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The outline of this paper is as follows. In Section |l we discuss the co- In light of the previous paragraph, it is more convenient to consider a
ordinated tracking problem from a theoretical point of view, includinghoving frame with coordinates centeredkat In the new coordinates
our main stability theorem. In Section Ill, we show how our platformve havex = x—x,. Let the desired trajectories (subscriptor virtual
independent coordination scheme can be applied to the class of wehicles, be defined in the moving frame by
cycle robots. We then conclude in Section IV with an illustration of

how the proposed method can be used for generating rigid body mo- Xia =Di(si), t=1,...,m
tions. s _0pis:) .
Xid = Si
Js;

Il. FORMATION CONTROL
where we have not yet specified what the desired trajectories should

The multi-agent system th_at we consider in this paper is given 'Ryok like. In fact,0p;(s:)/s: ands; € R can be designed by us, and
m mobile robots, each of which is governed by its own set of SySteﬁqey should be chosen in a systematic fashion so that the formation

equations constraint is respected.
. The solution we propose is to let the desired trajectories be given by
z; = fi(2z:) + gi(z)w; . . . . .
h(z) the steepest descent direction to the desired formation, i.e., we set
X; = NlZ;
. . 9p(s) _ —VF(%4)
wherez; € R"? is the state of the system, € R"* is the control, 9s xd

andx; € R™ are geometric variables used for defining the formation o )
in R". (Throughout this paper, we use boldface to distinguish vectgihere we have grouped together the contributions from the different
from scalars.) These geometric variables can either be just the stat&°90ts as

the system or output projections onto some space on which one wants T <\ T
X . . e T [ OF(Xa) IF(xq)

the formation to evolve. The: robots should keep a certain relative VEP(xq)" = 9% v oz
position and orientation, while moving along one given path, specified e md
for the_ \{l_rtual leader, e.g., the geometric center of t_he formathn. p(s)” = (15%’(51)’ o f)fl(sm)>

Definition 1.1 (Formation Constraint Function):Given a continu- T ;
ously differentiable, positive definiteF{ = 0 only at one point) map s° =(s1, ..., 5m)
F:R"x - x R* = RY.If F(x41, ..., Xn) is strictly convex, then Xy = (Xig = Xo s .nns Xy — Xp ).
we say thatF'(x1, ..., x,,) iS aformation constraint functionThe
shape and orientation of the robot formation is uniquely determined byThe idea now is to let the evolution of the different virtual vehicles be
(X1, oeey X)) = F7H0). governed by differential equations containing error feedback in order to

The formation is thus given by the kernel of a formation constraimhake the control scheme robust. This can be viewed as a combination
function, which is a mathematically appealing way of capturing thaf the conventional trajectory tracking, where the reference trajectory
desired formation. It is obvious that, for a given formation, the corrés parameterized in time, and a dynamic path-following approach [15],
sponding formation constraint function is not unique. For example, farhere the criterion is to stay close to the geometric path, but not nec-
a given polygon irR?, one can choose either essarily close to aa priori specified point at a given time.

In order to accomplish this, we define the evolution of the reference

P =3 [Umi—xlP —d)? +(xll? = 7)) #llxi —ay|? POINS as
=2

$; = ce” " i=1, m
or
m wherec, «; > 0 andp; = ||xi — xal| = ||%i — Xiq||. We further-
F= Z lIx: — a:||”. more want the motion of, to capture how well the formation is being
i=1 respected. For this, we define

From an implementation point of view, the former is preferable since m

the relative distance is coordinate-free and easier to measure than the Pa = Z pi

absolute position. i=1
We, of course, want to allow for the possibility of having a movin

. . . . n
formation since we want the virtual leader to follow a given path. d set
the desired path that we want the virtual leader to follow is given by G = Co o o0Pa
po(-), we choose to parameterize the trajectory for the virtual leader, dpo(so)
xo € R", as Jso
X (t) = Po (S(J (t)) WherEC(), ag > 0.

