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Abstract— In this paper we study the linear quadratic opti- due to their intuitive interpretation in combination withet
mal control problem for linear hybrid systems in which transi-  existence of well established consistence and convergence
tions between different discrete locations occur autonomesly results. On the other hand, dynamic programming (DP) based

when the continuous state intersects given switching surtas. hes h th fficiently ad dto the li
In particular, we make an explicit connection between the naly approaches have not been sutficiently advanced to the inear

developed, Pontryagin-type Hybrid Maximum Principle and the ~ hybrid systems setting, as well as to the corresponding LQ-
Bellman Dynamic Programming approach. As a consequence, type hybrid optimal control problems (OCP), beyond the
we extend the classic Riccati-formalism, derive the assated jnjtial work done in [14]. And, this development is exactly
Riccati-type equations, and prove the discontinuity of thefull the topic under investigation in this paper.

t;ﬁkg;dasge'zf: t(|)fThaetrgbtglr:\:g){,h;\(/)ereﬂl:sglurséséuslgr;dcgméaa For a classical feedback OCP, one of the main tools toward
numerical algorithm in the framework of an optimal feedback the construction of optimal trajectories is the celebrdiet
control law. man DP method. It is also well-known that for a conventional
OCP the DP approach is equivalent to the techniques based
on the usual Pontryagin Maximum Principle (see e.g., [11],
During the last decade, a vast body of research on hybrjii9]). The aim of our contribution is to study a possible
control systems has been produced, drawing its motivatiaelationship between the DP and HMP in the case of a
from the fact that many modern application domains involveybrid linear quadratic (HLQ) problem, and to deduce the
complex systems, in which sub-system interconnectionsprresponding Riccati-formalism similar to the classic-LQ
mode-transitions, and heterogeneous computational eevigdheory. And, it should be noted already at this point that the
are present. And, hybrid models, in which continuous andonventional theory of linear systems can not be formally
discrete dynamical components interact, have proved Lisefpplied in the hybrid systems setting (see [27] for details)
for capturing these types of phenomena. As a consequen@éerefore, it is necessary to extend this theory in the ctnte
discrete-continuous dynamical interactions have emeaged of some concrete classes of hybrid systems.
a major challenge in the controls community. This paper is organized as follows: Section 2 contains
In this paper, we study optimal control of hybrid systemsthe problem formulation together with the necessary basic
and despite significant progress in this area over the last feconcepts and preliminary facts. Section 3 is devoted to
years, the ability to operate hybrid systems in an optimahe application of the HMP to the HLQ-control processes
manner remains a challenging task as the computatiorgdverned by linear hybrid systems with autonomous location
complexity associated with such problems often prove to heansitions. Moreover, in this section we present the main r
a bottleneck. Indeed, in the general setting of hybrid sgste sult, namely, theliscontinuity property of the Riccati matrix
one has to deal not only with the infinite dimensionain the hybrid settingln Section 4, we briefly discuss some
optimization problems related to the continuous dynamicgomputational aspects of the obtained "hybrid” extensibn o
but also with a potential combinatorial explosion related tthe classic Riccati-based approach to OCPs, while Section 5
the discrete part. In this context, and with focus on paldicu concludes the paper.
classes, many schemes have been proposed to address the
problem. Some are based on a newly elaborated condition ||. OPTIMIZATION OF LINEAR HYBRID SYSTEMS
of optimality see e.g., [1], [2], [4], [5], [7], [8]., [12], [3], _ ) .
[20], [22], [23], [24], [25], others are more related to semi Let.us start by mtroducmg.a variant of the gener.al concept
classical approaches see e.g., [9], [15], [16], [21], [27]. qf a linear hybrid system with autonomous location transi-
During the last few years, there has been a revival ¢fons [2] [4], [5], [12], [13], [24].
the first-order optimization techniques and related nucaéri  Definition 1: A linear hybrid systenis a 7-tuple
schemes based on the Pontryagin-type hybrid maximum
principle (HMP) (see e.g., [1], [2], [4], [5], [18].) This €ais {Q,X,U, A, B,U,S},
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e A={A,()}, B ={By(-)}, q € Q are families of Note that the pairg, z(¢)) represents the hybrid state at
continuously differentiable matrix-functions timet, whereg is a locationy € Q andz(t) € R™. Definition
2 describes the dynamic of a hybrid control systémM(.S.

