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Abstract

This paper investigates the stabilization of a novel sudsct# impulsive hybrid systems (IHS)
that feature controllable guards and resets maps. Whilsttheture of the guards and the reset
map is assumed to be completely determined from the physatalp, both mappings are jointly
adjustable through exogenous control inputs at run-tineea Aore feature, all adjustments result
in simultaneousinseparable changes of theset timeand thereset action In real world, such
systems are encountered in mechanical impact systems.rtloyter, this paper addresses the
task of enforcing global orbital asymptotic stability ofrgh periodic executions by means of
dedicated control actions.
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1 Introduction

This publication addresses the stabilization of a novedsclaf periodically operated impulsive

hybrid systems (IHS), where the control inithultaneouslgffects the event time and the reset
action. In particular, it focuses on an illustrative readrfd example of a planar IHS, namely the
controlled billiards problemwhich admits a systematic, model-based solutions to tbielgm

in closed-form.

Impulsive systems [1,/2] 3], switched systemd 4,15,/ 6] 7 n8] @ecently also impulsive hybrid
systems/[[B[ 10, 11] have been extensively study in the titegza Impulsive control systems
exploit externally controlled discontinuous state ressigically at fixed, predetermined time
instants to control the output trajectory according to gigpecifications. Switched systems, on
the other hand, only admit to switch the continuous dynaraiosng a finite set of operation
modes. However, the instants, at which mode transitionsrpece usually at the decision of
the operator. Therefore, the control task of impulsive ayst predominantly concentrates on
determining control impulses of appropriate amplitudeerelas for switched systems, the input
sequence is typically fix, but thevent timesre the outcome of the controller design. Impulsive
hybrid systems combine the key properties of both impulsind switched systems, namely
switching and state resets. At the same time, at which a nradsition occurs, the continuous
state is also updated according to a reset mapping.

This paper obtains a novel perspective on the control task®f It addresses the design of an
event-surface controllemvhich jointly adapts the event time sequence and the reapttoreg-
ulate the control output. While the reset map’s structureoimpletely defined by the physical
set-up, its parameters can be adapted by means of a cortdlimorder to adjust the reset
action. Due to the inseparable coupling of the two contrfdl@nces, the controller has to com-
promise between choosing the "best" reset action and tha""eeent-time to meet the system
specifications. Indeed, such a coupling is found in manywesld examples, predominantly in
mechanical impacting systens [12] 13], which provide thiary motivation for this study.

While previous publications exclusively address the $itation of equilibria, this paper con-
centrates on system exhibiting periodic or chaotic statiprexecutions, which are inherent to
many real world applications. Orbital stability has alnpheen intensely discussed for switched
and for impulsive systems5 [14, 115,116, 7] 18], but not yetrfgoulsive hybrid systems.



2 Impulsive hybrid systems with
constrained resets (IHSCR)

2.1 Continuous-time hybrid model

Impulsive hybrid systems can be modeled as hybrid automdttalocations identifying discrete
modes of operation, edges indicating possible transitéontslabels specifying the associated
events. The hybrid evolution is completely described byfttiewing set of equations:

Impulsive hybrid system with controlled resets (IHSCR):
Autonomous continuous dynamics:
(M) =W, a®), £0)=4¢ (2.1)
Controlled event generator (guards):
D (£(1), u(t), a(t)
DG (1), u(t), q(t), e = : (2.2)
Dee ((1), u(t), a(t)
Event generation:
e(t) = arg min@( (¥ u(®). a(). e (23)
t(k) = argt>g1(1lig)t DO, u®), gt), e®) =0 (2.4)
e(k+1) = e(t(k)") (2.5)
Mode selector:
dtk+1) = g(q(k) . e(k+1)), q(0) = o
q() = alk), Ve (t(k), t(k+1)] (2.6)
Controlled reset map:
¢(k)) = RE(E() ), u(t(k) ), qtk-1), &k),) (2.7)

Here,Z (t) € R"andq(k) € Q = {1, ..., Q} denote the continuous state and plant’s current dis-
crete mode at time The continuous flow (t) evolves uncontrolled according to thefdrential
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2 Impulsive hybrid systems with constrained resets (IHSCR)

equation[(Z11), with a mode-dependent vector field

The occurrence of an event is determined by the event gemeigG), which implements
an event function[(2]2) consisting of a finite set of exogshowontrolled event conditions
®e, € € &, which can be dynamically adjusted through the control inpft). The event gen-
erator outputs the symbe(t) = g indicating the event potentially issued at the nexént time
t(k). An event onlyoccurs whenever the corresponding event condition is satisfief).(Due

to the exogenous input, it is possible to control the gemdravent sequence, even though the
continuous evolution is autonomous. Thh event distancés denoted byr(K) = t(k+1) — t(Kk).
Event-based sampled signal values are denoted®y q(k), etc.

At the occurrence of an event, the discrete subsysfem (2eguees a discrete transition de-
pending on the current modgk) and the previously issued evesfk+1) . At the same time, the
continuous staté¢ of the system is discontinuously updated according to thdevtdependent,
controlled reset map(2.7). The input-dependent subsets

Sa.eu)={{ : ®(, u,q, e =0 (2.8)

constitutecontrolled event surfacdn state-space for each mode-event paie).

