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Asymptotic Global Confidence Regions in Parametric
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Abstract—We introduce confidence region techniques for wheret is an index to points along the boundary, taking values
analyzing and visualizing the performance of two-dimensional in an intervall = [0, T'] for some fixedd < T' < oc, s,(t; 8),
parametric shape estimators. Assuming an asymptotically normal ands,(t; 8) are ther andy coordinates of the boundary point
and efficient estimator for a finite parameterization of the object . YLy K . X
boundary, Cramér—Rao bounds are used to define an asymptotic indexed b_yt* andd € R™ is aK-dlmenSIO_naI parameter vector.
confidence region, centered around the true boundary. Compu- The functionss,, ands, are known functions,assumed to be
tation of the probability that an entire boundary estimate lies bounded and continuously twice differentiable with respect to

within the confidence region is a challenging problem, because and continuously differentiable with respecite R .

the estimate is a two-dimensional nonstationary random process. . . .
We derive lower bounds on this probability using level crossing _ P arameterizations such as Fourier descriptors (FD) [1], [2],

statistics. The same bounds also apply to asymptotic confidence B-splines [3], and wavelet descriptors [4], [5] are special cases
regions formed around the estimated boundaries, lower-bounding of this model and have been widely used for shape represen-
the probability that the entire true boundary lies within the confi-  tation. In these examples(t; 6) is linear ind, but the general,
dence region. The results make it possible to generate asymptotic  yylinear relationship arising for example in a spline model with

confidence regions for arbitrary prescribed probabilities. These f knots. is al fint t di d by th VSIS |
asymptotic global confidence regions conveniently display the '"€€ KNOLS, 1S alSo ot interest, and Is covered by the analysis In

uncertainty in various geometric parameters such as shape, size, this paper. In the shape estimation problem under the model (2),
orientation, and position of the estimated object, and facilitate the true vector paramet@is unknown, and the problem can be

geometric inferences. Numerical simulations suggest that the new reduced to finding an estimaédor 6 from the statistics

bounds are quite tight. ’
Y, ~pY;|0), O0cRX Y,eC i=1,.--.N. (3)

Index Terms—Confidence regions, Cramér—Rao bounds, geo-
metric inference, imaging, level crossing probability, maximum-
likelihood estimation, parametric shape estimation, random

process. 3(t) 2 s(t; 0). (4)

The parametric formulation (3) of the shape estimation
problem offers several advantages. First, for inverse problems,
EVERAL important imaging problems, including tomo-such as tomography and nonlinear inverse scattering [6], [7],
raphic shape reconstruction, nonlinear inverse scatteriagparametric formulation can alleviate the ill-posedness of the
and computer vision, involve estimation of two-dimensionastimation problem (1). Second, fundamental bounds on the
object shapes. We consider the following generic model fperformance of shape estimation can, in principle, be derived
estimation of a shape from a collection of NV independent [8]. This can be done via the Cramér—Rao lower bound (CRB)

The boundary estimate is then

. INTRODUCTION

noisy data vector¥’;: on estimation of the vector paramet@r which provides a
benchmark for assessing the performance of any specific
Y; ~p(Yi|s), Y,ecV, i=1,-- N (1) unbiased estimator of. Such predictions can be usefal

priori for purposes of design and analysisaquosteriori after
whereM denotes the number of sensor elemesits,a two-di- measurements have been taken and the shape reconstructed, for
mensional boundary, which describes the unkntwe shape, purposes of assessing the reliability of the reconstruction.
and p(Yi|s) is the observation model. This paper deals with |n practice, because(t) describes the geometry of an ob-

parametric shape representations of the form ject, one is more interested in assessing the quality of estimates
of s(¢; 6) in easily interpreted geometric terms. Rather than the
s(t) N s(t; ) = [Sm(tf 9)} 7 tel ) quality of estimates 09 itself, wha:c is needed is a global quality
sy(t; 0) measure for the entire boundaf§(¢), vt € I}. For example,

in a clinical radiotherapy application, an uncertainty estimate
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minimizing unnecessary exposure to other healthy tissue. Like-
wise, in brain surgery, it is critical to avoid blood vessels. An

uncertainty estimate of blood vessel boundaries may help neu-
rosurgeons plan an optimum path for the insertion of a surgical i

L U(t)

instrument. Similar uncertainty quantification for the shape of s(£9)
an object would be useful in automated assembly lines, where ’ \
robots solder and screw, and autonomous vehicles convey as- U

sembled parts by avoiding obstacles, all under guidance of an
imperfect imaging system. In general, such quantification of
the uncertainty in shape estimation problems may answer m
useful questions: what accuracy we can expect at any given

point, which features of a shape are difficult to estimate, what

is the effect of different parameterizations and data collectigound therue shapes(¢; 8). Then, one can investigate the fun-

geometries, etc. damental performance of shape estimation from the geometric
There are significant difficulties, however, in obtaining a gearoperties of the confidence regions. We present two related ap-
ometrically meaningful global performance measure. While tfiications of our confidence regions: one to pattern recognition;
estimated for unknown deterministic parametéiis a random the other to an image reconstruction problem.
vector, the estimaté(t) = s(t; 8) for unknown deterministic  In the formulation of the confidence regions, a key pa-
shapes(t; ) is a stochastic process continuously indexed.byrameter is the probability that the entire estimated boundary
Performance bounds fé(¢) can be derived by extension of the{s(t; 8),¥t € I} lies in the asymptotic confidence region.
Cramér—Rao inequality [9]. Defining the shape estimation errée call this probability theglobal confidence levellts eval-

. 1. An example of local and global confidence regidfgt) andi{s,
ectively, for a target boundary.

for an unbiased estimaté(t) by uation is alevel-crossingproblem [10]-[24]. In the 1940s,
Rice [12]-[14] developed fundamental techniques for solving
3(t) = 5(t) — s(1), tel=[0,T] (5) such problems. In level-crossing terminology, our problem

is interpreted as finding statistics that the stochastic process
s(t; 8) stay between the barriers for &l € I, where the
barriers correspond to the inner and outer boundaries of the
1 confidence region. The difficulty of the analysis is due to our
/ 113(2)]2 dt] > — / Jt (t, t)d (6) confidence region problem having two-dimensional barriers,

while all other conventional results for level-crossing by a

scalar-indexed process are for one-dimensional barriers. Fur-
whereJ(t, s) denotes the information kernel [9, pp. 437-455khermore, as shown later, even for periogiit), the stochastic
While the bound (6) for the shape estimatg; 8) is a useful processs(t; 8) is usually nonstationary, so classical results
criterion, it reduces information about an infinite-dimensiondbr level- -crossing of stationary random processes cannot be
random process into a single performance indgxFurther- applied. It is not possible, in general, to find the exact global
more, the bound (6) cannot answer some important questi@asfidence level. Instead, we derive lower bounds which appear
related to shape estimation: for example, it cannot reveal whatbe quite tight. Such lower bounds are useful in practice, since
accuracy we can expect at any given pejwhich features of a one can generate somewhat larger confidence regions, and still
shape are difficult to estimate, what is the effect of different pguarantee the required global confidence level.

rameterizations and data collecting geometries, etc. Pointwisgn this paper, we also investigate bounds for the classical def-

its integrated mean-square eregris bounded below by

es=F

bounds are also easy to derive inition of confidence regions for interval estimation [25]. Here,
. the confidence region is generatagosterioriaround the es-
Eg)|? = J7 (¢t ). (7) timates(t; 8) (rather than around the true shagfe; 6) as dis-

cussed above), and one is interested in finding the probability

However, the bound (7) does not provide quantitative informérat the true shaps¢; @) lies in the confidence region. We show
tion about the entire boundary estimais; 0) vVt € I} since that our lower bounds are also valid for this type of problem.
itis derived for each individual poirtt without considering the  In Section II, we present an asymptotic statistical model for
entire correlation structure of the random procg$s. the shape estimatgt; 8), and define the global confidence re-

