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Cramér—Rao Bounds for 2-D Target Shape Estimation
In Nonlinear Inverse Scattering Problems with
Application to Passive Radar
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Abstract—We present new methods for computing fundamental approximations such as Born and physical-optics do not hold,
performance limits for two-dimensional (2-D) parametric shape for these approximations require that the wavelength be much
estimation in nonlinear inverse scattering problems with an gmajier than the size of the scatterers. Therefore, we must use

application to passive radar imaging. We evaluate Cramér—Rao . - . .
lower bounds (CRB) on shape estimation accuracy using the the exact wave equation to obtain accurate solutions to nonlinear

domain derivative technique from nonlinear inverse scattering INverse scattering problems. This makes the problem of shape
theory. The CRB provides an unbeatable performance limit estimation in the resonance regime considerably more difficult
for any unbiased estimator, and under fairly mild regularity  than Fourier transform-based approaches.

conditions is asymptotically achieved by the maximum likelihood Passive radar imaging, which is the main motivation for

estimator (MLE). The resultant CRBs are used to define an . . . . .
asymptotic global confidence region, centered around the true our 'S.tudy, is a nonlinear myerse sca.tte”ng problem. Unlike
boundary, in which the boundary estimate lies with a prescribed traditional radar systems which transmit waveforms and deduce
probability. These global confidence regions conveniently display information about targets by measuring and analyzing the
the uncertainty in various geometric parameters such as shape, reflected signals, passive radar systems use “illuminators of
size, orientation, and position of the estimated target and facilitate - 5 ,rtynity” such as commercial television and AM/FM radio
geometric inferences. Numerical s_!mulatlons are performeq using broadcasts to acquire target information [4], [5]. However, the
the layer approach and the Nystrdom method for computation of ! ] v L2l ’
domain derivatives and using Fourier descriptors for target shape Waveforms used in commercial broadcasts have much lower
parameterization. This analysis demonstrates the accuracy and frequencies compared to traditional active radar systems [5],
generality of the proposed methods. [6]. For example, while active radar systems often operate in the
Index Terms—Cramér—Rao bounds, Fourier descriptors, global Ccentimeter wavelength range, the wavelength for lower VHF
confidence regions, nonlinear inverse scattering, passive radar signals (55.25 — 79.25 MHz) is about 6 m. Such wavelengths
imaging, shape estimation. are comparable to the size of common aircrafts and make the
inverse problem severely nonlinear.
The major goals of this paper are to develop a parametric
. ) ] ] formulation of passive radar problems based on the nonlinear
A VARIETY of engineering problems, including radar angnyerse scattering model and to establish fundamental perfor-
/—\ sonar, involve estimation of the shape of an unknown oRyance limits of passive radar systems. The parametric formula-
ject from scattering measurements collected at sensor elemefigs; with a finite (usually small) number of parameters regular-
Imaging algorithms for such applications can broadly be diyes the solution to the ill-posed inverse problem, by imposing
vided into two classes: Fourier transform-based methods agiioothness on the reconstructed boundary. It also provides the
nonlinear inverse scattering methods. basis for an efficient maximum likelihood estimation algorithm.
Fourier transform-based approaches are basically lineariggyce a suitable parametric model has been identified, funda-
tion techniques using the Born or physical-optics approximgyental bounds on the performance of shape estimation algo-
tions [1]-[3]. Nonlinear inverse scattering methods make it pPOgthms can in principle be derived, as was shown in the case of
sible to determine the nature of scatterers for frequenciesgninear inverse problem [7].
the resonance regimeavhere the wavelength is comparable to e conduct such an analysis for nonlinear inverse scat-
the size of the scatterers [2]. In this regime, conventional "”et%rring problems using Cramér—Rao lower bounds (CRB).
These bounds are widely used in problems where the exact
minimum-mean-square error is difficult to evaluate. The CRB
, _ _ provides an unbeatable performance limit for any unbiased
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While CRBs are available for estimation of signal parame- Y
ters such as target location [8]—[11], direction-of-arrival (DOA)
[12]-[15], and size and orientation of a scatterer [16]-[18], only
recently has this type of analysis been conducted for estimation X
of target shapes [7]. In [7], the boundary of a star-like target is 7
parameterized using B-splines, and CRBs for the B-spline coef-
ficients are computed for several shapes in a magnetic resonance
imaging problem. However, the results in [7] are derived for a
linear inverse problem; we are not aware of any similar result ECd
for nonlinear inverse scattering problems. Indeed, the problem is > oundary
challenging, because in contrast with classical nonlinear signal
processing problems where the map from parameters to mea-
surements is explicit [19], the map here is given implicitly as the

solution of a partial differential equation, which depends non-

linearly on the parameters. Fig. 1. Anexample of geometry of nonlinear inverse scattering problem using

. . . TM polarized pl incident .
This paper provides a new algorithm to compute CRBs for polatized plane Incident wave

target shape estimation based on the domain derivative tech- _ . )

nique in nonlinear inverse scattering theory [2], [20]. Furthef€lévision stations in the Gaithersburg, MD area, where a
more, we introduce a new approach to analyze and display f@totype of Lockheed-Martin's Silent Sentry™ passive radar
uncertainty in object recovery, in the form of asymptotic glob&yStem is located. Section VII discusses an extension to TE
confidence regions [21]. An asymptotic global confidence r@olarized waves, and Section VIII concludes our discussion.
gion has the form of a band (of varying width) created around

the boundary and can be usegupriori, for purpose of design !l PARAMETRIC NONLINEAR INVERSE SCATTERING PROBLEM

and analysis, as well asposteriorj after measurements havea. Statistical Formulation

been taken and the shape has been reconstructed, for assess'mgnlinear inverse scattering problems using the scalar

the reliability of the reconstruction. The availability of gIObahelmholtz equation have been well investigated in the lit-

confidence regions makes it possible to answer some basic ques- )
. . rature (see [2] and the references therein). For example,
tions about performance of passive radar systems, for example o . L