An executiorof the IHS overN events is represented by the collection
X u®.0.N)=€®. a0, TN) . &=(% @) telto UN) ,
with 7(N) = (((0), t(1)], ...). Executionsy* (¢™*, u* (t), 0, N) that satisfy
qk+p) =a(K
(. k+p). G k+p) = (.07 (R, G (K), Yre(0, T7(K)]

forallk < N—pare callecperiodicof order p. The closed orbil traced out bw*({h’*, u* (t),0,p)
is called thdimit cycle corresponding to the stationary inpurt (t). Let P((T;) e I" denote the

impact poinf at which modeg*(k) = g is activated for the nexzt*rag) time units. The event,
which is issued at the activation qf, is €. Furthermore, denote the extrapolated orbit sections
by

Tg ={¢ : IrerRsti=¢(n.0(@).G)) - (2.9)

2.2 Example of a IHSCR: controllable billiards

A problem extensively studied in mathematics and physicthéspolygonal billiards prob-
lem [19](Fig.[Z). The problem set-up consists of a polygonahvex table withE bounding



2.2 Example of a IHSCR: controllable billiards

walls ‘W, and a billiard ball modeled as a point mass, which flows aldraight line sequences
on the table. Contrary to the classical problem, let thesnad| pivot-mounted at, e and exter-
nally rotatable. For reasons of complexity, let the wallsaite rotations instantaneously.

The billiard ball starts i at an initial positionx(0) with an initial heading/(0). Collisions are
assumed to be elastic, i.e. energy preserving, and solahygehthe ball's heading with the angle
of reflectiony being equal to the angle of incidence (Eigl2.1). The systé@svior is exactly
described by a single mode IHSCR. The continuous dynamics

{(t) = (?—’—g)g ®, ¢0©0)= (VX,O W.0 ‘ Xx,0 Xy,O)T (2.10)

are mode-independent and linear, withv; denoting the position and heading components. The
event function

O (1), u). a). = Det (t) (Xpe ~ C£ (1)) = . (1) (Xpe ~ CL (V) (2.11)

is piecewise fiine and defines event planes. The inp(t) = (nT1 ® ... nL (t))T comprises

the normal vectors of all wall§ye, D¢ extracts the relevant input elements dhd (0 \ I).
Each evenk € {1,..., N} indicates the collision of the ball with the associated walk an
impact the velocity component ¢fchanges discontinuously according to

_ ( | — ”ik)@k)_)”gk)@k)_) ‘ 0] .
Ltk = k PRI (C) ‘ }{(t(k)_) (2.12)
0 |

Remark 1. Without dynamically controlling the wall orientations,etinitial conditions of the
ball completely determine the impacting sequen(g. eHowever, by applying rotations to the
walls, e(t) can obviously be altered. A changing impact sequence is kiiowesult in drastic
changes to the ball’s future evolution, which is indeed thé&ce for chaos in billiards[[19].
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Figure 2.1: Physical set-up of the controlled billiardskjeon.



2.3

2 Impulsive hybrid systems with constrained resets (IHSCR)

Essential properties of the example system

By looking at the example, several interesting propertiesoaserved, which crucially influence
the control of IHSCR in general.

1.

Although the dynamic$ (2.110) of the example are LTI andiadmnique equilibrium, it
is not the goal to stabilize this point. This statement &splo many IHSCR.

. Even second order IHSCR typically exhibit chaotic betigwivhich is caused by the state

resets and changes in the event sequés(é®,” ..

. IHSCR always appear as feedback loops. The inner loogksiseo guarantee the perpet-

ual generation of events to provide the means for controly @ outer loop enables to
regulate the output by adjusting the parameters of the iloogr

. The primary control influence, which is the state resetnoaibe decoupled from the event

time, as the event surfaces are fixed at points in state-spacedependence is a unique
feature of IHSCR and complicates the control task signifigan

. Although the control input may be varied in continuousdj it only takes fect at event

times. Therefore, a continuous-time model contains exeegsrelevant information and
is rather unsuited for the design.



3 Problem formulation for the billiards
problem

For IHSCRitis clear, that the systematic design of the esearfiace controller requires detailed
knowledge about the structure of the event functlon] (2.2) the reset mag_(2.7). To devise a
uniformly applicable control strategy for general IHSCRésy hard, if not impossible. There-
fore, all subsequent sections concentrate on the contradsign for the controlled billiards
system, which represents a particular subclass of plandCRl Here, the primary emphasis

is to design a globally stabilizing control strategy for gpecified unstable periodic executions
*

X -

Definition 3.1 (Asymptotic orbital stability) [20] A periodic execution/* is called asymptoti-
cally orbitally stable, jf for anye > 0 there exists & > 0, such that any execution with £ (1)
starting at||¢(0)—¢*(0)|| < 6, converges towardg*, which implies thatlist({ (t) ,T') <€, Yt >0
andlim¢_,, dist(¢ (t),T") = 0.

