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Abstract

In this paper some of the relationships between B-splines and linear control theory is
examined. In particular, the cortrols that produce the B-spline basis is constructed and
comparedto the basiselemens for dynamic splines.
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1 Intro duction

In this paper the connectionsbetweenthe theory of B-splines and cortrol theoretic or dynamic
splinesare examined. The theory of B-splinesis a well developed areaof applied numerical anal-
ysisand interpolation theory, and the useof B-splinesrivals that of Bezier curvesin applicability
to computer graphics and approximation theory. (Seefor example[1, 2].) On the other hand,
the idea of dynamic splineswas rst used by Crouch and his colleaguesin the determination
of aircraft trajectories [3]. Quite independertly Martin, Egerstedt, and their colleaguesbegan
exploiting the properties of controlled linear systemsto solve interpolation and approximation
problems.

Since the introduction of splinesby Shoenberg, [4, 5], it has beenrecognizedthat they are
extremely powerful tools both in application and theory. Many variants have been introduced
over the yearsand this paper is an attempt to shav how someof thesevariations are related.

In [6, 7, 8] it was recognizedthat the dynamic splines generalizedthe classicalconcepts of
splinesand that many applications were easyto formulate and solve using the cortrol theoretic
approach. The ideaisto nd a cortrol that drivesa linear, single-input, single-output cortrol
system of the form

Ax + bu

X
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through, in the caseof interpolation, a seriesof way points or closeto a seriesof way points,
in the caseof smoothing. Here, x 2 R"; u;y 2 R, and A, b;c are matrices and vectors of
compatible dimensions. When adopting this cortrol theoretic point of view, the goal becomes
that of constructing the control directly rather than the actual spline.

Given a set of data of the form

f(ti; i):i=1 ;Ng;

where {2 R;i=1::;;N,and0< t; < :::< ty < T for some nal time T, we generatetwo
optimal control problemsthat produce the desired cortrols. The rst problem, the problem of
interpolating splines,is as follows.

Problem 1 Z

min u(t)dt
u2L2[0;T] o

subject to the constraints
y(ti) = i;i=1:5N:

As shown in [6], this problem can be solved by reducing it to the problem of nding the
point of minimal norm on an a ne linear variety in the Hilbert space,L 5[0; T].
The secondproblem, the problem of smoothing or approximation, is formulated asfollows.

Problem 2 I
. z T 2 X 2-
UZEI[Q;T] 0 urhde i=1 w () U

where the weightssatisfyw; 0; i = 1;:::;N.

The main goal of this paper is to understand the extent to which thesetwo problemscan be
applied to the theory and application of B-splines.

2 A basis for B-splines

In this sectionwe considerthe standard basisfor normalized, uniform B-splines. We take two
approaches. The rst is a modi cation of the generalapproac of de Boor [2] and is inspired by
[9]. The secondis a more geometric approac, where we determine the geometric properties of
the basisin order to gain an understanding of its relationship to optimal cortrol.

The following recursive algorithm for the computation of the basiselemeris of the B-splines
is taken from [9]:

Algorithm 1 LetNgo(s) = 1and, fori= 1;2; ;Kk,

% Noi(s) = 1-=Ngi 1(9)
§ Ni;i (S) = i§Ni L 1(3)
CONi(s) = HEEENp g (s BN ()i =L gL




We then de ne the basiselemen B(s) as

8
< Nk jk(s J) ] s<j+1j=0 7k
Bk(s) = . 1)
0 s<Oork+1 s:
The spline function of degreek is given by a weighted sum of shifted B-splinesfor a xed value
of k, i.e. the spline function becomes

M
Sk(t) = GBk(t i+ 1): (2)
i=1

For now our primary objects of interest are the basiselemen B(s). We rst note that
B«(0) =B (©0)= =8B Y0=0

aswell as
Brk+ 1)=BPk+1)= =B* Yk+1=0;

where Bl((')() denotesthe Ith derivative.