. . o . sSuch problems arise in electromagnetics, when a cylindrical
which features of an object are difficult to estimate, or what is

: . . symmetric perfect electric conducting object is illuminated
the effect of the transmitter and receiver locations. . . .
with a transverse magnetic (TM) polarized plane wave [1]. For

To simplify the ana_lysis In this paper, we assume throughogrg objectD with a bounded and connected boundady = s
that the true shape is accurately described by the parame 1Cchown in Fig. 1, the wave is completely characterized by

mo_del. .In practice, a parametric Inversion method wil requitee z-component of the electric field. Consider an incident
estimation of the model order and will suffer from somgI
or

. ectric field with z-component:’(x) = exp(jkx - d), where
mismatch bgtvyeen model anq tgrget. Copsequently, OUrPEMRTS the wavenumber, the unit vectdr is the direction of
mance prediction may be optimistically biased.

For claritv. thi ¢ o ‘ lindri %ropagation, anc ¢ R? are 2-D coordinates. The total field
orce quty, this paper OCUSES on estimation of a cy INANCYan pe represented by the sum of incident and scattered fields,
symmetric target (whose profile is constant along thaxis)

. . . . v = u' +*, and satisfies the 2-D scalar Helmholtz equation
with perfect electric conducting boundary, using transverse

magnetic (TM) polarized incident plane waves [1], [22]. This Viu+ k*u =0, xeR*\D 1)

setup gives rise to a relatively simple two-dimensional (2-D)

imaging problem using the scalar Helmholtz equation. Theith boundary condition

extension to transverse electric (TE) polarized incident plane

waves is in principle similar and is briefly addressed. u=0, X€s 2
Section Il sets up the parametric formulation of the nonlinear

inverse scattering problem. Section Il reviews the Cramér—RYgereL is the closure of domaid. In order for the solution

lower bound and introduces asymptotic global confidenég b? untiguetﬁgj phySina:Ig mg_ar;ingful, tg? s@c?e’lttered wave
regions as a new concept for the fundamental pen‘ormar@é's satisfy ommerfeld radiation conditioi23]

limits of target shape estimation. Section IV presents the s
lim +/|x] <% —jkus> =0. 3)
X

domain derivative technique for the computation of CRB of ] oo
shape parameters. The new algorithm requires the numerical
solution of an exterior boundary value problem. We compute Throughout this paper, we express the scattered wave as
this solution with the Layer Approach and Nystrom method vector-valued functionF(s). Given N detectors located

as reviewed in Section V. Section VI investigates passive raddrx;, ¢ = 1, ..., N, the functionF(s) is a N-dimensional
applications and uses our algorithm to answer some relevantumn vector with complex elemenf(s) = «*(x;):

guestions about the fundamental performance limits of passive

radar systems. In particular, we provide numerical simulations F(s) =[Fi(s), Fals), .., Fn()]”

using actual locations and carrier frequencies of commercial =[u'(x1), ©(x2), ..., w(xy)]*. (4)
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The elements ofF(s) then represent the “exact” values of théThe boundary estimate is then

(» component of the) scattered waves for the assumed boundary

s. The measurements of the scattered wave®(x; ) for theith s(t) 2 s(t; §). (10)

detector are corrupted by additive noise
In particular, we consider the maximum likelihood estimate of

Y, = Fi(s) + Wy, t=1, ..., N (5) ¢, which coincides, under the assumed Gaussian model, with

the weighted least squares estimate

where W; are independent zero mean complex Gaussian .

random variables withV x N covariance matrix ¢ =arg m;n Y — F(o)|I? - (11)

ag

2
o t=J (6) In practice, the contour can only be approximated by a model
0

;o LFE] of finite order.J, and the optimum order must be estimated from
the data along with the parameter themselves. This is analogous
. i . ’MPYs the choice of a regularization parameter, and model order se-
ne_nts of theith co_mplex Gaussian random varlable._ This lection techniques [29]-[31] can be used to solve that problem.
noise model applies when the thermal noise of receivers do‘ﬂiis issue, as well as the sensitivity of the estimates to model

!nates _th”e rrr:easurement nmze, or whendthﬁ background NOREmatch merit separate study and are left out of the analysis in
IS spaﬁa y homogeneous and Gaussiam _t € TECEIVETS are ;g paper. In practice, our performance prediction may there-
sufficiently separated to decorrelate the noise contributions. e be optimistically biased

organize the measurements as a single column vector of Iengtk—"arametric formulations (although more restricted than

N, ours—see below) have been used before to compute a least
square estimatg¢; qAB) in nonlinear inverse scattering problems
[2], [20].2 Our goal here is to derive fundamental bounds on
the performance of shape estimation in this context. This can
be done via the Cramér—Rao lower bound (CRB) for estimates
of ¢, which is the subject of Section IlI.

[Cwli.; = {

wherecs? denotes the variance of real and imaginary comp

Y =1, Y, ..., Yal". ©)

The inverse scattering problem is thiendetermines from the
measured value oY .

