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A Note on the Connection Between Bezier Curves and
Linear Optimal Control

Magnus B. Egerstedt and Clyde F. Martin

Abstract—We show that Bezier curves can in fact be thought of as the
solutions to linear optimal control problems, using results from Hermite
interpolation in combination with traditional linear optimal control. This
provides us with a computational view of Bezier curves that differs from the
standard DeCasteljau Algorithm, and it furthermore points out the close
relationship between Bezier curves and interpolating dynamic splines.

Index Terms—Bezier curves, hermite interpolation, optimal control.

I. BEZIER CURVES

Bezier curves constitute a class of approximating curves in that they
are defined using control points, but do not necessarily pass through
these control points. Instead the control points define the shape of the
curve as

B(t) =

N

i=0

BN;i(t)pi (1)

where pi 2 p; i = 0; . . . ; N are the control points, and

BN;i(t) =
N

i
(1� t)N�iti (2)

is a Bernstein polynomial. It is immediately clear from (2) that the
Bezier curves are parameterized by t, taking on values between 0 and
1.

From (2), it furthermore follows that we need N + 1 control points
in order to define a Bezier curve of degree N . Given N + 1 such con-
trol points in p, the Bezier curves can be established by an iterative
algorithm, the DeCasteljau Algorithm, that produces a single point on
the curve for each iteration of the algorithm. The construction is shown
in Fig. 1, where the points p0; . . . ; p4 are the control points in (1). The
curve is produced by letting � sweep [0, 1] as follows. The control
points are connected with lines, and new points are defined on those
lines at a fraction � of the distance between the endpoints of the in-
dividual lines. In Fig. 1, those points are p01; p12; p23, and p34. This
procedure is repeated, generating the points p012; p123; and p234 in
the second step, and p0123 and p1234 in the third step. The final point
p01 234 is a point on the Bezier curve, and, in this particular case, we
have that p01 234 = B(�).

The existence of this computationally inexpensive algorithm is what
makes the Bezier curves useful in a number of applications (see, for
example, [1]), and they are used extensively in computer graphics, as
well as in such areas as computer aided design. There is a wealth of
literature associated with this topic, and the books by Farin [3], [4] are
standard references for this subject. However, what will be shown in
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Fig. 1. Standard construction of a single point on the Bezier curve.

this paper is that while the DeCasteljau algorithm is elegant, the Bezier
curve is in fact a fundamental object from linear control theory.
Now, the question has been raised of whether or not the Bezier curves

are intrinsically better than the dynamic splines discussed in [5]–[10].
In this paper we will show that the Bezier curves are in fact intimately
associated with a linear optimal control problem and, thus, that they can
be realized as the solution to just such a problem. What this means is
that before it can be claimed that Bezier curves offer better performance
than other spline methods, further research is required. In producing
this result, we will rely heavily on the fact that the Bezier curves can
be related to certain Hermite interpolation problems, and that in turn
these Hermite interpolation problems are in fact linear optimal control
problems.

II. PRELIMINARIES

From (2), it is easy to calculate the derivatives of a Bezier curve using
the differential recursion for the Bernstein polynomials, given by

d

dt
BN;i(t) = NBN�1;i�1(t)�NBN�1;i(t);

i = 1; . . . ; N � 1; (3)

and
d

dt
BN;0(t) = �NBN�1;0(t)

d

dt
BN;N(t) = NBN�1;N�1(t): (4)

Thus, we can calculate the derivative of the Bezier curve in (1) as

d

dt
B(t) = N

N�1

i=0

BN�1;i(t)(pi+1 � pi): (5)

From (5), it follows that the derivative is in itself a scalar multiple of
a Bezier curve, calculated from the differences of the original control
points.
It is now straightforward to calculate all of the derivatives of the

curve. As is shown in [3] and [4], these derivatives have a very nice
closed form expression in terms of the forward differencing operators
�k

F , defined recursively as

�k
F pj = �k�1

F pj+1 ��k�1
F pj ; k = 1; 2; . . .

�0

F pj = pj : (6)

Thus, the kth derivative is given by

dk

dtk
B(t) =

N !

