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Control Using Higher Order Laplacians in Network Topologies
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ABSTRACT

This paper establishes the proper notation and precisepietation for Laplacian flows on simplicial complexes.
In particular, we have shown how to interpret these flows ame-varying discrete differential forms that converge
to harmonic forms. The stability properties of the correxfing dynamical system are shown to be related to the
topological structure of the underlying simplicial compld=inally, we discuss the relevance of these results in the
context of networked control and sensing.

I. INTRODUCTION AND MOTIVATION

In this paper, we introduce the concept of higher order coatbrial Laplacians of simplicial complexes within the
context of networked sensing and control. During the last years, the graph Laplacian has been used as a powerful
tool that lets the network topology be incorporated diseatko the dynamics of a networked dynamical system, e.g.
[14], [16], [17], [19], [20]. Using tools from algebraic tofpgy, this paper presents a generalization of these ideas
through a generalization of the graph Laplacian. The higihéer Laplacians do not exist on graphs, but on higher order
combinatorial structures called as simplicial complexearticular we will study the family of dynamical systems

aa—(; = —Akw, k > 0,
where Ay, is the k-th order Laplacian operator, andin an element of the exterior algebra of certain vector space
a simplicial complex.

The motivation for studying this dynamical system comesfisiome recent work [4], [10], [12] in which researchers
have characterized various properties of a networkedmsystieh as coverage and routing by certain topological ptigser
of the network. These research efforts have a strong resemnedth programs in computational algebraic topology, idite
differential geometry and discrete geometric mechani¢s[@, [11]. The null spaces of the higher order Laplacians
have some very deep connections with the computation oflagfmal invariants. As these null-spaces correspond to
the equilibrium points of the above-mentioned family of dyrical systems, the computation of topological invariants
is related to the convergence properties of these dynarsysaéms. The approach taken in this paper is desirable for
related research questions in networked sensing and t@stiib indicates towards devising more quantitative meshod
and implementation using distributed computation.

Since we use certain concepts from algebraic topology tieatat familiar in the systems and networks community, we
elaborate on the precise mathematical interpretationisfdyinamical system. Specifically, we summarize the prigsert
of simplicial complexes, their homology & cohomology greuand their relation to harmonic analysis via combinatorial
Hodge theory. Using this language we interpret the highdeiotaplacians as operators discrete differential forms.

We also make the connection between the theory of diffexkfdrms for differential manifolds and the calculus for
discrete forms. We will see that this connection provide®werful interpretation that lets transport the more faanili
ideas in the continuous setting of differential manifoldshe discrete setting of simplicial complexes. We alscsirtbiat

the theory of combinatorial Laplacians exist independeotithe continuous setting and should not always be thought
as anapproximation.

This paper is organized as follows. We outline some basiceots of simplicial complexes and their topological
invariants in Section II. In Section Il we introduce the dea to basic Hodge theory. Next, we work out a detailed
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example to elaborate on these concepts. We conclude thisrséy giving an interpretation of these results in light of
the more familiar theory of differential forms on Riemarmiaanifolds. This mathematical machinery is used in Section
IV to study Laplacian flows on simplicial complexes. We camtd by summarizing our observations in Section V.

II. SIMPLICIAL COMPLEXES AND THEIRTOPOLOGICAL INVARIANTS

We first need to introduce some basic tools from algebraioltmy for generalizing the concepts of algebraic graph
theory that will subsequently be used for designing contretivorked algorithms. (For a thorough treatment of this
subject, see for example [2], [13], [18].)

A. Smplicial Complexes

Graphs can be generalized to more expressive combinatbjatts known as a simplicial complexes. Simplicial
complexes are a class of topological spaces that are madenplices of various dimensions. Given a set of points
V, a k-simplex is an unordered subsgty, v1,...,v;} wherev;, € V andv; # v; for all i # j. The faces of this
k-simplex consist of al(k — 1)-simplices of the form{vg, ..., v;—1,vit1,...,vx} for 0 <i < k. A simplicial complex
is a collection of simplices which is closed with respect e inclusion of faces. Graphs are a concrete example,
where the vertices of the graph corresponditiaand edges correspond to 1-simplices. The orderings of thees
correspond to amrientation. A k-simplex {vo,...,vr} together with an order type is amwiented k-simplex denoted
by [vo,...,vr] (see Figure 1 for typical examples of simplices in dimensiero through three), where a change in
orientation corresponds to a change in the sign of the caaftic

(V0,3 Vjy ey Ugye oy U] = —[V0, -+, Viy oo, Uy oo, VR
() Vo U1
o ——0
[ J
0- Simplex [vg) 1- Simplex [vg, v1]
Vo
V2
U3
vy
Yo U1
(0
2- Simplex [vg, v1, v9] 3- Simplex [v, v1, v2, v3]

Fig. 1. Oriented simplices of dimension zero through three.