The main contribution of this paper is a technique for comions and probabilities of interest in this asymptotic regime. In
structing small-sizglobal confidence regioris the asymptotic Section I, a conservative but still useful bound, theomplete
regime where the estimate is unbiased, efficient, and Gaussigaimmma boundis first computed based on basic projection in-
We provide bounds of the probability that the entire boundagqualities, then a tightéevel-crossing bound derived by de-
estimate lies in the global confidence region. These confidenmaupling the projection into a two-dimensional column space
regions can be conveniently visualized, see Fig. 1 for an exsing Gram—-Schmidt orthonormalization. Comparative studies
ample. They incorporate limits on the estimation performanedth Monte Carlo simulations in Section IV suggest that the
for interesting geometric parameters such as shape, size, orlemel-crossing bound is quite tight and useful for parametric
tation, and the position of the object into an uncertainty B&and shape estimation. Section V discusses further extensions of the
which is created by moving local confidence ellipgés;(t)} analysis, and conclusions are presented in Section VI.
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Il. PROBLEM FORMULATION (12) and the confidence leval However, the spectral radius of

Under appropriate regularity conditions [25], [26], the max@'g is inversely proportional to the SNR, hence the size of the

imum-likelihood estimator (MLE of (3) is asymptotically un- overall CRB ellipse radius is also inversely proportional to the

biased, efficient and Gaussian-distributed (or best asympto%'-\lltR for agollven vgltue of. truct a alobal fid o
cally normal (BAN)) is now desired to construct a global confidence redin

for the entire function{s(¢), V¢ € I}. A possible design is ob-

0~ N (8, Cy) (8) tained by movingf{g(t) along the boundary
where theK x K covariance matri€Cy = E[f—6][6—6]" is the Us 2 U Us(1). (13)
inverse of the Fisher information matrix. Examples of asymp- tel

totics in the observation model (3) include collecting an infinit(]ahe
number of snapshotsV — oo), or an increasing number of .
sensor elementsM — o), with independent sensor noise re?
alizations. Moreover, the identically distributed observations
sumption can be relaxed if the observation mald€Y’;|0) sat-
isfies the Lindeberg condition [27]. The independence assump-
tion too can be relaxed to one of several weaker conditions [27].
Similar properties apply to smooth functions éfsuch as cjearly,~ is smaller than the probability in (11).

8(t; 6). In particular, by the invariance property of the MLE,  Another important probability of theoretical interest is
the asymptotic distribution of(¢; @) is likewise BAN

regioni{; forms a “tube” around the estimated boundary
(t). Becausé(t) is a random procesk; is a random set. The
oal of this paper is to find a method to calculate the global
confidence level for the so-formed confidence regitn

N2 Pr{s(t)ed@,VteI}. (14)

. Pr{s(t) e Uy, Vt e I} (15)
s(t: B) ~ N (s(t; 8). Ca(1)) ©)
wheres(t) is the estimate 0$(¢), and the deterministic confi-
where the2 x 2 covariance matrix dence regioid/; is defined as
Cs(t) = Els(t; ) — s(t; 0)][s(t; 6) — s(t; 6)]" Us = | Jus(t) (16)
. . tCl
is given by
where
Cs(t) = [Ves(t; 6)]" Co[Vips(t; 0)] (10)
, Us(t) = {z € R (z — 5(t))"Ca(t) (= — (1)) < °},
whereVes(t; ) € R**2 is the gradient oé(¢; ) with respect 17)

to 8.2 In the remainder of the paper, we assume the appropriate

regularity conditions are satisfied, and the estimator operatesNgain, the regiori{; is a tube, but this time centered around

the asymptotic regime, so that the distribution (8) can be usethe true boundary. While the probability in (14) is thgos-
Fora fixed¢, according to classical estimation theory [25], geriori probability that the true shape lies in a confidence re-

confidence regiotds(t) for s(t) at confidence levek € [0, 1]  gion generated around the ML#t), thea priori probability in

is any subset oR? such that (15) focuses on predicting the fundamental uncertainty region
. for any asymptotically normal and efficient estimagofhere-
Pr {S(t) € U (t)} =a. (11) fore, in general they are different, and both are useful in practice.

R The probabilities (14) and (15) are difficult to compute owing
While there are infinitely many choices &f(t) for each spec- to the overlaps of individual ellipsé#s(t) (resp.4s(t)) for all
ified o [25], Wilks and Daly [28] showed that the smalllest size¢ < . We therefore wish to determine lower bounds on (14)
confidence regiowon the averagébecausé{s(¢) is random) is and (15) that are reasonably tight. Such lower bounds are useful
N R _ . since one can generate somewhat larger confidence regions, and
Us(t) = {‘T €R% (2 8(1)"Co(t) " (x - 8(1)) < /32} still guarantee the required probability that the shape lies within
(12)  that region.

for an appropriatgd > 0 such thafr{x3 < 3°} = «, where
C,(t) is the covariance matrix fai(t; 8) given by (10), and¢3 . _ _
denotes the chi-square distribution with two degrees of freedom.The probabilities (14) and (15) satisfy the following bounds:
For each, Us(t) is an ellipse centered on the boundary point . .

8(t). Note that the signal-to-noise ratio (SNR) of the measure- Pr {s(t) eZ/(@,VteI} 2 Pr {s(t) eug(t),VteI} (18)
ment model (3) does not enter the definition of the CRB ellipse Pr{s(t) iy, vVt € I} > Pr{s(t) eUs(t),Vtel} (19)

I1l. MAIN RESULTS

2'I_'he Cram_ér—Rao inequality [25] tells ys_that the covariance matrix for apyacause there may exist Someé t such thats(t) c Z/Alg(t’)
unbiased estimate a{t; 8) at a givent satisfies while s(t) ¢ Z;l,ﬁ(t) (ora(t) e U,a(t’) while 3(t) ¢ Z/{g(t)) Even
Cov (s(t; 8)) > C,(t) though the probabilities in (14) and (15) are in general different,

where the inequalityd > B for matrices means that — B is nonnegative 3|f an estimator is asymptotically normal and efficient, then it is asymptoti-
semi-definite. cally equivalent to the MLE.
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the right-hand sides of (18) and (19) are identical. Indeed, tidhereZ ~ A(0, I). SinceZ” P(t)Z < Z" Z for any projec-
definitions (12) and (17) imply that the following events are thgon P(¢), (28) provides a simple lower bound

same: Pr {s(t; 0) € Us(t), Vit € I} > Pr{Z"Z < 5}
{st) e ta(t), ¥t e 1} —Pr{x3 < B (29)
= {(5(¢) YO (1) H(3(t) — s(t)) < B2, YVt eI} The equality in (29) follows becausg’ Z is distributed as?
= [5(t) € U@( ) Vie I} (20) With K degrees of freedom. Hency{x% < 3} can be de-

termined using tables of the cumulative distribution function of
Due to the equivalence in (20), in the sequel we derive thé,, series expansions, or using the relation betwgerand the
bounds for incomplete gamma function (for the details of these techniques,

see [29] and the references therein). We obtain
Pr{s(t) e Us(t), YVt € I} (21) g

2 2 Ty E-1y
as a means to obtain lower bounds on the probabilities in (14) Prixi <47 = / cY
and (15).