. nxn . nxm,
Ag :R—R™7, By : R — R™™™, Sincexz(-) is a continuous function, Definition 2 describes a

« U is the set of all admissible control functions: class of hybrid systems without impulse components of the
. Sis a subset of, where (continuous) trajectories. Therefore, séi, , are defined
for x(tz) = x(ti+1), t=1,...,r—1
E:={(¢,z.¢,2") : ¢,¢ € Qx e X, 2’ € Xy} Under the above assumptions, for each admissible control

A linear hybrid system from Definition 1 is defined on theu(-) € U and for every intervalt; ., ] (for every location
finite time-interval[0,#¢]. We refer to [22], [23], [24], [25] 4 € Q) there exists a unique absolutely continuous solution
for some abstract concepts of hybnd systems. Uebe a of the linear differential equations from Definition 2. This

convex and closed set. We assume that means that for each(-) € &/ we have a unique absolute
continuous trajectory offHS. Moreover, the switching
U= {u() e L7(0,t5) | u(t) € U ae. on [0,t]}, times {t;} and the discrete trajectoryg;} for a hybrid

where L2(0, ;) is the standard Lebesgue space of meac_ontrol systemCHS are also uniquely defined. Note that the

surable and essentially bounded functions. In this paper, V‘zvolgtion equation for the trajectory(-) of a given linear
suppose that affine functions, , : R" — R, ¢, ¢ € QO ybrid systemZHS can also be represented as follows
9" - » 4 )

Mg,q () = by, &+ cq,¢ are given such that the hyperplanes , .

Mgy ={z € R" : mgq(x) = 0} are pairwise disjoint. B(t) = z;ﬁ[ti,l,ti)(t)x (1)
Hereb,, € R" andc¢,, € R for everyq, ¢’ € Q. The =

given %i/perplanes{\/[qﬂz/q represents the (affinedwitching (g (i (t) + By, (t)ui(t)) a.e.on [0, 7],

setsat which a switch from locationy to locationg’ can where x(0) = xz¢ and 3, ,.,)(-) is the characteristic
take place. We say that a location switching frgmto  function of the intervallt;_1,¢;). Let Sy : R — R™*",

¢’ occurs at aswitching timet*“#<" ¢ [0,tf]. We now S, : R — R™*" and R, : R — R™*™, whereq € Q.
consider a linear hybrid system withe N switching times Assume thatS; is symmetric and positive semidefinite, and
0=ty <t1 <..<t—1 <t =ty Note that the above that for every time instant € [0,¢;] and everyq € Q the
sequence of switching timelg;} is not defined a priory. A matrix S,(¢) is also a symmetric and positive semidefinite
hybrid control system remains in locatiop € Q for all matrix. Moreover, letR,(t) be a symmetric and positive
t € [ti—1,t;), i = 1,...,7. In the following, we recall the definite for everyt € [0,#;] and everyqg € Q. We
notion of hybrid trajectory of the systems under considenat also assume that the given matrix-functiofig(-), R,(-)
(see e.g., [4]). are continuously differentiable. Given a systeff{S we

Definition 2: An admissiblehybrid trajectory associated consider the following HLQ problem:
with a given linear hybrid system from Definition 1 isa . . . 1o '
triple X = (2(-), {g;}, 7), wherez(-) is a continuous part of ~ "HC J(u(),2()) = 5 (@ (tp)Sy2a(ty))+
trajectory,{q; }:=1,...» is a finite sequence of locations and 1t
is the corresponding sequence of switching times such thaty > /t (7 (8) Sy, (£)ai () + ul (£) Ry, (t)ua(t))dt ()
z(0) =20 ¢ |J M, andforeach =1, ...,r and every =10
o over all admissible trajectories X of LHS.

