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Abstract

Periodic smoothing splines appear for example as generators of closed, planar curves, and in this paper they are constructed
using a controlled two point boundary value problem in order to generate the desired spline function. The procedure is based
on minimum norm problems in Hilbert spaces and a suitable Hilbert space is defined together with a corresponding linear
affine variety that captures the constraints. The optimization is then reduced to the computationally stable problem of finding
the point in the constraint variety closest to the data points.
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1 Introduction

In this paper we consider the problem of constructing pe-
riodic smoothing splines. For interpolating cubic splines
there are standard numerical procedures that are quite
effective. However the problem of periodic smoothing
splines is more general and requires additional machin-
ery. The need for such splines arises whenever there is a
need to construct closed curves in the plane [3,9].

We show how this problem can be addressed as an op-
timal control problem, whose solution is the so-called
generalized splines, i.e. belonging to a rich set of splines
that include polynomial, trigonometric, and exponen-
tial splines [7,11]. It should be noted that the problem
of constructing periodic splines has been previously ad-
dressed, for example in [1,10,11], and some routines can
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be found in a spline library 1 . However, apart from
the fact that previous results mainly focused on poly-
nomial splines, the solution methods tend to rely heav-
ily on the particular spline-type under investigation in
that a unified framework was missing in which a large
class of splines could be systematically produced. The
view taken in this paper is that the framework of linear
systems theory provides the tool needed to address the
problem of generalized, smoothing, periodic splines in a
unified, systematic, and numerically stable manner.

In this paper we give a very general construction of pe-
riodic splines based on Hilbert space methods devel-
oped by Martin and collaborators in a series of papers,
[6,8,12,14,13]. We use a specific technique developed in
[12]. That is, we use the dynamics of a controlled two
point boundary value problem to generate the spline
curve, given by

ẋ = Ax + bu, y = cx, x(0)− x(T ) = 0

with x ∈ Rn, and u, y ∈ R, and with the output y defin-
ing the spline curve. We assume that the system is con-
trollable and observable. Because we are interested in

1 www.physics.lsa.umich.edu/akerlof/Spline/Spline/spline.doc
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so-called maximal smoothing (maximal degree of conti-
nuity of the derivatives at the interpolation points) we
will assume that

cb = cAb = · · · = cAn−2b = 0, (1)

or, without loss of generality, we assume that A and b
are in control canonical form and c = (1, 0, · · · , 0).

Moreover, the particular structure assumed on the ma-
trices A, b, c is not necessary, strictly speaking. We as-
sume this structure in order to achieve maximal smooth-
ing, but it should be pointed out already at this point
that the framework developed in this paper holds for
any minimal (i.e. completely controllable and observ-
able) linear control system with scalar inputs and out-
puts.

As a final note regarding the system under consideration,
it should be stressed that this system is to be thought of
as a generator of spline curves. We are not investigating
the issue of trajectory planning per se. Rather, the tool
developed in this paper draws its motivation from the
fields of data analysis and statistics, even though the
results will provide some new insights into the area of
endpoint-constrained, linear optimal control as an added
benefit.

2 The Periodic Splines Problems

We are given a controllable linear system ẋ = Ax +
bu, y = cx and a data set D = {(ti, αi) : i = 1, · · · , N},
where we let tN be equal to the final time T . Our goal
is to find a square-integrable control signal u ∈ L2[0, T ]
such that |y(ti)−αi| is small for all i = 1, . . . , N , and we
require that y(0) = y(T ), ẏ(0) = ẏ(T ), . . ., up to a suit-
able order, i.e. we want the spline curve to be smoothly
periodic. An easy way to enforce this is to require that
x(0) = x(T ).

There are essentially two ways in which this problem can
be formulated, and in order to see this, we first need to
establish some notation. Let

fi(s) =





ceA(ti−s)b ti − s > 0

0 ti − s ≤ 0,

and let

ŷ = (y(t1), · · · , y(tN ))′, α̂ = (α1, · · · , αN )′,

βi = R−1eA′tic′,

given a positive definite matrix R. In this paper, we use
( )′ to denote transpose, and with this notation, as well

as yi = y(ti), we have

yi = 〈βi, x0〉R + 〈fi, u〉L, i = 1, . . . , N, (2)

where x(0) = x0, and where the inner products are given
by 〈βi, x0〉R = β′iRx0 and 〈fi, u〉L =

∫ T

0
fi(t)u(t)dt.