Definition 3.2 (Global asymptotic orbital stability)A periodic execution* is called globally
asymptotically orbitally stablefjiit is asymptotically stable for arbitrary initial conditits, i.e.
0 — o

Problem 1. Givex the hybrid model2.10)(2.12) of the billiards problem, which repre
sents a particular class of planar IHSCR and an admissibkrdd stationary orbif, the
objective is toererMINE @an event surface control law

u(t) = fe(¢ (1), a () (3.1)

in state-feedback form, which ensures global asymptotitairstability.

Generally, the event surface controller {3.1) must be dtexglicitly in feedback form, as many
IHSCR are inherently chaotic. Thus, open-loop approachiksail, as infinitely small pertur-
bations will cause the trajectory to diverge from its plashpath.

Remark 2. To be consistent with the defintion of a periodic exeCLmt)(gh’*, u* (t),0,N) and

to avoid presentation issues that arise, when modes arglamitivated multiple times over one
period, the single-mode billiards problem will be subsedlyemodeled as a multi-modal system.
Each eveng; generated by the executigi! is associated with a modg = €, ;. Hence, mode
qy being active indicates that eveg} , is to occur next.



4 Sampled-data abstraction for the
controlled billiards system

A model-based design procedure requires a model, whicliciékpkstablishes the connection
between the design parameters and th&ot on the control output. For IHSCR, one possi-
ble approach of achieving this is to utilize an event-basedmed description, denoted as the
controlled embedded md@1]]. This map describes the state evolution from one imgéqtto
the nextx(k+1). For the controlled billiards system, this embedded mapmuposes into two
series-connected subsystems:

Embedded map of the billiard system:

v(k+1) = {l —ZW]WK), v(0) = vo (4.1)
o (9 Mo (0
>?(k+1)—[| —Wk)n—Tdk)(k)}Yk +Mﬁ (), X(0)=x (4.2)
U MRV (V) 9 T |

In between two events, only the ball’'s positiarit) evolves according to the current heading,
while resets solely update the headwn@). This specific coupling between the heading, the
position and the event-surface controller is illustratgdhe block diagram of Fid. 411.

Given the desired stationary orHit, its mode sequenc@®r and constraining all inputs to
VI (K) ngi(K) = 1, it is possible to restate equatiohs (4.L[).](4.2) in terfthe errorsAx(K) =

X(K) = X* (G ), AVIK) = (k) — V(5 ):

heading
subsystem (k)

position
subsystem

(k) event surface

controller

Figure 4.1: Block diagram illustrating the coupling of théiards system.



Embedded map of the billiard system with respect td":

20 (K 2n% _
aw® o , V0) = Vo (4.3)

AV(k+1) = AV(K) A S
Mg () N (K) Mgy M

AX(k+1) = AX(K) + 7 (G(K) AK) + (K) {AXE o (€) — (@) (4.4)
alk)

Equation [[4.B8),[(4)4) reveal the following information: @nly by controlling the wall orienta-
tions at operation, the heading error can be compensated)y2by deviating from the nominal
heading, the position error can be reduced, and, 3. a vagigiosition erronx(k) = 0, Yk > K
impliesAv(k) = 0, Yk > K. The last observation might suggest to concentrate theaiafifort

on monotonically reducing the position error at every inmpakhis, however, requires to find
a proper distance measure for deviations from the desiltgit] for instance in terms of a peri-
odic Lyapunov function, which is by no means trivial for tirgarying systems. An easier way
to solve the control problem is indeed to apply control axgithat monotonically decrease the

heading error from impact to impact, as shown in the follayvin



5 Design of globally stabilizing event
surface controllers

5.1 Outline of the hybrid control strategy

The following sections present a globally stabilizing hglbzontrol strategy for the controlled
billiards problem. As a consequence of the chaotic behather control must be dieedback
form. To simplify the presentation, the following assumptions definitions are made:

1. the pivotsxa; of the walls are design variables

2. pivots are placed, such thet" (G )(x,q — X*(Gt,,)) < O

3. the initial conditions of the ball admit an initial modg€0), such that by application of
dedicated control actions, the stationary impacting secgi@- can be maintained at all
times.

4. without loss of generality, the vecte(0) is assumed to be of unit length.

Definition 5.1. The orthogonal complement (G ) of the k-th stationary heading"(Gy ) satis-
fies

viT(ap) v (ap) =0 (5.1)
V(@) — X (8)) > 0 (5.2)
i.e. it points to the outside of the orhit

Definition 5.2. The(k + 1)-st impact of the ball with the subsequent V\fﬂl’la; is said to occur
on themsioe the orbitl, if X(k+1) € T, and the conditions

(Kk+2) = (@) (R(T) - ¥(Gt0)) = O (5.3)
(K1) - (@) (R(T2) - ¥*(Gt0)) < O (5.4)

are satisfied. An impact occurs on thersioe of T, if x(k+1) € T, and it does not occur on
the inside.