With these designs, we have the following stability theorem.
wheres, € R is a function oft (time), and where we assume that the Theorem Il.1 (Coordinated Tracking and Formation Con-
trajectory is smooth, i.e||(dpo(s0)/ds0)|| # 0 for all so. trol): Under the assumption that the real robots track their respective

The reason for callingo, together with its dynamics, a virtual leaderreference trajectories perfectly, it holds that
is because it takes on the role of the leader for the formation. Using this
terminology, our additional task is to designnew virtual robots for fliﬁm F(%x4) =0.
the individual robots to follow. We are thus free to design the evolution —
of these additional virtual vehicles, and we ignore the question con-Remark I1.1: This theorem shows that we have quite some freedom
cerning how to actually track these new virtual vehicles for the tima initializing the virtual vehicles and that the algorithm is robust to
being. measurement noises.
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Proof: We should point out thah ¢ is not defined ap = 0 since¢, is not
o defined. In implementation, one can replagceby the equation shown
4 F(%,) = VF(%4) %4 = — Z afod) ‘ ceTXiPi atthe bottom of the page wherés a small positive number. Itis easy to
dt — || Ixid see that), is well defined ap = 0 sincelim, ¢ ¢a(—2p* + 3ep?) =
N 0.
Now assume that we have perfect tracking, pe~= 0,7 =1, ..., m.

: . . . . . o The error dynamics then becomes

This assumption, combined with the assumption f positive def- y

inite and convex, implies thdtl/dt) F(x4) is negative definite since A Opox(so) . n 0P (5)
xr =-—-

otherwiseF’ would have a local minimum. This concludes the pmiof. 950 ° 5, ° T IpcosAdcos ¢
Corollary I1.1: If all the tracking errors are bounded, i.e., it holds ) Opoy(s0) 95, (s)
thatp; < p < o00,i =1, ..., m,then Ay = poay Y s + pay ~2 & — ypcos Apsin ¢
So S
Jlim F(%a) =0. Ag = —kAo.

The proof of this corollary is just a straightforward extension of the Assumption II1.1: Along trajectories, the formation satisfies
proof of the previous theorem. This corollary is furthermore very usefHIF(id)” < M < oo for someM € RT.
since one typically does not wamt= 0 due to the potential chattering * \we can now formulate the following stability theorem.

that such a control strategy might give rise to [7] and [8]. Instead it is Thaorem 111.1 (Stability): Under the control action given in Algo-
desirable to lep > 0 be the look-ahead distance at which the robotsihm 111.1. it holds that

should track their respective reference trajectories.

lim sup p(t) <d

Ill. CONTROL OF MOBILE ROBOTS oo

lim sup
t—o0

In this section we shift our focus to the actual tracking of the virtual Agl <6

reference points in the workspacef (i.e., » = 2). Our solution
to this problem is based on position and orientation error feedbaRf somed. 6 > 0 that can be made arbitrarily small with an appro-
The solution is largely model-independent because it provides only fpiate choice of the control parametérsind-.

rotational and translational velocity controls. In other words, they are  Proof: SinceA¢é = —kA¢, the second of the two control objec-
higher-level controls. Naturally, for platforms that do not support direéives clearly holds. Furthermore, differentiatipgives

control over these velocities, one needs to be somewhat more careful

when designing the actuator controllers. p=coe” 0P cos(pqg — ¢ry) +ce” 8];(8) ‘
Under the assumption that we can control the rotational and transla- 5 ,
tional velocities, we model the robots as unicycles of the form vcos(¢q — ¢r) — ypcos” Ag
& =wvcos¢ where
g{ =vsin¢ ér = atan?2 <0py—(.s) M)
¢ =w Os Os
and
where(z, y) is the center of gravity of the robot in the inertially fixed Apoy(s0) Opox(so)
coordinate system, andlis its orientation. The two controlled inputs Org = atan2 < ds0 | s ) '
(v, w) correspond to the longitudinal and angular velocities, respec-
tively. Now leta(t) = —v cos® A¢, and letd(¢, s) be the transition matrix
It should be noted that we, throughout this section, choose to drepq(t). Then
the subscripi € {1, ..., m} since we assume that all robots have
the same dynamics. The evolution of the reference points are moreover _ < /'f )
A o - ) . [|®(t, 5)|| = exp a(o)do
still given by the coordination algorithm from the previous section. s
LetAzr = vy — 2z, Ay = yq — y, andA¢ = ¢4 — ¢, Where L
rd = p«(50, 5), Y4 = py(so, s),andgys = atan2(Ay, Ax). Here = exp <—/ (1 — sin® Ag) da)
p(so, 8) = (pu(s0, 8), py(s0, s))* is the desired trajectory, and s
P=(S0, 8) = poz(S0) + P=(s) andpy(so, ) = poy(s0) + py(s) for < e*,/(AoZ(D)/k—(L—s))v Vi> s >0

each of then agents, where, ands are as defined before. We propose
the following simple, intuitive control algorithm for the actual robots. \yhich gives