B. Parametric Formulation of Shape Estimation Problems C. Normalized Fourier Descriptors for Boundary

We consider parametric shape representations of the formparameterization

oy T This section introduceBourier Descriptors(FD) [25], [32]
s(t) =s(t; ¢) = [xﬁt) v(®)] as a specific example of the parameterization (8). One advan-
A T tage of the FD parameterization is that smooth regular curves
SBO) =D b;(t)p; tel 8 -
®)"¢ z_:l i )i, < ®) can usually be well represented by a relatively small number
= of coefficients, making the description more succinct. For this

where reason, FD’s have been used extensively in pattern recognition
t index to points along the and image processing [25], [32].
boundary taking values in The FD parameterization has been used before in nonlinear
a fixed intervall = [0, 77; inverse scattering problems to parameterize star-shaped objects
b,(t) € R2 jth basis function indexed by centered at the origin of a coordinate system [2], [20]. The FD
t: parameterization described in this section, however, is more
¢p=[¢ --- ¢;]7 € R’ J-dimensional parameter general and can be used for arbitrarily located general-shape
vector. objects. More specifically, the boundasyt) = [z(¢), y(t)]*

The functionsb,(t) are known, continuously twice-differen-is parameterized as
tiable functions. Parameterizations such as Fourier descriptors
(FD) [24], [25], B-splines [26], and wavelet descriptors [27],

[28] are special cases of this model and have been widely used

x(t) = Ao+ Z{Ak cos(kt) + Anryrsin(kt)}

for shape representation. In our shape estimation problem, we k;

assume that the true shagg) is accurately described by (8) _ 4 g

with unknowné. Furthermore, the model orddris assumed y(t) =Bo+ ;{Bk cos(kt) + Barvsin(kt),

to be knowna priori. Thelj, the original problem (5) is reduced tel=10,2n] (12)

to computing an estimaig for ¢, given the data (with a slight

abuse of notation) where{ A, B}, k=0, ..., 2M, are real FD parameters.

Unfortunately, the FD parameterization (12) is not unique.

Yi = Fi(¢) + Wi, i=1,..., N 9 More specifically, fortg # 0, geometrically identical curves

1Even when the background noise is not inherently Gaussian, the Cenﬁg) ands(t - tO) have different FD parameters. Since the scat-
Limit Theorem can be invoked to justify a Gaussian model for the measut@red wave is not affected by the starting point of the curve, the
ment because it will usually be obtained by averaging sensor output over some
observation time. 2These formulations also assumed that the model order is giyeiori.
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nonuniqueness of the FD parameterization would lead to a dstimates ofp itself, what is needed is a global quality mea-
generacy in the evaluation of the estimation performaritieis sure for the entire boundars(z; qAB), Vvt € I}. Such quan-
problem has been resolved by appropriate normalization wiification of the uncertainty in shape estimation problems may
respect to the starting point of the curve in the case of comnswer many useful questions: what accuracy we can expect at
plex FD’s representation [33], [34]. This can be done by inany given point, which features of a shape are difficult to esti-
posing the constrainfiy; 1 = By > 0 in (12). Hence, the mate, what is the effect of different parameterizations and data
set of normalized FD coefficients has only/ + 1 real-valued collecting geometries, etc.

degrees of freedom (instead éf/ + 2 for the original FD Obtaining a geometrically meaningful global performance
coefficients) once the ambiguity due to the starting point haseasure is, however, a challenging problem. While the estimate
been removed. Therefore, the parameter vettor8) becomes ¢ for unknown deterministic parameteris a random vector,

¢ =1{Ag, ..., Aoy, Bo, Bo, ..., Bopr} € RHMAL the estimates(t) = s(t; ¢) for unknown deterministic shape
We conclude this section by noting that s(t; ¢) is a stochastic process continuously indexed tby
Following our recent work [21], we present a technique for
s, = [Ao, Bo]* (13) constructing small-size global confidence regions in which

the entire boundary estimate asymptotically lies with a given
is the centroid ok. Hence normalized FD’s provide an efficientorobability. These confidence regions can be conveniently
parameterization of the position and shape of a 2-D object, sisualized. They incorporate limits on the estimation perfor-

multaneously. mance for unknown geometric parameters such as shape, size,
orientation, and the position of the object into an uncertainty
lIl. CRAMER—RAO BOUNDS AND GLOBAL CONFIDENCE band, which is created around threie shapes(t; ¢). Then,
REGIONS one can investigate the fundamental performance of shape
estimation from the geometric properties of the confidence

A. Cramér—Rao Bounds for Boundary Parameterization regions.

According to the Cramér—Rao inequality, subject to some At this point, we make the following simplifying assumption.
regularity conditions (which are satisfied in our estimatiomhe dimension/ of the unknown shape parameigis small
problem, as shown in Appendix B), thé x .J covariance relative to the number ¥ of data available so that the asymp-
matrix of the estimation errap — ¢ for the unknown parameter totic normality and efficiency properties of the maximum like-

¢ in the model (9) is bounded from below as [19] lihood estimate (MLE) [19] approximately hold: the MigEis
X Gaussian-distributed with megnand covarianc€ given by
Cov(¢p — ¢) = Cy 2 (1g)~ " (14) (14). It then follows from the linear model (8) that the estimate

§(¢) is a 2-D Gaussian stochastic process with m&@i and
for any unbiasedbstimateg of ¢. Here, the matrix inequality covariance matrix
notationA > B indicates thatd — B is positive semidefinite,
with A and B being Hermitian positive semidefinite matrices. A . T
- . . - . . . Cs(t) = Cov(s(t) —s(t)) = B (1)CyB(1). 17
The matrixlg in (14) is the Fisher information matrix [6] ®) Ms() = () (H)CyB() (A7)

_ Using (17), we define the CRB ellipse at locatig(
ly = 2Re[F($) O F (4)) as) S P o

whereCyw denotes the covariance matrix given by (6). The Jaz, (t) £ {¢ € R2: (¢ —s(£))7 Cs(t) 1(¢ —s(#)) < 42}, (18)

cobian matrixF' (¢) € CV*7 is defined by
where~ is a parameter that quantifies the size of the CRB el-
OFi () (16) lipse. Hencel{, (t) corresponds to uncertainty about the esti-
dg; mate ofs(¢) at¢. We generate a global confidence region by

moving the CRB ellipse along the boundary (Fig. 2):
and the superscripif denotes Hermitian transpose. Our first

goal in this paper, is to develop a computationally efficient and

F (@), =

A
numerically reliable way to compute (16) and hence the CRB U, = U U, (t). (19)
for the boundary parameters. This is the subject of Sections IV tel
and V.