5.2 Feedback expressions for the control maneuvers

Definition 5.3. Define the angles between the vecielg and \7*(5;) and betweenﬁa;(k) and

rTg; as

8 = arccogV’ (K) v* ()

i (k) -,

Yk = alCCO M .
gz (K) ||||n§;||

The proposed control strategy, which ensures global ¢iaility of I', involves two diferent
control maneuvers:

1. point-to-point transfer in the — y plane
2. enforcing impacts on prespecifieffiae manifolds.

Given the desired orblt, it possible to fix the pivots dwf;, such that by appropriately concate-
nating these actions, the ball is driveritrom arbitrary initial positions and headings. The key
ingredient of the control strategy is to reduce the headmgr &v(k) asymptotically. To show
this requires several intermediate steps, which are suimeakin the following sections.

5.2 Feedback expressions for the control maneuvers

For both maneuvers, the control inputs, i.e. the normgkls‘o_r modeq(k) = g, can be com-
puted by explicit state-feedback expressions.

Lemma5.1. By settingﬁq;(k) to
— 1 = [0 Qg TR (xpqr — XW) -
n‘*ﬁ’()_( SR ]

(\7 (k) Qg (AX(K) - r‘*(d;)\?*(ﬁﬁ))) with (5.5)
1

: (5.6)

the impact betweequ; and the ball starting @ at an arbitrary x(k) with arbitrary heading
v(k) occurs on the gine mainfold

&) = {x : L, (x=x(@0)) = O] (5.7)

10



5 Design of globally stabilizing event surface controllers

through the(k+1)-st stationary impact poirk* (g, , ).

Proof. Parametrize\x(k) andv(k) as
AX(K) = apiV* () + BoxMe: (5.8)
v(k) = @y kMg +ﬂv,kmﬁ:,J_ ) (5.9)

with codficients satisfying-1 < ayk, Bvk < 1,Bvk # 0. Without loss of generality, IQIImq;H =
Img: Il = 1. Plugging [(5.B) into the[(4.4), the propagated positionrdsecomes

AX(k+1) = apiV* (G ) + BpxMge + 7*(G ) AVIK) + ai(k) V(K) with (5.10)

1 = V(0 QgV () .\ V() QAWK

W= T e ) TR 0g

o V() Qg AV(K)
= —apk + (Cl’p,k -7 (qk )) W(L—*\T(k) (5.11)
_ . VIV(K Qg ) _
= AX(k+1) = Bpxmg — (opk - 7(G)) |1 - T AV(K) (5.12)
%

Now, applying the second parametrizatibn {5.9) of the aurneading and accounting far (5.6),
the previous expression further simplifies to

T T
v(K) m;

T] AVK) (5.13)

AX(k+1) = BpxMer — (pi — 7(GF)) [I -

Finally, mTa*  Ax(k+1) = Qs easily recovered, which proves, that the subsequeradtgecurs
g

on the manifoIdP((le). O

Lemma 5.2. A point-to-point transfer fronx(k) to an arbitrary pointxt can be achieved with
just one intermediate impact by setting the normal of thessgbently intersected W&Wq; to

Ne(k) = V(K) + Vi (K) (5.14)
if and only if
__d2-bp &2 - bi2)* c+ai—2by (5.15)
Yk a2 a%z a2 .

11



5.2 Feedback expressions for the control maneuvers

is positive and real-valued, whet (K) V% (g ) > 0 and

a1y a1 a2 b1y b1o
V() MV(K) [ V() MV, (K) | V() MV, (K) | (k) | tTvi(K)
M tr c
(AXpAX], = AXpTAX 1) | AXLVIAXE, | AXL Ak
AXpT AXpk AXT K
Xp’a; - XT Xp’a; - )?(k) XT — )?(k)

Proof. First, note that the parametrizatidn (53.14) allows to ckagsarbitrarily, without violat-
ing the length constraimgf(k)\T(k) = 1. Givenx(k), v(k), the subsequent impact point satisfies
k

X(k+1) = X(k) + V(Kk) rﬁg;(k) AXpx (5.16)
Alternatively, it can also be expressed in terms of the evidtpr as
X(k+1) = X7 — V(k+1) ﬁTa:(k) AXpT (5.17)
which utilizes that/' (k) ng: (k) = 1 and [4.1) together imply (k+1) ng: (k) = —1. Therefore
AXir1k = V(K) ﬁ-%;(k) AXpk (5.18)
AXT k1 = V(K+1) r_i%;(k) AXpT (5.19)
Expanding the equality

(AXTK — AXir 1) (AXTK — AXir1k) = AXE A AXT R (5.20)

plugging in [5.18),[(5.19), remembering(K) V(k) = V' (k+1) V(k+1) = 1 and rearranging terms
yields the expression

=T = AT = AT &
0= na:(k) (AxpykAxp’k - AxpyTAxp’T) na;(k)

M

- 20X K) AKX g (K) + AX ATk . (5.21)
) J Kk s
T Cc

Substitution of[(5.14) intd(5.21) and solving farfinally yields two solutions, where only {5.115)
is valid, as the other solution always yields a negative edistancer(k). O

Remark 3. Note, that the terminal pointr appears in almost every cfigient a;, by and c.
Thus, the scaling factoyy of the normalngy) (k) is a highly nonlinear function of this point. In
planar IHSCR, it is indeed possible to drive any trajectaryie orbitI” with exactly two resets.
However, the control input cannot be stated in closed form.