We furthermore obsene that Bg(s) is a piecewisepolynomial of degreek and that it is
k 1 times continuously di erentiable. These are of coursejust the properties that make it a
polynomial spline. We are, however, particularly concernedwith the characterization of the kth
derivative. This function is piecewiseconstart and if we use a piecewiseconstart input to the

cortrolled di erential equation
k

Ty = u()
we can generatethe function By (t). It is tediousto compute the derivativesof the generalB i (t)
soin the remainder of this paper we restrict ourselvesto the cubic case.

In Table 1 we calculate the rst few of the elemerts, using Algorithm 1. The derivatives of
the cubic terms are calculated and presered in Table 2. To de ne the generatingbasisfunction
we furthermore make the appropriate shifts, preseried in Table 3. We are not interestedin the
guadratic caseso we calculate the derivativesof the cubic terms in Table 2

3 A geometric approach

We know that the B-spline, B 3, should have the property that the B3(0) = Bél) 0) = Béz) o=0
and B3(4) = Bél) 4) = Béz) (4) = 0, where the spline is de ned on the interval [0; 4], in order to
ensurethat it hastwo contin uous derivativesover the ertire real line.
We rst obsene that
Bs(t) = %t3; 0t 1

and that
Bg(t)=g(t 4% 3 t 4



for somechoice of a and d. Now, on the interval [1; 2]

B ()=t 1)+ (1 1)+

and in order for B )(t) to be continuouswe must have = a. For B )(t) to be cortinuous we

must furthermore have = 2a. Thus we have that

BM (1) = bt 1)2+ 2a(t

We can show in a similar fashion that on the interval [2; 3] we must have

B () = ot 3)2 2d(t

We now have four free parametersa; b;c;d that needto be determined.
In order to achieve continuity of the rst derivativesat t = 2 we must have

1)+ a

3+ d:

Bél)(Z) = b+ 2a+a=c+ 2d+ d;

and in order to have cortinuity of the secondderivativeswe must have

B?(2) = 2b+2a= 2

Thus we have usedtwo of the degreesof freedom. We now integrate Bél) (t) to obtain Bj(t).

Since B3 )(t) is continuous on the interval [0; 4) the function

Z
yity= B (s)ds

will likewisebe corntinuous and will have the proper degreesof zerosat t = 0. We must insure

that
y(4)=20

but this can happen if and only if z,
B (s)ds= 0
0

We begin by writing B3 () (t) as

8
at?

bt 1)2+2a(t 1)+ a

(1)
M=5 ot 37 20t 3)+d

d(t  4)?
and B(z) (t) as 8
% 2at
(2)(t) 20t 1)+ 2a
3 2t 3)
2d(t  4)

wWwN PO

~ ~ o~ o~

wWwN PO

A OWONPR

~ o~ o~ o~

A OwWNPE

3)

(4)



Integrating Bél) (t) gives 7

t
Ba(t) = B (s)ds;
0

which in turn givesus the following

8
3 at3 0t 1
a4+ bt 1P+ at 12+alt 1) 1t 2
= 3
B3(t) ; 7a+ b§c+63 + %(t 3)3 d(t 3)2+ d(t 3) 2 3 (5)
. 7a+ b-oéc+7d + %(t 4)3 3 t 4
Now, in order for B3(4) = 0 we must have
7a+ b+ c+ 7d= 0
Solving this system of three equationsin four unknowns we have
3a+b ¢ 3d = 0
atb+c+d = 0
7a+ b+c+7d = O
or in other words
a = d
b = c
b = 3a:
Thus we may usea asthe free parameterto obtain
8
3 ast3 0ot 1
S ald @ 13+t 1)+t 1) 1t 2
B =5 adwt 3P+t 32 t 3) 2 t 3 (©)
: at(t 4)° 3t 4

From this we seethat a is just a scaling parameter and the continuity of the derivatives can
easily be chedked.
Now that the parametershave beenchosenwe can evaluate the secondand third derivatives

to obtain 8
2at ot 1
@) 14y — Ga(t 1)+ 2a 1t 2
= 7
B3 (1) 3 6alt 3)+2a 2 t 3 (7)
' 2a(t  4) 3t 4
8
% 2a 0 t<1
(3) ir _ 6a 1 t<2
B37(0 = 3 6a 2 t<3 ®
: 2a 3 t< 4
Letting
u= B (1)

5



givesus that the spline function can be uniquely generatedby the control system
d3
WX = u; x(0) = x(0) = x(0) = 0;

for a given choice of a.