Algorithm I11.1:
t op(s(a
v = ypcos Ag 0] < fot 01O+ [ 1300, )l (w04 (a—))H) ao.
. 0
w=kA + ba . . o
However, since the constraint function satisfiégx;) < M ac-
wherep = /Az? + Ay? andk, v > 0. cording to Assumption 1ll.1, and since it is continuously differentiable,

bds ifp>e
@a =\ 6a(=2p" +3¢p®) 4 6,(=2(c — p)* + 3e(c — p)*)

€3

if p<e
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there exists a positive constafit < oo such that

t

()] <1®(t, 0)]p(0) + / [B(t, 0)|(cK + co) do

< ef-,'(A(r)Z(O)/k—f,)p(O) n cK +co AG(0)/k 2
< , "

15
where the first term decays exponentially, and the second term can

made arbitrarily small with an appropriate choicetand~. The the- ]
orem thus follows. |

o5

IV. RIGID BobYy MOTIONS

In this section, we show how our coordination method can be use
for executing translational rigid body motions. With such a motion,_0
we understand a formation constraint that specifies a desired distan
between the different robots, as well as distances between the rob . ) \ . \ , . \ . )
and the virtual leader. The term “rigid body” is somewhat misleading, ~=* =©°% ° 05 1 o228 3 35 4
since we have no guarantee that the right distances are maintained for . . . .
alltimes. On the contary, he ntrocuction offlexibilty ntothe syster %, L T euollon of & tangular formatn under 2 et vackng
is crucial, as we will see further on, when reactive obstacle avoidanggne triangle are shown.
terms are added to the controller. In that case, we both want to maintain
formation and avoid obstacles at the same time, which calls for a certain
amount of flexibility.

Let the formation constraint be given by 251
} m } R 512 m R 9 | |
FR)=> > 7 (1% = %117 = d2)" + > = (I%ill” - d?) z
=1 jZi i=1

wherer;; = 7;; > 0 are the weights that determine how important it =T
is that a particular distanek; = d;; is maintained betweek; andx;
and similarlyr; andd; determine how closg; should be to the virtual !
leaderx,. Of course, thel; ;s andd;s need to be chosen in such a way
that a physically feasible formation is being defined®y' (0). 05
In this case, no orientation of the formation is specified. Thudpes
not meet the condition thaf ~*(0)| = 1 in Definition I1.1. In fact, '
has a continuum of global minima, which each corresponds to a give
orientation of the formation. However, since each of these solutions a
acceptable, our method is still applicable.
Example IV.1 (Triangular Formations)We consider a triangular -1 -05 o os 1 s 2 25 3
formation without the orientation fixed

X \

W
Wb

-05F 4

Fig. 2. Obstacle avoidance. In this case, the robots are negotiating the circular
F(x)=(||x: — 5{2||2 _ 1)2 + (||%=2 — 5{3”2 _ 1)2 obstacle by moving around it on different sides while the virtual leader passes

i o . o 5 through the obstacle.
+ (1% =zl = D" + (Ix” - )

+ (1%l = 5 + (%7 - 1)

whered = \/(;zr — Zob)? + (Y4 — Yob)?, woua(d) = l/d2 if d <

which corresponds to maintaining an equilateral triangular shape (sfrgé’/“ woa(d) = 0 otherwise, andoa = 7 + atan2(yo, — . Tob —

lengths equal to one) between the different robots. (One of the ter:E %hg?ifédtk(]j?sts;nbcsec?r?r)nAaitggg;;?er ?::;?ecéf ?Vglde;n(\jfﬁee:gﬁe

in the function is actually redundant for defining the shape.) The migs- havior b i It th ' bat” iy"‘.’ ’ t th i
point of the triangle is the virtual leader in this case. An example of this,aviorbecomes active. (If more than one obstacie s present, the con
can be seen in Fig. 1. tributions from the different obstacles are just summed up in a straight

As pointed out in [11], [13], [14], and [17], such rigid body forma_forward manner.) We thus have a method for controlling the individual

tions are useful in a number of applications where groups of robots %%gt%tg S;) t:'ztéggai{g: f;’vsaégr:hﬁ lrzgferzence points, at the same time
asked to carry or push objects in a coordinated manner. y avol ! InHg. .