We also generalize the concepts of adjacency and degreerdphg Twok-simpliceso; and o; of a simplicial
complex X areupper adjacent if both are faces of somé + 1-simplex in X. We denote this adjacency lay ~ o;.
The upper degree of a k-simplex, denotedleg, (¢), is the number ok + 1-simplices inX of which o is a face. Now,
give X an orientation and suppose ~ o; with a commonk + 1-simplex¢. If the orientations obr; ando; agree with
the ones induced by theno;, o; are said to besimilarly oriented with respect to€. If not, we say that the simplices
are dissimilarly oriented. In a similar fashion, we also definewer adjacency and lower degree of simplices. Two
k-simpliceso; ando; of a simplicial complexX arelower adjacent if both have a common face. We denote this by
o; -~ ;. Thelower degree of a k-simplex, denotedleg, (o), is equal to the number of faces én

B. Exterior Algebra of a Vector Space and Boundary Operators

Let V' be a vector space spanned f¥, - - - ,zn}. Denote byz; Az; = z; ® z; — x; @ x;. Let the space of all such
(exterior) products be denoted iy (V). Similarly, for anyk > 1, we can find the spacd”(V) ~ V@V ---@V/ ~ by
the appropriate anti-symmetrization operation. It is emelb with an exterior product, which satisfies for alli,v € V,

1) vAv=0.

2) vAu=—uAnv.
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3) v1 Avg--- Avg = 0 wheneveny, - - - , v are linearly independent.
This is theexterior algebra of a vector spacé’. A boundary operator d; : A"(V) — A" (V) can be defined as

n

Ok (v1 /\vg---/\vk):Z(—l)j(vl/\---/\@/\---vk),
=0

wherev; denotes omission from the product. We see below, how extelgebras and boundary operators can be defined
on a simplicial complex.

C. Chain Complexes and Homology

For eachk > 0, denote byC(X), the vector space whose basis is the set of oriekdsichplices ofX . Fork larger than
the dimension ofX, Cj(X) = 0. The elements of these vector spaces are calletiass, which are linear combinations
of the basis elements. THmundary map is defined to be the linear transformatiofys : Ci(X) — Ci—1(X) which
acts on basis elementsy, . .., vx] via

k
Oklvo, ..., vx] == Z(*l)i[vov e Vim 1, Uiy - e Ukl

1=0
as illustrated in Figure 2. These boundary maps gives rise $0-calledchain complex, which can be defined as a

B, LN

[vg, v1, v2) 9. [v1, v2] — [vg, va] + [vg, v1]

&

[vo, v1,v9,v3] —L o [y, v, 03] — [vg, V2, v3] +
- oo, v1, v3] = [vo, v1, vz]

Fig. 2. The boundary operator on a 2-simplex [top] and a Jkm[bottom].

sequence of vector spaces and linear transformations

0= Cn(X) — - 2 0u(X) 25 Cur(X) - 22 C1(X) 28 o (X) — 0.

When dealing with a finite simplicial compleX, the vector space§;(X) are also of finite dimension. Therefore we
can easily represent the boundary maps C;(X) — C;_1(X) in matrix form. By doing a simple calculation of

Or0k—1 using Equation 1, it is easy to see that the composifipfiX) e, Cr—1(X) Oy Ck—2(X) is zero. From this,
it follows that im 0y, C ker dy_1. The k-th homology group of the spaceX is defined as

Hk(X) = ker@k/im 8k+1.

Homology groups are used to distinguish topological spfimes one another by identifying the number of ‘holes’ of
various dimension, contained in these spaces. Each noaltiomology class in a certain dimension helps identify a
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corresponding hole in that dimension. Crudely speakirgydimension of,(X) is the number of connected components
(O-dimensional holes) ok . the dimension of{; (X) is the number of non-contractable cyclesXh For a surface, it
identifies the ‘punctures’ in that surface. For a graph itis humber of loops or circuitdl»(X) identifies the number
of 3-dimensional voids in a space and so on.