. - q7q/e
admissible control(-) € 4 we have Evidently, (1) is the problem of minimizing the quadratic

« () = ()|, 4 IS an absolutely continuous gq,5 cost functional/ over all trajectories of the given
function on (tiflvl_fi) continuously prolongable 10 |inear hybrid system. Note that we study the hybrid OCP
i, til, =1, (1) in the absence of possible target and state constraints.

o ;(t) = Ag (£)xi(t) + By, (t)ui(t) for almost all times Throughout the paper we assume that the HLQ problem (2)
t € [ti—1,t;], wherew;(-) is a restriction of the chosen has an optimal solutiofu??*(-), X°P!(-)), whereu?!(-) € U
control functionu(-) on the time intervalt;_1, ¢;]. andX°rt(.) belongs to the set of admissible trajectories from

A linear hybrid system in the sense of Definition 1 andPéefinition 2. It is necessary to stress that the existence of

Definition 2 that satisfies all above assumptions is denotéd optimal pair (u’(-), X‘(-)) for a HLQ problem of
by £HS (see Figure 1 for an illustration). the above type follows from the general existence theory

for linear quadratic OCPs with a convex closed control set
U (see e.g., [19]). We now apply the HMP (see [4]) to

M, ; )
x, () i x,(t) the HLQ problem under consideration and formulate the
S corresponding necessary optimality conditions. For ganer
/'\\\ /,/ % optimality conditions in the form of a HMP see also [4],
X, T "%, [13], [23], [24], [25].

Theorem 1:[4] Let (u°P!(-),X°P!(.)) be an optimal so-
Fig. 1. Dynamical behavior of a hybrid system. lution of the regular OCP (2). Then there exist absolutely



continuous functionsy;(-) on the time intervalgt?”’ ,t?""),  Using (3)-(4) and the well-known formula for variation of

1—1 z
where ¢ = 1,...,7, and a nonzero vector of Lagrangethe costs functional (see e.g., [11], [24]), we can compute
multipliersa = (ay, ...,a,_1)T € R"~! such that . . . .
Hg, (57, 2P (t77), uP' (¢77°), 9 (87")) =

2

hilt) = — AL ()i (1) + Hy, (775, 2P (671), uoP (877), 4 (177))+
Sq. (D)7 (t) a.e.on [t 57"], 3) aamqhqm(ﬂ?"pt(tf”t)) _
Ur(ty) = =S (t5), ' ot ©)
quﬂ(topt xopt(topt) uopt(t(_)pt)’w(t;)pt))_F
and a7 + o] _
ropty opt ! ot?
¢Z£lt7nq1)qz+1d();t;$;fp2; 4) Hy, (t(i)ptv Pt (tfpt)v uopt(t;_)pt)’ "/’(tfpt))a

= 7/)1'+1(topt) + aibgi,q,11

‘ dx; wherei = 1,...,r —1. Clearly, from the obtained relation (6)
follows the continuity of the introduced functidi@°?*(¢) not

wherei = 1, ...,7—1. Moreover, for every admissible control only on the open time intervalg®”, ,t"), i = 1,...,r, but

zl’z

u(-) el the partial Hamiltonian also for all switching timeg{”" € 7°?*, wherer°?* is the
optimal sequence of switching times frakre?t. O
Ho, (t, 2, u,1) = (i, Ag, () + By, (t)ui)— Note that a similar result is obtained in [24] for general
l(xT S, (B + ul Ry, ( )Ui) hybrid systems with controlled location transitior_ls (Treo _
2 2.2, p. 1590) and for some classes of nonlinear hybrid

systems with autonomous location transitions. From Theo-

satisfies the following maximization conditions rem 2 it follows the continuity of the Hamiltonian for (2)
. computed for optimal state and control variables and for
max Ho, (¢, 27 (t), u, 9 (1)) = the corresponding discontinuous adjoint variables. N t

() the similar result can also be proved for general nonlin-
ear optimal control processes governed by hybrid systems
with autonomous location transitions (see [4], [24]). The

wherei = 1,...,r andtp(t) := 31_; Byort orty ()i(t) fOr corresponding proof is based on a generalization of the

all t € [0,ty]. classic needle variations and on the associated formula for
variation of the costs functional in the hybrid OCP under
consideration.