A. Obstacle Avoidance V. CONCLUSION

If we assume that the robots we are controlling are of the unicycleIn this paper, we propose a model-independent coordination strategy
type, we can add a standard, reactive obstacle avoidance term (sed0fofulti-agent formation control. The problem is defined by a for-
example, [1]) to the individual control algorithms in Algorithm I[11.1.mation constraint in combination with a desired reference path for a
We choose to keep the longitudinal velocity from Section Ill, es  nonphysical, so-called virtual leader. We show that if the robots track
+p cos A¢, but augment the angular velocity with an avoidance terntheir respective reference points perfectly, or if the tracking errors are

bounded, our method stabilizes the formation error. This is a very useful
w=woald)(doa — )+ kAP + ba (1) fact since it allows us to decouple the coordination problem into one



IEEE TRANSACTIONS ON ROBOTICS AND AUTOMATION, VOL. 17, NO. 6, DECEMBER 2001 951

planning problem, with proven features as long as the tracking is goodRandomized Path Planning for Linkages With Closed
enough, and one tracking problem. Kinematic Chains

The tracking problem is solved for a class of nonholonomic robots
of the unicycle type, and we illustrate the soundness of our method by Jeffery H. Yakey, Steven M. LaValle, and Lydia E. Kavraki
applying it to rigid body constrained motions.

Abstract—We extend randomized path planning algorithms to the case

ACKNOWLEDGMENT of articulated robots that have closed kinematic chains. This is an impor-

The authors would like to thank the three anonymous reviewers t class of problems, which includes applications such as manipulation

their insightful comments.

(1
(2]

(3]

[4]
(5]

(6]
(71

(8]
[9]

[10]

[11]

(12]

[13]

(14]

[15]

[16]

(17]

planning using multiple open-chain manipulators that cooperatively grasp

an object and planning for reconfigurable robots in which links might be

arranged in a loop to ease manipulation or locomotion. Applications also
REFERENCES existin areas beyond robotics, including computer graphics, computational
) . ) . chemistry, and virtual prototyping. Such applications typically involve high
R. C. Arkin, Behavior-Based Robotics Cambridge, MA: MIT Press, degrees of freedom and a parameterization of the configurations that sat-
1998. , , _ _isfy closure constraints is usually not available. We show how to implement
T. Balch and R. C. Arkin, “Behavior-based formation control for multi-key primitive operations of randomized path planners for general closed
robot teams, 1EEE Trans. Robot. Automatol. 14, pp. 926-939, Dec. kinematics chains. These primitives include the generation of random free
1998. . . configurations and the generation of local paths. To demonstrate the fea-
B. E. Bishop and M. W. Spong, “Control of redundant manipulatorsijlity of our primitives for general chains, we show their application to
using logic-based switching,” iRroc. 37th IEEE Conf. Decision and yecently developed randomized planners and present computed results for

Control, Tampa, FL, Dec. 1998. high-dimensional problems.
C. Canudas de Wit, B. Siciliano, and G. Basfifeory of Robot Con-
trol. Berlin: Springer-Verlag, 1996. Index Terms—Closed linkages, kinematic chains, randomized path plan-

J. Desai, J. Ostrowski, and V. Kumar, “Control of formations for mulning.

tiple robots,” inProc. IEEE Int. Conf. Robotics and Automatjdeuven,

Belgium, May 1998.

J. Desai, “Motion planning and control of cooperative robotic systems,” . INTRODUCTION

Ph.D. dissertation, Univ. of Pennsylvania, Philadelphia, 1998.