D. Co-chains and Cohomology

If the vector spaceg’;(X) are defined oveR, then one can give an inner product structure to eagh; R) that
makes the basis orthogortarhis allows us to define the dual space of the vector spat&; R). A member of this dual
space is a real-valued map from the chain®torhese maps are tre-chains and the dual space HaC; (X; R), R)
is denoted byC?(X;R) for dimensioni. Since chains are linear combinations of simplices, each imaompletely
described by specifying its value on each simplex. By dyaliie can identifyC?(X;R) with C;(X;R) via the inner
product. It is therefore possible to define a dual operatbichvis called as theo-boundary map

6 : C'(X;R) — CHH(X;R).

é; is is simply the adjoin®;, , of the boundary ma@,,:. If ¢ € C*(X), then for a simplexs = [vg,- - ,vi41] €
Cit1(X)
141 ]
8i(0) =Y (1) ¢([vo, -+ ,vj-1, V541, V1))
§=0

In other words, the map;¢ when evaluated on the simplex is equal to the sum of the evaluationsgbn all faces
of 0. Sinced; = 9, ,, the matrix representation of the co-boundary operatofifate simplicial complexes is simply
a matrix transpose of the corresponding boundary operator.

Note that the co-boundary maps satisfy;.; = 0. Therefore, the co-boundary operators also form a chairptem
from which the so-called cohomology groups can be obtaiMate precisely, the chain complex

0 C*(X;R) — - & OF(X:R) 22 CF-1(X:R) - <4 CYXGR) <22 0O(X:R) — 0
gives rise to the cohomology groups
HY(X;R) = ker 8 /im 6_1.

When the coefficients in homology and cohomology are chosen® (or any other field), the cohomology groups are
the exact dual to the homology groups, as a consequence ohthersal coefficient theorem [13]. In other words,

H*(X;R) ~ Homg (H(X;R),R). (1)

This means that given a cohomology class in the dual spatepitssible to find the corresponding unique homology
class.

IIl. HIGHER ORDER LAPLACIANS AND HODGE THEORY
A. Combinatorial k-Laplacians

Using the above definitions of the boundary and co-boundagyators, one can define the operatgs: C*(X;R) —
C*(X;R) and Ly : Ci(X;R) — Cr(X;R) by

Ay = 0k-10j_1 + 60k,
Ly = 8k+16,j+1 + a,jak.

where the operators have simple matrix representationségng 041. It is easy to see that both operators are
representations of the same transformation, one in thénatigpaceC, (X ; R) and the other in its dual spac (X; R).
Therefore, from the point of view of a matrix computationtlbeepresentations can be used interchangeably without

10ther fields such a®, Z,, C can also work.
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any ambiguity. We stress on this point since we will use on chainsCy(X;R) for explicit computations, but will
interpret the results on co-chains @ (X;R) for interpretation and visualization.

These operators were introduced by Eckmann in 1945 [9], axllbeen studied since then under the name of
combinatorial Laplacians [8], [11], [21]. Eckmann, in fact proved an analog of Hodgedty for harmonic differnential
forms on Riemannian manifolds, by proving a similar congtinn for simplicial complexes. He noted that ea¢h X'; R)
decomposes into orthogonal subspaces

Ci(X;R) = Hi(X) @ im(O41) ®im(9}),

where
Hk(X) = {C S Ck(X) :Lrpe = 0} = ker L.

From this follows that for eacl, there is an isomorphism
Hi(X;R) = Hp(X).

This means that in order to compute the homology (or the dahbmology) groups of a simplicial complex, it is
enough to study the null space of the matdx. The eigenvectors of; corresponding to the zero eigenvalues are
the representative cycles (or cocycles) of a particular dlogy (or cohomology) class. The s€t,(X)} has a deep
connection with harmonic analysis. Arye C;(X;R) is calledharmonic if £;c = 0. Similarly its dualw € C*(X;R) is
called harmonic ifA;w = 0. The harmonic cocycles are natural analogs of harmonieréiftial forms on Riemannian
manifolds. We discuss this connection shortly.