4 An optimal control approach

A natural questionto askis if the basiselemen for the B-splines B k(t) is optimal with respect
to somestandard optimal cortrol law in the samesensethat interpolating and smoothing splines
are optimal. Becauseof the initial and terminal conditions care must be takenin the formulation
of the optimization problem. In this section we cortinue to restrict our attention to cubic case
for easeof computation. In principle we could work with any dimension but in practice the
calculations would becomevery cumbersome. However, it is natural to usethe system

d3

de

becausein this casewe can prescribe the correct boundary valuesin a very natural manner as

X=u

x(0) = x(0) = x(0) = 0

and
X(4) = x(4) = x(4) = 0:

We are thus asking for a cortrol that is piecewiseconstart to generatethe B-spline. From
the proceedingwork we have that the cortrol

8
2a 0 t<1
(3) iy _ 6a 1 t<2
B3 (t)_g 6a 2 t<3 ©
2a 3 t<4

is the desired control. Now in the spaceof B-splines with nodes at the integers, the B-spline
from the previous sectionis certainly optimal with respect to someoptimal control law due to
its uniqueness. However, a reasonablequestion to ask is if it is the solution to the following

problem.
Problem 3
min  Kuki ,
u2L1 [0;4]
subject to the constraints 5
d
—=X = U;
dt3

x(0) = x(0) = x(0) = 0;
X(4) = x(4) = x(4) = O;

and x(2) = for given (6 0).



In other words, are the nodes forced by some choice of the optimal control law? Surprisingly
the answer is no. There is a bang-bangcortrol law that doesbetter than the uniform B-spline,

aswe will seein what follows.

4.1 Dual Optimization

Since the B-spline passesthrough the point at time t = 2, the augmerted optimization con-

straints become R
X(4)= Ju(t)dt=0
Ry R R,
X(4)= o gu(s)dsdt= (4 t)u(t)dt=10
Ry4R R R
X@) = o 5 Ju(r)drdsdt= 1 J(4 t)2u(t)dt=0

R
X(2)= 3 g2 Biuydt= ;
where (2 t)3= (2 t)2ift 2 and 0 otherwise. These constraints can in turn be rewritten,
adopting an inner product notation, as

hl;ui =0

M tui=0

h4 t)%ui=0
h2 t)%ui=2;

where the inner product is taken between elemens in L1 [0;4] and L 1[0; 4], which is the dual
spaceof L, [0; 4].
Now, in [10] the following standard theorem in dual optimization can be found:

suppsethat
D=fx’2X"jhyi;x%i=q;i=1:::pg

is nonempty. Then

hya:®% = kyak kr’k:

By applying Theorem 1 to our problem, the dual maximization problem becomes

max  au;
kY ak|_ 1 1

wherea = (aj; ap; as;as)’ and

Yaz a + ap(4 t)+az(d )%+ a2 1)3:



If a’ 2 L1[0; 4] solvesthe dual problem then the optimal u? hasto satisfy
hy a?; u’i = kY a’k, ku’k, :

This directly givesthat ju’j hasto be constart on the ertire interval and that it only changes
sign when Y a changessign. It is thus a bang-bangcortroller that solvesthe problem.