12



5 Design of globally stabilizing event surface controllers

5.3 Generating decaying error sequences Av(k), AX(K) by
enforcing impacts on I'g:.

After the derivation of explicit expressions for the cohtirgput, the next step is to show how
to stitch the two maneuvers together, such that globalairkiability is achieved. Sedil 4 high-
lighted that finding a control input sequence, which makespibsition error become a strictly
decreasing sequence, iiiult. Thisis due to the cascaded coupling structure of theystems
(Fig.[41). How to derive a control input sequence that tesnl a strictly decreasing heading
error sequence, on the other hand, is intuitively clear.

Lemma 5.3. The heading erronv(k) decays at every impacifthe |vy| < |6k] andsgngy) =
Sgnei)-

Proof. A decaying heading error implies
AV (K) AV(K) — AV (k+1) AV(k+1) > O . (5.22)

Expanded this expression usingik)|| = 1, r?a*(k)rTa;(k) = |, "&'n%, = o,
k k

AR A AVE 1 = 4o, AV, = 2Nz, /lo and noting that
2ng: (K)

A 5.23
. () g, (9 529

AV(k+1) = (A\7(k) + AVEkJrl) -

yields
1 (2A\7;[+1A\7(k) + If) + 4((A\7(k) + Av;m)T Mgz (K) — 1) >0
: . :

nxl 4 4
4 — T/ = _
Io" v(K) + Rl 4| -vT(ag,,) Mg (K |20

s -4

al L (K
& —4l| 2K + —— () [2 0 (5.24)

Furthermore parametetrize the norm@(l(R) and the current headingk) with respect to their
stationary counterparts

g () = T30 (5.25)
V(K) = T (61) v () (5.26)

13



5.3 Generating decaying error sequenteX), AX(k) by enforcing impacts Ofg .

by using Def[5.B. Then, the two terms 6 (5.24) evaluate to

I’]*T
[ ] (7 T(T 1) V™ (K1) cobk + 61) cos(6) (5.27)

n k X ~x L

:>( |( ) (qk+1)) = —(VT (G, 1) V* (G4 ) cOS + Ok — vi) coslek + ) . (5.28)

wheref is the angle betweew*(qy) and n%,. After substituting [5.27) [{5.28) intd (5.p4),
k

expanding the expression and rearranging terms the conditi

sin@k)

—4@T (G, 1) V() (cos6k)—cos6k)cos@k)2 oW

S|n(vk)2c056/k)) >0 (5.29)

is finally obtained. Accordingly, the above proves that,areigss of the value ofy, (5.24)
always holds, as long &8s < |6k| and sgng) = sgngy) is satisfied. o

Lemma 5.4. If all impacts occur on the orbit sectioﬂ%;, the impacting sequence alternates
between the inside and the outsidelofiff 2|v| < |0k| and sgnfk) = sgnEk). If 2vk = b,
complete compensation of the heading error is accomplished

Proof. As the system matrix of (4.1) constitutes a freely designabbduseholder reflector and
[IV(K) || = [Iv(k+1) ||, a complete heading error compensation at the next impadbivesys possi-
ble, if impacts are not restricted to lie i . Hence, [(5.22) possesses a maximum with the
maximizervy max to be computed by solvmg fits derivative

d(AV (K) AV(K) — AV (k+1) AV(k+1))
dvy a
— 4P T(T, 1) V¥ (. 1))(SINEK) — COSEKmax) SINEK — Vkma)) = 0, (5.30)

for zero. The above expression only vanishesvigrax = dk/2 and its derivative is always
negative, such that there exists no other maximizer.

Impacts, which alter between on the inside and on the outside require that the terms
rTg*T AvV(k) and n;if AV(k+1) possess opposite signs. W is oriented nominally, i.eng:(k) =
k k

Gy, éic = 1/(rT§*T\7(k)), then from [4.8) we get
k k

FTATK+1) = — ==K = _@*T AV(K) (5.31)
% &k %
Thus, the condition for alternating impacts holds fpr= 0. By the previous result, this condi-
tion must indeed hold for the whole interval € [0, 6x/2]. ]

14



5 Design of globally stabilizing event surface controllers

As stated before, a one-step compensation of the headiog isrrarely appropriate. If all
impacts occur orﬁq;, the critical situation ofy = dx = it arises, when the condition

S|n2(5 't)
L%W"'C;IZCHO = Li + L&(écrit) - 2'—* Lk(écrit) Cos6crit), 5crit >0 (532)

holds true, where the following abbreviations have beed:use

cosg)  sin()
) = (— sin() cos6)) (5.33)
Tx (A N o T A* 7 [ % vy
AX(K, 6) = X(k+1) — X(K) = OV (q_")T o (q"”)(x_(qfl) <) (5.34)
Vi (G) T V()

Li(8) = VAXT (k, 6) AX(K, 5) (5.35)
Lo = | (R(en) - W) (%) - 0) (539
bk = \/ (0 (@)~ ) ((@) ~ o) - (5.37)

Conditions [5.3R) is established from basic geometry aad:dsine law. It shows that,i pro-
vides a lower bound fafy, i.e. ||vkl| > |I6kll, YIIokll < I0critll. Therefore, if ai; satisfying [5.3R)
exist, asymptotic decay of the heading error from impactipact is not necessarily guaran-
teed. Note, however, that the condition is violated for &pyf Lk, k is suficiently large. Thus,
by placing the pivots dficiently far away fromxr(ﬁgﬂ), global asymptotic convergence of the
heading error is guaranteed for all trajectories.