(N � k)!

N�k

i=0

BN�k;i(t)�
k
F pi: (7)
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We now note that only one of the Bernstein polynomials in (1) is
nonzero at t = 0, namely BN;0(t), with BN;0(0) = 1. Hence

B(0) = p0

d

dt
B(0) = N�F p0

...
dk

dtk
B(0) =

N !

(N � k)!
�k
Fp0: (8)

With this formulation, it is possible to calculate the derivatives of the
Bezier curve at the two end points p0 and pN . These two points, p0
and pN , have a special significance in the Bezier curve construction
since they are the only two points that the Bezier curve is guaranteed
to interpolate. From (8), we see that the interior points determine the
derivatives of the Bezier curve at the two endpoints. This suggests that
the Bezier curves are associated with certain Hermitian interpolation
problems. In fact, takingN derivatives gives the following two vectors:

p0

N�F p0
...

N !�N
F p0

2
p(N+1)

;

pN

N�BpN
...

N !�N
B pN

2
p(N+1) (9)

of derivatives at the endpoints that we would like to interpolate. Here,
�B is the backward differencing operator, and it should be pointed
out that at this point we do not know if we in fact need to take all N
derivatives at the endpoints in order to generate the correct Hermite
interpolation problem.

III. LINEAR CONTROL THEORY

We consider a linear system of the form

_x = Ax+ Bu; y = Cx (10)

where u; y 2
p and x 2

pq for some q to be determined later.
Furthermore, we let A have the form

A =

A 0 � � � 0

0 A � � � 0
...

. . .
...

0

� � � A

(11)

where A is the q � q nilpotent matrix

A =

0 1 0 � � � 0

0 0 1 � � � 0
...

...
. . .

...
0 � � � 0 0 1

0 � � � � � � 0 0

: (12)

Furthermore, we let B be the matrix

B = (eq; e2q; . . . ; epq); (13)

where ek is the kth unit vector in pq , with 1 in the kth position. The
matrix C is similarly given as

C =

eT1

eT1+q
...

eT1+(p�1)q

: (14)

The system in (10) thus consists of p single-input–single-output
(SISO) linear systems in parallel, and hence it suffices to consider the
subsystems individually. The algorithm for constructing the Bezier
curve is also a coordinate-wise algorithm. Thus, we will, without loss
of generality, consider the SISO linear system

_x = Ax + bu; y = cx; (15)

where A is described previously, b = eq (qth unit vector in q), and
c = eT1 (first unit vector in q).
A classical result for this type of system is given by the following.
Theorem III.1: Let x(0); x(1) 2 q . Then the control, u(t), that

minimizes

J(u) =
1

0

u
2(t)dt (16)

and drives the controllable system

_x = Ax + bu (17)

from x(0) to x(1) is given by

b
T
e
A (1�t)

1

0

e
A(1�s)

bb
T
e
A (1�s)

ds

�1

(x(1)� e
A1

x(0)):

(18)

We now recall that ifA is given in (12) we have that the exponential
is a polynomial matrix. In fact,

e
At =

1 t t

2!
� � �

t

(p�1)!

0 1 t � � �
t

(p�2)!

. . . � � �
. . .

. . .

0 � � � 1

: (19)

Thus, the control in Theorem III.1 is polynomial, and the degree of the
control is q � 1.

IV. TWO-POINT HERMITE INTERPOLATION

The classical Hermite interpolation problem is discussed in great
detail in almost every elementary numerical analysis book (in par-
ticular, see [2]). We are interested in a specific form of the general
problem, namely the two-point problem. At time 0 we specify k

values a0; a1; . . . ; ak�1, and at time 1 we likewise specify k values
b0; b1; . . . ; bk�1.
The problemwe are interested in is to find a polynomial of minimum

degree such that p(i)(0) = ai and p(i)(1) = bi; i = 0; . . . ; k� 1. It is
easy to see that there exists a unique polynomial of degree less than or
equal to 2k � 1 which satisfies the requirement.
In the previous section, we saw that there exists a control law that

drives a system from a point in q to another point in q in such a
way that the resulting trajectory is polynomial. Using the notation of
Theorem III.1, we see that since u(t) is a polynomial of degree at most
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q � 1, y(t) is in fact also a polynomial of degree at most 2q � 1. The
output, y(t), thus satisfies the constraints of the Hermite interpolation
problem discussed previously, in the case when k = q. Thus, we can
conclude that the linear optimal control problem and the special, two-
point Hermite problem have the same solution.