2
A. Incomplete Gamma Bound =T < 5 [32 ) . (30)

For convenience, we introduce the following notation: While (30) provides a valid bound on the probability (21), the

A 172 (5 K bound can be very conservative for latge This is because the
Z=0C, (0 0) cR (22) inequality in the first line of (29) removes the dependence on the
and characteristics of the projectid®(¢) (i.e., the basis matriB(¢)
B(t) = [B.(t) B,#)], (23) or the covariance matris(t)). Indeed, the Fisher—Cochran
A Kox1 theorem [30] tells thaZZ” P(t)Z is ax? process with two de-
B.(1) ; Veosa(t; 6) €R (24) grees of freedom, and
=2 Kx1
B, (t) = Vesy(t; ) e R™ (25 pZTP()Z < B? vt e I} = Pr{x3(t) < B2Vt e I}.
where the dependencies 6rof B, B,, and B, are implicit? (31)

It follows from (8) that the transformed variab® in (22) is  Therefore, the incomplete Gamma bound (30), which bounds
normally distributedZ ~ A/(0, I). Then, for allt € I and for  the random procesg3(¢) by a random variablg?., provides a

all nonnegative3, we have very conservative bound for larde.
. In order to derive a tighter bound, note that calculation of
Pr {S(t; 0) € U,a(t)} (31) becomes an extreme probability problem [10], [11] of a

- _ - x2 process with two degrees of freedom. As will be explained
=Pr {(s(t; 0) — a(t; )" Cs(t) ™ (s(t: 0) — 8(t: ) < /32} later, the problem is quite involved since the random process
— Pr {(9 _ o)TB(t)(B(t)TCOB(t))—lBT(t)(é —9) < /32} x3(t)is usqally nonstationary. Hence, the ;tationary case r_esults
by Aronowich and Adler [31] are not applicable. While Piter-
{ZTC';/QB(t)(BT(t)C’eB(t))—lBT(t)C’;/QZ < /32} barg [32] investigated extreme probability problems for nonsta-
) tionaryx? processes, the results therein are asymptotic large-de-
viation results which hold for sufficiently largé. We derive a

where the first equality follows from the definition ofy(£) in €W nonasymptotic result which is valid for all positigefor
(17), the second equality uses (10) and (23) and holds asyanS nonstationary? process. The next section describes the
totically by the consistency @ ands(t; @) and differentiability New result.
of 8(¢; 0) and the third follows from the definition (22). We as-
sume thalC']L *B(t) has full column rank for every (this is
satisfied byB(t) with full column rank). TheK x K matrix A tighter bound for the probability in (28) can be obtained
appearing in (26) is by taking into account of the characterlstlcs@ﬁ ). We
assume that th& x 2 matrix B(¢) is continuously thce dif-
P(t) 2 C)*B(1)(B(t)"CeB(t)) "' B(t)yTCy/>  (27) ferentiable with respect to and has full column rank for all
t € I. Apply the Gram—Schmidt orthonormalization procedure
which is a rank-two projection on the range spacé?%‘QB(t). to C'},/QB(t) as follows:
With this notation, we rewrite (26) as wy (2)

=Pr
(26

B. Level-Crossing Bound

A w(®)=Ci*Ba(t)  wlt) = i 2
Pr{s(t; G)EL{g(t),VtEI} = Pr{zTP(t)ZSﬁQ,weI} nd L
28 T
GO wm =y B,w - (6 B,0) wtet)
4Fourier descriptors, B-splines, and wavelet descriptors are special cases of
(2) that are linearly parameterized 8yFor such representationB(¢) is inde- Vo (t) _ U2 (t) (33)

pendent of.

(I
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Then, the corresponding QR factorization [BSW/QB(t) be- that the classical results on level-crossing based on stationary
comes assumptions [14], [18]-[22], [24] cannot be employed in our
1/2 problem.
Cy'"B(t) = V(1)D(¢) (34) ' There is an analysis due to Shinozuka [16] for computing
level-crossing probabilities, which we have found to be useful

where ) . .
for our problem. Shinozuka’s analysis does not require sta-
V() =[v1 wv2] tionarity of the random process. In the following, we introduce
(L2 T a simplified version of his approach, which is adapted to our
D(t) = [[ua (O] (00 By(t)) vi(t) . (35) problem in which the barrier is one-sided instead of two-sided
0 ||lu2(2)]| as in Shinozuka’'s problem. Following the notation in [16],

Note that the Gram—-Schmidt procedure (32), (33) guarantedees]clne the probability

the differentiability of the orthonormal vectoes(¢) andw.(t), P[T; 7] 2 Pr{ max R(t) > [3}

because the elements of maigy’ > B(t) are differentiable with telo, 71

respect ta;, and neither of the normgu; (¢)|| or ||uz(t)|| van- =1-Pr{0<S R(t) <p, vVt € [0, T]}. (43)
ishes, becaus€,/*B(t) has full rank for allz. Furthermore, Then, foramy < AT < T’ we have

a general forml;)zﬂifferentiableorthonormal basis vectors thatP[T; 8] = P[T — AT; 8] +Pr { max _ R(t) < /3}
spanRange(C, “B(t)), can be represented usimg(t) and [L0<t<T—-AT _
) : {T AT R(t) = ﬁ}
a,(t, w) =v1(t) cosw(t) + va(t) sinw(?) (36) o UmatEs /
gs(t, w) = —vi(H) sinw(t) + va(t) cosw(t)  (37) < P[T — AT; ]+ Pr |{R(T — AT) < )
wherew(t) is a differentiable function with respect to The ] |
projection matrixP(t) is then given by n T_énTagxth R(t) > |
P(t) =Q()Q(t)" _ (44)
IQI(tv w)Ql(tv w)T + QQ(tv w)QQ(tv w)Tv te I since
(38) {T_ngagxth R(t) < /3} C{R(T — AT) < j}.

Note that althougly, andg, depend onu, P(¢) does not, be- For infinitesimal AT, (44) can be evaluated using Rice’s for-
cause it is determined by tisabspacepanned by these vectors Mula for level-crossing rate with positive slope [12]

and is invariant to the specific choice of basis for this subspacg;, | 1 Pr [{R(T—AT) </3}m{ max _ R(t) >/3H
Hence, the dependence enwill be suppressed in the sequelAT—0 AT T—AT<t<T -

and only displayed when considering the choice td simplify I Sl .
the computation of the bound. - /0 dREp(B, B; T) (45)
Using (38), we have where R denotes the derivative of the envelope prociss)

(ZTP)Z < B2} = {|1Z%q, ()2 + 2% ¢,(1)]2 < B}. (39) with respect tot, andp(R, R; T) is the joint probability den-
sity function of R and R at instantZ’. Note that in order to use
Define two scalar random processeét) and/;(t) the Rice formula (45), the sample pafitft) should be contin-
A T A T uous and differentiable for all € I with probability one. For
=2 a) L) =Z ax(1), tel (40 general random processes, Cramér and Leadbetter [10] summa-
and their envelope process rized sufficient conditions for the sample path continuity and
differentiability. However, the structure of our random process

Rt 2 VL2 + LR,  tel (41) R(t) = \/m

Now (28) can be written as is special so that Lemma 1 below provides simpler sufficient

Pr {s(t; 0) GL{g(t),VtGI} —Pi{ZTP(HZ <32 vtel} conditions. The proof may be found in Appendix B.
=Pr{x2(t) <P Vtel} Lemma 1: Suppose the basis matdX(#) is continuously dif-
:Pr{o <R@#)<p Vtrel} (42) ferentiable, and has full column rank for alle I. Then, the
= = sample pathi(¢) of (41) is continuous and has a sample deriva-
where Z ~ AN/(0,I). Compared to the original Problemtive for allt € I with probability one.
(15), Problem (42) is relatively simple, because for each .
t € I, asymptotically/.(¢) and I;(¢) in (40) are independent, Hencgl,Das’.AT —0.(44) and.(45) yield .
: . X ) : [T; 5] P[T; 8] — P[T — AT; f]
zero-mean, unit-variance Gaussian random variaBlg) in —ar = Alm AT
(41) is a Rayleigh process; and the barrier of the level-crossing 00
is reduced to a one-dimensional barrier. However, the analysis is < / dRRp(B, R; T)
still complicated by the fact that3(¢) is usually nonstationary 0
except for some special cases, see Appendix A. This implies 2 (T, ). (46)
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The functionh(T', 3) is termed thdevel-crossing rateBecause ~ Note that the bound in (54) is a useful lower bound for (42),