The regiori{, forms a “tube” around the true boundas(y). We
would like to relate the size parametein (18) to the probability

(confidence level) that the whole boundary estin{éte), V¢
In practice, becaus#t) describes the geometry of an object]} lies in the global confidence region

one is interested in assessing the quality of estimate& o)
in easily interpreted geometric terms. Rather than the quality of

B. Asymptotic Global Confidence Regions

Py 2 Pr{s(t) e U, Vt e I}. (20)

3The Fourier descriptors fatar-shaped objecis [2] and [20] are, however, . - ip . .
invariant to the starting point of the curve since the FD’s only parameterize tﬂ—@'s probability turns out to be difficult to evaluate, as it requires

radial direction of the curve. the level crossing statistics of a 2-D nonstationary stochastic
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and[z’(£)]2+[+/(t)]? > 0 where the “prime” denotes the deriva-
tive with respect t@. We call such a curvegular curvesince
it does not have corners or cusps [35], [36].

Now consider a shape, a vector fieldq(x), x € s, and
define the deformation

s(t) | Scq = {X + eq(x): x € 5. 27)

| It is assumed that the vector fietgf{x) is continuously twice-
U differentiable so that.,, is still of classC? [20]. Next define the
domain derivative ofF ats during the deformation by
Fig. 2. Equal-probability contour (CRB ellipse) and confidence regions for

target boundary. f' (S q) = 51_1)% 1 [f-(seq) — f'(s)] (28)
processs(t) [21]. Instead, we use the following lower bound f the limit exists,F(s; q) corresponds to the rate of change in
on Iy [21]: the scattered wave due to the deformation. The following the-
) orem establishes the existence of the limit.
Pr{s(t) €U, Vte I} > 1 — (1+ ny)exp <_’V_> (21) Theorem 1 [20]: Lets be of clasg"?, its deformatiors., be
2 given by (27) and be also of clagg, andu® be the solution of
the scattering problem (1). Then, the domain derivatie; q)

where the problem-dependent constaii given by exists and is given by the solutianto the Helmholtz equation

T e 1/2 in R?\ D satisfying the Sommerfeld radiation condition (3) and
K2 / <2—> dt (22) the boundary condition
0 70
. . 0
¢(t) =tracfPrAATATAPY (23) b= —v- qai ons (29)
A =C}’B() (24) v

wherer denotes the outer unit normal vector@n
P+ denotes the projection unto the null spaceAdf, A de- o ) o _
notes the derivative oA with respect tot, and At denotes B. Application of the Domain Derivative for CRB Computation
the pseudo-inverse A. Therefore, for a given global confi-  The Fisher information matrix in (15) (and the CRBs) can be
dence level;,, the corresponding value afcan be computed successfully computed using the domain derivative technique.

by solving a nonlinear equation for Without the domain derivative technique, extensive inversion
5 simulations would be required to compute empirical shape esti-
(1 + Kk7) exp <_l> =1-Py. (25) mation error bounds. A simple application of Kirsch’s Theorem
2 1 provides, as proved in Appendix A, an explicit way to com-
pute (16).
IV. THE DOMAIN DERIVATIVE APPROACH FORCOMPUTING Corollary 1 For the general .Imear parametric bogndary
THE CRB models(_t;qs) in (8) v_vherebj(t), i= 1,_ e J are contln_u—
ously twice-differentiable, the mappif is differentiable with
A. The Domain Derivative Fi(¢ )/8¢J =wuj(x;)fori=1,..., Nandj = 1,..., J.

One concept that we use extensively, isdoenain derivative Here u); is given by the solutlon of the Helmholtz equat|on in
of the mappingF [20]. This refers to the infinitesimal variation R* \ D sat|sfy|ng the Sommerfeld radiation condition and the
of the mappingF(s) with respect to an infinitesimal changePoundary condition
of boundarys. The domain derivative is an essential compo- o0
nent for computing the gradient of a mappifgwith respect wi(s(t)) = —v(t) - bi(t) 5,
to boundary changes and has been successfully employed in ov(t)
Newton-type inversion algorithms for nonlinear inverse scajgherer(t) andb;(t) denote the outer unit normal vector on
tering problems [20]. s(t), and thejth basis function in the parameterization (8), re-

To eprOIt established results for the domain derlvatlvgpect|ve|y, and.® is the solution of the Scattenng pr0b|em (1)
we confine our attention to boundaries of cl&$% [35]. The For the FD parameterization of Section II-C, we have=

tel  (30)

boundarys of a bounded domairD is of classC? if the {Ao, ..., Az, By, Ba, ..., Bapy} € R¥MFL According to

boundary admits a representation in terms of twice differe@orollary 1, the domain derivatives can then be computed by

tiable coordinate functions(t) andy(t) for ¢ € I solving the Helmholtz equation iR? \ D satisfying the Som-
merfeld radiation condition and the boundary condition

s(t) = [(t), y(O]"

. . . / A(tv (/)J) I’
%A similar lower bound holds for the probability that the true shape lies in u}(s(#)) = ,
ana posterioriconfidence regio@/., defined around the maximum likelihood \/(317’(t))2 + (y’ (t))2 a’/(t)
estimates(t) [21]. (31)