V. MAIN RESULTS

We saw previously that givenN+1 points in p, the Bezier curve is
a polynomial curve of degree N . Since the Bezier algorithm operates
at the level of coordinates we can restrict ourselves to the case p = 1,
which corresponds to only using the subsystem in (15) instead of the
full system in (10). For the continuation of this section, we consider
two cases based on the parity of N .

A. Case 1: N = 2M � 1

If wewant to produce a solution to theHermite interpolation problem
that has the same degree as the Bezier curve, we need to interpolate
between points in k such that 2k � 1 = N , i.e., k = M . In order to
produce such interpolation points in M , we need to computeM � 1
derivatives of the Bezier curve.

Using the expression for the derivative of the Bezier curve in (7), we
have that the derivatives of the curve at t = 0 are given by the vector

x(0) =

p0
(2M � 1)�Fp0

...
(2M�1)!

M !
�M�1
F p0

2 M (20)

where we have now assumed that p0 2 . The corresponding first
derivatives at time 1 are given by

x(1) =

p2M�1
(2m� 1)�Bp2M�1

...
(2M�1)!

M !
�M�1
B p2M�1

2 M : (21)

Now, the linear system of Theorem III.1 that drives (15) between
x(0) and x(1), produces an output curve of degree 2M � 1, which
is equal to N , i.e., the degree of the Bezier curve. However, by the
Hermite problem, this curve is unique and, hence, the Bezier curve and
the curve produced by the linear optimal control law are one and the
same.

The case when N = 2M is a bit more involved.

B. Case 2: N = 2M

As before, the degree of the Bezier curve in (1) isN , which is equal
to 2M . Let us now proceed by takingM instead ofM � 1 derivatives
in order to get the two endpoints in the Hermite interpolation problem.
We get

x(0) =

p0
2M�F p0

...
(2m)!
M !

�M
F p0

2 M+1 (22)

x(1) =

p2M
2M�Bp2M

...
(2M)!
M !

�M
B p2M

2 M+1: (23)

Now, it is a well-posed problem to construct the polynomial of min-
imal degree that solves the Hermite interpolation problem. Since we
are interpolating in M+1, we get an upper bound of 2(M +1)� 1 =
2M + 1 on the degree of the polynomial obtained from the Hermite
interpolation. However, the Bezier curve also interpolate the same data
using a polynomial of degree 2M . Hence, in this case, the degree of
the unique Hermite polynomial is actually 2M instead of the generic
degree 2M + 1.
We can also construct a polynomial that interpolates this data using

linear control theory. Again, using Theorem III.1, with the degree of the
system beingM+1, we construct a polynomial of degree 2M+1 that
interpolates the data. Again appealing to the uniqueness of the Hermite
interpolation problem we conclude that the degree is actually 2M .

C. Main Theorem

Based on the observations in the previous two subsections, we have
established the following fact that we state as a theorem.

Theorem V.1: Let fpi : i = 0; . . . ; Ng be a set of N + 1 points in
, with the corresponding Bezier curve

B(t) =

N

i=0

BN;ipi (24)

where

BN;i =
N

i
(1� t)N�iti: (25)

Let the function y(t) be given by

_x = Ax + bu

y = cx (26)

where A; b; c are given in (15), and where u(t) solves

min
u

1

0

u2(t)dt (27)

while interpolating

x(0) =

p0
N�F p0

...
N !

(N�m)!
�m
F p0

2 m+1 (28)

x(1) =

pN
N�BpN

...
N !

