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Abstract— In this paper, we consider the situation where a
collection of leaders dictate the motion of the followers in het-
erogenous multi-agent applications. In particular, the followers
move according to a decentralized averaging rule, while the
leaders’ motion is unconstrained. Thus, the trajectories of the
leaders can be viewed as exogenous control inputs, which allows
us to state and study questions concerning controllability and
optimal control.

I. INTRODUCTION

In the rapidly expanding field of multi-agent robotics, two

distinctly different approaches have emerged, depending on

whether any distinct agents are allowed to take on leader

roles. This paper focus on the leader based control problem

and we investigate a number of control theoretic issues

that arise when the followers’ dynamics are governed by

consensus-like local interaction rules. This means that only

the leaders are allowed to move freely, and we moreover

assume that they have access to global information.

This paper is based on the results that have appeared

during the last five years in the intersection of controls

and algebraic graph theory. (For a representative sample,

see [7], [11], [12], [14], [16], [17], [18], [19], [21], [22],

[23], [25].) This body of work mainly deals with the leader-

less or homogeneous situation. However, results have been

obtained for heterogenous formations as well, including

string-stability [24], leader-to-follower stability and control

[5], [26], virtual leader-based control [6], [13], and formation

control [3], [4]. In this paper we combine these two lines of

thought by applying graph theoretic methods in the context

of leader-based formation control.

Loosely speaking, one can think of the problem under

investigation in this paper as the autonomous sheep-herding

problem. In other words, how should the herding dogs move

in order to maneuver the herd in the desired way? In par-

ticular, we study the issue of controllability, i.e. characterize

conditions under which the leaders can move the followers

to any desired position. Our main controllability result is

a sufficient condition that depends both on the number of

leaders as well as the network topology, which we assume
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to be static throughout the paper. This result is moreover

constructive in that it allows us to select leaders for the

purpose of rendering the system controllable.

Once a set of leaders is selected, we apply optimal

control techniques for driving the system between specified

positions. It is shown that this problem is in fact equivalent

to the problem of driving an invertible linear system in a

quasi-static equilibrium process1 .

The outline of this paper is as follows: In Section 2,

we present some basic enabling results. These are followed

by a controllability study in Section 3, where a sufficient

condition for controllability relates the relative homology of

a particular graph to the homology of the original network.

The point-to-point transfer problem is considered in Section

4, where it is shown that an optimal transfer is always

possible regardless of controllably properties.

II. PROBLEM STATEMENT

We let the state of an individual agent be described by a

vector in R
n. Moreover, we assume that the dynamics along

each dimension can be decoupled. Hence each dimension can

be considered independently, and it is sufficient to analyze

the performance along a single dimension. In other words,

let xi ∈ R, i = 1, 2, . . . , N , be the position vector of

the i th agent, and let x = [x1, x2, . . . , xN ]T be the state

vector of the group of agents, where N is the total number

of agents. For such a system, a widely adopted distributed

control strategy for driving the agents to a common point

(the rendezvous problem) is given by [11]

ẋi =
∑

j∈N(i)

(xj − xi), (1)

where N(j) encodes the fact that the information is allowed

to flow from agent j to agent i.
Graph theory can provide a variety of tools for analyzing

such control strategies [8]. A graph G = (V,E) consists

of a set of nodes V = {v1, . . . , vN}, which corresponds

to the different agents, and a set of edges E ⊂ V × V ,

which relates to a set of unordered pairs of agents. Note that

(vi, vj) = (vj , vi) ∈ E, if and only if a communication link

exists between agents i and j, and we will use V (G) and

E(G) to denote the node and edge sets respectively. Graph

1A process is called quasi-static when it slowly transfers from one
equilibrium state to another such that the system is always close to a
equilibrium state.
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theory moreover tells us that the control law in (1) can be

written as

ẋ = −L(G)x, (2)

where L(G) is the graph Laplacian for G. For the definition

of L(G) and related properties, please refer to [8].

Now, in some applications, we can easily imagine a subset

of the agents as having superior sensing and communication

abilities. We denote this subset as the leader set, and the

remaining agents make up the follower set. As a result x
can be divided into two parts, the states of the leaders xl and

those of the followers xf . Here the subscript f and l denote

followers and leaders respectively. If we reorganize the

indexing of the agents in such a way that the first Nf agents

are followers and the rest Nl of them are leaders, where

Nf + Nl = N , the Laplacian matrix can be partitioned as

L(G) =
[ Lf lfl

lTfl Ll

]
, (3)

where Lf ∈ R
Nf×Nf , Ll ∈ R

Nl×Nl and lfl ∈ R
Nf×Nl .