Hy, (¢, 2P (t), uP* (t), (1)), ¢ € [t77), 47,

=177

Note that theadjoint variable)(-) is an absolutely con-
tinuous function on every open time interva§”’ ")
for ¢ = 1,...,r but discontinuous at the switching points

tP* € 7ot On the other hand, we are able to establish thel!l- THE EXTENSION OF THERICCATI-FORMALISM TO

continuity properties of the "full” optimal Hamiltonian HYBRID LINEAR QUADRATIC OCPs
In this section we extend the well know Bellman DP
o o o techniques for conventional L roblems to the HLQ opti-
ot Z Bryont gonry (1) Hy, (8,27 (£), uP! (1), 26() q Qp Q op

mization problems of the type (2). Let us consider the linear
boundary value problem (1), (3) féf = R". The maximiza-
tion condition (5) from the above HMP (Theorem 1) implies

i i 2,0Pt (. opt (.
computed for optimal pairu®?®(-),X°P%(-)) and for the that u” (1) — qu_l(t)Bg(t)wi(t) for ¢ € [t . 17"). Using

corresponding adjoint variablé(-).

1171

this representation of an optimal control and the basicsfact
Theorem 2:Under assumptions of Theorem 1, the "full” from the theory of linear differential equations, we now
optimal HamiltonianH °P¢(-) introduced above is a continu- compute (similarly to [11], [19]) an optimal contral??(-)

ous function on0, ¢ /]. for (2) in the form of an optimapartially linear feedback
control law

Proof. Consider the time intervalt?™,, t?”"] and the as-

sociated partial Hamiltoniat,, (¢, z,u, ). Evidently, the uPt(t) = —C(t)z°P (t) =

function H°P'(t) is continuous on the open time in- r @)

tervals (t%7,t%""), i = 1,..,r. For an optimal pair —Zﬁ tioa ) () Ci () TP (),

(uoPt(.), X°Pt(.)) we have

whereC;(t) := R, (t)BL (t)P;(t) is a partial gain matrix

and P;(+) is thepartial Riccati matrixassociated with every

0T (uoP(-), xP () locationg”* € Q. Analogously to the classic case, for every
oLor" ' location qz”t € Q and for almost allt € (t2,t7"") we

i—1 "%

Hy, (857", 2P (t37"), ufPH (67), 0 (137)) =

K2




obtain the differential equation
Bi(t) + Pi(t)Aqi (1) + AG (t) Pi(t)—

1T C)
Pi(t) By, (1) Ry, (8) By, (1) Pi(t) + Sy, (t) = 0,

Then from (9) and from the jump conditions (4) for the
adjoint variableg)(-) we obtain the following relation
=Bt (1) = = P (8772 (67) + aib

) Qi qi+1

known as the Riccati matrix differential equation. We callyhere; = 1,...,r — 1.. Hence

this equation the partial Riccati equation. Evidently, rgve
matrix C;(-) and every matrixP;(-) and the corresponding

partial Riccati equation (8) are associated with a currerdi o 2oPt ()

location ¢; € Q of the givenLHS. We also can deduce
the usual relations

hi(t) = —Pi(t)z{" (t) (9)

for t € [t?%,t"") andi = 1,...,7. A symmetric (for all

=17 "

variablest € [0,¢,]) hybrid Riccati matrix

P(t) =) Byort yore (D) Pi(1)
=1

which satisfies all equations (8) and the boundary (terrpina
condition P(t;) = S; gives rise to the optimal feedback ©

[P (87) = Pt ] (t97) = aib

(10)

qi>qi41"

is continuous and the (optimal) Lagrange
multipliers @ = (a1, ...,a,—1)" are nontrivial, the function
P(-) is a discontinuous function of0,¢;]. The obtained
contradiction completes the proof. O

From (10) it follows that thgump of the hybrid Riccati
matrix P(-) to an optimal switching time** ¢ 7ot is
proportional to the associated Lagrange multipligerand
to the vectorb,, ..., which characterizes the corresponding
switching hyperplané/,, ,,. ,-
| Note that Theorem 3 is a consequence of the continuity
f the optimal HamiltonianF/°P!(-) (Theorem 2). Similarly

dynamics of (1) determined by the above partially lineal® the above proof let us assume that the functiop) is

feedback control function (7).

