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Abstract—In this paper we examine the leader-to-follower the issue of the number of leaders needed is a novel topic
ratio needed to maintain connectivity in a leader-follower multi-  introduced in the current paper.
agent network with proximity based communication topology. — The particular scenario under consideration in this paper is

In the scenario we consider, only the leaders are aware of the . hich the lead ¢ d ¢ £ i At
global mission, which is to converge to a known destination one in whic € leaders move towards a target location.

point. Thus, the objective of the leaders is to drag the team to the same time, the followers try to maintain appropriate inter-
the desired goal. In the paper we obtain bounds on the number agent cohesion using a standard, nearest neighbor control
of leaders needed to complete the task while guaranteeing Jaw. Adjacency in this network is supposed to be defined
that connectedness of the communication graph is maintained. thrqgh inter-agent distances in a so-called disk proximity
The results are first established for an initially complete . . L .
communication graph and then extended to the incomplete case. graph [1]. (Two agents are adjacent if they are within a given
The results are illustrated by computer simulations. distance of each other.) If the leaders move too fast, or if
there are not enough leaders to provide sufficient attraction
to the followers, the network may become disconnected.
Being able to effectively control networked systems is @s such, there is a critical number of leaders required to
key capability in a number of applications, including multi-ensure that the sum of the attraction exerted on the followers
agent robotics [7], [9], [2] networked sensor and health mairis sufficient to ensure that connectivity is maintained. The
tenance [11],[15],[10] and formation control [5],[12],[6],[8] establishment of this critical number is the main topic under
just to name a few. One way in which the user can interagonsideration in this paper.
with such systems is through so-called leader agents, whoseThe outline of this paper is as follows: Section Il describes
dynamics need not conform to those of the non-leader agentise system and the problem treated in this paper. The
In this paper we study such systems, i.e. systems when@mber of leaders that ensure connectivity maintenance of
a select subset of the agents are following a task-leveite network topology is treated first for the case of complete
controller encoding the transport of the network from onénteraction graphs in Section Ill. The results are extended to
location to another. The rest of the agents have no notion ofcomplete graphs in Section IV while Section V includes
these objectives, and are instead executing a local interactialustrating simulation examples. The results of the paper
based control strategy for keeping the team together. are summarized in Section VI, where we also include a
The reasons for prescribing networked solutions to eng#iscussion about further research directions.
neering systems range from cost considerations (many cheap
systems for solving a problem rather than a single expensive Il. SYSTEM AND PROBLEM STATEMENT
system) to strength-in-numbers arguments. However, as ofConsiderN agents evolving iR. Although this assump-
yet, few studies have addressed the question concerning htian seems restrictive, we argue here that the results of
many agents one actually needs. In this paper, we purstids paper can be extended to arbitrary dimensions in a
this question in the context of a leader-follower networkrelatively straightforward fashion. This however, is left for
In particular, we ask the question “How many leaders déuture publication endeavors. We use single integrator agents
you really need?”, in order to quantify the strength-inWhose motions obey the model:
numbgrs argument as it applies t(_). Ieader-folloyyer networks. b= uni €N =[1,...,N] 1)
While issues regarding controllability and stability of leader
follower networks has been addressed recently in [14],[13], We assume that agents belong either to the subset of
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I. INTRODUCTION



zone of another. We denotd/;| = N,. The communication less thanA from one another. Hence, the initial gragiit)
graph G = {V, E} of the group topology is a graph thatis complete and of course, connected. In the sequel, we derive
consists of a set of verticds = {1, ..., N} indexed by the sufficient conditions for the graph to remain complete as the
team members, and a set of edgBs= {(i,j) € V xV|i € leaders drag all followers towards the desired target paint

N} containing pairs of vertices that represent inter-agent Denote [N/| = Ny, |N!| = N,. Since the graph is
communication links. Since the sét is time varying, the complete, the dynamics of followérc /7, are given by:
graphgG = G(t) itself, is time-varying. . N )
The dynamics of each follower obey the following agree- Ti=— Z (@5 — ;) — Z (@i — ;)
ment equation: JENT JeN!
bi=— Y (wi—axj), VieNT ®3) = Nt Z w N+ Z E
JeN JENT JENT
The leaders have the additional goal of dragging the team = —(Ny + Ni)ai + Z T
to a desired goal position, defined By R. Their dynamics JENTUN!
are thus given by so that
gi=— Y (w;—x;)+ fzid), VieN' (4) b= —(Np+ N)zi+ Y zj,  VieN, (5)
JEN; JEN
where f(x;, d) is a term that pulls leadertowardsd. since N = N/ (JA?. Similarly, the dynamics for leader