As mentioned earlier, the boundary operators and theirimdjdvave matrix representations. In other words, we
can also give a matrix representation to the Laplacian. Odindhis matrix representation, it can be seen that the more
familiar graph Laplacian is synonymous wittC : Co(X) — Co(X). Since there are no simplices of negative dimension,
C_1(X) is assumed to bé. Also, the maps), and 9} are assumed to be zero maps so that

E() = 8181*

The boundary map; : C1(X) — Cy(X) maps edges to vertices and its matrix representation istlgx@gual to
the more familiar incidence matri® of a graph. Therefore we hav& = BB?, which is the graph Laplacian from
algebraic graph theory. It is easy to see that

deg(v;), if i=j,
(Lo)ij = 4 —1, ifv; ~ vj,
0, otherwise,

wheredeg(v;) (degree of a vertex in a graph) is the samedes, (v;) and the adjacency relation ~ v; (adjacency
of two vertices in an edge) is the samewas~ v; defined previously. One can also wrifg in the familiar averaging

formula,
Lo(vi) = Z (v; — vg).
Let us generalize these representationsifor 0. Let o4, - - - , o, be the oriented-simplices ofX. We observe that
deg, (0;) if i=j,
. 1 if i # j, o; ~ o; with dissimilar orientation,
Oet10k1)i5 = -1 if i # j, o; ~ o, with similar orientation,
0 otherwise.
Similarly,
k+1 ifi=j,
(OO = 1 if ¢ j, oy — o; with similar orientation,
KOk -1 if i # j, 0; — o, with dissimilar orientation,
0 otherwise.

1028



Note that ifo; ~ o, then it is always the case that — o; with an opposite orientation similarity. Therefore, wheee
o ~ 0j, (030k)ij + (Ok4105,,1)i; = 0. Combining these observations, we get

deg, (o) +k+1 ifi=j,

1 if 1% 7,05 40, and
o; ~ o With similar
orientation,

(Lr)ij = (OrOk)ij + (Ok+10541)ij = { —1 if i # 4, 0 # 0, and

o; ~ o with dissimilar
orientation,

0 if ¢ # j and eithero; ~ o;
or o; ¥ 0.

Let¢;; € {—1,1} capture the similarity or dissimilarity of orientation beten simplicess;,o;, then the formula for
the k-Laplacian can be explicitly written at the simplex leve] as

Ek(O'Z) = (degu(az) -+ k -+ 1)01 -+ Z eijaj — Z €EimOm- (2)

oi~0; Ti~Om

Finally, if n; is the number ofc-simplices inX, D = diag(deg,(o1),- - ,deg,(on,)), and 4,, A; denote the upper
and lower adjacency matrices between theimplices respectively, then

Ek:DfAu+(k+1)Ink+Al, k> 0.
For k = 0, we have the familiar matrix decomposition from algebraiapi theory,
Lo=D— A,.

B. Examples

We now give a simple example to illustrate these formulaesitter the simplicial compleX given in Figure 3.
The boundary operators are given below.

2,3,4]
[12) [13] [23] [24] [34] [35] [45] 0111,2]
1 -1 0 0 0 0 01 [1] 01 [1,3]
o — 1 0o -1 -1 0 0 01 [2] 9, — 1112,3]
Y0 1 1 0 -1 -1 0|3 > 1| [2,4]
0 0 0 1 1 0 —-11[M4] 1] [3,4]
0 0 0 0 0 1 119 0113,5]
01 [4,5]
The Laplacians are computed as
2 1 -1 -1 0 0 0
2 -1 -1 0 0 1 2 1 0o -1 -1 0
-1 3 -1 -1 0 -1 1 3 0 0 -1 0
Lo=]| -1 -1 4 -1 -1 1, Li=] -1 0 0 3 0 0o -1 1, Lo =3
0 -1 -1 3 -1 0 -1 0 0 3 1 -1
0 0 -1 -1 2 0 -1 -1 0 1 2 1
0 0 0 -1 -1 1 2
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0.1005

-0.1005

2

Fig. 3. A simplicial complexK of dimension 2. The numbers labelled on the edges correstotite corresponding components of one of the two
zero-eigenvectors of thé-Laplacian of K.