It is necessary to stress that the partial Riccati equagpn (Partial Hamiltonianstg?" ar
can also be derived with help of the general Bellman equatioH'€erem 2 for some locations,

(see [14]). Analogously to the classic optimal control ttyeo
it is possible to determine artial value functiorassociated

with every location of a hybrid system. Replacing the cantro

variable byu %"

continuous. Consider now the continuity condition for two
ngPt and Hgffl, namely, the result of

gi+1 € Q
Ho, (87", a%P! (£7), u®P! (£571), o (¢7")) =

Hy, o (877, 2P (t77), ufPH (657), 9 (177))

i

(11)

i (t) in the above-mentioned hybrid Bellmanysing (11) and the above relations fap;(t?*") and

equation for (2), one can obtain a hybrid version of the We'ﬂ/)iﬂ(tf”t), we deduce that

known differential equation for the partial value function
in a LQ problem (see [11] for details). Following [17],
one can also prove that this partial value function for the
HLQ under consideration can be chosen (similarly to the
classic LQ-problem) as a quadratic function with a shifting
vector defined for every locatiofy € Q. Using this shifted-
quadratic partial value function and the above differdntia
equation, one obtains (8).

The investigation of the family of equations (8) on the full
time interval [0, ¢ 7] involves the continuity question associ-
ated with the above-introduced hybrid Riccati matfX-).
Evidently, the continuity/smoothness of a value functien i
a question of general interest also in the context of other

— <f%(tgpt)I0pt(tgpt)’14qi(t?pt)xopt(t?pt)4_
By, (t77 P (1))~

L o o o o

5 (@ (), (1727 (1) +
(uopt)T (tfpt)qu (tqpt)uopt (t(i)pt))

K2

- <Pi+1 (t(')pt)xopt (t(i)pt)a Aq1:+1 (t(i)pt)xopt (t(i)pt)"r

qu+1 (t?pt)uopt(t?pt)>_
1
B (@) (#57") S g, (772 (£77)+

(12)

A A

(W) (1) Ry, (1 Y (1)

i

classes of OCPs governed by linear or nonlinear hybrigince P(-) is assumed to be continuous in general, this
systems. Related to the above presented optimizationythedfnction is also continuous for a special case ofLHS
for a LHS we are now able to formulate our main theoreticaindicated by the following relations

result, namely, the discontinuity of the hybrid Riccati mat
P(.).

Riccati matrix P(-) is a discontinuous function off), s].

Proof. Assume thatP(-) is continuous on the time interval
[0,%4]. In particular, this means tha® (t7”") = P, (t")

for all numbers; = 1, ..., — 1. Using the above continuity
assumption forP(-), the continuity ofz(-) and the formula

for the adjoint variable, we deduce that
wi(ty™) = — lim Pi(t)zg" (t),
t1eoPt

Vi1 (£7)

_1m13+dﬂxﬁﬂﬂ-
107"

Theorem 3:Under assumptions of Theorem 1, the hybrid By, (t77)

),

S‘Z'H»l (t?pt) = S‘H (topt)a RQH»l (topt) = qu (t

= qu+1 (t?pt)a AQi (tgpt) # A‘h+1 (t?pt)

forall i =1,...,r — 1. Note that under assumptions (13) we
have a continuous (on the full time interviéll ¢ ]) optimal
control functionu®?!(-) from (7). In particular,u?’(-) has

no jumps at = ¢?**. Then from (12) we deduce the follow-
ing relationsP; (t;7") Ay, (t57") = Pia (7)) Ay, (t97") and