A useful fact about the Laplacian is that it can be obtained

from the product of incidence matrices,

L(G) = I(Gσ)I(Gσ)T ,

where σ is an arbitrary orientation assignment to the edges of

the graph, I ∈ R
N×M is the incidence matrix, N = |V (G)|

and M = |E(G)|. By writing the incidence matrix as IT =
[IT

f , IT
l ]T , where If ∈ R

Nf×M and Il ∈ R
Nl×M (note here

we have dropped the explicit dependence on σ), we get

Lf = IfIT
f , Ll = IlIT

l and lfl = IfIT
l . (4)

Lemma 2.1: If G is connected, then Lf is positive definite,

Proof: It is well known that L(G) � 0. In addition, if G is

connected, we have that N (L(G)) = span{1}, where N (·)
denotes the null space and 1 is the vector with all entries

being one. Now, since

xT
f Lfxf = [xT

f 0]L
[

xf

0

]

and [xT
f 0]T /∈ N (G), we have that

[xT
f 0]L

[
xf

0

]
> 0 ∀ xf ∈ R

Nf ,

and the lemma follows 2

The rendezvous control law in (2) works because it aver-

ages the contribution from all neighbors. As such, it seems

like a natural starting point when determining the movement

of the followers. In other words, we will choose to let

ẋf = −Lfxf − lflxl, (5)

which allows us to state the following theorem.

Theorem 2.2: Given fixed leader positions xl, the equilib-

rium point under the follower dynamics in (5) is

xf = −L−1
f lflxl, (6)

2Note that an alternative yet significantly more involved version of this
proof can be found in [2].
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Fig. 1. An example graph used for choosing leaders such that the condition
in Theorem 3.2 is satisfied.

which is globally asymptotically stable.

Proof: From the previous lemma, we know that Lf is in-

vertible and hence (6) is well-defined. Hence the equilibrium

point is unique. Moreover, since Lf � 0, this equilibrium

point is in fact globally asymptotically stable.

III. CONTROLLABILITY ANALYSIS OF THE

LEADER-FOLLOWER SCHEME

In order for the followers to achieve their desired positions

in finite time, we will employ optimal control techniques.

But, before we do so, the issue of controllability should be

settled. In this section, we will thus discuss the controllability

issue and provide a sufficient condition, starting from the

following well-known result.

Proposition 3.1: Given x ∈ R
n, u ∈ R

m, A ∈ R
n×n and

B ∈ R
n×m, the system ẋ = Ax + Bu is controllable if and

only if, ∀ vi ∈ spec(A), where spec(·) denotes the spectrum,

vi /∈ N (BT ).
The proof of this can be found in many control theory

textbooks (e.g. [1]) and will be omitted here.

Theorem 3.2: The system (Lf , lfl) is controllable if G is

connected and N (Il) ⊆ N (If ).

Proof: For the system (Lf , lfl), the condition in Proposition

3.1 translates to vi(Lf ) /∈ N (lTfl), ∀ vi ∈ spec(Lf ), or

IlIT
f vi �= 0 ∀vi ∈ spec(Lf ). Thus if N (Il) ⊆ Im(IT

f )⊥ =
N (If ), the system is controllable.

Note that as a consequence of Theorem 3.2, we have a

constructive way of assigning leadership roles to agents in

order to ensure controllability.

Given a network topology, first find the null space of I.

Then select the appropriate rows of I and stack them in a

new matrix such that the null space of this new matrix is

contained in N (I). As an example, consider the directed

graph in Figure 1, where we have

I =

⎡
⎢⎢⎢⎢⎢⎢⎣

−1 0 1 0 0 0 0
1 1 0 0 0 0 0
0 0 0 1 1 0 0
0 0 0 −1 0 1 0
0 −1 −1 0 0 0 −1
0 0 0 0 −1 −1 1

⎤
⎥⎥⎥⎥⎥⎥⎦
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Fig. 2. The original graph corresponding to the homology H(G).

with

N (I) = span

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
−1
1
0
0
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0
1
−1
1
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎭

From the incidence matrix we directly see that by choosing

any single agent as follower and the remaining five as

leaders, Theorem 3.2 will be satisfied.

It is worth noticing that this sufficient condition is conser-

vative. In many cases we can find configurations with less

leaders, which is still controllable. For instance, in Figure

1, we can choose nodes v1, v2, v3 and v4 as leaders and the

system is still controllable.

Now, algebraic topology provides us with additional tools

for shedding light on the result of Theorem 3.2. In fact, the

incidence matrix I is a matrix representation of the boundary

operator

∂ : C1(G) → C0(G),

where Ci(G) is the vector space (chain complex) whose basis

consists of all i-simplices in G (the directed graph)3.

As an example, let G be given by the graph in Figure 2.