€ [0, 2x]
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where Green'’s function has been selected [1], [2], [35]. The resulting
integral equations are usually of the second kind. However, the
Alt, ¢5) solution to such integral equations is nonunique if there exists
¢~/ (£) cos(kt), for ¢, = Ay, a nonFriviaI solutionu tp t_he Helmholtz equation in the interior
domainD, whereu satisfies homogeneous Neumann boundary
(k=0,..., M) conditionsdu/Jv = 0 ons [2]. A variety of devices have been
—y/(t) sin(t)+2'(t) cos(t), for¢; = Apq1 designed in the literature for overcoming the nonuniqueness
) : _ difficulties of the integral equation approach. The most attrac-
Y (&) sin(ke), for ¢; = Ax tive method in this respect is tHayer approach[2], which
_ (k=M+2,...,2M)  combines two integral equations and is the one we use.
) 2, for¢; = B, Another difficulty in implementing the domain derivative is
/(1) cos(kt) for ¢, = By the discretization issue. Integral equations have singularities due
’ J to the Green'’s function. These singularities introduce numerical
(k=2,..., M) difficulties when the integral equations are discretized. To over-
x'(t) sin(kt), for¢; = By come the difficulties, a variety of techniques have been used in
{ (k= M+1, ..., 2M). the literature, depending on the method used for approximating

32) the singularities. This paper employs thgstrom methodrhis
method separates singularities from analytic parts and then ap-
proximates the integral equation using a quadrature rule and
a trapezoidal rule. Here, the discretization is done along the

i o ) one-dimensional (1-D) quadrature points. The main advantage

The domain derivative technique can be extended to the c@ge Nystrém method is that it is generally accurate, stable, and
when the incident fields have multiple frequencies. Section Yleseryes the condition number of the integral operator, whereas

shows one such application of this model, in passive radgrsiher methods the condition number can be disturbed by a
imaging. The extension of model (9) to mult|ple-frequenc¥oor choice of basis [37].

C. Multispectral Sensors

illuminators is given by We have employed the layer approach and the Nystrom
method to compute the domain derivative. We note, in passing,
Yii=F (@) + Wi, (33) that several additional complications arise when attempting

to extend the work of this paper to three-dimensional (3-D)
problems. Among them is that the layer approach and Nystrom
method may not be effective. For example, there is no straight-
forward quadrature rule available dealing appropriately with
the singularity of the 3-D Green’s function. Hence, here the
Nystrém method loses some of its attractiveness. This topic is
beyond the scope of this paper, however, and interested readers
are referred to classical references, such as [38].

fore =1,..., N;,l=1,..., LandN = ZleNl,where

L denotes the number of distinct frequency bands&pis the

number of sensor measurements fromitheérequency illumi-

nator. Assuming that the random variablé, ; are indepen-
dent, the Fisher information matrix takes the form

L
lp = I 4
¢ lz_; e (34) VI. NUMERICAL RESULTS

In this section, we consider the FD parameterization of Sec-
wherel; 4 denotes the Fisher information matrix for thie fre-  tion II-C, and compute CRBs under two different scenarios. The
quency band measurements. Now the Fisher information nfisist numerical study compares an analytical expression for the
trix 1; 4 can be computed using Corollary 1 by substituting théRB on the estimation of the radius of a cylinder with the nu-
wavenumbet: of the wave equation (1) by tHeh wavenumber merical CRB computed by our new algorithm. The results illus-
k1. trate the numerical accuracy of our method. The second study

computes CRBs for the FD coefficients and demonstrates con-

V. COMPUTATION OF DOMAIN DERIVATIVES fidence regions for a 2-D, aircraft-like target.

In the preceding sections, we used the domain derivatiye
to derive an expression for the CRB on boundary parameters , , ) .
and obtain global confidence regions. We also showed that thid¥€ferring to Fig. 3, consider a TM polarized plane wave
domain derivative can be computed by solving the Helmholf40se electric field has-componentu’(x) = exp(jkx - d)

equation with an appropriate boundary condition (30). THth d = (cos 6o, sin 6p) and is incident on a cylinder with
numerical solution of this equation, however, presents tWgdiusp centered atthe origin. We think pfas a scalar param-
difficulties, which must be carefully addressed. eter that parameterizes the shape of the object. We observe a

Usually, the method of integral equations is preferred fél0iSY version of the scattered wawg(x) using a single sensor
solving boundary value problems. Indeed, this method aufd-the location

matically satisfies the specified boundary conditions as well
as the Sommerfeld radiation condition (3) once an appropriate x = (Rcos 0, Rsin 0). (35)

Experiment 1: Cylinder Radius Estimation
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CRB on the standard deviation (m)

AR
K 0'10 9IO 1&0 2;0 360
o receiver Receiver-angle (6)
(a)
Fig. 3. Geometry of the first example. A cylinder of radjuss illuminated
from directiond = (cos 6y, sin 8,) using a TM polarized plane wave. -
The CRB for the radius is computed by rotating a receiver located in e SE
x = (R cos 8, R sin 6). AB_ - DD |-
E
The scattered wave is given by [22], [39] _57'
.
s _ n In(kp) (1) /7. oy in(8—65) sl
wx) == Y it HP(kR)e (36) 2
H®P (k z
n=—oo n ( p) c
Bat
]
whereJ,,(-) denotes the Bessel function of ordeThe gradient 23-
of ?(x) with respect tg can be computed by @,f
o
3US (x) 2J - 1 in(6—8 T
Z (1) HO(ER)IC—0) (37) L . bk