(T, 3) is nonnegative, integrating (46) frofnto 7" yields but its value depends ast* of (53), hence the computation @f
T andg, is very complicated. Therefore, we find a lower bound
PIT; Bl < /0 h(t, B) dt + P[0; f] (47)  for (54), which does not depend ari. Proposition 2 gives such

where P[0; /] is the initial probability value at = 0. Note & lower bound. The proof may be found in Appendix E.

that stationarity is not needed for (47) to hold. (The station- Proposition 2:

arity assumption would only simplify the integral bft, 3) to . 32
Th(T, 3)). The initial valueP[0; 3] can be readily computed Pr {S(t; 6) €U, Vi€ —7} 21— (1+rof3)exp <—§>
from the definition (56)

Pl0; ] = Pr{R(0) > A} where the constant,(¢) is given by

_ /32 T 1/2
= exp< 5 ) (48) A / <@> &t (57)
since R(0) is Rayleigh-distributed. Therefore, the problem of = 0 2

finding a lower bound for the probability in (21) is reduced té (t) IS given by

finding A(t, 3) for the nonstationary envelope procd®&) of Ct) = o @®))* + llo2(B)]1? = 2(w1(8) T w2(1))? (58)
(41). At this point, our analysis departs from that of Shinozukgndw, (t) andw.(t) denote the orthonormal basis vectors com-

because, as shown in Appendix C, a closed-form solution fgtited by the Gram—Schmidt procedure (32) and (33).

h(t, ) is difficult to find. Instead of findingu(¢, 3), we replace ) o
it by a simpler functior* (¢, 3) such that The computation of the derivatives of the orthonormal vec-

torsv1(t) andvz(¢) can be done using the explicit formulation

Me, B) < (5, ) ) vt €0, 7). (49) of (32) and (33). However, Proposition 3 presents a simpler tech-
Hence, (47) can be repliced with the bound nique to compute the functiog(¢) of (58). The proof may be
PIT; ] < / B (¢, B)dt + P[0; A]. (s0) foundin Appendix .
0

Proposition 3: SupposeCy/>B(#) has full column rank, the
corresponding QR factorization is given by (34), and

A(t) = C*Bl)BR)Cy* = V()G V(T (59)
whereG(t) = D(t)D(t)*. Then,((¢) in (58) is given by

One candidate foh*(¢, 3) is given by the following lemma
which is proven in Appendix D.

Lemma 2: Suppose the basis matd(t) is continuous and
twice-differentiable and has full column-rank for &ale 1. Let 2
h(t, ) denote the level-crossing rate of the nonstationary en- o T 1yT apl; =
velope proces®(¢) of (41), as defined in (46). Then, for every <) = ;{ez GV APZAVG “ei} (60)
t € [0, 7] -

P — trace{ PLAAT AT AP (61)

t, w* 1/2
h(t, B) < h*(t, B) = Bexp < E) <<(é—7r)> (®1)  wheree, = [1, 0]* ande, = [0, 1]7; At = va='v7? denotes
where the functior{(, w*) is given by the pseudo-inverse of; and P} denotes the projection on the
A ) ) orthogonal complement of the range spacelof
¢(t, w*) = max{|lg, (8, o), llg2(t, )%}

. T . As observed in (61), the value @f(¢) is independent of
(@t )" aalt W) (52) ' ice of the orthonormal basis 164 B(t), because all
choices of orthonormal basis vectors yield the same subspace
by . Pj. Furthermore, Proposition 3 suggests a humerically stable
Wt (t) = ltan_l < 2v7 v ) _T L W) < way to compute(¢) since derivatives are required only fdr
2 lloL |2 = [[o2]|2 )7 4 = and the rest of the computation can be done numerically by QR
(53) factorization ofO’é/ ?B(t). The derivative ofA is readily given

where v (¢) andvs(¢) denote the orthonormal basis vectorgJy

computed by the Gram—Schmidt procedure (32) and (33). A= O;/Q (BBT +BBT) 0;/2 (62)

¢, andq, denote derivatives with respectita@andw.* (¢) is given

=

Note thath*(¢, 5) depends ort only through (¢, w*).

Therefore, using (42), (43), (47), (48), and (50), we readil‘%;here: 'in many parameter_ization§ such as Fourier descriptors,
arrive at a new bound. the derivativeB of the basis matrix can be computed analyt-

N ically. Therefore, we can obtain accurate numerical values for
Proposition 1 ¢(t) and the level-crossing bounds by using (61).

Pr{0<R(t)<B,Vtel} > 1—(1+xf3) exp <—§) (54)

where the constant is given by

IV. NUMERICAL RESULTS

We now compute bounds for shape estimation in a practical
T +\\ 1/2 . . . . . .
o A / <C(t, w )) dt (55) scenario that arises in a passive radar imaging problem and com-
0 2w pare the results with Monte Carlo simulations (for more de-
and¢(t, w*) given by (52). tails about passive radar imaging problems, see [34]). In this
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(@) (b)
Fig. 2. Examples of shapgt; §) parametrized by the Fourier descriptors of (64).Iiar 1, K = 5.(b) L = 7, K = 29.

(@) (b)
Fig. 3. Examples of confidence regions with= 4 for the shapes of Fig. 2. (d) = 1, K =5.(b) L =7, K = 29.

problem, the target for shape estimation is parameterized dyd an example of the CRB mati¥% < R>*® for Fig. 2(a) are
Fourier descriptors given byé = [0.0, 8.6, 0.7, 0.0, 11.4]* and

s(t; 0) = B()T8,  telo, T (63) 0.0309 —0.0287  0.0078 —0.0130  0.0069
_ _ _ o —0.0287  0.0424 —0.0160 0.0157 —0.0073
where the matrix of basis functiod®(¢) is given by Co=| 00078 —0.0160 0.0758 —0.0026 —0.0143
r [a@® 0 ek —0.0130  0.0157 —0.0026 0.0312  0.0024
BO™ = |, ety €8 (64) 0.0069 —0.0073 —0.0143 0.0024  0.0367
(68)

whereK = 4L + 1 and

a(t) =[1 cos(t) - -- cos(Lt) sin(t) - - - sin(Lt)] € R*+!
(65)

(66)

L+l L-1 _—
= |~ —~
r(®) [0---0 cos(t) 0---0}GIR

¢(t) =[1 cos(2t) -+ cos(Lt) sin(t) - - - sin(Lt)] € R*".
(67)

while the true paramet#t € R and an example o€y €
R29<29 for Fig. 2(b) can be obtained from [35]. Examples of the
deterministic confidence regiod; for Fig. 2(a) and (b) with

[ = 4 are shown in Fig. 3(a) and (b), using ti® matrices

of (68) and [35], respectively. It is interesting to note that the
overall confidence regiotys is produced by a morphological
dilation of s(¢) with varying structural element [36]. In these
examples, thicker confidence regions are generated where the

The measurement model (3) and the derivation of the Cramdnformation of the scattered waves is insufficient, implying diffi-

Rao covariance matriy in the passive radar problem are vergulties of shape estimation in that portion of the target (for more
involved due to the nonlinear nature of inverse scattering prdiscussion of the relation of the geometry of the confidence re-
nomena, and are explained in detail in a separate publicat@ans to receiver locations in passive radar problems, see [34]
[34]. Therefore, in this simulation, we just use the covarianeg [35]).

matrix computed in [34]. Two examples of shagie #) param-  The actual level-crossing probability

eterized by (64) are given in Fig. 2(a) and (b) foe= 1(K = 5)

andL = 7(K = 29), respectively. The true paramette R® (69)

pﬁzl—Pr{S(t; 9)€U3,Vt61}
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Error Probability