Lemma 5.5. For all nominal wall set-ups and stationary orbifs there exist pivot pointzp,a:,
which guarantee a monotonous decrease of the heading eequesice{Av(k)},”,, provided
that switching is executed dny and the worst case position errarx(k) < Aywc error can be
bounded for all k.

Proof. To prove Lem[ 5B, simply solve (5.82) fbp when setting = 6k = derir andX(K) = Xwe:

2 (Li + Li(dcrit) — 2L, Li(Scrit) Cos(5crit)) oS (6k + crit)

. Sir? Gor) (538)

The minimal stabilizing pivot distanck}, which will guarantee uniform convergence of all
trajectories starting on the limit cycle is the one obtained for limit

. (Li + Li(dcrit) = 2L, Lk(0crit) Cos(écrit)) COL(0k + Jcrit)
Lok > lim .

Sin’ (dcri) 639

Ocrit—0

For all pivots beyond this critical point, i.¢ix*(qy,;) — Xpg: Il > L5, the inequalityv < o
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5.3 Generating decaying error sequenteX), AX(k) by enforcing impacts ofg:

always holds. Both the nominator and the denominator appraaro, asicit goes to zero.
Therefore, the application d’Hopital’s rule twice finallields

(k,0) dAX(k ) _
= (Ai(T(k 3 ARk 0)) + AX (k, 0) AX(k, 0) |coy) , (5.40)

dAX(k 0) = O V() Vi (08 ) (7 (a%,0) - X)) V(1) TO) V()
(77 (@) TO (&)
T () Vi (G ) O (00) - XK) VET(G,) FO V()
(77 (6. TO v (@)
which is a generic expression and only contains known or w@ase quantities related to the
limit cycle T and the nominal wall orientations. As a consequence, thdget eritical pivot

dlstancesl_; for each limit cyclel’, which can be computed according {6 (3.40). Knowing the
nonimal wall orientations, the pivot points follows unidye O

(5.41)

Remark 4. Note, that large pivot distances,k guarantee a monotonic decay of the heading
error. However, at the same time, they result in smaller ieadorrections at each impact.
Therefore, robustness of the control strategy comes atribe pf a reduced convergence rate.

Proposition 5.1. Placing the wall pivots at infinity destroys controllabjliof the billiards sys-
tem.

Proof. The proposition follows directly from Len), 8.3 and the falat increasing the pivot
distance results in the smaller actuaction angled impacts are restricted to lie dry . In the
extreme case df,x — oo, v = O for all k, regardless of where the impacts occur. Thus initial
heading errors can never be corrected during operation O

The critical pivot dlstancd-;*k can indeed be computed for arbitrary angle ratig$y, in par-
ticular, forvy = 6x/2. This ratio is important, as it ensures that impacts aditertvetween the
inside and the outside &f.

Knowledge about how to make the heading error decay morualyiis the key to drive the
position error to zero as well.

Lemma 5.6. Due to the product of position and heading error{@d), the position errorAx(k)
vanishes for t— oo, if all impacts occur on the orbit sectiorﬁqﬁ, the heading errorAv(k)
converges to zero and the position ermx(k) stays bounded for all k. Howevdax(k) || does
not necessarily decrease monotonically.
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5 Design of globally stabilizing event surface controllers

Proof. Consider [5.I8) formg = V*(qf,,). If AK) = 0 for k — oo and|epk| < o, VK,
which requires boundednessax(k), then the ball eventually moves alom‘qar(;l). As long as

(X(k+1) - i*(ﬁ;+2))T V(1) > Oholds, then thekt+2)-st impact poink(k+2) = X*(G,,). ©

5.4 Bounding the position error by execution of sporadic
point-to-point transfers.

By Lem.[5.6, a vanishing heading error implies a vanishingjitimn error, as long as the posi-
tion error stays bounded. The latter can be guaranteed loyse of point-to-point transfers,
whenever two subsequent ball impacts are about to occureonutside of the orbit. In this
situation, a transfer from(k) to a pointx(k+2) on the inside of, reduces both the positiand
the heading error, as shown by the following results.

Lemma 5.7. Suppose thahx" I(+1v(k) < 0, AX" k+1vL(k) > 0 hold true after the k-th impact.
Perturbing the ball’s subsequent nominal |mpact%(d<+l) X(K) + (r(kK) + Ar)v(k) by an
arbitrary At > 0 results in a subsequent ball motiory(r,) = X' (k+1) + 72V (k+1), 72 > 0,
which will not intersect with the successor trajectorfr;) = x(k+1) + 7iv(k+1), 71 > 0
starting at the unperturbed impact poirtk+1).