SinceY a is a quadratic function for botht 2 andt > 2 and is contin uous, together with
its rst derivative, at t = 2, we seethat Ya and henceu? changessign three times at most.
Moreover if the number of sign changesof u” in the interval (0;4) is lessthan three, we can
easily show that the constraints x(4) = x(4) = x(4) = 0 cannot be satis ed. We thus assume
that u” changessign three times in (0;4) and

8
%U 0 t<ty
2 _ U 1 t<t
u (t)-§ U hot<ty (10)

U t3 t<4
with 0 < t; < tp < t3 < 4. Then the constraints x(4) = x(4) = x(4) = 0 are computed
respectively as
Ra 2t = .
oui(t)dt= U2ty 2t,+ 2tz 4)=0;
R
J@ Huldt=U (4 1)+ (4 )2 (4 t3)2+8 =0

R h |
g4 D2P(tdt=U 24 t)%+ 24 t)° 2(4 t3)3+ & =0

Thus with
ri=4 t; ra=4 1t r3=4 ts
we get 8
3 M1 ra+rs= 2
5 r2 r3+r3=8 (11)

r3 r3+r3=32
Solving this system of algebraic equationswith 4> r 1 > r, > r3 > 0 yields the unique solution
P P
r=2+ 2, r=2, rz=2 2,

and we obtain optimal switching times as

tg = 2 pé; t, = 2 t3=2+p§: (12)
On the other hand, the value of U is obtained from the constraint x(2) = with = 2=3,
namely 7
172 5 o 2 P-. 2
5 0(2 t)u(t)dt—§U(2 2)= =3
yielding p_
2+ 2
U= 3 (13)



Finally, the optimal solution x(t) is obtained as
8

% £ts 0 t<ty

1 It ty)d tp t<2
X0 = (14)

% la 13 Ltz 13 2 t<t

%(4 t)3 t3 t< 4

In Figure 1, the solution x(t) is depicted together with the B-spline B 3(t) (dotted line).

4.2 Bang-Bang Control

There is another way in which to approacd this problem. We can assumethat there is a bang-
bang cortrol law and simply askif the nodesare forced.

Let 8
% 1 0 t<ty
B 1 t1 t<t
u(t) = 5 1 <ty (15)

1 t3 t< 4
We only assumethat 0 t; t, tz 4. Wedirectly calculate the integrals of u as

8
t 0 t<t
z, 3
t1 (t ty) tp t<t
u(s)ds = 16
0 (®) 3 (a3 4+ (t ty) t t<ts (16)
) (t 4) t3 t<4
Now, in order to have cortinuity at t = t, we must have
th (2 t1)= (tz 4+ (12 t3) (17)
and
8
. % %tZ 0 t<t
t s34+ t(t t) 3t t)? t1 t<t
t s)u(s)ds= _ 27 2 18
o MO M ap e Wit w7 b otcn @O
T3t 4)? t3 t<4&

Again in order to have continuity at t = t, it must hold that

s A (s A o W 09

1, 1 2
—_t5 + — t =
2t1 ti(tz  t1) 2(tz 1) 5

aswell as

3 g(t s)2u(s)ds =
1,3

% gt 0 t<t
%t%Jf 2t t) + da(t ty)? %(t ty)3 t1 t<t
% Lita 4@ Lts 420t t)) Ltz 4t t)?+ Lt t3° t t<ty
F(t 43 t3 t< 4

(20)



Again in order to have corntinuity at t = t, we must have

%tfi S(t t) + Sta(ta t1)? (2 t1)3=

3ts 42 (s DAtz t3) (s A)(t2 t3)?+ F(t2

Now, let
a = t1 O
b = t, tg
c = t3 1o
d = 4 ts:

Substituting theseinto Equations (17), (19) and (21) givesthat

13

a b= d ¢
1, 1 1, 1,
— + — = — + —
S ab 2b2 2d cd 5C
1, 1, 1 1 1, 1, 1
—a®+ Za?b+ = PP = Zd¥+ Zd%c+ = —
St t 52 b 2ab2 3!b3 3!d 2d c 2d02 C

and we get a fourth equation
at+b+tc+d=4

Adding the two linear equations (26) and (29) together gives
a+c=2

and when subtracting them we get
b+ d= 2

Substituting for a and bin the quadratic equation we have
2 0?+22 o d (@ d?=c 2cd d*