In this paper we specifically study the case where we AN, are given by:
have a linear goal attraction functiof(¢, d) = —a(§ — d),
wherea > 0 is a constant. Most of the results, however, ared; = —(Ny+N;)x; + Z zj+ f(z;,d), Vi e N'. (6)
first derived and stated for a general functif(t, d). The JEN
following Lemma guarantees the boundedness of solutionsNote that withf (¢, d) = —a(¢ —d) the result of Lemma 1

of the closed-loop system with linear attractive teffd, d):  nolds and guarantees boundedness of trajectories.

Lemma 1:Let the closed-loop dynamics of (1) be given \ye can now study how the distance between two arbitrary
by (3),(4). LetQ2 be the convex hull of the agents #(#)  rohots changes with time. Denoe; = ; — ;. For two
and the goal positionl, () = Co(G(t) U d). Then the  arpitrary followersf;, f, € N/, we haved;, s, = —(N; +
trajectories of all agents i§ remain within 2(0) for all N;)dy, 5, which yieldsé , ;, — 0 and, of courselgy, f,| — 0.
t=>0. _ . With f(¢,d) = —a(¢ — d) the same holds for the inter-
Proof: We will show that for an arbitrary agent € G, |eader distances with a rate equal Ay + N, + a. In the
positioned on the boundary d?, the motion is either on general case the convergence rate depends on the properties
the boundary qu or pointing inside the polytopé2. If ¢ f(¢,d), but to guarantees,,;,| — 0 for two arbitrary
i € N7 the motion is given byi; = — 37, v, (zi — =). f  |eadersl,, 1, € A it is sufficient to requiref (¢, d) < 0 for
N; = 0 the agent will not move at all and the proof is trivial. )| ¢ Note that the distance between two agents of the same
Now consider the casé/; > 0. By settinga = N; ' and  tyne is monotonically decreasing, which means that if the
rearranging the terms we can shawi; = —x;+3 .o\, % distance is initially smaller thard\, the agents will remain
Apparently the motion of followeri is directed towards \yithin sensor range of each other at all times.

the barycenter of the subgrapti; C G, which, thanks to ko e A7 j € A7 and (€, d) = —a(€ — d), we have
convexity, is known to lie either on the boundary or in the

interior of 2. From the definition of convexity we can also bij = —(Ny + N)bij — a(z; — d), )
conclude that the motion of followermust lie within . Since the graph is complete we have\ < 4;;(0) < A.
Now assume that € N'. Thend; = — 3, . (2 — BN

) — a(w; — d). Define 3 = (N; +a)~". Then we get: For all‘zof J\ilanbdtv?rtgé V\cl)? E:\r/r?rL’lx;(tl) _sidn‘cg Zﬁmé :nts
Bi; = —x; + B(N; YXpen. 5 +ad). The motion of agent %%'_xl( ) | by AR - g
is directed towards a convex combination of the barycenté@main within the convex hull of their initial positions and the
of the subgraphV; C G and the goali. By definition, this 90al- By virtue of the Comparison Lemm#, satisfies);; <
convex combination lies within the convex hull@tud, and  ¢;; < d;; whered;; is the solution ob;; = —(Ny+N;)d;; —
therefore, by the convexity o2, the motion of agent is ;4 and 5, is the solution ofd;; = —(Ny + N,)bi; +
W|t_h|n.Q. Since the motion of any ggent on the boyndqry O&dmaxAy with initial conditionsé;; (0) = &;;(0) = 6;;(0). We
(1 is either on the boundary &t or directed into the interior haveo;;(t) > e~ NFTND (LA 4 dmax ) aduax for g