Problem 1: Let

J(u, x0) =

T∫

0

u2(t)dt + x′0Rx0 + (ŷ − α̂)′Q(ŷ − α̂)

where Q and R are positive definite matrices. The prob-
lem we are interested in is

min
u,x0

J(u, x0),

subject to the constraint x(0) = x(T ) as well as the
dynamics in Equation (2).

Problem 2: Let

J(u, x0) =

T∫

0

u2(t)dt + (ŷ − α̂)′Q(ŷ − α̂),

where Q is a positive definite matrix. The problem is

min
u,x0

J(u, x0),

subject to the constraint x(0) = x(T ) and the dynamics
in Equation (2).

The difference between Problems 1 and 2 is that there
is an extra cost associated with the free initial x0 in
Problem 1, through the term x′0Rx0. As we will see,
this difference will make Problem 1 easier to solve than
Problem 2. The basic idea of the construction of solutions
is to define a linear variety V in a Hilbert space that
contains all of the constraints. As we will see in the next
section, it is possible to interpret the data as a point
(p) in the Hilbert space, which reduces the problem to
that of finding the point on the linear variety that is
closest (in the sense of the norm in the Hilbert space)
to the data point. We know that we can construct this
point by finding the orthogonal complement of the linear
variety that defines the affine variety and constructing
the intersection of the affine variety with the orthogonal
complement. In other words, ”all” we need to do in order
to solve the problem is to compute V ∩ (V⊥+ p). In this
process we follow Luenberger, [4].

Before constructing this intersection two things must be
verified. The first is that the linear variety V is nonempty
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and the second is that it is closed. Both follow from the
fact that V is the graph of a continuous mapping from
an appropriate product space to RN .

3 Problem 1

We begin by considering the periodic spline as a particu-
lar boundary value problem, and for this we will use the
methods of [12]. Let the boundary condition be given by

x(0)− x(T ) = 0. (3)

We note that since

x(T ) = eAT x(0) +

T∫

0

eA(T−s)bu(s)ds,

the specific dependence on x(T ) can be removed and the
boundary constraint simply becomes

(I − eAT )x(0)−
T∫

0

eA(T−s)bu(s)ds = 0. (4)

We now define the following Hilbert space

H = L2[0, T ]× Rn × RN

with norm

‖(u;x0; y)‖2 =

T∫

0

u2(t)dt + x′0Rx0 + y′Qy.

We define the linear constraint variety, V ⊂ H, to be

V = {(u; x; d) : di = 〈βi, x〉R + 〈fi, u〉L,

(I − eAT )x−
T∫

0

eA(T−s)bu(s)ds = 0}.

We first note that V is a closed subspace of H since it is
the graph of a continuous function restricted to a closed
linear variety, and the closed graph theorem applies.

We now construct the orthogonal complement V⊥.
And, from the definition it directly follows that V⊥ ={

(ũ; x̃; d̃) : ∀(u;x; d) ∈ V 〈ũ, u〉L + 〈x̃, x〉R + 〈d̃, d〉Q = 0)
}

,

which allows us to state the following lemma:

Lemma 1

V⊥ =

{
(ũ; x̃; d̃) : x̃ = −

N∑

i=1

〈d̃, ei〉Qβi + R−1(I − eA′T )λ,

ũ = −
N∑

i=1

〈d̃, ei〉Qfi − b′eA′(T−t)λ

}

for all λ ∈ Rn, where ei is the unit vector with zeros
everywhere except for the i:th position.

Proof: From the expression of the orthogonal comple-
ment above, we directly get that

V⊥ = {(ũ; x̃; d̃) : 〈x̃ +
N∑

i=1

〈d̃, ei〉Qβi, x〉

+〈ũ +
N∑

i=1

〈d̃, ei〉Qfi, u〉 = 0},

following the construction in [12].

Now, the relationship does not hold for all x and u but
only for those x and u for which Equation (4) holds.
Multiplying by any λ ∈ Rn (and its transpose λ′), we
can rewrite Equation (4) as

〈R−1(I − eAT )′λ, x〉R + 〈(−eA(T−t)b)′λ, u〉L = 0. (5)

From this we conclude that

x̃ +
N∑

i=1

〈d̃, ei〉Qβi = R−1(I − eAT )′λ

and

ũ +
N∑

i=1

〈d̃, ei〉Qfi = (−b′eA′(T−t))λ,

and the lemma follows. 2

It remains to construct the intersection V ∩ (V⊥ + p) to
find the optimal point, where p = (0, 0, α̂) ∈ H. This
construction is technically more complicated than for
the smoothing spline without periodicity constraints, as
reported in [12].