Expanding the left hand side we have

4 4c+c?+8 4d 4c+2cd 4+ 4d d?°=c 2cd d¥

which upon collecting terms gives
cd 2c+2=0:

Manipulating the cubic equation gives
(a+ b3 20°= (d+0)® 2c%
Substituting the linear terms for a and b gives
(4 (c+d)® 22 d)3=(d+0c)° 2c3

10

3!

t3)32

(21)

(22)
(23)
(24)
(25)

(26)
(27)

(28)

(29)



and expanding the left hand side gives
(c+ d)3+ 12(c+ d)? 48(c+ d)+ 64+ 2(d® 6d?+ 12d 8)= (d+ ¢)® 2¢°
Further simpli cation gives
2(c®+ 3c%d+ 3cd®+ d®)  12(c?+ 2cd+ d?) + 48(c+ d) 64 2d3+ 12d° 24d+ 16 2c3= 0
(Pd+ cd?) 2¢? 4cd+ 8c+4d 8=0

Using
cd=2c 2

we have
(2c 2)c+ (2c 2)d 2c> 4(2c 2)+ 8+ 4d 8=10
2c2 2c+2cd 2d 2c® 8c+ 8+ 8+4d 8=0
+2¢c 4+ 2d=0

We now have reducedthe systemto the following simple set of equations.

c+t+d = 2
atc = 2
b+d = 2
cd 2c+2 = 0

Solving this system of equationsgivesa positive solution
P P
c=b= 2 a=d=2 2

and nally o o
t1=2 E; th=2;, tg= 2+ E;

which is consistert with the solution to the optimal control problem in the previous subsection.

5 The Construction of Optimal Splines Using B-splines

As we saw in the preceding section the basis elemeris for uniform B-splines are not optimal
in any usual sense.However we can nd in the classof all B-splines optimal choices. We will
construct two typesof splinesin analogywith dynamic splines,interpolating and approximating.
Let a data setD begivenin R as
D=f ;2R: i=1 ;Ng
Consider the system
dk

Sex(® = u

11



and a restricted set of controls

Mo gk .
C=fu(t): u()= iWBk(t i+1);, i2Rg
i=1

We choosethe two cost functions from the theory of dynamic splines

Z 1
J(u) = u(t)dt (30)
1
and
Z 4 W
J(u) = uidt+ wix(t) )2 (31)
1 i=1
and we now posetwo related problems:
Problem 4 (In terp olation) z,

min u?(t)dt
u2C 1
subject to the constraints
X(t)= i; i=1 ;N

and

Problem 5 (Appro ximation)
Z 4 W
min . u?(t)dt + B wi(x(ti) )2
We can integrate over the ertire real line sincethe B-splines and all of their derivativesvanish
outside of a compact set and since the cortrol is allowed to only be a nite sum. Now these
problems are both nite dimensional becausethe spaceof cortrols is nite dimensional. It
should be noted that they dier from Problem 1 and Problem 2 only in the spaceof cortrols
and that the number of basiselemerts is not necessarilythe sameasthe number of data points.
This is di erent that Problem 1 and Problem 2. There the number and the form of the basis
elemeris is determined by the number of data points. Sincein this casewe have chosena basis
that constraint is lifted. We now proceedto reducethe form of the problems. We substitute the
control function into J(u). For the cost function of equation (30) we have
VA gk
J()=  ( iggBk(t i+ 1)%dt
1 =1 dtk
and we seethat we must integrate for every i and |
Z 1 dk dk

—Bk(t i+ 1)@

. O Br(t |+ 1)dt

12



Weonly note that if i j > k then this integral is zero. We will explicitly calculate the integrals
in the casethat k = 3. We recall the de nition of B3(t) to get the third derivative as

