof. First note that the consistency condition implies that
{(_)Anp’libp : p 6 P’ n 6 Z}7 (72)

is a Riesz-Fischer sequence in H, where 1p,, is defined in (19). Let IT C P be a fixed subset. Consider the
following two cases. First suppose that either IT = (), or D*(A,) = oo for some p € II, or (71) does not
hold: in this case take Dy = 0. Otherwise, D" (A,) < oo for all p € II # (. So, we can define

K= r;lea%C’(Ap)C(l) < 00, (73)

where C” and C are quantities defined in Lemma 1. Since (71) is satisfied in the second case, we can find a
set Dy such that u(Dy) > 0, and

Omin (GH,Cf (f)) < €0, Vf € DO- (74)

where ¢y > 0 is such that Ke2 < a/4, and a is the bound for the Riesz-Fischer sequence in (72). Assume
without loss of generality that Dy C [v, v + 1] for some v € R. Thus, (74) is satisfied in both cases. Let the

dimension of the range space of G’ﬁcf (f) be denoted by

p(f) = rank (G (f)), (75)

and let the columns of U’(f) € CI¢/1*#(/) form an orthonormal basis for the range space of Gf{ ¢ (f). Note
that p(f) is defined differently from p(f) in the proof of Theorem 2. For f € Dy, let U”(f) € CICs*1 pe
a unit-norm right singular vector of Gnycf(f) corresponding to its smallest nonzero singular value. There

is no loss of generality is assuming that the first column of U’ (f) equals U"(f) for all f € Dy. Hence for
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f € Dy, we can write

U'(f)=[U"(f) U,

for some U (f). For f & Dy, letU(f) = U’(f). The columns of U (f) are clearly orthonormal. Note that

U’(f) and U”(f) can be assumed to be measurable. The matrix U (f) has r columns for f € G,., where

G- ={f:p(f)=x(f €Do) =1}, TER. (76)

Each G, has finite measure. Since the sets {G, } are disjoint, we can find, as in the proof of Theorem 2, a
collection of disjoint intervals {Z,, : r € R, k =1,..., K, } and sets G as in (36) such that (37) and (38)
hold. In the rest of the proof, assume as in the proof of Theorem 2 that ¢ = ¢(r, k, m) for some invertible
index-mapping.

Define W”(f) € CB*", §,(f), and 3, exactly as in (39), (40), and (41) respectively. Also let H g be

the closed subspace of H, defined as in (42). Using arguments similar to those in Theorem 2, we see that

{O6,,8¢:q € Q, n €L}

Ong

is an orthonormal Riesz basis for Hg. In particular, it is a frame for Hg. It is also easily verified that Hg is
a shift-invariant subspace of H .
Now, {©,,,%, : p € II, n € Z}, being a sub-collection of the set in (72), is also a Riesz-Fischer

sequence in H. Let {c,p}, p € II be some finite sequences. Then (20) implies that

xeBY

2
max ‘ Z cnpyp()\np)‘ >a Z |cnp|?- (77)
n,p n,p

Let x° € By be the maximizer of the left-hand side of (77), and Y °(f) = G(f)X°(f), its corresponding
MIMO channel output. Then,

> cptipChup)| = Vel (78)
n,p
Next, the subspace
My ={x €M : X, (f) =UNU"(f)Xc,(f) ae} (79)

is closed and shift-invariant by the same argument as in the proof of Theorem 2. Note that

X(f) = Loc,UNU" (f)Ic; e X (f) (80)

is an equivalent way of stating € H, because X¢,(f) captures all the nonzero elements of X (f) for
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every € H. Let ' € H be defined as follows:

Xe, (f) = UNOUH(£)XE, (f)-

Evidently ' € Hj, and ||’|| < 1 because U(f) has orthonormal columns. Let Y'(f) = G(f)X'(f)
and Y”(f) = Y°(f) — Y'(f), and recall that for all f ¢ Dy, we have U(f) = U’(f). Hence, using the
definition of U’ (), we conclude that

Y1i(f) = Gne, (f)[Xe,(f) U (HU (£)Xe,(f)] =0, ¥f €Dy (81)

For f € Do, we have U(HYUE(f) = U () U (f) — U"(£)U"" (f). Hence

YR = [1Gue, (F)[X2,(f) = UNOUZ () Xe, (5]
= |Guc, (NU"(HU" () X2, ()]
< el Xg, (), VfeD (82)

Combining (81) and (82), and using ||z°|| < 1, we have

/ [vh( P < @ TP >0 (83)