The unique point in the intersection is defined as the
solution of the following system of four equations in the
unknowns u, x0, y and λ, obtained by identifying x and
x̃ with x0, d with ŷ, and d̃ with ŷ − α̂.

u =−
N∑

i=1

〈ŷ − α̂, ei〉Qfi − b′eA′(T−s)λ (6)

x0 =−
N∑

i=1

〈ŷ − α̂, ei〉Qβi + R−1(I − eAT )′λ (7)
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0 = (I − eAT )x0 −
T∫

0

eA(T−s)bu(s)ds (8)

yi = 〈βi, x0〉R + 〈fi, u〉L (9)

We begin by eliminating x0 and u from Equation (9) by
substituting Equations (6) and (7). After some manipu-
lation we have

yi =−e′iGQ(ŷ − α̂)− e′iFQ(ŷ − α̂) + β′i(I − eAT )′λ

−
T∫

0

fi(s)b′eA′(T−s)dsλ,

where G = β′Rβ with β = (β1 β2 · · · βN ), and F is the
Gramian

F =

T∫

0

f(s)f ′(s)ds (10)

with f(s) = (f1(s) f2(s) · · · fN (s))′. Note that since the
fi’s are linearly independent, F is invertible. Moreover,
since βi = R−1eA′tic′ we can let

β = R−1(eA′t1c′, · · · , eA′tN c′) = R−1E,

for the appropriate E, in order to obtain

ŷ =−GQ(ŷ − α̂)− FQ(ŷ − α̂) + E′R−1(I − eAT )′λ
+Λλ, (11)

where

Λ = −
T∫

0

f(s)b′eA′(T−s)ds.

We will now use Equation (8) to obtain a second equation
in λ and ŷ. Substituting u in Equation (6) and x0 in (7)
into (8), we have

0 = (I − eAT )
[
−

N∑

i=1

〈ŷ − α̂, ei〉Qβi + R−1(I − eAT )′λ
]

−
T∫

0

eA(T−s)b
[
−

N∑

i=1

〈ŷ − α̂, ei〉Qfi − b′eA′(T−s)λ
]
ds.

We make the following observation:

N∑

i=1

〈ŷ − α̂, ei〉Qβi =
N∑

i=1

βie
′
iQ(ŷ − α̂)

= R−1EQ(ŷ − α̂).

Noting −∑N
i=1

∫ T

0
eA(T−s)bfi(s)e′ids = Λ′, it holds that

N∑

i=1

T∫

0

−eA(T−s)b〈ŷ − α̂, ei〉Qfi(s)ds = Λ′Q(ŷ − α̂).

Using these two constructions we then have

0 = (I − eAT )(−R−1EQ(ŷ − α̂))
+(I − eAT )R−1(I − eAT )′λ− Λ′Q(ŷ − α̂) + Γλ (12)

where Γ is the controllability Gramian

Γ =

T∫

0

eA(T−s)bb′eA′(T−s)ds. (13)

By combining these two expressions (11) and (12) link-
ing ŷ and λ, we obtain Equation (14). It can be shown
that the coefficient matrix in (14) is invertible under the
controllability assumption of the system ẋ = Ax + bu.
Using Equation (14) we can solve for ŷ and for λ. These
values can be used in Equations (6) and (7) to uniquely
determine the optimal control and the optimal initial
condition. We see that the optimal estimate of the data
is obtained independently of the control.

It is necessary to ask the question ”In what sense is
the spline periodic?” We state and prove the following
theorem in answer to that question.

Theorem 2 The function y(t) of the above construction
can be extended periodically to the entire positive real line
and the extension is 2n− 1 times continuously differen-
tiable everywhere with exception of the points nT : n ∈ Z
where are guaranteed only n− 1 continuous derivatives.

We leave the proof to the reader.

An example of this procedure is seen in Figure 1, where

A =

(
0 1

0 0

)
, b =

(
0

1

)
, c =

(
1 0

)
, T = 1

t1 = 0.2, t2 = 0.3, t3 = 0.5, t4 = 0.7, t5 = 0.8

α̂ =
(

0.8 0.2 0.5 1 0.3
)′

Q = 104I5, R = 104I2, (Ip = p× p identity matrix).