20.2391

Let us compute the eigenvector decompositiorof It turns out that it has two eigenvalues equal to zero. Theze
the null-space has dimension two and is spanned by the gector

—0.1005 —0.6090

0.1005 0.6090

0.1386 —0.4138

v = | —0.2391 |, vy = | —0.1951
—-0.3777 0.2187

0.6168 —0.0236

—0.6168 0.0236

We interpret these results below. The Hodge decompositestribed above tells us that the null-spacefqf is
isomorphic to the first homology groufl; (K; R). Since the dimension of the null-space is two, there are ta@ n
trivial 1-cycles in K. The two eigenvectors corresponding to the zero eigensakejgresent the two homology classes
of H;(K;R). We can interpret the eigenvectors as follows. t.et C; (K;R) be a chain whose real valued coefficients
are given by the respective coefficientsigf

¢ = —0.1005[12] + 0.1005[13] + 0.1386[23] — 0.2391[24] — 0.3777[34] + 0.6168[35] — 0.6168[45].

It is clear that the boundary operatdr operates ore via 9,v; = 0. Therefored;c = 0 andc is a 1-cycle. In fact, it
is a non-trivial cycle becaus&v; = 0, soc ¢ im d,. Hence,c or v, represents a homology class of the simplicial
complex. In the same wayy, is a representation of a second non-trivial homology clds&d K; R). To see whyv;
and v, represent two different homology classes, observe thas orthogonal tovy by virtue of being eigenvectors.
This is consistent with the observation that there are idde® ‘holes’ in K, one of which is bounded by the edges
[12],[23] and [31], and the other by the edges [34],[45] abd][ Another important interpretation of the vectessand
vy IS to consider the co-vectots, v5 as functions on thé-simplices (i.e. the edges). As an example, the coefficients
of v; have been put on their corresponding edges in Figure 3.ifdent, v; with the mapsps, ¢ : C1(K;R) — R,
i.e. 1,02 € CH(K;R). Now observe that¢; = d3v; = 0. Similarly §;¢2 = 0. This means that;, ¢ are both
non-trivial conomology classes df!(K;R).

Now take any chair € C;(K;R) such that;e = 0. If ¢1e = 0 thene is a trivial cycle, otherwise it bounds a hole
in K. As an example, let

e = [12] — [13] + [23] € C1(K;R),

then ¢1e is computed byi[1,—1,1,0,0,0,0]* = —0.1005 — 0.1005 + 0.1386 # 0. In simple words, take any cyclic
path onK and accumulate the corresponding valuegoflong this path, reversing the sign of the coefficients when
going against the orientation. If the accumulated sum isaktp zero, the path does not bound a holeFn If
z = [23] 4 [34] — [24] then$1z = —0.3518 — 0.3518 — 0.7082 = 0.

A more elaborate compuation has been depicted in Figure & sithplicial complex has been drawn in the upper left
corner, and is made up @17 nodes$50 edges and 393 two-simplices. The null-space of tielLaplacian has dimension
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Fig. 4. A simplicial complex [upper left], its Harmonic 1+fas [upper right and lower left] and thieform corresponding to the smallest non-zero
eigenvalue ofL; [lower right].

2. The two cohomology classes (or for that matter the homoldggses) correspond to the two zero eigenvectors of
the Laplacian matrix. The two eigenvectors have been degpict the upper right and lower left parts of the figure. The
thickness of an edge is directly proportional to the magi@tof its corresponding eigenvector component. It can be
seen that the magnitudes peak close to the holes and in tes d&tinguish the two holes quite clearly. The co-chain
drawn in the the lower right of the figure corresponds to thalkst non-zero eigenvalue. An interpretation of these

‘near-harmonic’ co-chains will be given later.

C. Differential Forms and the Continuous Laplace-Beltrami Operators

Assume thaty € C*(X;R), which is not necessarily a co-cycl®.w € C*+1(X;R) is a map from thek-simplices
in X toR. Lets =3, a0, € C*1(X;R) wherea; € R ando; are thek-simplices. Suppose we wish to do the

computation

drw(s) = Z a;.01w(oj).
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By duality 6, = 9, ;, which means that
5kw = w8k+1

Therefore,
Zaj drw(oy) Za] W(Ok+10;) = wOky1 Za]cf] = wWOk418-

J

This computation can be seen as a discretization of Stokerém for integration over a domdin,

/ w:/dw,
aD D

where D is the boundary of the domain antb is the differential of w. This suggests that*(X;R) can also be
interpreted as the set discrete differential forms on a combinatorial manifol. Let us recall below, how the differential
forms are defined on differential manifolds and what is tlymidicance of their cohomology groups.