Notice that Y,'(f) is supported on Dy C [v,v + 1] for all p € TI. Recall that ;(Dp) > 0 implies that

D*(A,) < co. In this case, we can invoke Lemma 1 to conclude that

DDl Owp)l® < K, (84)
pellneZ
where K is the constant defined in (73). However, if 4(Dg) = 0, then Y{;(f) = 0 from (83), and hence (84)
holds trivially. In other words (84) always holds, and using the Cauchy-Schwarz inequality, we conclude
that

S )| < VEeollel, )

pEllnez

Recall that € is chosen so that Ke2 < a/4. So, combining (78) and (85) and noting that Yp = Yp — Yp» WE

obtain

33 el = (Va— VE@)el 2 L el

pellneZ
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Since the quantities {y;,} are the channel outputs corresponding to an input =’ € H_, satisfying ||l=’|| < 1,

we have

a
chnpyp np‘ > Z”CHZ (86)

weB
He peIl neZ

Define I, = Py, 1, Since H, is shift-invariant, we obtain ©,, 1, € Hz and y,(Anp) = (2, O, 1) Using
the same argument as in (51) and (52). Therefore, (86) implies that

| cwonts] > e

pell nez

for all finite sequences {cy;}, p € TI. Then we conclude, using (10), that {©,,,l, : p € II, n € Z} is a
Riesz-Fischer sequence in H, with bound a/4.

To avoid confusion, we point out that the quantities associated with the frame in this proof are H 5, X,
s, etc., while those associated with the Riesz-Fischer sequence are Hr,, A,, 1, etc. This is opposite from the

convention adopted in Theorem 1 and the proof of Theorem 2. We shall estimate the quantities

4
Qp = \/j sup [|Oxlp — PrgOzl|
a X\eA,
defined in Theorem 1 shortly, but first, define v, € H, for p € II as follows:

L,(f) if feg.ngG,,forsomer,
V(=1 ' (67)

0 otherwise.

Since 1, € Hp, (80) implies that

Ly(f) = L, U(f YUY (f)Ic; o Ly(f)-

Therefore, whenever f € G. N G, we have

Vo(f) = Lc,U(HU (f)Ic; o Lp(f)

=" Lg,Uen( AU (HIey o Ly(f)]-

Using (36), (40), and the above observation, we can express V ,,( f) as a linear combination involving S,(f):

R K, r
=33 VTSN [UL (N Ie o Lp(H)]X(f €Gr),  fER.
r=1k=1m=1
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Recall that Hg is shift-invariant. Now, the quantity [Ufm(f)Icfy.Lp(f)] is clearly square-integrable.
Hence, v, in the time-domain is obtained by first convolving each s, with a square-integrable function

and then adding them together. Hence, we conclude that v,, € Hg. Thus, using Proposition 3, we obtain

4
Qp = \/j sup [|[©Oxlp — PrsOnlpl|
a XeA,

- PHslp” <

2 2
= %”lp %Hlp_”p”-

Using Parseval’s theorem and (87), we obtain the following estimate for o,:

SV >||2df)
- 7(; L. IILp(f)IIQdff-

The last expression can be made arbitrarily small for sufficiently small 6, because each L (f) is square-
integrable, and x(G. N G¢) < §/R?. Hence for any e > 0 and sufficiently small § > 0, we can guarantee

that a, < e. Applying Theorem 1, we obtain D" (A,) < oo for p € II and

D¥(%1,...,8¢) = DT ({Ay : p € II}) — Y e DF(A). (88)
pell

Using the estimate for oy, and the fact that 3, has a uniform density of x(Z,) in (88), we obtain

DY({Ap:peT}) <> u(Zw) + €Y DH(A)

r,n,k pell
R
=3 (@) +e Y0 DH(A)
r=1 pell

ri(Gr) + 6+ €Y DY(Ay). (89)

pell

M) =

%
I
_

Using (75), (76), and the definition of the Lebesgue integral, we have
R

S (@) = [ () = x(s € o) = [ rank (Grne, (£))af — (o). (90)

r=1 R
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Combining (89) and (90), and letting §, e — 0, we obtain

DH({A, pel)) < /Rrank (Grie, (1))df — (D).