Ag (t7%) = Ag,,, (t7"). This is a contradiction with respect
to assumed conditions (13). This means that even in the
special case of a hybrid OCP (2) given by assumptions (13)
we have discontinuity condition®; (t77*) # Piy1 (") for

some; = 1,...,7—1 and the contradiction with the continuity

(13)

opt



assumption forP(-) on the full time interval(0,¢;]. It is If we now transpose (15) and combine with itself we get
necessary to stress that the hybrid Riccati maktix) is a the system of the linear (Lyapunov-type) equation and the
discontinuous function considered on the full time intérvasymmetric Riccati equation

[0,2£]. On the other hand, for some (but not for all) locations , ,opt opt T ,0pty p 1 ,0pt

g™, € Q we can haveP;(t7") = P (7). In this hi(t; )il‘“ (& )_tA‘“ (t )Pl(tit ) .
case from (10) it follows that the corresponding LagrangePi+1 (5" ) A, (677") + AG, ., (77 ) Pipa (£7) = 0,
multipliersa; € a # 0 € R"~! is equal to zero. Let us note 3P;(t"") B, (t?Pt)R—l(t‘?Pt)B;C (PP (1P +

. . . . . k3 qi (3 k3
. 16

that the .hybrld Riccati r_natrnP() is a compl_etely (for all P,L_(t(.)pt)Aq‘(t(.)pt) + AT (1P Py (1971 + Sq‘(tgpt)_ (16)
q; € Q, i =1,...,r) continuous function only in the case of B qlll oot lT ot
a special HLQ problem characterized by 3Pia(t"") Bao (877" ) Ry (657) B, (877 ) B (877") —

Sgis (BP0 = Sy (1Y), Ry, () = Ry, (t271), Bt Agua 07" )—AG 67" ) Beaty™ )= Sialt?") = 0.

qi+1\"z qi\"g qi+1\"g qi \"q (
By, (t77Y) = By, (t77), Ag, (t7") = Agy,, (177) This system (16) defines the value of the partial Riccati

matrix, namelyP; (t’7*), which can be used as the necessary

3

start condition for solving the Riccati matrix differertia
equation (8) on the next time intervif”’ , t"). Note that

forall i = 1,...,r — 1. It is evident, that under conditions
(14) the givenLHS can be rewritten as a conventional
linear control system (by introduction of the new continsiou =™ . L :
system matrices and new continuous matrices in the co ge=r- 1_we have the final condition for th_e last p_art|al
functional). Therefore, the corresponding HLQ problem (ZBQ'CC"?"‘_I matrix Pr(t,) = _P(tf) - Sy Frpm this t_ermmal
with (14) is equivalent (in this special case) to the clak&e cpnd|tlon, we can obta|.n the mverteq-tlme sz())tlunon of the
type OCP. Finally, note that similarly to the convention@l L differential Riccati equation (8) for the intervatf™, , ¢,] and

problems the closed-loofHS associated with the partially détermine the valué®, (t;”';). This value is usedtln system
linear feedback (7) also possesses stability properties §16) for i = r —1 and one calculates’. ,(z;”,). It is

the sense of the classic Lyapunov concept) on the infinifgfcessary to stress that the jumps in the Riccati matrices at
time horizon. This fact can be established using the abovil€ time instants — 7" are given by the solutions of system
mentioned quadratic partial value functions as candidaf€?) and the resulting optimal feedback controt’ () from

Lyapunov functions for the corresponding stability aniys (7) is a discontinuous piecewise Ii_near control function.
(see [10] for detalils). We now are able to summarize a general conceptual