For Riemannian Manifolds, leT*M be the vector space, called as the cotangent spagecat\/”. It is locally
spanned by the differential&dzy, - - - , dz, }. Now define the exterior algebra on this vector spaca\lﬁ)(T* M). At
eachk, A\"(T* M) is spanned by aII exterior products

da:,-l A dzx;, /\"'/\d.ﬁik .

k—times

By varying overz € M, we define thek-differential formsQ*(M) = D(A"(T*M)). Q°(M) is simply the set of
functions fromM to R. Eachk-form w € Q*(M) can be given in local coordinates by
Z wil...ikdxil Adzx;, /\"'/\dﬂjik.
<<y,

There is a linear operatak, : QF (M) — QFT1(M) that locally satisfies

a 7 L
drpw = Z wa; dry Adxi, Ndzi, A AN da,
i1 <<y J
It can be verified thatly;d; = 0. Therefore, we have a chain complex

dp—1 Ok~ I(M) — &QI(M) <CI;OQO(]\/[)'

QM) — - <2 QR () S
The cohomology groups associated with this chain complexta so-callede-Rham Cohomology groups defined by
ker dk

imdy_1 '

H}p(M) =
There is a corresponding co-differential operaigr= (—1)E+D+1 & d, %, defined via theHodge-star operator « :
QF (M) — Q"~*(M). The Hodge-star operator satisfies

*(da:,-l VANRERAN da:,-k) = d$j1 VARIERIVAN dxj”fk,
where{dz;,,--- ,dz;, ,dz;,,--- ,dz;, .} form a (positive) basis of ;M.
The Laplacian-Beltrami operator on a manifold is defined by
A = dde + dkfld;;fl.

It can be shown [15] that for/ = R"™, this operator can be explicitly written as

0%w;
T iy g, A dai,.

Arw = — ox2,

m=1
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In particular, fork = 0, we have the familiar

n 2
Aof == ;—f ==V (V]).

m=1 m

on a functionf : M — R. A k-differential formw € Q¥ (M) is called harmonic if
Akw =0.

As a direct analog of the Hodge decomposition for simpliciamnplexes described above, every cohomology class in
HE (M) contains precisely one harmonieform. It can also be proved that the harmoki¢orms are the ones that
minimize the L2-norm onQ*(M) [15]. Hence, the null-spaces of the Laplacian-Beltramirafms are isomorphic to
their respective De-Rham cohomology groups.

Let us now study, how the discretization of thésérms leads to analog results on simplicial complexes.dittar a
simplicial complexX obtained by discretizing a manifold. Triangulations areaete examples of such a construction
for 2-manifolds.C°(X;R) is the collection of functions on the vertices, which can bersas the discretization of
functions inQY(M). Let f be one such function. Theform df € Q!(M) can be approximated on two neighbouring
points,z, x + Az € M by

1
df(2) ~ 5= (@ + Aa) - f(a).
If vo,v; are the vertex representation of poiatst + Az on X and [vg,v;] is a 1-simplex, then

dof([vo,v1]) = f(v1) — f(v0).

This clearly suggests tha f is a discretization oflf on M. A similar interpretation holds for othet-forms. The
calculus of discrete differential forms has been exploredetail by various researchers [5], [6], [7], [11]. In peuiar,
the discretization of the Hodge-star operator has led tcsistant definitions of a discrete adjoint operaitit We
omit these details here as it involves a lengthy digressima duals of simplicial complexes [5], [11]. Using these
results, it is possible to interpret the discrete combinakd.aplacians as discretizations of the respective cwmtils
Laplace-Beltrami operators. In particular,

Loy = 5'18Ta

is just a discretization of
Ag=-V-(V)

A similar discretization holds for the the higher order Laphns as well. This interpretation has several advantages
Most importantly, it allows us to conceptualize the behawibthe combinatorial operator as an approximation of its
continuous counterpart. We conclude with the followingerations.

1) It is possible togeometrically approximate the higher order Laplace-Beltrami operators on manifotdghteir
discrete analogs using the calculus of discrete diffeaéfiirms. Since any simplicial complex is realizable in
someRY for N large enough [18], it may be considered as an approximatisoine continuous sub-manifold
in RV, The approximation however, may be too crude to give a goadng¢rical insight on the behavior of the
combinatorial Laplacians on the simplicial complex.