Fig. 4. Comparison of Monte Carlo simulati¢p. ) with level-crossing bounép . ), incomplete gamma bour{@ ), and an approximatiofp ) for the shape
in Fig. 2 (a)(IX = 3).
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Fig. 5. Comparison of Monte Carlo simulati¢p.. p.z) with level-crossing boundp ), incomplete gamma bour{g ), and an approximatiofp ) for the
shape in Fig. 2 (b{ K = 29).

is computed by Monte Carlo simulation, and is compared with The incomplete-gamma bound and the level-crossing bound
the incomplete-gamma bound and the level-crossing bound. Thethe error probability,. are rewritten as follows:
results are shown in Figs. 4 and 5. A displaygin a log-scale N

) - . ; K B
plot is chosen because it is more informative for lagythan pag=1-T <_7 _> (71)
displaying1 — p.. Monte Carlo simulations were performed 22
by drawing a random vectd® from a Gaussian distribution pr = (14 KB) exp <__2> (72)
with meané and covariance matri€'y, generating the shape L 2
s(t; @) and counting the events(t; 8) € Us,Vt € I}. The
number of Monte Carlo rund is determined by a confidence
measure known as tlefficient of variation/(1 — p.)/Npe

[37]. Whenp, is very small 32
. po=exp (= ). (73)

N> (70)

" Pe This quantity would be an approximationgig if the pointwise
wherey is a confidence level for the Monte Carlo estimate (iprobability thats(t; 8) lies outside ot{3(t) were approximately
this paper, we selecteg= 0.1). equal top..

so thatp. < pg andp. < pr. We found that the following
probability is also useful for comparison with, andp:
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Figs. 4 and 5 illustrate the simulation results for Fig. 2(a) amdinimizes the area of the global confidence region for a given
(b), respectively, for different values ¢f, using the CRB ma- confidence level. This would be analogous to the minimum area
tricesCl of (68) and [35], respectively. The incomplete gammkncal confidence region by Wilks and Daly [28]. We are cur-
boundpg; is useful for smallX and/3, but is very conservative rently investigating this issue.
for large K. The approximatiorp;; degrades with increasing
number of parameters. However, the level-crossing boupg C. Global Confidence Regions for Subset of Boundary

is reasonably tight for a wide range/@ndK'. Fig. 5also plots  proposition 2 can be extended to consider a subset of the

Monte Carlo estimates of boundary, say foft,, t»] C [0, T]. In this case, the only mod-
o =1—Prds(t: 0) € Ua(t Vtel 74 ification to Proposition 2 is to change the limits of the integral
Pez ' { (% 6) o(1) } (74) of (57) to[t1, t2], making the bounds tighter.

which, as discussed below (19), is an upper boung.oRecall _
that our level-crossing bound is derived as an upper bound l8n Bounds on Hausdorff Distances

(74). Fig. 5 clearly confirms that our level-crossing bound is a The level-crossing bound can be used to derive a lower bound

tight bound orp. even for largex’. for measuring the quality of boundary estimation in terms of the
Hausdorff distance/ (s, 8) between the true boundagyand

V. FURTHER EXTENSIONS AND APPLICATIONS its estimates. The Hausdorff distance is defined as [39, p. 279]
In this section, we consider several extensions and applica- du(s, 8) = glb{~|s C U(3, ~), & C U(s, 7)} (76)

tions of our basic setup.
) ) ) where gl -} denotes the greatest lower bound, and
A. (Nearly) Nondifferentiable Boundary Points
It would be interesting to consider the case when there U(s, v) = | Ba(s(t), 7) (77)
are (nearly) nondifferentiable points along the boundary. The tel

situation would be of interest because, for example, man-maglRere B,(s(t), ) is the open ball with radius, centered
objects have sharp boundaries. For nearly nondifferentiakles(¢). Here, the regiond/(s, v) and U(3, ~) form “tubes”
boundaries, in general, the level-crossing ratet, 3) be- arounds(t) ands(t), respectively. However, unlike the global
comes large sincg andg, (and, therefore(t, w*)) are large. confidence region in (13) and (16)(s, v) andU(s, ~) are
Furthermore, in nondifferentiable cases, the level-crossinghes with uniform widths.

rate becomes infinite and hence Rice’s formula provides aThe Hausdorff distance has been widely used in pattern
trivial bound. However, there exists a large deviation resucognition applications such as pattern matching algorithms,

for stationary Gaussian random processes [11, Lemma 12.%étause this distance is a measure of differences between two
which provides nontrivial bounds even for nondifferentiablgbjects. Hence, the probability

random processes. We conjecture that a result similar to [11, X
Lemma 12.2.1] could be obtained for our nonstationgfy Pr{du(s, 8) < ¢} (78)
random processes providing nontrivial bounds even in the nqn-useful to quantify shape estimator performance. as well as
differentiable case (but rigorous analysis is beyond the Scogessifier e?formarz/ce [4%] For example in a tem7 late-based
of this paper). Therefore, we expect the level-crossing boun 8 perto ' pie, P
; . : atftern matching problem, when the Hausdorff distance be-
presented in this paper to become weaker in the presenc{ly . : -
(nearly) nondifferentiable points along the boundary. een the template and the estimated opject boundays
compared to a threshold Pr{d (s, 8) < €} is the probability

B. Alternative Designs of Global Confidence Region that 8 is recognized as a noisy instance ©fTo relate the

) Hausdorff distance to our global confidence regiéfis and

Recall that we fix the value gf of (12) and (17) for alk € : g it
. . ) Uz, we pick 5 so that

I to construct global confidence regions. (A similar construc-

tion is used in the robust control literature for estimation of the Uz CU(s, ¢) Us C U(s, ). (79)

Nyquist plot for certain systems, although no global confidence

level have been studied. See [38] and references therein). HJ®-this end, we choose

ever, a different global confidence region can be constructed by g €
making /4 dependent upot. In this case, it is not difficult to p= VAo
show that the level crossing bound becomes Amax = max A () (80)
A
Pr {S(t; O)eld,vte I} where)(t) denotes the largest eigenvalue@f(). This en-
3(0)? T 7¢) 1/2 sures the largest width éfs andi{s is less than or equal to
2 1—exp <—T> - /0 <§> Bv/Amax. Then, we have
- B(t)exp <_ Bt)? ) gt (75) Pridu(s. 8) < ¢ > Pr{3() cUs, Vi I}
2 s (i) e (o)
_ Ky Jexp [ ————

where the constaritt) is again given by (61). How shoul#{t) - Amasx P 2Amax

be chosen? One possible choice may be the fung¢tiohthat (81)
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wherex, is given by (57). The lower bound (81) can be easilgpecified bys(¢; 8) = B (¢)8 or if they are completely outside

improved if we allows3 to depend upon of the boundary. Otherwisey;;(8) is set to zero wheg and
k are on opposite sides of the boundaryoJi; in (84) were set
B(t) = _c vtel. (82) equal tow;y, this assignment would completely decouple pixels
VAM(E) on either side of the boundary yet still encourage smoothness

within and exterior to the boundary. Instead, (85) accounts for
the uncertainty in the estimated boundary by smoothingthe
5 ) While (85) is optimal in minimax sense, the exact computation

Using (75), we have

¢ of (85) is quite expensive since it requires Monte Carlo inte-
22m(0) gration or ak-dimensional Fourier transform (for exampl€,
e 1/2 € €2 may be a few tens). We are aware of fast Fourier transform re-
_/0 <§> meXp <_ 2)\M(t)> dt (83) guisin [41],buttheirapp_licationisIimitedtostar-shapeobjects.
Instead, our global confidence region may be used as a com-

Pr{dp(s, 8) < e} > 1—exp <—

where((t) is given by (61). putationally efficient alternative. For a given confidence level
determined by (56), a posterior confidence regignis con-
E. Application to Medical Imaging structed by (13), and we may set the weiglits.(6) = 0 if

: . . L Pixelsj or k are within the global confidence regibh; of (13),
Finally, we discuss a possible application of global conf—nol (8 — 1 otherwise. This assianment would completel
dence regions to a medical imaging problem: emission cof- w;k(0) = i 9 pietely

puted tomography (ECT) with high-resolution anatomical si eecouple pixels in the uncertamty_ region, while encouraging
oothness outside of the uncertainty region.

information obtained from magnetic resonance imaging (MRﬂFn
[8]. ECT is a functional imaging modality that reconstructs

the tracer uptake from gamma rays emitted from a patient
after injection of a radioactive tracer. MRI is an anatomical VI. CONCLUSIONS
imaging modality which images tissue structures based on
proton spin transverse magnetization differences. While MRI
has very high spatial resolution and produces detailed imagegg

anatomical structures, ECT has much lower spatial reso'““gﬁundsforestimation of unknown geometric barameters such as
than MRI but can track a large number of different biochemic X : . geon par
ape, size, orientation, and the position of objects are used to

compounds as they are metabolized by organs within the boaé.