20 180 270 360
Receiver angle (0)

using the properties of Bessel functions. Hence, for a sensor at (b)
locationx in (35) with noise varianc€w = o2, the CRB (14)
on radius estimation is given by Fig. 4. CRB for estimation of cylinder radiys Comparison of the explicit

form CRB using Bessel function series expansion (SE) (37) with the numerical
1 CRB obtained using the domain derivative (DD). fa}= 1 m, and (b)p =
o2 ou’ (x) * out (x) 10 m. The measurement SNR at the sensor is equally set to 20 dB tbaat
Cp = ? 3p ap (38) the frequency of the illumination is 50 MHz.

where the superscriptdenotes the complex conjugate. allowing only one degree of freedom. A total of 720 quadrature
In our numerical study, the receiver is located at a distanpeints are used for the discretization of the integral equation by

R = 1000 m from the target, the frequency of the plane wavihe Nystrom metho#.The value ofC,, is computed at every’l

is 50 MHz, and the direction of illumination &% = 180°. In angle. The total computation time for 360 values of @gwas

Fig. 4(a) and (b), we plo€,, of (38) as a function of receiver about 5 min. on a Sun Sparc Ultra 5 station. We observe that our

angled for a perfect electric conducting cylinder of radiis=  numerical algorithm accurately matches the explicit formulas

1 mandp = 10 m, respectively, assuming that the measurg@7) and (38).

signal at eachf is normalized to 20 dB signal to noise ratio

(SNR). The SNR is defined by B. Experiment 2: Estimation of Aircraft Shape and Location
o2 We now compute CRBs for shape and location estimation of
| (X)| aircraft-like 2-D objects using the actual locations and carrier
SNR (dB)= 20 log . (39) _ ] ng AC . :
o? frequencies of 20 commercial television stations near Gaithers-

. ] ) ] burg, MD. Fig. 5 depicts a 2-D aircraft-like target whose con-
Here,o? is adjusted for each to obtain a fixed SNR= 20 dB.

This is achieved by computing the scattered figl¢ix) for each ~_°Since the radii of cylinders are = 1 m andp = 10 m at 50 MHz oper-
ating frequency, 720 quadrature points corresponds to the sampling steps about

6. Fig. 4(a) and (b) also shows ﬂ@ CompUted by the new 1/700 or 1/70 of the wavelength, respectively. Considering that 10 to 20 samples
algorithm based on the domain denvatlve Since the shape per wavelength are usually used, the sampling densities in this paper are quite
a circle, the FD coefficients in (12) are high. We have chosen these high sampling densities in order to prevent any dis-
cretization error from interfering with our analysis since we are studying with
. fundamental performance limit of inverse problems rather than forward prob-
Al = B]\4+1 =p, A, =B =0 (OtherWISe) (40) lems.
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TABLE |
FOURIER-DESCRIPTERCOEFFICIENTS FOR THEAIRCRAFT-LIKE 2D TARGET INFIG. 5 (4 = By = 0)

Index (k) 1 2 3 4 5 6 7
Ak 2.059e4-3 | -5.234e+1 | 3.034e+2 | 1.914e+2 | 3.422e+1 | 1.752e+2 | 1.482e+2
ApMik 5.178e-0 || 1.638e+1 | -1.144e-1 | -2.629¢-0 | -2.069e-0 | -6.305e-1 | 1.224e-1
By 5.178e-0] -1.935e+1 | 1.839e+1 | -2.518e+1 | 6.657e-0 | -8.305e-0 | 6.141e-1
Bk 1.531e+3 | 4.236e+2 | 9.141e41 | -7.035e42 | 2.098e+2 | 7.042e+1 | 1.085e+2

TABLE I
PosITIONS AND CENTER FREQUENCIES OFCOMMERCIAL TELEVISION
10} J AND RADIO STATIONS NEAR GAITHERSBURG, MD. THE ORIGIN OF THE
COORDINATE SYSTEM CORRESPONDS TO THE.OCATION OF A PROTOTYPE OF
LOCKHEED-MARTIN’S SILENT SENTRY™
5 b
. Station [| X-coordinate (km) | Y-coordinate (km) | Frequency (MHz)
£ WBDC 16.298 ~21.039 687
% © WRC 11.542 -23.711 67
> WTTG 11.470 -21.952 77
_5 WILA 11.713 -22.564 175
WUSA 11.713 -22.564 187
WDCA 9.521 -21.083 507
—-10+ WETA 9.521 -21.083 543
WHMM 9.521 -21.083 579
1~0 5 6 5 1'0 1-5 WMPT 52.400 -15.918 519
- B X—axis (m) WBFF 48.671 20.382 657
WNUV 39.150 14.972 711
Fig. 5. Aircraft-like 2-D target generated by Fourier-Descriptor coefficient WHSW 39.150 14.972 531
oy WMAR 48.577 20.226 55
from Table | (4 = 7).
WBAL 48.577 20.226 199
WIZ 48.577 20.226 211
Jx100 , . . i , , WMPB 37.657 33.005 789
° WFPT -11.035 16.152 759
3t b WNVC -0.719 -31.013 723
o . | WNVT -19.471 -58.408 705
° o WNVI -10.004 -40.653 783
1k ]
o A . B !
(]
2 -1t 4
5 c e
> -2r og © . §
-3t ° 4
=4r o *> D E
-5+ E
6% . . , . . . ,
-2 -1 o] 1 2 3 4 5 6
X-axis (m) x 10%

Fig. 6. Two-dimensional locations of commercial television stations i
Gaithersburg. The origin of the coordinates corresponds to the location
Lockheed-Martin’s Silent Sentry™ prototype, and the poirdtsD denote
target locations.