M. Egerstedt, X. Hu, and A. Stotsky, “Control of a car-like robotusinga This paper addresses the problem of path planning for general
virtual vehicle approach,” iProc. 37th IEEE Conf. Decision and Con- linkages that have closed kinematic chains with redundant degrees of
trol, Tampa, FL, Dec. 1998, pp. 1502-1507. freedom (DOF), in an environment that contains obstacles, as shown

——, “Control of mobile platforms using a virtual vehicle approach,” . S .
IEEE Trans. Automat. Contr., to be published. in Fig. 1. In general, the constraints imposed by a closed linkage form

R. Frezza, G. Picci, and S. Soatto, “Nonholonomic model-based prdD algebraic variety and in principle complete planners such as [6] and
dictive output tracking of an unknown three-dimensional trajectory,” ifi3] could be used; however, the high computational complexity and
Proc. 37th IEEE Conf. Decision and Contydlampa, FL, Dec. 1998.  implementation difficulty of all of these algorithms for problems with

J. K. Hedrick, D. McMahon, V. Narendran, and D. Swaroop, “Longituy,: it :
dinal vehicle controller design for IVHS systems.”fioc. American high degree of freedom makes them too prohibitive for practical use.

Control Conf, 1991, pp. 3107-3112. This motivates our approach in this paper, which extends randomized

0. Khatib, K. Yokoi, K. Chang, D. Ruspini, R. Holmberg, A. Casal, andlanning techniques that were developed for open-chain systems [13],
A. Baader, “Force strategies for cooperative tasks in multiple mobifd 9] to general closed-chain systems.

manip%attioggsggtems," imt. Symp. Robotics Researdfunich, Ger-  p|anning for linkages with closed kinematic chains has applications
ma%aﬁc' M. Nilsson. and K. Simsarian “Cooperative muIti-robotbOth in and beyond robotics. Parallel manipulators involve closed kine-
box-pushing,” inProc. IROS Pittsburgh, PA, 1995. matic constraints [22]. In manipulation planning, when multiple robots

P. Ogren, M. Egerstedt, and X. Hu, “A control Lyapunov function apgrasp a single object, they form a closed loop containing the object as
proach to multi-agent coordination,” IHEEE Conf. on Decision and g link of the chain [1], [15]. Many of the existing methods for manipu-

Control, Orlando, FL, Dec. 2001. . . 2 . . .
N. Sarkar, X. Yun, and V. Kumar, “Dynamic path following: A new Con_latlon planning require inverse kinematics solutions for the robots [15]

trol algorithm for mobile robots,” iProc. 32nd Conf. Decision and Con- Which can be a “mit_ation- Regrasping i_S alsc_) an importa_nt issge asone
trol, San Antonio, TX, Dec. 1993. or more of the manipulators often attain a singular configuration [23].
D. Swaroop and J. K. Hedrick, “String stability of interconnected systhe ability to plan for linkages with closed kinematics chains elim-
tems,”|EEE Trans. Automat. Coniwol. 41, pp. 349-357, Mar. 1996. jnates the need of inverse kinematics solutions and could reduce the

J. P. Tabuada, G. J. Pappas, and P. Lima, “Feasible formations of multi- . . . .
agent systems,” iroc. American Control ConfArlington, VA, June limber of regrasps needed during manipulation tasks, as the linkage

2001.
D. Yanakiev and I. Kanellakopoulos, “A simplified framework for string
stability in AHS,” in Proc. 13th IFAC World Congressol. Q, 1996, pp.

177-182. Manuscript received August 25, 2000; revised September 5, 2001. This paper

was recommended for publication by Associate Editors N. Overmars and N.
Amato and Editor A. De Luca upon evaluation of the reviewers’ comments.
The work of S. LaValle is supported in part by the National Science Founda-
tion through a CAREER award IRI-9875304 and by Honda Research through
a grant. The work of L. Kavraki is supported in part by the National Science
Foundation through a CAREER Award IRI-970228, a Whitaker Award, an ATP
Award, and a Sloan Fellowship.

J. H. Yakey is with the Department of Computer Science, lowa State Univer-
sity, Ames, |IA 50011 USA (e-mail: yakeyj@cs.iastate.edu).

S. M. LaValle is with the Department of Computer Science, University of
lllinois, Urbana, IL 61801 USA (e-mail: lavalle@cs.uiuc.edu).

L. E. Kavraki is with the Department of Computer Science, Rice University,
Houston, TX 77005 USA (e-mail: kavraki@cs.rice.edu).

Publisher Item Identifier S 1042-296X(01)11163-8.

1042-296X/01$10.00 © 2001 IEEE