The 0-simplices are [v1], [v2], [v3], [v4], while the 1-simplices

are [v1, v2], [v2, v3], [v3, v1], [v3, v4].
Now, Ker(∂) = {S ∈ C1(G) | ∂S = 0} is equal to the

first homology H1(G), i.e. the set of cycles. Technically, it

is the set of cycles that are not themselves “boundaries" to

higher simplices, but no such simplices are present in this

paper. If we return to the example in Figure 2, Ker(∂) =
span{[v1, v2] + [v2, v3] + [v3, v1]}, since

∂([v1, v2] + [v2, v3] + [v3, v1])
= [v2] − [v1] + [v3] − [v2] + [v1] − [v3]
= 0.

Moreover, if we equate e1 with [v1, v2], e2 with [v2, v3],
e3 with [v3, v1], and e4 with [v3, v4], the incidence matrix is

I =

⎡
⎢⎢⎣

−1 0 1 0
1 −1 0 0
0 1 −1 −1
0 0 0 1

⎤
⎥⎥⎦

3Throughout this part we will assume that the field in question is R, i.e.
write Ci(G) instead of Ci(G; R).

v1 v2

v3 v4

Fig. 3. The quotient graph corresponding to the relative homology
H(G/F).

and

N (I) = span

⎧⎪⎪⎨
⎪⎪⎩

⎡
⎢⎢⎣

1
1
1
0

⎤
⎥⎥⎦

⎫⎪⎪⎬
⎪⎪⎭

,

i.e. the same cycle as in Ker(∂) makes up the null-space,

as should be expected.

Now consider the graph obtained by equating all followers

with a single vertex. In other words, it is the “quotient

graph" G/F , where F is the subgraph containing all follower

vertices but no edges. We can then define the relative “chain

complex" C1(G/F) = C1(G)/C2(F), and the corresponding

boundary operator

∂ : C1(G/F) → C0(G/F),

whose kernel (the relative cycles) encodes the null-space of

Il, which gives us the following as a direct reformulation of

Theorem 3.2.

Corollary 3.3: The system (Lf , lfl) is controllable if G is

connected and H1(G) = H1(G/F).
As an illustration, let v1 and v2 be leaders in Figure 2,

which gives us G/F as shown in Figure 3. Since the first

relative homology group consists of two cycles while the

original system had only one cycle, we know that this is not

a controllable system. This can moreover be seen from

Il =
[ −1 0 1 0

1 −1 0 0

]
,

whose null-space is

span

⎧⎪⎪⎨
⎪⎪⎩

⎡
⎢⎢⎣

1
1
1
0

⎤
⎥⎥⎦ ,

⎡
⎢⎢⎣

0
0
0
1

⎤
⎥⎥⎦

⎫⎪⎪⎬
⎪⎪⎭

where [1 1 1 0]T corresponds to the original cycle in G,

while [0 0 0 1]T corresponds to the new cycle in G/F .

What this moreover means is that in order for the sufficient

controllability condition to be satisfied, no followers can have

edges in-between them.

Now that a leader-follower structure has been chosen and

the controllability issue has been studied, the next problem

is how to move the system from one equilibrium to the next

in finite time. The following section will give an optimal

control answer to this problem.
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IV. OPTIMAL CONTROL OF QUASI-EQUILIBRIUM

PROCESSES

For the sake of notational convenience, we will equate xf

with x, and xl with u throughout this section. Moreover we

will identify A with −Lf and B with −lfl.

Using this notation the system in (5) can be rewritten as

ẋ = Ax + Bu. (7)

Moreover, since the leaders are unconstrained in their mo-

tion, we let

u̇ = v,

where v is the control input.

For a fixed u, the quasi-static equilibrium to (7) is given

by

x = −A−1Bu. (8)

The problem under consideration here is the quasi-static

equilibrium process problem, i.e. the problem of transferring

(x, u) from an initial point satisfying (8) to a final point also

satisfying (8). We moreover want to achieve this in a finite

amount of time, and we define our performance function as

follows

J =
1
2

∫ T

0

(ẋT Pẋ + u̇T Qu̇)dt, (9)

where P � 0 and Q � 0. The optimal control problem can

be formulated as

min
v

J. (10)

Since the previous section dealt with the issue of controlla-

bility, it would be tempting to assume that the leader-follower

system must be controllable. However, no such assumptions

are need, even though it is well-known that the general point

to point transfer problem has a solution if (A,B) is con-

trollable. In fact, in this case we can remove this condition

completely. To see this assume, without loss of generality,

that we have a standard controllable decomposition as

ẋ =
[

ẋc

ẋu

]
=

[
A11 A12

0 A22

] [
xc

xu

]
+

[
B1

0

]
u,

where xc is the controllable part and xu is the uncontrollable

part. Now, given a fixed ue, where the superscript e denotes

equilibrium, the quasi-static equilibrium is given by

0 =
[

A11x
e
c + A12x

e
u + B1u

e

A22x
e
u

]
.