Recently, it has been recognized that when functional as nstruct a confidence region within which the shape estimate

anatomical organ boundaries are spatially correlated, MRI al ides W't.h a prescrl_bed probaplhty. Thg geometric p.ropertles
the confidence region convey information about which parts

ECT data can be combined to improve the accuracy of R

ECT image. Heret al. [8] presented a minimax methodologyo the shape are difficult to estimates and can be used to opti-

2T . . . -~’mize imaging system parameters. Computing the actual prob-
for combining information from these two imaging modalities, . : L ) T
bility that the estimate lies in the confidence region is, how-

and showed that the estimator is asymptotically equivalent 18

a penalized maximum-likelihood (PML) estimator with resoc e quite a challenging problem because a shape estimate is

lution—selective Gibbs penalty. More specifically, if the MRfJSU.a”y a two—dlmensmna_ll nonstat_lc.)n(.alry rgndom process. We
boundary is again parameterized &; 6) — BT(t)o tel derived two bounds on this probability: the incomplete-gamma
and the measured emission data is a;vector of cdﬁét,sthen and level-crossing bounds. The incomplete-gamma bound was

: - . . : .derived using the basic inequalities of a projection without con-
the asymptotic minimax estimator for the discretized spati . - : :
. T sidering the characteristics of the CRB matrix and the basis
densityA = [A;, ---, Ap]* is given by

functions for parameterization. As expected, this bound turned
P out to be very conservative. However, using the level-crossing

- 2 statistics, we derived a tighter level-crossing bound which can
YEP‘)_@Z Z @ik ()% =) be obtained in a numerigally stable way usging QR decompo-
sition. We also showed that our bounds are valid lower bounds
for the probabilities that the true shape liesiposterioriconfi-
dence regions which are created around the MLE, which is often
encountered in practical estimation algorithms.

Numerical simulations for a nonlinear inverse scattering
problem showed that our level-crossing bound is tight enough
for a broad range of confidence levels and number of unknown
parameters. Based on the theoretical results and several test
applications, our global confidence region may prove useful
in a variety of other applications of parametric shape estima-
tion. Furthermore, owing to the generality of our model and
whereF', denotes the empirical Fisher-information matrix. Impproach, the result is applicable to linear and nonlinear shape
(85),w;1(8) = 1 if pixels j andk are both within the boundary representations, complicated observation models, etc.

In this paper, we proposed a new concept for analyzing the
]cformance of two-dimensional parametric shape estimators
Ing a confidence region visualization technique. Cramér—Rao

~

)\:argm)z\xx ln f(
j=1 keEN;

(84)

whereq is the regularization parametey,; denote the neigh-
borhood ofA;, and

X

|Fyl
(2m)
exp <_%(0 _B)TF,6 - 9)) 6 (85)

ia®) = [ w0

w|kj
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APPENDIX A continuous and has a continuous sample derivative farall
NONSTATIONARITY OF R2(t) with probability one.

Proof: P(t) is the projection on the column space of
C';/QB(t), andB(t) is continuous and full column rank for all
t € I. Hence, the matrix-valued functiaR(¢) is continuous.
Therefore Z” P(t)Z is continuous for any fixed vectd. The
derivative of the projection matri®(¢) is given by [42]

Letu 2 P(t)Z andv 2 P(s)Z, where the projection ma-
trix P(t) is given in (38). ThenEj[uTv] = tr{P(s)P(t)},
E[Z"v] = t{P(s)} = 2, andE[Z"u] = tr{P(t)} = 2. The
mean ofR2(t) is E[R2(t)] = E[Z"v] = 2, and the autocorre-
lation functiong(, s) 2 E[R(t)R2(s)] is computed using the
Gaussian moment theorem PopriHt 4+ (PLHHT)T (B.1)
ot s) = E [ZTP(t)ZZTP(s)Z}
whereH = O;/QB(t), P+ is the orthogonal complement of

o T, T . .

=B [Z uZz 'v} the range space &' >B(t), P and H denote the derivatives
=2F [ZTu} E [Zva} +E [ZTZ} Ev ] of P(t) and H(t) with respect tof, and H'(#) denotes the
=8+ Ktr{P(s)P(t)}. (A.1) Pseudoinverse aH(t). In (B.1), P+ andH' are well defined

and continuous ifB(t) is continuous. Moreover, iB(t) is
The form of (¢, s) in (A.1) suggests that for most choices otontinuously differentiable with respect tp then H is also
P(s), ¢(t, s) # ¢(t — s), thusR?(¢) is nonstationary. How- well defined, thusP(¢) is continuously differentiable. There-
ever, there are some nontrivial exampledgt) that allow the fore, Z* P(t)Z is continuously differentiable for any fixed
processk?(t) to be wide-sense stationary. For example, the preector Z. Hence, all sample paths ¢f#) are continuous and

jection continuously differentiable. O
1+ cos(2t) sin(2¢) 0 0 Lemma B.3:If u(t) = 0, thens(¢) = 0.

PO 1 sin(2t) 1 — cos(2t) 0 0 Proof: Using (B.1), we have

2 0 0 14 cos(2t)  sin(2t) a(t) =Z2TP(t)Z

0 0 sin(2t) 1 — cos(2t) —ozTpt (t)HHTZ
(A.2) P
=2Z P (t)HH'P(t)Z. (B.2)

is a rank-two projection that depends#iut (A.1) shows that - o
R2(t) is wide-sense stationary since But u(t) = 0 = Z° P(t)Z implies P(t)Z = 0. Therefore,

o(t, s) = 8+ Ktr{P(s)P(t)} = 12+ 4cos 2(t — s). (A.3) a(t) = 2ZTPL(t)IiTHTP(t)Z =0. O
B?E:QauseP(t) is the projection onto the range space of  proof of Lemma 1:First, note that Lemma B.1 trivially
C, " B(t), the condition for stationarity generalizes to the domain< ¢ < T with T < co. Further-

) B more, for eactt, the random process(t) = Z' P(t)Z is ax?
2 {P(s)P(t)} = p(t — 5) random variable, so its density function is bounded. In addition,

for some function)(-), depends on bot6's and B(¢). An ex- Lemma B.2 guarantees that the random progggshas, with
p||C|t necessary and sufficient condition in terms of the me&.rObablllty one, a continuous Sample derivative. Hence, all the

surement plus object model is an open problem. assumptions for Lemma B.1 are satisfied for the random process
p(t). Now letw, = 0 for Lemma B.1. Since
APPENDIX B =
PROOF OFLEMMA 1 R(t)=\/Z P(t)Z

In order to prove Lemma 1, the following lemmas are usefujye nave
For notational convenience, we define i
R Z'PHZ )

A o 5T Rt = =
u(t) 2 R(1) = Z°P(1)Z. RN PPN

Lemma B.1 (Cramer and Leadbetter [10, pp. 7677t «
be fixed. If the one-dimensional probability density function
the procesg(t) is bounded at every < ¢ < 1, and if£(¢) has,
with probability one, a continuous sample derivatig)(e,), then
the probability is zero tha;i(t) = 0, £(t) = uw simultaneously,
for any pointt in 0 < ¢t < 1.