Proof. The first step of this proof is to express the perturbed gtiesitx’(k+1) and V'(k+1)
in terms of Ar, X(k+1) andv(k). Subsequently, it needs to be shown tia, 7, > 0s.t.

X/(72. X (k+1) G, ) = X(71. X(k+1) . G, ,)-

For the first step, parametrize the perturbed impact point
X (k+1) = x(k+1) + Arv(K) (5.42)

in terms of the unperturbed point and the current headinkinga/ (k) n(k) = 1 into considera-
tion, the nominal and the perturbed successor heading carpoessed as

v(K)

_ p k+1
(k) = V(K) + AV, (K) with 8 = —A AT >0 (5.43)
(k) = n(k) + y.(K) = (K) +(B +y) Vi (K) . (5.44)

where the parametrization of(k) ensures satisfaction of (k) (k) = 1. The impact condition
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5.4 Bounding the position error by execution of sporadiapte-point transfers.

AX .1 N(K) = O together with[(5.42)[(5.34) implies

(ARpir1 — ATHK)) (A(K) + V. (K)) = O
AT

= =
S RAT)

Note, thaty linearly depends o\t and by construction of the lemma has the same sign. Ac-
cording to[[4.1), the successor heading after impactindkat I) andx’(k+1) becomes

_ _ (k)
v(k+1) = v(k) — 21 B (5.45)
V(k+1) = (k) — 2% (5.46)

As V(k+1) # V(k+1), the two raysx(r1, X(k+1). G, ), X(r2. X (k+1) . G, , ) must intersect, i.e.
Ir,m eR
X(k+1) + Tiv(k+1) = X' (k+1) — 7oV (k+1) =0
T2 -T1 71(2By +7?) —
A -711) -2 - K
ol R R e e R ey i rwre) |
(B +7) - 118 122y + YY) - .\
| T T 0= 547
Because/(k) andv, (k) are orthogonal, both terms ¢f (5]47) have to vanish indegethd This
implies

-t n@y+y) T2y (5.48)
1+B+y)? Q+@+yQ+p)  BL+(B+7)?) '

Replacing[(5.48) in(5.47) and solving fey yields

2y
=A 1+ ———— 5.49
N e i (549
Finally, plugging this result back int (5.48) and collegtiterms results in
2%y + y*B + y)r2 + 2(2,82)/ +By? + +ﬂ3) At=0 (5.50)

As At,y,B > 0vyieldst, < 0, which impliesr; < 0. Thus, if perturbing the subsequent impact
point x(k+1), the perturbed successor trajectory does not intersekttiétnominal one, which
completes the proof. O

Lemma 5.8. Given a position-heading pai(x(k), v(k)), with \TIT(G;)AY(k) > 0. |If
(x*(a) - Y*(CT;+3))T(>?(k+1) - X*(Gf,3)) < O, then by executing a point-to-point transfer
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5 Design of globally stabilizing event surface controllers

from X(k) to (X*(Gf,,) + X*(d,5))/2 according to Lem[5]2, instead of enforcing an impact
on the orbit sectioﬂ“%, heading error convergendR\v(k+1) || < [JAv(K) || is still enforced.

Proof. As a result of Lem.[5]7, the execution of a point transfer from
X(k) to X(k+2) = (X*(Gg,,) + X*(G,))/2 requires to postpone ¢ 1)-st impactx’(k+1) =
x(k+1) + Ariv(K), Aty > O with respect to impacting ofg: | in the considered situation. To
compensate the heading error completely the {)-st |mpact needs to be delayed even further.
Because in the latter casgk+1) = V’ (qk+1), the subsequent trajectoryr, X’ (k+1),V' (k+1))
intersects with"a:+2 at some point

X (k+2) = X*(0F,,) + AtV (0F,5) - AT2 < O . (5.51)

Thus, by executing a point transfer to any paktk+2) = x*(qf,,) + W*(q5,,).0 < y < 1
implies

IAV(K+1) || < [JAV(K) | (5.52)
ViT(G%,4) AVk+1) <O . (5.53)
O

Besides guaranteeing boundedness of the position erraillfér the result of Lem[5]8 also
ensures that the stationary impacting sequence can beywdsduring the transient motion of
the ball.

Theorem 5.1. By alternating the impacts on the inside and on the outsidéheforbit, the
position errorAx(k) stays bounded for all k and asymptotically approaches zsrtvik) — 0.

Proof. By Lem.[5.4, an alternating impact sequence is attairnfedy k dx/2, which simultane-
ously guarantees a strictly decreasing heading error seguéMoreover, Leni_ 5.8 states, that
AX(2K) is bounded at every second impact for sure. Since the emahderT(G;) is bounded
for all modes as well and knowing thak/(k) is bounded and approaches zerdascreases,
every otherAXx(2k + 1) must be bounded as well. Henagk) is bounded for alk and by [5.1B),

it must ultimately approach zero, since almost all impactaio on the orbit. O

5.5 Summary of the control strategy

With all results of the previous subsections, the hybridticdrstrategy can be summarized in
the following Algorithm. Note that, although this contrdtategy was derived for the specific

19



5.5 Summary of the control strategy

example of the billiards problem, it applies to all IHSCR igfhpossess the same system struc-

ture, i.e. integrator dynamics, event-planes and reflgctsets.