We assumed in Section 1 that the system ẋ = Ax +
bu, y = cx is controllable and observable. In addition to
that it is natural to employ minimal system for gener-
ating splines, the controllability guarantees the invert-
ibility of the coefficient matrix in (14) implying the exis-
tence and uniqueness of an optimal solution to Problem
1.
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(
I + (G + F )Q −E′R−1(I − eAT )′ − Λ

((I − eAT )R−1E + Λ′)Q −(I − eAT )R−1(I − eAT )′ − Γ

)(
ŷ

λ

)
=

(
(G + F )Qα̂

((I − eAT )R−1E + Λ′)Qα̂

)
. (14)

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.2

0.4

0.6

0.8

1

t

y(
t)

Fig. 1. Periodic spline in Problem 1: Depicted are y(t) (solid
line) and α̂ (stars).

4 Problem 2

We begin by considering the periodic spline as a partic-
ular boundary value problem. We will use the methods
related to but not the same as in the above construction.
Again let the boundary condition be given by

x(0)− x(T ) = 0, (15)

and the dynamics be the same as in Problem 1. Then as
before, the boundary constraint is given by (4). Note that
the initial data becomes a parameter in the constraint.

We now define a Hilbert space to be

H = L2[0, T ]× RN

with norm

‖(u; y)‖2 =

T∫

0

u2(t)dt + y′Qy.

Since we no longer have a cost associated with the initial
condition, x0 can not be part of the Hilbert space over
which the minimum norm problem is solved. In fact, the
constraint variety is now affine, parameterized by x0,
and it is given by

Vx0 = {(u; d) : 〈βi, x0〉R = di − 〈fi, u〉L,

(I − eAT )x0 −
T∫

0

eA(T−s)bu(s)ds = 0}.

If we now let V be the linear constraint variety associated
with x0 = 0 above, we note that, as before, V is a closed

subspace of H. Moreover, from [4], we know that the
unique minimizer is given by the intersection Vx0∩(V⊥+
p), where

V⊥ = {(v;w) : ∀(u; d) ∈ V 〈v, u〉L + 〈w, d〉Q = 0}.

Using the same technique as for Problem 1 we have

V⊥ = {(v;w) : v = −
N∑

i=1

〈w, ei〉Qfi − b′eA′(T−s)λ}.

We now construct the intersection

(V⊥ + p) ∩ Vx0 ,

which is determined by the solution of the following three
equations which come from V⊥ + p and Vx0 .

u =−
N∑

i=1

〈ŷ − α̂, ei〉Qfi − b′eA′(T−s)λ (16)

〈βi, x0〉R = yi − 〈fi, u〉L (17)

(I − eAT )x0 =

T∫

0

eA(T−s)bu(s)ds (18)

We use the first equation to eliminate u from the second
and third equation. After some manipulation we have
the following system of equations.

(
I + FQ −Λ

Λ′Q −Γ

)(
ŷ

λ

)
=

(
E′ FQ

I − eAT Λ′Q

) (
x0

α̂

)
(19)

where, as before, F is the Gramian of the fi’s in (10)
and Γ is the controllability Gramian in (13). Note that
this coefficient matrix is invertible, since

(
I + FQ −Λ

Λ′Q −Γ

)
= M1

(
Q 0

0 −I

)
,

and the matrix M1 defined by

M1 =

(
Q−1 + F Λ

Λ′ Γ

)

is positive-definite.
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We now reconsider u from Equation (16), and obtain

u = (−f ′(s)Q, −b′eA′(T−s))

(
ŷ − α̂

λ

)
.

Then we can calculate the square integral of u as

T∫

0

u2(s)ds = (ŷ′ − α̂′, λ′)S

(
ŷ − α̂

λ

)
, (20)

where

S =

(
QFQ −QΛ

−Λ′Q Γ

)
.

Now using Equation (19) we have

(
ŷ − α̂

λ

)
= C

(
x0

α̂

)

where

C =

(
I + FQ −Λ

Λ′Q −Γ

)−1 (
E′ −I

I − eAT 0

)
,

and thus we have an expression for

T∫

0

u2(s)ds = (x′0, α̂
′)C ′SC

(
x0

α̂

)
.

Since ŷ − α̂ is written as

ŷ − α̂ = (I, 0)C

(
x0

α̂

)
,

we can now write the total cost J(u, x0) as a function of
the initial position Ĵ(x0).

Ĵ(x0) = (x′0, α̂
′)

[
C ′SC + C ′

(
I

0

)
Q(I, 0)C

](
x0

α̂

)

Thus we obtain

Ĵ(x0) = (x′0, α̂
′)V

(
x0

α̂

)
,

where

V = C ′
[
S +

(
Q 0

0 0

)]
C,

and V can be computed as

V =

(
E′ −I

I − eAT 0

)′(
Q−1 + F Λ

Λ′ Γ

)−1 (
E′ −I

I − eAT 0

)
.