(B.3)

O\fvhich may not be defined fare [0, 7] such thap(¢) = 0. Ac-
cording to Lemma B.3, at these nondifferentiable poiifs) =
0. Hence,R(t) is not differentiable at € [0, 7 if and only
if u(t) = 0andp(t) = 0 simultaneously. Now, Lemma B.1
tells us that the probability is zero thatt) = 0 andu(t) = 0
simultaneously, for any point € [0, 7. In other words, the
Lemma B.2: Suppose the basis matrR(t) is continuous, probability is zero thafi(¢) is not differentiable for any point
continuously differentiable, and has full column rank for alt € [0, T']. Therefore (t) is differentiable for alt € [0, 77,
t € I = [0, T]. Then, the sample paia(t) = ZTP(t)Z is with probability one. This concludes the proof. O



1892

APPENDIX C
CALCULATION OF p(R, R; t)

In order to compute the zero crossing ratg, 3) for the

envelope proces&(t), we need the joint probability density
function p(R, R; t). According to Rice’s original work [12],

p(R, R; t) is derived from the joint density function for

L0 Lo, L. L] €D
by coordinate transformation @, R, ¢, ¢) such that

1 =Rcos ¢ %y = &3 = Rsin¢ + Rcos ¢p¢

z3 =Rsin¢ = Rcos¢ — Rsingg (C.2)

T = [xlv X2, 3, x4]T =

$4I.i’1

for0 < ¢ < 2r and—oc < ¢ < oc. From definition (40), the

four-dimensional vectae of (C.1) can be represented by

z(t) 2U®)TZ (C.3)
where the deterministic matri®{(¢) is given by
Ut)=[at) &0 b)) a®]” (€4

where ¢, (t) and ¢,(¢) denote derivatives with respect to

Note thatz(t) is zero-mean Gaussian with covariance matrix

M e R2x2

M = E[zz"| = UU )T (C.5)

sinceZ ~ N(0, I). Becausey, (t) andg,(t) are unit vectors,

we have
Q1(t)TQ1(t) = Q2(t)TQ2(t) =0.
Furthermore, the orthonormality ofg;(¢) and g,(t)
(¢:(1)"g2(t) = 0) implies
@) L0 + a7 4 (1) =0 (C.6)
Therefore, the covariance matd{ becomes
1 by (t) 0 0
_ ) be(?) 0 &(t)
M= |70 % 1 —ne|  ©D
0 &3 b)) ba(?)
where
()= @ () q(t)  ba(t) = @)

ba(t) = |, ()| 2 a0 a0, (€8
The up-crossing rate dk(¢) is given by [12]
h(t, B) = / dRRp(B, R; t). (C.9)

The probability density functiop(s3, R; t) is computed from
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Lemma C.1:Let »;(¢) and v2(¢) denote the orthonormal
basis vectors computed by the Gram—Schmidt procedure (32)
and (33), andv;(t) andv»(t) be twice-differentiable. Then,
for the general form of the differentiable orthonormal basis
functions ¢, (¢, w) and g,(¢, w) given by (36) and (37), we
haveq, (t, w)¥q,(t, w) = 0 if and only if w(¢) is given by
w(t) = w*(t) such that

. 1 1 207 ¥y T . ™
w*(t) 5 tan <||'i)1||2 = ||'i)2||2> ) 1 <Y (1)< 1

(C.11)
Proof: Supposew(t) is differentiable with respect te.
Then
¢, (t, w) =01 cosw + Pr sinw — V1@ sinw + vow cosw
(C.12)
= —2; sinw + 2 COSw — V1w COS W — Vow Sin w
(C.13)
wherewv;, v2 andw denote the derivative with respect tp
which are well defined owing to the Gram—Schmidt orthonor-
alization procedure (32), (33). Usindv; = viwv, = 1,
iy, = 91w, = 0, ande! v, = —0L w1, we have

Q2(t7 UJ)

4, = — - sin(@0) (817 — [[52]2) + cos(20) (6 82).
(C.14)
Thereforeg, (t, w)¥q,(t, w) = 0 if and only if
207 By
tan(2 -
Sl FY IR
oAl 207 0y
& wl(t) = t) = —ts ————]. (C.15
wlt) =) = g tan (wm2—mm2 (€19

To complete the proof, we must show thaft) of (C.15) is
differentiable. This can be done by restricting the range(oj
such that-§ < w(t) < § T sincew (t) andwq(¢) are twice-
differentiable andan=1(-) is differentiable. This concludes the

proof. O
From the structure o/ in (C 7) W|th£ t = 0, we have
go
M1t= % 92 C.16
o 5 —ﬁ (C-18)
0 0 —-f

wheregy, g2, fo, andf, are positive. Therefore
"M ™'z = g,27 + 21217 + go73

+ foxs — 2f1z3z4 + foxi. (C.17)

the joint probability ofz using the coordinate transformationsing (C.2)z” M~ of (C.10) can be represented as

(C.2)
p(R7 R? d)7 d‘); t)

p(xy, o2, T3, 4)
|J($17 .’L'Q, X3, T4 |

_ - |M|1/2 exp < ) (C.10)

since the Jacobian W(xl, 72, ¥3, 74)| = R~2. Note that
in our formulationby(t) # b2(¢) and £(t ) # 0 in general,

A

unlike Rice’s original formulation for the stationary envelope

process [14], [15]. This makes the computationigf* and
hencep(R, R, ¢, ¢; t) very complicated. Fortunatelg(¢) can
be made zero by an appropriate choicex6f) in (36) and (37).

eT M~ e = gy R? cos? $+2g, (RR cos ¢ sin ¢+ K2 cos ¢¢)
+g2<(R)2ﬂn2¢+f?co¥¢%¢f
+2RRsin ¢ cos ¢¢3>
+ foR? sin? p—2f, (RR cos ¢ sin ¢p— R2 sin? ¢</3)
+fo <(R)2 cos? ¢+ R2 sin® ¢()?

—2RRsin ¢ cos ¢¢3> ) (C.18)
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After substituting (C.18) into (C.10), the probability densityrrom Rice’s transformation (C.2), the inverse transformation is
function for the level-crossing rate is obtained by integration

p(ptue)= [ " / " agp (8 0. dit). (C19) f=yuitey ¢ = tan” <%) (©-8)
0 —o0

cos ¢ sin </)

If by(t) = bo(t) in (C.7), theng; = f;, =0, 1,2and (C.18) [ =wz2sing +zsco8¢ ¢ =ux2 T (D.9)
can be greatly simplified as . i
9 Equations (D.5) and (D.7) yield
T M 2 = g R?+21 R+ g <(R) +R?(</3)2> (C.20) one .
and the integration (C.19) is fairly easy, which was done maM44 / dRR/ dep
Rice’s original work [14], [15]. However, the simplification of
(C.20) cannot be applied to our problem since the magnitudes of / d(/) ([3 R, ¢, ¢; ) (D.10)
derivatives||q; || and||g,|| are in general different. As expected oo oz} ' '

from (C.18), a closed-form expression for the integral in (C.1

is, in general, impossible and its evaluation may requires ta@émg the chain rule as well as (D.8) and (D.9), we get

lookup or series expansion. 82p (/37 R, ¢, &; t)
dz?
APPENDIX D
PROOF OFLEMMA 2 4 92 sin2¢p 02 sin¢ 92
= COSs - = <
Even though closed-form expressions for the integral in 8(R)2 B ORIP B2 a(p)?