2) Due to this interpretation, it is more insightful to cahesi the combinatorial Laplacians as operators on cochains
(interpreted as discrete-forms), rather than operators on chains of simplices.

3) The combinatoriak-Laplacians, however exist on simplicial complexes, irefefent of such a conceptual dis-
cretization as shown by Eckmann [9]. Therefore, it is notessary to see the behavior of the combinatorial
Laplacians in light of a discretization only.
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IV. LAPLACIAN FLOWS ONSIMPLICIAL COMPLEXES

The graph Laplacian is a powerful tool that allows the nekwtopology to be directly incorporated into the equations
of a networked dynamical system. The most important apjdicaf this approach has been seen in consensus problems,
where a simple averaging law such as

Fi(t) == Y (wlt) — (1)),

ViU
can be re-written as de(z. §)
C(Z’] :_L:Oc(x7j)7
where the component operator is given through, j) = [z1;,--- ,zn;]7. For a connected graph, it can be shown

through the spectral properties 6f that all states converge towards a common state. We studytseheneralization
of this dynamical system for higher order Laplacians. Lettime flow of a discrete time-varying-form w(t) be given
by Arw : R x CF(X;R) — C*(X;R). We study the dynamical system
Ow(t)
ot
The equilibrium points of this dynamical system is the sek-dbrms given by
{we CHX;R) | Agw =0} = ker(Ay).

= -Aw(t), w(0)=uwye C*X;R). (3)

Let us recall a few definitions of stability of a dynamicaltgm. A dynamical system(t) = f(x(t)) is calledLyapunov
stable, if for every initial conditionz(0), =(¢) is bounded for alt > 0. It is semi-stable, if for every initial conditionz(0),
lim;_, x(t) exists. If is calledasymptotically stable, if for every initial conditionz(0), lim;_. . z(¢t) = 0. Asymptotic
stability is stronger than semi-stability, and semi-digbis stronger than Lyapunov stability.

An eigenvalue)\ of a linear operatorA is called semi-simple if its algebraic multiplicity (the number of times the
eigenvalue repeats in the spectrum) is equal to its gearrmrauitiplicity given by dim(ker(AI — A)). It can be shown
that alinear dynamical system [1] is Lyapunov stable if all of its eigenvalues have eitharegative real part, or they are
purely imaginary and semi-simple. It is semi-stable, iféigenvalues have a negative real part or they are semiaimpl
zeros. It is asymptotically stable if all eigenvalues havweegative real part. We observe the following result.

Proposition 1V-A: The dynamical system of Equation 3 is semi-stable.

Proof: Let there ben;, number ofk-simplices inX. Let the eigenvalues ah\;, be given by); < Ay <.-- < A, . As
0k—165_1 = 0 andd;é, = 0, it follows that A, = dx—16;_; + 60, = 0. Therefore, all of its eigenvalues are real and
A; > 0 for all ¢ < ng. If the null-spaceM has dimensiorg, = 0, then all eigenvalues of the dynamical system are
real-negative, and therefore the system is asymptotistdligle, which also implies semi-stability.

If B> 0, then the algebraic multiplicity oX; = 0 is the same as its geometric multiplicitym (ker(A; I — Ay)) = B
Therefore, all eigenvalues of the system in Equation 3 aleenegative or semi-simple zero. This implies that the
system is always, at least semi-stable. ™

Note that the condition tha, = 0 is equivalent to saying that thie-th cohomology group (or the respectiketh
homology group) is zero. Therefore, we have the followingotary.

Corollary 1V-B: The system in Equation 3 is asymptotically stable if and ohlf7*(X;R) = 0.

This proves that for any initiab(0) € C*(X;R), the trajectoryw(t),t > 0 always converges to some pointliar Ay.
Therefore the dynamical system is a mechanism for produtisgyete harmoni&-forms on simplicial complexes from
any arbitaryk-forms. Snapshots of a simulation of one such flow has beesngiv Figure 6.

It should be noted however that the dynamical system pradthee harmonidc-form only in the limit. We would
therefore like toestimate how close the trajectory at timeis to the limit. Letw,, = lim;_ ., w(t) for the system
initially at w(0). The measurable quantitypw(t)/0t|| = ||Axw(t)|| helps us with this estimation, whele| is the usual
L?-norm as we are only dealing with simplicial complexes thaeha finite number of simplices in each dimension.
Note thatArws = 0. We have

Ak = [[Arw(t) = Apwooll < [[Ak]|[|w () = wooll-
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Fig. 5. Thel-Laplacian flow on a simplicial complex with one non-triviedo)homology class. The flow stabilizes to a harmohiform that
accumulates high energy on the edges close to the hole.