8
% 1 0 t<1
o3 _ 3 1 t<2
g3V = 3 3 2 t<3 (32)
) 1 3 t<4
We now explicitly calculate the products.
8
% 1 0 t<1
d® d® S 9 1 t<?2
1 3 t<4
8
0 0 t<1
d3 d3 % 3 1 t< 2
—B —B 1) = 2 t<3 34
B geBat D= 9 (34)
2 3 3 t<4
' 0 4 t<5
8
0 0 t<1
% 0 1 t< 2
d? d? S 3 2 t<3
% 0 4 t<5
"0 5 t<6
8
0 0 t<1
% 0 1 t< 2
d3 d3 0 2 t< 3
—Ba3(t)—=B3(t 3)= 1 3 t<4 (36)
dt3 dt3
0 4 t<5
0 5 t<6
: 0 6 t<7
and
d? d® . )
GEBal) ggBalt ) =01i=45 (37)
We then form the Table 4.
With = (1; 25 ; m)", wecanthen write
J()= TG

where G is the grammian whosemth row is given by
(0; ;0; 1;6; 1520, 156; 1;0; ;0
and the number 20is in the m m spot. The rst row is given by
(20; 156; 1,0, ;0)

13



and the last row is given by
0; ;0; 1,6; 15;20):

The matrix G is positive de nite sincethe basiselemeris are independert functions.
We now calculate the constraints as functions of . We have after integrating that

b
x(t) = iBs(t i+ 1)
i=1

and hencethe constraint is given by
*/I - .
x(tj) = iBa(tj i+1)= j; j=L2 ;N:
i=1

From the structure of B3 we seethat

Ba(tj i+1)60

if and only if
il <i+ 3

Let B denote the matrix suc that

B =
where = ( 1; 2, ; n)':Problem 4 then reducesto the following

min ,gm G (38)

subject to
B =: (39)

Now the equation B =  may have no solutions, i.e. the conditions are inconsistert, or it

may have a unique solution in which casethe minimization problem is irrelevant or it may have
in nitely many solutions in which casethe minimization problem is non empty. In the latter
two casesthe problem is solved via the pseudoinverseor if one prefersthe equivalent problem
of nding the point of minimum norm in the a ne variety de ned by

Vv =f : B = ¢

which in fact de nes the pseudoinverse. Note that if the number of data points N is larger
than the number of basiselemers, M, then there is a high probability that the systemB =
will be inconsistert. It is alsonoted that if B = is consistert and the matrix B is of row full
rank, then the optimal solution ? is given explicitly as

=G B"(BG BT) !: (40)

14



Problem 5, the problem of approximation, can be rewritten in a similar manner as

1

_{
@
+
=

J() iBa(ti j+1)  )?

X
= TG + Wi(e,TB i)2
i=1
™ + '™B'™WB 2 "wB + Tw

where W is the diagonal matrix with the weights w; on the diagonal. Problem 5 reducesto the
following
rznirhlﬂ ™G + "™B'™WB 2 TWB : (41)
R
The solution to this minimization problem is given by the solution to the linear equation
(G+BTWB) =B'W: (42)

The matrix G is positive de nite and the matrix BT WB is at least positive semi-de nite sothe
system has a unique solution for . The optimal solution ~? is thus given as

A?=(G+BTWB) BTW: (43)
Moreover if W is positive-de nite, then the matrix inversionlemma gives
(G+B'™wWB) ‘B'™W=G BT(W '+BG B") !
and we have an alternativ e expressionfor ? as
A?=G BT(W '+BG 1BT) ! (44)
Here if the matrix B is of row full rank, (44) is further written as
e 1BT(BG lBT) 1h| + W 1(BG lBT) 1i

Thus,asW = diagfwq;wo; ;wng! diagf+1 ;+1; ;+1g,W 1! reducesto zeromatrix,
and we seethat the solution ~” corvergesto the solution ? for interpolation problem given in
(40) .