(N�m)!
�m
B pN

2 m+1: (29)

Then, y(t) is in fact identical to the Bezier curveB(t), with the choice
ofm = b(N=2)c, with b�c being the floor operator.
From Theorem V.1, it now follows that it is possible to use the

Bezier curves for constructing interpolating splines. However, the
control points must be chosen to insure continuity of the derivatives
at each of the nodes, and the procedure for doing this is exactly the
procedure used in [9]. Hence, the usual claim that Bezier splines are
cheaper than the interpolating splines to compute is probably not true
if it is desired to have a closed form for the resulting spline, and there
is more than two interpolating nodes. In this paper we make no claims
that dynamic splines are better than Bezier curves, but we have shown
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that Bezier curves are in fact a fundamental construction of linear
control theory.

It should be noted that when producing dynamic smoothing splines,
more than two interpolation points can be introducedwithout anymajor
increase in computational burden, while the Bezier curve construction,
using the DeCasteljau algorithm, becomes cumbersome as more than
two points are interpolated. (By this wemean that the DeCasteljau algo-
rithm is straightforward only when we have two endpoints. The intro-
duction of more intermediary control points, however, does not change
the nature of the problem since we have seen that the intermediary con-
trol points simply determine the endpoint derivatives.) There has fur-
thermore been a renewed interest, in the control literature, in dynamic
smoothing splines [7], [9], [10], i.e., in splines that do not interpolate
the data exactly, due to noise corrupted data points. Such smoothing
curves do not have a corresponding Bezier curve formulation, which
furthermore somewhat restricts the generality of the Bezier curve con-
struction.
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An Improved Second-Order Sliding-Mode Control Scheme
Robust Against the Measurement Noise

Giorgio Bartolini, Alessandro Pisano, and Elio Usai

Abstract—In this note, the second-order sliding-mode control problem is
tackled by explicitly taking into account the presence ofmeasurement error
with unknown upper bound . Under sensible assumptions regarding the
uncertain dynamics of a broad class of nonlinear plants, a new switching
controller is proposed guaranteeing a sliding accuracy of order ( ). Sim-
ulations highlight the robustness and good performance of the proposed
approach, and confirm the expected precision order.

Index Terms—Measurement noise, nonlinear systems, second-order
sliding modes, uncertain systems.

I. INTRODUCTION AND PROBLEM FORMULATION

Consider the following nonlinear uncertain system affine in the
scalar control variable u:

_x = f(x; t) + g(x; t)u; x 2 R
n

; u 2 R (1)

wherex is the statevector, t is time,and f andg aren-dimensionaluncer-
tain vector fields. The objective is to enforce to zero, possibly in a finite
time, the measurable sliding (or constraint) variable s = s(x; t). As-
sume that the sliding variable has a globally defined relative degree two
[7], which implies that the second derivative of s can be expressed as

�s = '(x; t) + 
(x; t)u (2)

where the control gain function 
 is always separated from zero. It is
often assumed that the sign of 
 is known and that the uncertainties
satisfy sensible structural and/or boundedness conditions such that the
effective application of Lyapunov-based or classical first-order sliding-
mode control (1-SMC) designmethods [6], [11] is possible. Their main
drawback reveal when the relative degree r of the measurable quantity
s to regulate is higher than one, as they generally require the knowledge
of its derivatives up to the (r� 1)th order. As far as the problem under
investigation in concerned (r = 2), the usually not-measurable _smust
be estimated by means of some observer (e.g., “high-gain” observer [6]
or sliding differentiator [9]).
Let the measured value of s, say ŝ, differ from the actual one because

of a bounded additive measurement noise n, i.e.,

ŝ(t) = s(t) + n(t); jn(t)j � �: (3)

A possible usual choice for the relative degree one signal to regulate
is � = _̂s+ cs (c > 0), and its estimation in the presence of noise ac-
tually deteriorates the accuracy, since the error affecting the estimated
derivative _̂s cannot be less than O(

p
�)[5], [9], and might even cause

instabilities if the observer/controller parameters are not properly set.
The second-order SMC (2-SMC) approach [1] solves the stabiliza-

tion problem for (2) by requiring the knowledge of s and just the sign
of _s. A class of 2-SMC algorithms derived from a generalization of the
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