L . J = Ni+Ny Ni+Ny
of Q, we can conclude that no agent will ever enter outS|d§> 0 and 3y (t) < e~(Vi+NH(A — ol oidsss for
the convex hull defined by the initial positions of the agents — i\t) = ¢ (A — Nz+Nf) T NNy
and the goali. Hence,2(0) is an invariant set{

all ¢ > 0. A sufficient condition for the two agents (leader
and follower) to remain connected, i.e-A < §;;(t) < A
I1l. THE COMPLETE GRAPH CASE for all t > 0, is thus given by
In this section, we assume that all agents are initially adppax
within the sensing zone of one another, i.e., at a distance Ny >

— Ny 8)



The previous derivations are summarized as follows: connectivity is maintained for the full graph consisting of
Theorem 2:Let the closed loop dynamics of (1) be givenboth of leaders and followers.
by (5),(6) with f(¢,d) = —a(§ — d). Let z(0) € Q To start with, we consider the connection between two
and assume that the communication graji) is initially  arbitrary followersi, j € A’f. Without loss of generality we
complete and that (8) holds. The@(t) remains complete can assumeV;; < N;;. As before, we definé;; = z; — z;.
for all t > 0, andlim;_,o z;(t) = d for all i € N. We also introduceV!; and j\/}Q, which are subsets o’R/Jl
Proof: Having shown thag(¢) remains complete, it remains such tha\, | = |Nilj|, NLUN, = N} and N/ NN, = 0.
to show that all agents actually converge do Equations From (9) it follows that
(3),(4) are written in stack vector form a8 = —Lxz —

I'(z — d), wherez = [z1,...,2n5]T,d = [d,...,dT, and  Ti— % = = D (wi—ak) = Y (wi =)

the elements of the diagonal matix= diag(Ty,...,Tx) keN’ keN]

are given byl'; = 0, if i e N/ andT; = q, if i € N + Z (zj — ) + Z (z; — 1)
Defining = = =z —d, we havez = —Lz — 'z = keN'T kEN UNL,

—L(z+d)—Tz = =Lz — Tz, so thatz = —(L + 1)z,

where L is the Laplacian ofG(t). The eigen-properties of 1 i+ N+ N (1)

the Laplacian matrix are well established in the cooperative + Z Tk — Z zj+ Z (zj — xk).
control literature and are not recapped here. The reader is keN] keNh keN,
referred to [3] for a review of the Laplacian matrix properties. = —(Nj+ Ny)(x; — x5)

Note now that the graph corresponding to the mairix I’
is strongly connectgd [81], sin@(tp; is cognected. Moreover, EDIE D DD BECRE
sinceL is positive semidefinite with zero row sums ands
non-negativeL+1I is diagonally dominant. Since there existsAll leaders are connected to each other so it is known that
at least one leader, there exists at least onewr@fvL +T'  |z), —z,,| < A for any two leaders: € N}, m € N};. Also,

for which (L +T),, > > ‘(L + 1), ‘ = > |Ls|. Thus, the distance between followgrand any leader seen by that

j
#i ) i
combining Theorem 6.j2.14 and Corollarjy 6.2.9 in [4], Wefollower is bounded byA. It follows that

conclude that’. +I" is positive definite. Thug = —(L+T1")z 8ij = —(Nyp+ Ny)(z; — ;) — NijaA — Nij1 A(12)
yields z = 0 at steady state, which implies that = d for = —(Nj+ Ny)(zi — z;) — NyA (13)
all agentsi € A" at steady state( ! 7
Remark: It should be pointed out that the fact that alland
agents reachl also holds in the relaxed case where the G < (Nt NoMas — )+ No-A (14)
communication graph remains connected. This will be used o= (Ny + Nig) (@i — ) + Nij A
in the result of the next section. Our assumption is that initiallyz; — z;| < A. Sufficient
conditions for the connection to be kept at all times are

keN} keN keN],

IV. THE INCOMPLETE GRAPH CASE

In the previous section we considered a complete initial dij = A — 6;; <0,
graph. We next analyze a special case of incomplete graphs.
We assume that both the subset of leaders and the subset
of followers initially make up complete graphs. Howeverfor our purposes it is sufficient to consider the worst case
we no longer assume that all followers are connected to altenarios at the two extremes. Insertion in (13) and (14) gives
leaders. To describe this scenario we need to introduce som& conditions which can be summarizedMis > N — Ny;.
additional notation. LetV} c N be the subset of leaders This condition is satisfied regardless of the topology for every
that can be seen by follower(i € '), N; = |[NV}|, and graph that has
let /\/jf c N7 be the subset of followers that can be seen by Ny > Ny (15)
leaderj (j € N'), Ny; = |N/|. Using these notations, the
dynamics for an arbitrary followerc N/ can be written as

§ij =-A HCSW 2 0.