computational algorithm for the numerical treatment of the
IV. OPTIMAL PARTIALLY LINEAR FEEDBACK CONTROL  gntimal partially linear feedback control in the given HLQ
LAw: COMPUTATIONAL ASPECTS problem (2). Note that in the algorithm presented below an
Our main theoretical result, namely Theorem 3, can alsapproximating trajectory:??"(-) to z°P*(-) and the corre-
provide a basis for the constructive design of the optimalponding sequence™?” to 7°P* are assumed to be given.
feedback control strategy in the framework of the aboveFhe elements of-*PP" approximate the optimal switching
formulated LQ-type hybrid OCP (2). Evidently, in thetimes tf”t € 7°rt for everyi = 1,...,r — 1. A trajectory
context of the presented advanced Riccati-formalism fromerr(.), a sequence®??” and the associated sequence of
Section Il the main difficulties in computing the optimalthe corresponding locations can be obtained in various ways
partially linear feedback control (7) are caused by jumps dbr instance, with help of thegradient-basedalgorithms
the hybrid Riccati matrixP(-) at somet?”* € 7°P*. Note that  proposed in [2], [3], or using theptimality zone algorithms
the discontinuity property of the hybrid Riccati matrix is afrom [12], [24].
new effect in relation to the conventional LQ-theory. Let us  conceptual Algorithm 1:

now study this discontinuity effect from the numerical goin 1) Consider an approximating trajectar§”?” (-), the cor-

of view. By u¢”*(-) we denote the restriction of the control responding sequence’?", the sequence of locations
function «°?!(-) on the time intervallt;_;,¢;). Evidently, and the terminal conditior(t;) = S; for a given
uP'(t) = B 1. (OCi(H)xP (t). Assume that for two [HS. Setk—1andl—1. '
given Io_cations;f”f,qfﬁ_e Q we can compute the value of ) With help of the inverted-time integrating procedure,
the partial Riccati matrixP;.1(¢) for every time instants compute the valu@, (t*,) of the partial Riccati matrix
from the closed intervelt;™", ¢71"], i = O,..,r=1. Using the P,.. Using (16) calculate the Riccati matri._; (t7",).
continuity property of the functio/ °*‘(-) (Theorem 2), we  3) By the inverted-time integrating solution define
obtain the following nonspecific algebraic Riccati equatio Prfk(tozitk_l)v increasek by one. Ifk = r —1, then go
with respect to the unknown matrig; (¢77*). to Ste;; 4. Otherwise go to Step 2.

3 opt opty 1/ 20pts T 1 40pt opt 4) Complete all partial Riccati matriceB;(-) and define

§Pi(ti )Ba, (877 )Ry, (857) By, (77 P65+ the corresponding partial gain matrices

1
B(t?pt)Aqi (t?pt) - 5 (Sth+1 (tgpt) - SQi (t?pt))_ (15) Cz(t) = R;l(t)BZ: (t)R(t)

3 o o ~1 (0 Compute the quasi-optimal (in the sense of the above
SP () B,,, (PRI (1P x pute the quasi-optn !
2 +1(67) By (07 By, (677) approximations) piecewise feedback control function
(7Y Age, (£71) = 0. from (7).

7 [

BE  (tP) P (t7) — Pia

qi+1\"1



5) Using the obtained quasi-optimal feedback control lowJnlike to the classic Riccati matrix functiofy(-) (for the
compute the corresponding trajectarly(-) of the LHS  first subsystem), the corresponding hybrid Riccati matrix
under consideration. Determine the new approximating; () is a discontinuous function (see Fig. 3).
sequence from the conditions

1.0

ti:=min{t € [0,t7] : 2'(t)[ | My.q0, # 0} 05 M
0.0 L

wherei = 1, ..., — 1. Finally, increasé by one and go

pct)

-0.5
to Step 2. 10
We are also able to prove the following convergence result 0.0 0.2 0.4 0.6 0.8 1.0
for the presented Conceptual Algorithm 1. t
Theorem 4:Under assumptions of Theorem 1, there exists Fig. 3. Optimal behavior of th&S.

an initial approximating trajectory®??"(-) such that the
sequence of hybrid trajectories generated by Algorithm 1 is For the computed switching time instatﬁpt — 0.1066

a minimizing sequence for (2). we apply (16) and obtain the following values of the hybrid
The proof of Theorem 4 is based on the convexity arguRiccati "matrix”: P (tipt) = —0.9897, pj(t‘fpt) = 0.2315.

ments (see [6]) for the HLQ problem under consideratiomhe computed optimal cost in the given HLQ problem is

and on the convergence properties of the general first-ordgsrt — (. 4215. Finally note that the optimal cost in the

optimization methods in real Hilbert spaces. above classic LQ problem formulated for the first location
We now consider some examples of the HLQ problemig equal t00.6169.

and illustrate the numerical approach proposed above. Let us now study our next example of 2HS with 3
Example 1:First, let us examine the example from [26] |gcations.