6 Control Points and Control Polygons

The conceptsof control points and cortrol polygonsare essetial to the application of B-splines
and for that matter Bezier curves. A spline, s(t), of degreek in R" is constructed using the
basisof B-splines Bk(t) as

X
s(t) = iBe(t 1+ 1)
i=1

15



and the set of points
fi2R": i=1 ;Mg

is the set of control points. The cortrol polygon is the polygonal line connecting the cortrol
points. The control points determine the shape of the spline function.

In the preceding section we constructed optimal weights in the scalar case. By repeating
this procedure or by using a more complicated set of dynamics we can produce optimal vector
valued weights. Thus given a set of data points

f i2R": i=1 ;Ng

we can produce a set of control points optimal for this set of data, either asinterpolation or as
approximation. To seehow this might be done considera real curve p(t) 2 R". Our goalis to
reproduce this curve using optimal B-splines. If we are precisein our description of the curve
chooseN points that lie on the curve,

D=fp(t):i=1 ;Ng

We will usethesepoints asdata to construct the control points. The designermust choosethese
points and he must decide on the degreeof the spline that he wants to construct. We assume

that we are constructing a spline of degreek. Then asin the preceding section let
k

Mo . N
C = fu(t): u(t) = iWBk(t i+1); 2R"g
i=1

The set C consistsof all allowable cortrols that we usein the construction of the optimal spline.

7 An example of optimal construction
From a given set of data points on somegiven curve p(t) in R3
D=f i2R%: i=p(t);i=12 ;Ng; (45)

we reconstruct the curve by the optimal interpolation and approximation by B-splines. Here, as
p(t), we take a cubic spline in R3 given by

p(t) = X piBs(t i+ 1) (46)
i=1
wherefp 2 R®: i= 1,2, ;Mgis agiven set of cortrol points.

One of the important applications of splinesis in the designof characters, and in the sequel
we preseri the results ascharacter patterns generatedfrom the curvesin R2 aswell asthe curves
themseles. Figure 2 shows a Japanesecharacter pronounced ‘ru’, which is generatedfrom p(t)
as follows. We considera virtual writing device modeled by a conewith the tip moving along
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p(t) in a three dimensional spaceo xyz and a virtual writing plane o xy. The axis of the
coneis taken to be parallel to z-axis, and the cross sectional area between the cone and the
writing plane results in a circle. As the tip moves, the circle movesin the plane and result in
the character pattern asillustrated in the gure on the left. In this example,a set of 20 cortrol
points fp; 2 R® : i = 1;2; ;20g courting multiplicities is used and is showvn by “squares'
together with the control polygonin xy-plane. The gure on the right is the pattern obtained
in this fashion, and it may be consideredas a good model of an actual brush-written character.

Sudh a curve or character pattern is then reconstucted using optimal interpolation and
approximation by cubic B-splines as

s(t)
s(t)

iBa(t i+ 1) (47)
i=1

O y® 25 1= (xi i ozi)'

for various casesof data points and parameters. In order to deal with curvesin R3, we apply
the method developed in Section 5 for scalar caseto eat of the three elemers independertly.

7.1 Uniform data points

The number of data points usedis N = 10 and p(t) is sampledat
fti: i=1;2, ;10g= 3;5;7;9;11;13,15;17;19; 20g:

Thus they are located uniformly in the time interval (3; 20). The result of optimal interpolation
by s(t) 2 R3 is shawn in Figure 3 asthe constructed character and curve x(t) on the left and
right respectively. The “cross'denotesthe data points ;, and ‘square'and “circle' denote the
projection of the computed control points ;| onto the 0 xy plane. We may obsene that the
original character is quite well recovered by interpolation.