Algorithm 5.1. Globally stabilizing control strategy.

Given: The billiards systen?.10)(2.12)with E walls, an admissible orbit to be globally]
stabilized and an associated nominal wall set-up,{ir%,, ... ﬁg*}.
1 E
I nitialization:
1. Determine the worst case scenario for impacting on thsidetof the orbil” —  Xyc.

2. For this worst case scenario, compute the critical pivistahces lp,cTﬁ for each wall
andI according to(5.32)with 2y = 6.

3. Determine the best initial mod€Q) = qj.

4. Adjust the subsequently impacted V\fM!aa according to Lem[5]2, such that
transfer fromx(0) to X*(gj ) is executed.

During operation (k > 2):
1. If the previous impact occurred on the outsidé pgadjust the subsequently impaci
wall Wﬁ; according to Leni. 511, such that the next impact occurs oorthie section

Ta,
2. Else, compute both actuations according to Lm(@?(k)) and Leml:'iléﬁ%)(k))
for a transfer fromx(k) to (x*(q,,) + X*(Gf, ) /2. Afterwards apply the contre
Tl

value rTa;(k) =arg max(Axp’k a%(k)).

Result: Global orbital stability ofl” for arbitrary (x(0), v(0)).

ed

D
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6 Simulation results of the controlled
billiards system

Consider the nominal rectangular billiard table set-upe®d at the origin with four walls and
a ball starting az(0) = (-1 0.4 05 — 0.3)" (Fig.[6.1(@)). The four stationary impact points and
the heading of the desired orbit(dashed bold line) are:

gg) | ox(ar) | x(@) | x(e) | v(e) | v(a) | (o) | V()
(<05 -1 [ (-1 =05 @51y |[@ao5) | (-1 -1 |(-12) | @1 |[(@ -1

For this table and the chosé&h the worst case impacts on the outside of the orbit occurnwhe
the ball previously rolled along one of the nominal walls.efdfore,x,c = (-2.5 — 1). Given

I' and xyc, the pivot positions, which guarantee global orbital digbare located far out of the
table, too far to be depicted. Their distance to the statjoimapact pointsx*(ﬁl’(‘) is '—pﬁﬁ =4,

Having fixed the pivots and applying the control law of Al§oll%he trajectory depicted in

Fig.[6.1(a) is obtained. At the beginning, an initial traiosi onto the orbit is executed. The
third impactx(3) does also not occur on the orbit,dg) would otherwise be located outside of
the orbit, again. Instead, another point transfer to thielinsfT" is performed. Subsequently, all
impacts alternate between the inside and the outside ofrtiie which guarantees the orbital
stability of I". This is clearly observable from the figure.

o
=
+ 02
~e
< 015
a
T ot ]
== 005 1
~e
— ~ 0 4
€T =2
(3) i 0 4 8 12 16
k
o
= ]
+
= 063 ]
53
J 025 |
I -0.13 ]
o
— -0.5 4
~e
1.34 =t 0 4 8 12 16
a4 k

@ (b)
Figure 6.1: Simulation of the controlled billiards systere Ball motion on the table, (b) Sam-
pled heading and position error trajectories.
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The ball converges towards until it finally evolves on the unstable orbit after the Sitipact.
Even though the pivots are located far out of the table, tleayleate of the heading error is
still decent and monotonous (Fig 6.3(b)). Furthermore pibsition error reduces from period
to period, but itdoes notdecrease at every impact. This fact, which complicates ¢tnéral of
the position error directly as previously discussed, iseolEd in the lower part of Fig 6.1(b).
Repeating the simulation forfiierent initial conditions results in the same convergingavédr,
as the orbital stability is guaranteed globally.
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7 Conclusion

This paper focussed on the orbital control of a novel subadismpulsive hybrid systems with
exogenously controllable resets (IHSCR). It highlighted tomplications that arise from the
inseperable coupling of the reset time and the reset aclioalatter is a unique system property.
Because of the complexity of the control problem in genéhal paper concentrated its attention
to a particular simple subclass of planar IHSCR with spedfiacture. For these systems,
a hybrid control strategy was proposed, that achieves bhmtbéital stability of a prespecified
periodic execution. As a key element to the solution, theaxdbd map of the underlying hybrid
model, which explicitly establishes the connection betwie control input and the output, was
stated in closed form. The derivation and the performaneduation of the control law was
executed explicitly for the chaotic billiards system, whis intensely studied in mathematics
and physics. However, the result applies to all systemdéiiyg the same structure.

Despite the simplicity of the system, the ideas and expeeigmained in deriving the hybrid
control law provides a valuable starting point for generali the design to more complicated
IHSCR. Moreover, the integration of performance criteritoithe problem formulation, like
minimizing control €fort or maximizing the convergence rate, and the investgatif control-
lability for this class of systems are other interestinggroguestions.
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