tour is generated using the Fourier descriptor representation (
with M = 7. The 29 FD coefficients are given in Table I. Again,
we have used the constraifif; 1 = B; to avoid the ambiguity Fig. 7. lllustration of theP,, > 97% confidence region for shape estimation
due to the starting point. Fig. 6 shows the actual locations of tRighe aircraft-like target, located at themark in Fig. 6.

television stations. The origin of the coordinate systemis the lo-

cation of Lockheed-Martin’s Silent Sentry™ prototype, whiclalue ofo? of the noise covariance matri& in (6), as ex-
corresponds to the receiver. Table Il shows #eY position plained in Section VI-A. The data in this case contain multi-fre-
and the carrier center frequency of each station. We assume tinagncy information, and the expression (34) for multi-spectral
the transmitted signal is a TM polarized plane wave. The SNd®nsors is used to account for this. Even though there are 20
for each received signal is set equal to 10 dB by adjusting ttransmitters, there are only 14 distinct transmitter locations: for
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[ATB ]
(C D]

Fig. 8. lllustration ofP,, > 97% confidence regions when the target is located atth® marks in Fig. 6, respectively.

TABLE Il 14 distinct locations of commercial stations in Gaithersburg, so
CRBON THE Sl'ANDARD DEVIATIONS FORFD COEFFICIENTSWHEN TARGET IS onIy 28 dif‘ferent real measurements (or 14 Complex measure-
LOCATED AT THE A-MARK IN FIG. 6 WITH ORIENTATION SHOWN IN FIG. 7 . . .
ments) are available for the single-frequency scenario. It be-
Index ()) | © 1 2 3 1 5 6 7 comes impossible to reliably estimate the 29 unknown parame-
Ap 0.130 ] 0.103 | 0.062 | 0.115 | 0.086 | 0.058 | 0.075 | 0.126 tersinthe normalized FD representation. Therefore, in this case,
AMtk N/A | 0.093 | 0.159 | 0.077 | 0.084 | 0.048 | 0.086 | 0.107 we assume that the position of the aircraff, = [Am BO]T,
By | 0.067 | N/A 1 0.228 | 0.211 | 0.117 | 0212 | 0.259 | 0.050 5 known, reducing the number of unknown parameters to 27.
By | N/A | 0.124 | 0.067 | 0.130 | 0.039 | 0.144 | 0.09 | 0.122 1y g(py)—(d) presenk), > 97% global confidence regions for
the single-frequency stations with 199 MHz, 519 MHz, and 789

) MHz, respectively, when the aircraft is located at themark
example, the stations WDCA, WETA, WHMM are located af, Fig. 6. In this case, higher frequency signals provide im-

the same coordinate. This is because some commercial stati,g,rbﬁled estimation performance, while with low-frequency sig-
transmit on multiple channels. However, for the multispectral s such as 199 MHz, shape estimation is completely unreli-
CRB computation, each channel with different carrier frequengye Estimation performance is worst in the upper-left part of
corresponds to distinct data, so we have 20 distinct broadcgit oundary, which is directly illuminated by only one station
signals. o (WFPT). The wavelength of the 199 MHz signal is about 1.5 m,
Table lll gives the CRB on the error standard deviations for tRenich is comparable to the width of the narrowest part of the
29 FD coefficients when the aircraft is located at thenark in - gircraft boundary. Apparently, the measurement due to the iso-
Fig. 6. In Fig. 7, the global confidence region with probabilityated station in the northwest (WFPT) does not convey enough
Py = 97% for the aircraft boundary is illustrated. The corremformation about that part of the boundary. This results in a
sponding size parameteiin (18) is determined by solving (25). nearly singular Fisher information matrix and in a very large
Observe that the estimation of the upper-left boundary is less gfobal confidence region, as shown in Fig. 9(b). The influence
curate than the lower-right boundary. This phenomenon canéfsignal bandwidth is demonstrated in Fig. 9(a), where we pro-
understood by considering the location of the transmitters and fige 7, > 97% global confidence regions using the actual fre-
receiver: only one commercial station (WFPT) is located nortljuencies of the transmitters listed in Table Il. Here again the
east of the aircraft. This can be observed again in Fig. 8(a)—(dpsition of the target is assumed known, to facilitate compar-
which gives the global confidence regions for an aircraft locatésbn with Fig. 9(b)—(d). We observe that the use of multiple-fre-
at theA—D marks in Fig. 6 with different orientations. guency illuminators provides significantly improved estimation
To investigate the effect of the wavelength of the transmittgeerformance. Comparing with Fig. 7, we also note that, as might
signals as well as bandwidth, we momentarily consider an hyave been expected, fixing the position reduces error bounds.
pothetical scenario where all twenty stations transmit signalsin the simulations, a total of 720 quadrature points were again
at the same frequency. As observed in Table I, there are oniged for the discretization of the integral equation by the Nys-
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-c n

Fig. 9. lllustration of P, > 97% confidence regions due to (a) multi-frequency stations given in Table Il, and single-frequency stations with frequencies of
(b) 199 MHz, (c) 519 MHz, and (d) 789 MHz, respectively. In this simulation, the target is located.atreerk in Fig. 6, and its location is considered known.

trdom method. The total computation times for the CRBs wergherer denotes the outer unit normal vectorgmandV denote
about 40 min for a multispectral simulation and 5 min for #he tangential gradient an
single frequency simulation on a Sun Ultra Sparc 5 station.  Using Proposition 1, Corollary 1 can be easily modified to deal
with TE polarization if we replace in (42) withb;, whereb ; de-
notes thejth basis function in the parameterization (8). Then,
VII. EXTENSION TO TE POLARIZATION the global confidence regions can be constructed similarly.
The comparison of the global confidence regions for TE and

Another useful extension of the global confidence regiopy) polarization contains computational ingredients, and we
analysis is the estimation of a cylindrical symmetric targgt e it for further study.