On the other hand, Figures 4 - 6 show the results by optimal approximation where the
weighting matrix W is taken respectively asW = ;100 ;1001 with the sameweights for each
componert of s(t). It can be seenthat, starting with the greately deformed pattern in Figure
4, the original one is recovered more accurately as the weights increase. We also veri ed that
by increasingthe weights further the pattern approacesthe interpolation result in Figure 3 as
was analyzedin Section5. It might be worth noting that charactersare written in a variety of
deformedstylesin Japanesecalligraphy, which may be modeled by a suitable weight adjustment
in the optimal approximation as described here.

7.2 Non-uniform data points

The number of data points usedis N = 18 and p(t) is sampled at

fti: i=1212 ;183=13;4,5;6;7;8;81,;8:2;11;,12, 13;14;141;14:2;17,18; 19; 20g:
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We seethat some of the points are located denselocally. As Figure 7 shaws, interpolating
construction preseris oscillatory pattern which is far from the original one. We believe this
is a phenomenawhich is often pointed out in the theory of interpolation. Notice here that y
componert of s(t) 2 R3 is plotted in the gure on the right.

Figures8 - 11arethe resultsby optimal approximation for the weight W = | ;100 ;108 ; 100
respectively. In contrast to the interpolation, we obsene the e cacy of approximating construc-
tion: For wide range of weights, say up untill 1081, an oscillation seemsto be suppressed.In
particular, the original pattern is well reconstructed when W = 100 in spite of such unbal-
anceddata points. Again, the caseof large W, W = 100l , the result almost coincideswith the
caseof interpolation. This together with the analysisin Section 5, namely the approximation
coincideswith the interpolation in the limit of incereasingW, indicates that the approximating
construction is stable numerically for wide range of weight values.

8 Conclusions

In this paper weinvestigatethe connectionsbetweenB-splinesand linear cortrol theory.We showv
how the B-spline basisfunctions can be obtained by driving a third order control system with
a piecewiseconstart input. However, we also shaw that the B-splines are in fact suboptimal
with respect to an in nit y-norm minimization, and that the solution to this problem is of the
bang-bangtype. We show that an optimal setcortrol points can be constructed within the space
of B-splines. Finally an exampleis developed to demonstratethe e cacy of this construction.
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Table 1: Njx for k= 0;1;2; 3.

0 1 2 3
0 1
1 a1 s S
2 [ 3@ 97| 3(1+2s 257 357
3 |51 5|54 657+ 3% | 5(1+ 3s+ 35 3%) | 58°

Table 2: The derivativesof Nj. 3

0 1 2 3
@1 9 [ (4 65+ 3% [ F(1+3s+3s* 3% | 3s°
531 9)?| F( 125+ 95?) 53+ 6s  9s?) 53s?

(1 s) +( 12+ 189) 5(6  189) s
1 3 3 1

Table 3: The derivativesof Nj. 3 shifted appropriately.

1 2
| Z(@ 6(s 27+3(s 20| Z@+3( 1)+3( 1?7 3 17 |is
M| F( 4s 2)+3(s 2)? La+2s 1) 36 1)? 1g
3)) ( 2+3(s 2) (1 3(s 1)

1 3 3
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Table 4: The inner-products of shifted B-splines

R
i 1 %53(0%330 i)dt
0 20
1 15
2 6
3 1
i>3 0
0.7
0.6
0.5 | 4
04
g
03
0.2+
0.1
u i
0 1 2 3 4

Figure 1: The optimal bang-bangsolution.

Figure 2: Japanesecharacter 'Ru' generatedby cubic spline.
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Figure 3: Interporating construction for uniform data points.

Figure 4:

Figure 5: Approximating construction for uniform data points with W = 101 .
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Figure 6: Approximating construction for uniform data points with W = 100 .
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Figure 7: Interporating construction for non-uniform data points.
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Figure 8: Approximating construction for non-uniform data points with W = 1.
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Figure 9: Approximating construction for non-uniform data points with W = 100 .
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Figure 10: Approximating construction for non-uniform data points with W = 108| .
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Figure 11: Approximating construction for non-uniform data points with W = 10%0| .
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