Therefore,
lw(t) — weoll =
Since ||Ag||? = Y°i*, A2, for ¢ large enough, the convergence is dominated by the smaltestzero eigenvalue .

Hence 1
lw(®) = wooll = =l Arw(®)]l- (4)
+

This gives us an upper bound. To obtain a lower bound, note tha
w(t) = exp(—Agt)w(0).

By the semi-stability of the systentim;_,., exp(—At) exists. Furthermore, since the eigenvalues are real,
Nk

exp(—Agt) = Z exp(—Apt)vg vy,
k=1

wherev;, € C*(X;R) are the eigenvectors of the operatoy. In the limitexp(—Axt) — 0 if Ay > 0, andexp(—Axt) =
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Fig. 6. Thel-Laplacian flow on a simplicial complex with trivial (co)hatogy in dimension one. The corresponding dynamical sysiem
asymptotically stable, resulting in zero energy in the fimi

1 for all ¢ if Ay = 0. Combining these observations, we see that

Jw(t) —waoll = ||exp(~Akt)w(0) — Jim exp(~Axt)w(0),
< | > weexp(-Mtyer|| e )],
k=pBr+1
N 1/2
= | X ew-2nt)| O
k=B, +1
< (= Be— 1 exp(=Ast) [w(0)] . (5)

Once again, we note that the convergence is dominated byrtalest positive eigenvalug, . Typically, the number of
simplicesn;, is much bigger than the number of holgsin the simplicial complex. Therefore, combining the ineliies
4 and 5, we have

iIIAkW(t)II < lw(t) —weoll < mi exp(=Ayt) [[w(0)]] - (6)

These bounds give an estimate of how clage) is to being harmonic. This is demonstrated in the graph ofifeig,
which shows the decay dfA,w(t)|| in the simulation of Figure 6. We say that thkeform w(t) is e-harmonic at time

1036



I8, wl|

25 3

Fig. 7. The graph of|Aiw(t)|| against time shows an asymptotic convergence to zero.

t, if |w(t) — weo|| < €. Thereforew(t) is e-harmonic for all

0z to= ()
= T el

For the special case whelf*(X;R) = 0, the system stabilizes at zero, i, = 0. We say that the-form w(t) is
e-trivial, if ||w(?)|| <e forall t > t. .

V. DISCUSSION ANDFUTURE WORK

In the context of relevant problems in networked sensing @orrol, this paper provokes the following questions

and observations.

1) Decentralized computation: Equation 2 suggests that the Laplacian flow can be implerdeinten distributed
manner at the simplex level, involving only those simplittest are upper or lower adjacent to a given simplex. This
is desirable from the point of scalability and efficiency ietworked systems and may emerge as a decentralized
method of computing homology/cohomology groups. Quest@nains however, as to how to make this method
independent of the initial conditions of the dynamical eyst so as to deteedl homology classes of the network.

2) Near-harmonic forms and quantitative topology: The operation of the Laplacian on a co-chain indicates hosecl
it is to being a cohomology class. This lets one to quantiéftagilities of a simplicial complex. The eigenvectors
corresponding to small non-zero eigenvalues indicate whgs of the complex are close to becoming holes. This
is a more useful abstraction of network holes than merelymg their absence or presence. Work needs to be
done in order to quantify these notions more carefully.

3) Global Vs. Local: Empirical evidence suggests that the energy distributiothe harmonic forms is related to
whether the holes in a simplicial complex are ‘big’ or ‘smallhe smaller the hole, the more concentrated is the
energy on the simplices close to the hole. Again, this isuldef distinguishing between local and global features
of a network. However, the relationship is more complex ttids as it also depends on the density of simplices
within various parts of the complex. The above mentioneerpretation is useful only under the assumption of a
uniform density.
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4) Consensus at simplex level: The graph Laplacian has emerged as an important tool foryistycconsensus
algorithms at the node level. The generalization preseinteétis paper suggests that the Laplacian flows could
be useful for establishing consensus at the edge-level armagher simplex level.

The further investigation of these questions is a subjedusfcurrent research.
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