This proves (70). We have already demonstrated that D+ (A,) < oo. Therefore if (71) is satisfied for some
I1 # 0, we have u(Dy) > 0, implying that the inequality in (70) is strict. O

Theorem 4 is the generalization of Landau’s necessary density condition for interpolation. In particular,
if G(f) satisfies (61), then
rank (G, (f)) < [Cyl-

Under this condition, it follows from (70) for IT = P that

R
D+(A15"'aAP)SZN(fT)7 (91)
r=1

which states that the joint density of A, cannot exceed the combined bandwidth of the input signals. Note
that (61) need not hold for consistent reconstruction, and we would get a stronger upper bound on the joint
density than (91) when (61) does not hold.

Theorem 4 also provides conditions on the joint densities of all sub-collections of {A,}. We have already

seen that the quantity
/Rrank (Gn’cf (f))df

is a measure of “signal information” contained in the samples of {y,(\,p) : p € II}. We can think of
Yp(Anp) = cnp @S constraints that restrict the freedom of the input x. In the consistent reconstruction
problem, we interpret the constraint density D ({A, : p € II}) as a lower bound of this freedom lost,
measured in units of signal information. For the existence of a solution to the consistency problem, we
require that the constraint density be no more than the amount of signal information present in the inputs,
thereby justifying (70).

The following corollary is an exact dual of Corollary 1.

Corollary 2. Suppose that the hypotheses of Theorem 4 are satisfied and 7 = | J,. .5 F+, then

ess. inf Amin (Gfic,(f)Guc,(f)) >0, (92)

for every II C P, II # 0 such that

D*({Ap:peT}) =) u(F). (93)



Proof. From Theorem 4 and (33), we have

R
DY({A, :petm)) < /R rank (Gri, (f))df < /R Crl =3 wF).

If (93) holds, then both the above inequalities are, in fact, equalities. Then (70) is satisfied with an equality,
implying that (71) fails to hold. Also, rank (G, (f)) = |C|, implying that

Main (Gl ¢, (1) Grie (1)) = [omin(Grie, ()]

Now (92) follows by combining the last two observations. O

Corollary 2 can be interpreted as follows. Suppose that the smallest singular value of G ¢, takes
arbitrarily small values, then there are inputs with unit energy that can produce outputs y,, p € II of
arbitrarily small energies. Roughly speaking, this means that we can find an 2 sequences {c,,} for which
the consistency problem does not have a finite-energy solution & € 7 if we are operating at the critical
sampling density, i.e., with an equality in (70).

To explore the implications of Theorem 4 further we consider, once again, the case where the sampling
sets have uniform densities, as it enables us to reduce the dimension of the space of densities from R2"-1to
R?.

Definition 6. The density region for consistency is defined as the collection of all (d1,...,dp) such that
consistent MIMO reconstruction is realizable using sampling sets {A,} of uniform densities D(A,) = d,,

pEP.

Suppose that every A, has uniform density with D(A,) = d,,, then the consistency conditions in (70)

reduce to

S dp > 6c(11), VICP, (94)
pell

O (TT) = /R rank (G, (f))d/.

As in the case of stable MIMO sampling, the above region is an outer bound on the density region for
consistency. Next, observe that 6(0) = 0 and 6 (I1;) < 6¢(II3) whenever IT; C II,. Consequently, we

can use Proposition 1 to show that

90(1_[1) + 90(1—12) > 00(H1 U Hg) + 00(H1 N Hg), VI, 11, C P.
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These properties of 6 (IT) imply that the system of inequalities in (94) forms a polymatroid [23, 24], imply-
ing that every constraint in (94) is active for some point in the region.

We now present at an example to illustrate the results for consistent reconstruction.

Example 2. Let the MIMO channel and the input spectral supports be as defined in Example 1. We seek
necessary conditions on the sampling sets A; and Ay for consistent reconstruction. Fortunately, we have al-
ready performed all the necessary calculations in Example 1. Applying Theorem 4, we obtain the following

bounds on the joint densities:

Dt (A1, A2) < / rank (G’.,Cf(f))df =4,
R

T(A ran =2
D ( 1><[R a k(Gl,Cf(f))df 255

DF(Ay) < / rank (Gag, (f))df = 2.