(C.19) are in general unavailable, the following property of
p(R, R, ¢, $; t) is useful for the proof of Lemma 2: : (/3 R, ¢, d: t). (D.11)

Lemma D.1:p(R, R, ¢, ¢; t) is differentiable with respect Therefore, the integral (D.10) has three terms owing to (D.11).
to R and¢, and has exponential decay @s— +oc or R — The first term is computed by

+00.
Proof: Using (C.18),z7 M 'z can be represented as 2w

polynomial with respect tdz or ¢ /0 dRR/ dd)/ dep cos”

2T M x:(R) (g2 5in2 ¢+ fo cos? ) +k Rks  (D.1)

. . 27 %) %) 2

2T M e =($)?R*(gosin® ¢+ fo cos® §) +kad+ks (D.2) :/ d¢c082¢/ dd / By I | (012)

for appropriate constants, i = 1, - - -, 4. Note that 0 —o0 0 o (R)
gosin® ¢+ focos? ¢ >0 (D.3)

sincegs and f> are positive. Therefore, (C.10) implies that th
conditions of (D.1), (D.2), and (D.3) are enough to guarantee

? (R)

where the term in the brackets is computed by integration by

the differentiability and exponential decay mfR, R, ¢, ¢; t) o0 JBR Pp i ap 1~ * 9p Ji2
with respect tak and¢. This concludes the proof. O 0 ‘ ‘a (R)2 Y o Jo OR
Lemma D.2: Let M,; denote the4, j)th element of\ ma- .
trix of (C.7) with £(¢) = 0. Then =p(A, 0, ¢, ¢). (D.13)
dh(t, B) >0 (D.4) In (D.13), we use the decay condition of Lemma D.1 to simplify.
OMay The last two terms of (D.10) are simpler to compute
whereh(¢, 3) is the level-crossing rate of (C.9). o )
Proof: The main idea of the proof is similar to the proof / dRR/ d¢/ Sln 2(/) d°p
of Slepian’s Lemma 1 [18]. Using (C.9) and (C.19), we have ORA¢
oo 27 oo 27 =]
h(t, B) = / dRR / dep / ddp (/3, R, ¢, ¢; t). / dRR / dd)sm2d)[ } -0
0 0 —o0 G de—co
(D 5) 27 p sin (/)
By the characteristic function for the Gaussian / dRR/ d¢/ YY) PN
p(z1, T2, T3, Ta) / i /277 s o [ :|oo
oo sin =0
= / dwy - - - dwyexp <L Z Tiwj — Z kijk> /32 </) d=—o0

(D.6) Wwhere we again use Lemma D.1. Therefore, we have

we have Bh(t [3) 1 27 oo . .
L=~ d¢ cos? / dop(3, 0, ¢, ¢) > 0
Op(x1, T2, T3, 1) 1 O?p(x1, 2, 3, T4) (D.7) OMyy 2 /o ? ? —co 928, 0. 6. 9) 2

1
OM 4 T2 da3 ' (D.14)
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sincep(s3, 0, ¢, d)) cos? ¢ > 0 for all ¢ and¢. This concludes Hence, we have
the proof. O .
14, 11* = (41 42)* = [[1]* cos® w + [[92]|* sin® w

Proof of Lemma 2:Choosingw(t) = w*(t) as in (53),
ingu(f) = w(f) asin (53) b sin(20) (@7 2) — ($02)? (E.)

Lemma C.1 guarantees thgt= ¢, (¢, w*) andg, = ¢, (¢, w™*)

are orthogonal an€(¢) = 0 for the matrixM in (C.7). There- lldol? — (@3 q1)? =||91]|? sin? w + ||92]|? cos? w
fore, we can use Lemma D.2. First, assume flgali® < ||4,]/?. — sin(2w)(i)1T'i12) — (ilevg)Q. (E.5)
Let M™ be a new covariance matrix formed by replacin)

of (C.7) with ||g,||?, andh* (¢, 3) be the corresponding level- Therefore,

crossing rate. Thedd = pM"™ + (1 — p)M is positive-definite

[

for eachp € [0, 1]. Let h(t, 5; M) denote the level-crossing max{||q, ||%, ||la.|*} — (qqu2)2
rate for the covariance matrid. Then, it is a function ofp < (a2 — (6T g2 S o2 T \2
rate for fhe cc < (lasl? - (@ 2%) + (12 - @ 0,)?)
§ § = [[ou|? + [[a]* = 2(87 v2)*. (E.6)
dh (t, 3; M) dh (t, 3; M) Al
= = This implies
dp dM44 dp
an(t g M) o C(t w) < CO 2 il + el — 267 02)? ()
=— @l = lal?). (©.15)
4 and
Sincel|g,||* — ||a.]]* = 0, Lemma D.2 gives T 1/2 T 1/2
) ﬁ:/ <@) dtgl«;oé/ <¥) it. (E.8)
dh (t, 3; M) 0 m 0\ =7
dp 2 0. (0-16)  This concludes the proof.
Integration with respect tp from 0 to 1 yields APPENDIX F

PROOF OFPROPOSITION3
R*(t, B) = h(t, B; M") > h(t, B; M) = h(t, f). (D.1T) o .
First, we show that (60) is equivalent to (58). Using (59), we
Now h*(t, 3) can be computed by Rice’s formula for Rayleighave
process withh.(¢) = ba(¢) [14], [15]

A=VGVT +VvGVT +vavT. (F.1)
o e\ U2 )
Wt ) = <||q2|| —Gile,) ) Bexp <_% ) (s Hence
7r - - - -
APLA=VGVTPVGV" (F.2)
Now, assume thalg,||? < ||¢,]|?. Redefinez such that G WTAPLAVG ™ =VTPLV = VTV - VTVVTY
(F.3)

[£1, @0, 23, 2a]” = [L,(t), L.(t), L(t), I,()]

2 - . __sinceVTV =TI andP4 = I - VV”. Therefore, we have
to makebs(t) = ||g-||*. Using a similar technique, we arrive at

eFGTVITAPLAVG ey =970, — 0T VV 0. (F4)

R¥(t, B) = M Bex __2 (D.19) : .
Vs o p 2/ ) Furthermore, from the orthonormality’ »; = 1, we obtain

'i)f'vl =0, ’UTV = [0 'i)T'UQ], and
Since(¢? ¢,)% = (¢~ ¢, )2, this concludes the proof. O L
(@120.)" = (G0) P TG WIAPLAVG Yoy = T, — (07ws)2.  (F5)

APPENDIX E Similarly, we have
PROOF OFPROPOSITIONZ
Using (C.12) and (C.13), anef v; = viv, = 1, %] v, =
¥3 vy = 0, andd] vy = —15 v1, we have

el G'VTAPLAVG e, = 01, — (03w1)2. (F.6)

Since(vfv,)? = (v1w,)?, after substituting (F.5) and (F.6) into
S22 T -2 9 (58), we obtain (60).
1927 = (@)" + 20 (v 1) + ”1;1” cos Second, we show that (60) and (61) coincide. This can be
=+ ||'UQ||2 81112 w + 2('”1 'UQ) Sinw COs w (El) Shown us|ng
14211 = (@)% + 20(v5 91) + [|91]* sin® w Lol ey
+ |[#2||? cos® w — 2(9] By) sinwcosw (E.2) & GV AP AVG e

g, =@ v) +w = —¢lq,. (E.3) = trace {PjAVG_le,;e?G_lVTAPj} , t=1,2.(F7)
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Therefore,

S G vViAPLAVG e, )

i=1

2
= trace { PRAVG™ [ Y eie] | GV AP,
=1

[16]
[17]
(18]
[19]
(F.8) 20]

[21]

Using

and the pseudoinverst’ = VG~*V7, we have

2

S {efG VT APLAVG e | =trace {PjAATATAPj}.

=1

This concludes the proof.
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