The cost function Ĵ(x0) is quadratic in x0, and an opti-
mum x0 minimizing the cost is obtained as a solution of
the following linear equation

(In, 0)V

(
x0

α̂

)
= 0.

This equation in x0 has unique solution if and only if the
coefficient matrix of x0, denoted by V1,

V1 = (In, 0)V

(
In

0

)

is invertible. Moreover, since V1 is written as

V1 =

(
E′

I − eAT

)′(
Q−1 + F Λ

Λ′ Γ

)−1 (
E′

I − eAT

)

we see that the solution is unique whenever

rank
(

eA′t1c′ · · · eA′tN c′ I − eA′T
)

= n. (21)

The condition for full rank in Equation (21) is inter-
esting. The first N columns arise from an observability
problem that was studied in [5]. The problem is to re-
cover the initial data from ẋ = Ax, y = cx, x(0) = x0

when the observations are made at discrete time points,
t1, · · · , tN . There are no known necessary and sufficient
conditions in terms of A, c and t1, · · · , tN for the first
N columns to have full rank. However, we will see that
the last set of n columns given by I− eA′T simplifies the
condition (21).

We introduce the following set of complex numbers

I = {j2πk/T | j =
√−1, k ∈ Z }.

Note that the matrix I−eAT is singular whenever A has
an eigenvalue in I. Then we can show that the following
lemma holds (the proof omitted).
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Lemma 3 The condition (21) holds if and only if rank
(c′ λI −A′) = n for all λ ∈ I.

We have shown that, due to the controllability assump-
tion, (19) has a unique solution in ŷ and λ for any initial
condition x0. On the other hand, the assumption of ob-
servability, which is equivalent to rank (c′ λI −A′) = n
for all λ ∈ C (e.g.[2]), guarantees the existence of unique
optimal x0 by Lemma 3. Thus, under the assumption of
controllability and observability, we obtain the following
theorem:

Theorem 4 There always exists a unique optimal solu-
tion to Problem 2.

The solution to Problem 2 is computed for the same
example as in the previous section and the results are
shown in Figure 2. Periodic splines can be used to con-
struct closed curves in the plane, and in Figures 3 and 4
we show a result applied to contour modeling of jellyfish
for an image frame from a real digital movie file 2 . We
used the same second order system (A, b, c) as in the pre-
vious examples, and the other parameters are T = 360,
N = 36 and Q = 10−2I36. Using standard image pro-
cessing techniques, the data set (ti, αi), i = 1, 2, · · · , N
is obtained from the image in Figure 4. Namely, ti and αi

are obtained as the polar coordinates of sampled bound-
ary pixels with the origin at the centroid of jellyfish,
where ti = 10 × (i − 1) denotes angles measured every
10 degrees and αi the radial distance in pixels. The solu-
tion to Problem 2 is obtained as in Figure 3, from which
the contour is reconstructed as superposed in Figure 4.

Finally, one can note that it may be possible to obtain a
solution to this problem as a limiting solution to Problem
1 as ‖R‖ tends to zero. However, this line of inquiry is not
pursued further and we simply state this as a possibility
for the future.

5 Conclusions

In this paper we present a method for generating peri-
odic, smoothing splines using linear optimal control. In
particular, we show that such curves can be obtained in
a quite general fashion by viewing the smoothing cost as
an inner product in a suitable space, at the same time as
periodicity is enforced by limiting the solutions to lie in
a particular linear variety. The resulting methodology is
numerically efficient and robust, and it unifies a number
of contributions in the general area of smoothing splines
through the use of different linear systems as generators
of curves of different characteristics, including polyno-
mial, exponential, and trigonometric smoothing splines.

2 Educational Image Collections, Information-
technology Promotion Agency (IPA), Japan.
http://www2.edu.ipa.go.jp/gz/
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Fig. 2. Periodic spline in Problem 2: Depicted are y(t) (solid
line) and α̂ (stars).
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Fig. 3. Periodic spline in Problem 2 for the data from jellyfish
image: Depicted are y(t) (solid line) and α̂ (stars).

Fig. 4. A jellyfish image frame and the contour reconstructed
from the periodic spline y(t), t ∈ [0, 360] in Problem 2 by
(y(t) cos 2πt

360
, y(t) sin 2πt

360
).
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