R

These inequalities can be justified as follows. The combined bandwidth of the inputs is 4, requiring
D™ (A1, As) < 4 for consistency. Now, if consistent reconstruction of z; and x5 is possible, then in particu-
lar, we must also have consistent reconstruction (or interpolation) of 1 and y, from their respective samples.
Looking at Figure 3, we see that Ya(f) = X is bandlimited to [0, 2). Therefore, by Landau’s interpolation
density result, we require D*(As) < 2 for consistent reconstruction of y,. Finally, Y1 (f) is bandlimited
to [—1,2.5), thereby requiring D" (A;) < 2.5. However, D*(A;) = 2.5 is not allowed because K(f) is
arbitrarily small in the vicinity of f = 1.5. We now show that the point (d1,d2) = (2,2) is achievable,
where d, = D(A,) for sampling sets {A,} of uniform density. Let A; and Ay be defined as in Example 1.
Let {cn1} and {cn2} be 12 sequences. Then the problem y2(An2) = cpa clearly has a solution yo € B([0, 2]).
Now, the sequence d,, = k % x2(An1) iS square-summable because K'(f) is a bounded function, implying

that
z1(An1) = y1(An1) — k x 22(An1) = cn1 — dp,

also has a solution z1 € B([—1,1]). This proves that (d1,d2) = (2,2) is achievable.

If A1 and A5 have uniform densities of d; and ds respectively, the resulting outer bounds on the density
regions for stable sampling (Example 1) and consistent reconstruction (Example 2) can be viewed as sets in

R2?. These regions are illustrated in Figure 4.

Remark. Recall that a collection of sets that is both a collection of stable sampling and consistent recon-
struction provides a Riesz basis for the space H. For instance, such collections would have to lie on the
line segment that adjoins the regions in Figure 4 for the MIMO channel considered in Examples 1 and 2,

provided that the sampling sets have uniform densities. Of course, each A, need not be uniformly dense,
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Stable Sampling

Reconstruction 0 1 2 3 4
Figure 4: Density regions for stable sampling and consistent reconstruction.

however, we evidently require that
D+(A1, .oy Ap) =D (Ay,...,Ap).

Unfortunately, the existence of collections is difficult to prove (or disprove) for a given H. In fact, the
simpler problem of finding exponential Riesz bases for B(F) is still unsolved except for special sets. For
instance, the simplest case F = [a, b] is very well studied, and Riesz bases are easy to construct for B(F).
The problem is also solved when F is a finite union of intervals of whose lengths are commensurate, or
an arbitrary union of two intervals [25-27]. However, even the case where JF is an arbitrary finite union of

intervals is still an open problem.

V. SUMMARY

In this paper, we formulated the MIMO sampling scheme, and defined the notions of stable MIMO
sampling and consistent MIMO reconstruction. These notions are generalizations of the definitions of stable
sampling and interpolation for classical sampling. We also generalized the definitions of upper and lower
sampling densities applicable to collections of sampling sets.

We derived necessary density conditions for stable sampling and consistent reconstruction in the MIMO
setting. For the stability of MIMO sampling, we find that a family of 2 — 1 bounds hold—a lower bound on
the joint lower density of each nonempty set of output sampling sets. Similarly we find that a family of 27 —1
bounds hold for the consistency problem. This time, they are upper bounds on the joint upper densities of
the sampling sets. These bounds generalize density results that Landau derived for the classical sampling

problem, and like Landau’s results, they are fundamental bounds. Since the MIMO sampling scheme is
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extremely general, and encompasses various sampling schemes such as Papoulis’ generalized sampling, and
multicoset or periodic nonuniform sampling as special cases, we have automatically generated necessary
conditions for all these sampling schemes. Finally, we point out that our results, being necessary conditions,

are also applicable to the harder problem of blind channel equalization.

APPENDIX

Proof of Proposition 1

Let S; and S be the null spaces of G 45, and G . respectively. Then obviously So C S; implying
that Ps, = Ps, Ps,, where Pg, and Pg, are the orthogonal projection operator onto the spaces S; and Sz

respectively. Then we have

G.AOBC,. G.AOBC,QPSl

= rank

rank(G 4,.) = rank
GAﬁB,o GAOB,.

= I'ank(G_Ach’.Pgl) + ra‘nk(GAﬁB,O)a

where the last step follows because every row of G 4n5c o Ps; is orthogonal to every row of G 4n5,.. Hence,
we have
rank(G gnpe o Ps,) = rank(G 4,.) — rank(G 4nB,e)- (.1)

Similarly, we can show that
rank(G anpe o Ps,) = rank(G aup,») — rank(Gpg.). (.2)
Finally, using Ps, = Ps, Ps,, we obtain

rank(GAmgc’.sz) = I‘aIlk(GAmgc’.Pgl sz)
S I'aIlk(G_Ach’.PSI). (3)

Combining (.1), (.2), and (.3), we obtain (4). O
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