Next, we find out what it takes to keep the leader subgraph
complete. Consider two leadetg € M. As in the follower-
Bi=— Y (mi—ap)— Y (@i — ), (9) follower case we defing;; = z; — z; and we assume

kENT keN! (without loss of generality) thalv;; < Ny;. Initially |z; —
zj| < A, i.e. the leaders are connected, and we know from
before that sufficient conditions for the connection between
i =— Z (z; — x3) — Z (z; — x3) + f(z;,d). (10) leaderi andj to be kept at all times. arg; <0 atd, :.A
v ken?! and §;; > 0 at ¢;; = —A. Following the computations

in the follower-follower case we obtain the following two
We will now derive general conditions for the two completeconditions for the leaders to stay connected:

subgraphs to remain connected. After that, we will determine
a conservative bound for the number of links needed betweehi < —(Ni + Nyi) A + Ng; A + max(f (2, d) — f(z;,d))
a specific leader and the group of followers to guarantee that < —(N; — N¢)A 4+ max(f(x;,d) — f(z;,d)) <0,

while for an arbitrary leadej € ¥ we have



0i > (N¢ + Ngi) A — Ny A 4+ min(f(z;,d) — f(z;,d)) function f (¢, d). To guarantee that the link between leader
>

(Nf = Ng)A + min(f(zi,d) — f(xj,d)) > 0. and followerj hold we require that
Both conditions above lead to the same constraint on the Nij 4+ Ny > N (20)
goal-attraction functiory (¢, d), namely 2
and
ax A SN=Np 8 d) < @+ N - M)A w0 (21)
for any ¢ that lies on the trajectory of any of the leadersfor all ¢ > 0. By Lemma 1, with f(&,d) = —a(& — d)

Remember that the condition for the follower subgraph tequations (20) and (21) are satisfied for
remain complete wasVy > N;. This means thaif (¢, d)
. S : . N ad
must be decreasing with increasiagver every intervalA. Nij+Npi > —+ — (22)
An interpretation of this result is that the overall effect of 2 24
f(&,d) must be an attractive force that brings two arbitrary The derivations are summarized as follows:
leaders closer to each other. Another interpretation is that if Theorem 3:Assume thatf(§,d) = —a({ — d) and that
two leaders are moving in the same direction, the magnitudee communication graplg(¢) is initially constituted of
of the velocity of the leader lagging behind should be largetwo complete subgraphs, the subgraph of leaders and the

Remark: For the particular casg(¢,d) = —a(¢ — d), subgraph of followers. Further assume that there initially
condition (16) is equivalent to exists at least one connection between the two complete
subgraphs. Then, if the graph satisfies conditions (15), (17)

az=Ny—N. (17)  and if (22) holds for all initial links(i, j) such thati € A

€ N7, all connections in the graph will be maintained and

To complete the analysis we now consider the connectloélr]I the agents will tend ta.

between the group of leaders and the group of fOIIOWer?\lote that all agents converge dioprovided that the commu-

The two subgroups are now assumed to be internally fully.” . : . .
connected and to satisfy the constraints (15) and (17). Usi%ﬁca:;ovr;rg:%? [I'ehn;f)urrésr’ncgn:r?gt;i (?esrrllsal:E Zfi:rsiet in Theorem

the same strategy and the same notations as before, we s .
oy emark: In the worst scenario the number of leadé¥s,

the analysis by studying the link between an arbitrary leader. o
i, where initially Ny; > 1, and one of the followerg that will be bounded byNy — 2 < N; < Ny, while in the best

o . ) f scenario it will be enough with just one leader.
is initially connected to leader; i.e., j € N. . : .
. i : ! In fact, if we do not require thall connections between
The dynamics of leadei are given by (10) and the S )
dynamics of followerj are given by (9). Thus leaders and followers are maintained, but simply want to
y J 9 y ' ' ensure that the two subgroups remain connected, then the

i —d; = — Z (z; — xp) — Z (2 — x) + f(2,d) following result is useful.
Lemma 4:Assume that (15) and (17) are satisfied. E&t