(whose profile is constant along theaxis) with perfect electric

conducting boundary, using transverse electric (TE) polarized
incident plane waves [1], [22]. This setup again gives rise
to a relatively simple 2-D imaging problem using the scalar We have analyzed a 2-D parametric formulation of nonlinear

Helmholtz equation (1) with a Neumann boundary condition inverse scattering problems. These problems are nonlinear and
severely ill-posed, as they involve the identification of unknown

boundary conditions for the Helmholtz equation. Such problems

ons. (41) arise in a variety of radar imaging problems of interest to us, in-
cluding passive radar imaging. We presented a new algorithm
to compute Cramér—Rao bounds on shape estimation. This is

For the TE case, we can again compute the domain derivatithieved by employing the domain derivative technique which
as a solution to a wave equation, as stated in Proposition 1. T be computed numerically using the layer approach and the
proof may be found in Appendix C. Nystrom method. The resultant CRBs were used to define an
Proposition 1: Let s be of classC?, its deformatiors., be  asymptotic global confidence region, centered around the true
given by (27) and be also of clag¥’, and«” be the solution poundary, in which the boundary estimate lies with a prescribed

of the scattering problem (1). Then, the domain derivative’of probability. These global confidence regions conveniently dis-
exists and is given by the solutianto the Helmholtz equation pjay the uncertainty in various geometric parameters such as
in R*\ D satisfying the Sommerfeld radiation condition (3) andhape, size, orientation, and position of the estimated target, and

VIII. CONCLUSION

au_o
v

7

the boundary condition facilitate geometric inferences. Numerical simulations showed
that our algorithm is very accurate and can be successfully used
S for performance evaluation of parametric target shape and loca-

o =V QVu') +E (v -qu’,  ons  (42) tion estimation problems in passive radar systems.
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APPENDIX A — [ 2RelF (@ CRF@) - F@Blpaly) dy =0
PROOF OFCOROLLARY 1 r
The proof is a slight modification of the proof for star- (B4)
like boundaries given in [20]. Let ¢ {1,..., N} and
j € {1,...,J} be fixed, ande”) be thejth unit vector because (B.1) implies that the mean of the random
in R’. Consider the deformed shapg,, given bys.,, = vector Y, Jrype(y)dy, is equal to F(¢). Furthermore,
s(t) + ¢b;(t). Then Ve [ ps(y)dy = 0 since [, ps(y)dy = 1. This concludes
the proof.
1 W 1 Remark: The differentiability condition is not trivial in gen-
p [E (¢ +ce ) - ]:i(¢)} = g[f(sebj)(xi) —F(s)i)l- eral, since for an object with an abrupt boundary (such as the
(A.1)  one we are considering) the differentiability conditions might be
violated €.g.,the case of position estimation for a rectangular
Sincebj(t) is ContinUOUSIy tWiCE'differentiable, for SUfﬁCientIy pu|se in noise)' In fact, if the forward prob|em were modeled

small¢, the deformatiors.y, is also of class>? [20]. There- \ith the geometric optics approximation, then the differentia-
fore, by Theorem 1, as— 0, the right-hand side of (A.1) con- pjjity conditions would fail.

verges tou)(x;) which solves the exterior Dirichlet problem

with boundary data (30). At the same time, the left hand side of APPENDIX C
(A.1) converges td.F;(¢)/d¢;, so thab Fi(¢)/0¢; = w)(xi). PROOF OFPROPOSITION1
APPENDIX B According to Sokolowski and Zolesio [42, pp. 119-121], if

the domainD changes with velocity in the outer normal direc-

) ) _ N tion v,,, the domain derivative for the Poisson equation
It is known that subject to regularity conditions the vari-

ance of any unbiased estimate is bounded from below by the

REGULARITY CONDITIONS FORCRAMER—RAO INEQUALITY

Cramér—Rao lower bound (CRB) [40], [41]. For the Gaussian —V2u(x) = h(x), x € R*\ D
observational model (9) is distributed as Su
— =0, ons (C.1)
ov
pe(y) = (2m) "™ (det Cw)™*
is given by the solution’ to the equation
ly = FH)I12,-. gveny a
- exp —fw . (B.1)
—VA/ (x) = W (%), x € R*\ D (C.2)

Let A andI” denote the parameter space and observation spac,eh .
respectively, i.e.¢p € A andy € I'. This appendix shows that With boundary condition
the probability density function (B.1) satisfies the required reg-

ularity conditions [40]: o' V- (0n V) + o] ondD (C.3)
R1: Vgpu(y) exists for allp € A. ov Un V)T Unlly '

R2: [ Vepg(y)dy = Vg [ ps(y)dy forall¢ € A.

Proof of R1:Since exp(-) is an analytic function, whereV denotes the tangential gradient 8®, and/’ is the
Vape(y) exists if and only if the gradient of the loglikelihood,domain derivative of.. The proof in [42, pp. 119-121] is still
Vg log pg(y), exists. The gradient of the loglikelihood isthe same if we sek = k2. For the deformation of (27), the
given by velocity in the outer normal direction, is given byw,, = v-q.

This concludes the proof.

Vi loz poly) = 2RelF($) 1Ry = F9)]  (B2) N

hence the left hand side term of (B.2) exists if and only if The authors would like to thank the Passive Radar Systems

F'() exists. The existence oF (¢) has been already proVedgroup at Lockheed-Ma_lrtin, p_articularly Dr. R. Lodwig and Dr.
by Corollary 1, which concludes the proof. R. Taylor, for helpful discussions.

Proof of R2: For any¢ € A
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