Since A is invertible (and hence also A22), this means that

xe
u = 0. Hence the quasi-static process will simply drive

xu(0) = 0 to xu(T ) = 0 and we can restrict our attention

to the non-trivial part of the system

ẋc = A11xc + A12xu + B1u.

But, since xu(t) = 0 on the interval [0, T ], we only have

ẋc = A11xc + B1u,

and since (A11, B1) is a controllable pair, the point-to-point

transfer is always possible.

Now in order to solve this problem, we first form the

Hamiltonian

H =
1
2
(ẋT Pẋ + u̇T Qu̇) + λT (Ax + Bu) + μT v

=
1
2
(xT AT PAx + 2xT AT PBu + uT BT PBu + vT Qv)

+ λT (Ax + Bu) + μT v,
(11)

where λ and μ are the co-states. The first order necessary

optimality condition then gives

∂H

∂v
= vT Q + μT = 0 ⇒ v = −Q−1μ,

λ̇ = −(
∂H

∂x
)T = −AT PAx − AT PBu − AT λ,

μ̇ = −(
∂H

∂u
)T = −BT PAx − BT PBu − BT λ.

(12)

In other words, by letting z = [xT , uT , λT , μT ]T , we obtain

the following equation

ż = Mz, (13)

where

M =

⎡
⎢⎢⎣

A B 0 0
0 0 0 −Q−1

−AT PA −AT PB −AT 0
−BT PA −BT PB −BT 0

⎤
⎥⎥⎦ .

Let the initial state be given by

z0 = [xT
0 , uT

0 , λT
0 , μT

0 ]T .

Now, the problem is to select λ0 and μ0 in such a way that,

through this choice, we get

u(T ) = uT

x(T ) = −A−1BuT � xT .

In order to achieve this, we partition the matrix exponential

in the following way

eMT =

⎡
⎢⎢⎣

φxx φxu φxλ φxμ

φux φuu φuλ φuμ

φλx φλu φλλ φλμ

φμx φμu φμλ φμμ

⎤
⎥⎥⎦ . (14)

We can find the initial conditions of the co-states by solving

[
xT

uT

]
=

[
φxx φxu φxλ φxμ

φux φuu φuλ φuμ

]
⎡
⎢⎢⎣

x0

u0

λ0

μ0

⎤
⎥⎥⎦ .

Now, let

Φ1 =
[

φxx φxu

φux φuu

]
and Φ2 =

[
φxλ φxμ

φuλ φuμ

]
,

which gives

[
λ0

μ0

]
= Φ−1

2

( [
xT

uT

]
− Φ1

[
x0

u0

] )
.
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Fig. 4. An example of quasi-static process for the system ẋ = −x − u,
P = Q = 1, x0 = 1, u0 = −1, xT = −1, uT = 1.

Since we are considering a quasi-static process, we have

x0 = −A−1Bu0 and xT = −A−1BuT ,

and hence the initial conditions of the co-states become[
λ0

μ0

]
= −Φ−1

2 Ψ
[

u0

uT

]
,

where

Ψ =
[

φxxA−1B − φxu −A−1B
φuxA−1B − φuu I

]
.

The invertibility of Φ2 follows directly from the fact that

this particular point-to-point transfer problem always has a

unique solution, as observed previously.

As an example, Figure 4 shows a quasi-static process,

where the dynamics of the system is given by

ẋ = −x − u,

and P and Q are both set to be 1. The system starts

from x0 = 1, u0 = −1 and the desired final position is

xT = −1, uT = 1. The dash-dotted line shows the subspace

{(x, u) | x = −A−1Bu}, while the solid line is the actual

trajectory of the system under the optimal control law with

T = 2.

In Figure 5, snap shots of a herding process are shown

where the leaders (black) move the followers (white) from

an initial position to a final position. The leaders’ initial

and final positions are xl0 = {(−1,−1), (0, 1), (1,−1)}
and xlT = {(−1,−1), (0, 1), (1,−1)} respectively. The

followers’ position (equilibria) are determined by (6) and

they follows the control law (5). The time horizon is set to be

one second. P and Q are identity matrices with appropriate

dimensions.

One may notice that there are instances when the follower

is not inside the convex hull spanned by their leaders. This

happens because the time horizon is finite.

V. CONCLUSION

In this paper we study the leader-follower problem when

the followers’ dynamics are given by decentralized averaging

(consensus-like) rules. The leaders’ positions are taken to be

the system inputs. A sufficient condition for controllability

is given together with optimal centralized algorithms for

driving this system from one quasi-static equilibrium point

to another.
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Fig. 5. A quasi-static process where 3 leaders (black nodes) herd 4 followers (white nodes), where T = 1 sec.
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