1
N kent be a subset of the initial links between the group of leaders
+ Z (zj —ax) + Z (zj — =k) and the group of followers and let the neighbor sets of the
keNt keN} graph be defined such that A/ is considered a neighbor
_ Z (zi — 1) — Z (zi — 1) of j € N7, and vice versa, if and only if _th.ey' are in[tially
Pyt rENT connected and the linki, j) € E*. Then, if it is possible
’ ’ to find a subsef&™*, |E*| > 1, such that all the links irE*
- Z (i — xp) + f(2,d) + Z (r; — ) satisfy condition (22), the group of leaders and the group of
keN{ keN! followers will remain connected with each other.
Proof: The proof follows directly from Theorem (3) and
D INCEEOLDBCEED from the constraints (18) and (19). By definition, the links
keNI\N/ kEN; included in E* are invariant,.e. for each robot there exist
= —Nyi(wi — ;) = Nij(w; — 25) + f(wi,d) a well defined lower bound on the number of neighbors. If
_ Z (25 — ) + Z (zj — o). the inequalities (18) and (19) are satisfied for all robots for
FENT\W! KENT\NY the lower bounds on their number of neighbors, then the

inequalities will hold even if additional non-invariant links
As before we analyze the two casgs = x; —x; = A and  are added and removed.

d;; = —A. This leads to two conditions ofj};:
V. SIMULATIONS

i < [z, d) — } ) — < . . : .
0ij < f(@i,d) = (2(Nij + Nyi) = N)A <0 (18) In this section we illustrate the results of sections Ill and

5ij > f(aid) + (2(Ny; + Npi) — N)A > 0. (19) IV in a series of simulations. The simulations are performed
in MATLAB and we used the built-in MATLAB function
Combined, the two conditions above give one condition onde45 to obtain the trajectories of the robots through numeri-
the sumN,;; + Ny; and one condition on the goal attractioncal integration. In all simulations we ugé¢, d) = —a({—d).



Before describing the simulations we need to point out 20
two things. First, due to rounding errors simple numerical
integration methods should not be used in stability analysis
other than as a complement to theoretical analysis. As such,
however, they present a powerful tool for examining the
behavior of a system. Second, the stability conditions derived
in sections Il and 1V guarantee maintained connectivity and
convergence to the goal, but they are not necessary for either
connectivity or convergence. As simulations will show, the

robots often converge even if all conditions are not satisfied. 0 1 2 rimet o 4 5

=
(53]
T

/ —leader ||
— follower|

=
o

Robot coordinates, X, (t)

o
T

A. Complete graph Fig. 2. Position coordinates as functions of time for agents in a network
To illustrate the behavior of a group of robots with arwith an initially complete communication graph. At time= 0 the stability

initi nstraints are not satisfied and some of the communication links are

initially complete graph we show three examplgs fora gro_upeomporarily broken. At ~ 0.46 (dotted line) all links have re-formed.

of 7 robots. Two of the robots are leaders with dynamics

given by (4) and the remaining five are followers with

dynamics given by (3). The robots have a sensor range of 20

A = 10 and the initial positions are given so that all robots

are within sensing range of each othertat 0, i.e. the

communication graph is complete. The initial positions for

the robots, as well as the position for the gaeal= 20,

are the same in all three simulations, but the value of the

goal attraction termu is changed and thereby the stability -

condition (8) is affected. In the first example= 3 and (8) —

is satisfied. In this case, all robots converge to the gbal o ‘

(see Fig. 1) and the graph remains complete fot &l0. In 0 ‘ Time, t

the second example we hawe= 8 and condition (8) is no

longer satisfied. As seen in Fig. 2, the increased attractidiip- 3. Position coordinates as functions of time for agents in a network

with an initially complete communication graph. The stability constraints

towards the goal causes the Iefaders to converge.fastiar toare not satisfied and the contact between leaders and followers is broken at

but at the expense of temporarily broken connections to th@proximatelyt = 0.14 (dotted line).

followers. In this case the followers catch up with the leaders

again and all agents converge d but if a is increased

further, the followers will eventually not be able to catch URhat the Subgraph of leaders and the Subgraph of followers
with the leaders once the links start to break. With- 10, are Comp|ete but that the combined graph is hetsome of

all connections between leaders and followers are broken e leaders and followers are not within sensing range of each
approximatelyt = 0.14 and as a consequence, the followergther. We start with an example where sufficient constraints

=
(%))

—leader ||
— follower|

Robot coordinates, xi(t)
=
o

o

do not reach the goal (Fig. 3). are satisfied to maintain the connection between leaders and
followers. For the simulations we use a setup with nine
20 ‘ ‘ ; ‘ : robots, four leaders and five followers. The sensor range in

this case is assumed to Be= 6 and the initial positions of
the robots are given by(0) = [10 8 7.5 7 5.5 4 3 2 0.5],
where N = {1,2,3,4} and N/ = {5,6,7,8,9}. As in
:lfaaldgva previous simulations, the goal is @t= 20. With V; = 4 and
Ny =5 it is obvious that (15) is satisfied and by choosing
] a = 1.1 we make sure that (17) holds as well. With (15)
and (17) satisfied we know that the leader and follower
‘ ‘ ‘ ‘ ‘ ‘ ‘ subgraphs will both remain complete, but we also need to
L e consider the connection between the two subgroups. A closer
analysis shows that (22) is not satisfied for all existing links
Fig. 1. Position coordinates as functions of time for the agents in a netwotdetween leaders and followers at= 0. With the given
where the communication graph is initially complete and the stability,5)eg of A, d and a constraint (22) can be expressed as
constraints are satisfied. As expected, the graph remains complete and L e
robots converge to the goal. 1; + Ny > 6.33, and this is not satisfied by, for example,
link (1,5). Since Theorem 3 does not apply we can not
guarantee that all links will hold, but we may still be able
B. Incomplete graph to show that the connection between leaders and followers
Let us now consider the case of an initially incompletds maintained. To do this we turn to Lemma 4. If we define
communication graph. We assume, as in previous sections} to be the subset of links connecting leadérs 2,3, 4

=
(%))
T

Robot coordinates, xi(t)
o) S




to followersj = 5,6, 7,8 we can verify that (22) is satisfied results were then extended to the incomplete graph case
for all links in E* and by Lemma 4 we are able to guaranteevhere number and position of leader-follower communica-
that the full graph will at least stay connected. The stabilityion links were also taken into account. The results were
result is confirmed by the simulation shown in Fig. 4. In factsupported by illustrating computer simulations.

it turns out that even though we could not apply Theorem 3, Further research involves extending the proposed frame-

all initial links hold for¢ > 0.

work to arbitrary dimensions, applying saturating leader goal

In the final example we use the same setup as before, kaitraction forces, and extending the results to the general

now we assume that the sensor range is decreassd-tot.
The change ofA do not affect conditions (15) and (17),
which are still satisfied, but now it is not possible to find
even a subseE* of the links between leaders and followers [1]
that satisfy (22). As seen in Fig. 5, the existing links between

the two subgroups are not sufficiently strong. Atz 0.24  [2]
the last connecting link breaks and the subgroups diverge.
20 [3]
= (4]
><;‘ 151
% (5]
"g 10k
S [6]
Q 1
S 5
@
(7]
% 2 a 6 8 10
Time, t [8]

Fig. 4. Position coordinates as functions of time for the agents in a network
with an initially incomplete communication graph. The stability constraints [9]
are satisfied and all robots converge to the goal. The dotted line indicates
the time when the communication graph becomes complete.

[10]

20 [11]

=
ol
T

[12]

— leader ||
— follower|

=
o

[13]

Robot coordinates, X, (t)

o

_ | [14]

0 1 2 3 4 5

15
Time, t [15]

Fig. 5. Position coordinates as functions of time for the agents in a network
with an initially incomplete communication graph. The stability constraints
are not satisfied and the contact between leaders and followers is broken at
approximatelyt = 0.24 (dotted line).

VI. CONCLUSIONS

In this paper we examined the leader-to-follower ratio
needed to maintain connectivity and guarantee convergence
of the whole group in leader-follower multi-agent networks
with proximity based communication topology. First we
studied the case where we had an initially complete commu-
nication graph. We obtained specific bounds on the number
of leaders that drag the team to the desired goal while the
connectedness of the interaction network is guaranteed. The

incomplete graph case.
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