T =u, for ¢1 Example 2: The dynamics of the hybrid system is given
&= —x+u for ¢ by the following linear equations associated with the corre

sponding locations.
wherexy = 0.9 and the switching manifold has the affine- P g

linear structuré; sz +c1 0 = 0 With by 2 = 1 ande; o = —1. i1 =—x1 () +4ur (t) Vt€[0,t]
The quadratic cost functional has the following easy form &g = —2x9 (t) +2ug (t) Vi € [t1,19]
1 1 T3 = —4x3 (t) — bug (t) YVt € [tg, tf]
— 2 2
J(u(),z() = 5/0 (@7(8) + ™ (t))dt wherex, = 5 andt,, t, are (unknown) switching times. The

Using Algorithm 1, we evaluate the optimal trajectory andSWItChIng manifolds are affine-linear manifolds

the corresponding optimal control for the HLQ problem Mip(x)=x+3, Moz (z)=a—8

under consideration. The optimal behavior of the giZénS o o _ _

(the pair(z1(t), u1 (¢))) is presented in comparison with the OUr aim is to minimize the quadratical cost functidrirom
classic optimal dynamics of the first subsystem (indicated 2), where

(zo(t),uo(t))) (see Fig. 2). Sp=0, Sy =S4, = Sgy =1, Ry, = Rgy = Ry, = 1.

Optimal State Applying Algorithm 1 we obtain a trajectory showed in Fig.
4 and the computed optimal cost.j$?* = 168.6059.

Optimal Hybrid State

0.0 0.2 04 0.6 0.8 1.0 = 0
t x o
Optimal Control \/
1.0/4: I e
0.5 ; 0 0.5 1 15 2
= 11y (t) t
I 0.0 Optimal Hybrid Control
: 20 ‘ ‘
e T
I
L
0.0 0.2 0.4 0.6 0.8 1.0 = o
t = 20} !
J
Fig. 2. Optimal behavior of th&€HS. -40 . . .
0 0.5 1 15 2

t
As one can see, an optimal HLQ dynamics is given here by
a discontinuous (in time) partially linear feedback siyste Fig. 4. Optimal behavior of th&HS.



The above computational results are obtained using thg)
standard Mathematica and MATLAB packages.

Unlike to the conventional LQ theory the first closed-
loop subsystem from Example 1 is an unstable system (thg)
Riccati "matrix” P (t) is negative for allt € [0,t"")).
Otherwise the "full” closed-loop systems from Example 1 [6]
and Example 2 are asymptotically stable (in the Lyapunov
sense). This computational fact is in accordance with the
theoretical consequences of the hybrid LQ-theory developem
in Section lll. [8]

Finally, let us note that the theoretic and computational
results from [28] are obtained under the incorrect and nonL
proved basic continuity assumption for the Riccati magice
under consideration. Therefore, the numerical results f&t0l
the optimal feedback and the optimal value from [28] can
be improved by using the above analytical techniques antl]
the implementable Conceptual Algorithm 1 proposed in our

paper. [12]
V. CONCLUDING REMARKS

In this paper, we have developed a new theoretical ar!d]
computational approach to a class of hybrid linear quacirat
optimal control problems. This approach is based on the
extension of the Maximum Principle and Dynamic Program-
ming techniques to control processes governed by IineE\lr‘l]
hybrid systems with autonomous location transitions. gsin
the continuous structure of the given class of hybrid cdntrd!l
systems, we established continuity property of the optimal
Hamiltonian function from the HMP. On the other hand, we16]
prove the discontinuous property of the Riccati matrix an
find the explicit expression for the jumps of this matrix-
function at the optimal switching points. This makes it pos-
sible to construct an implementable computational algorit [18]
for the numerical treatment of the optimal partially linear
feedback control strategy. Using this algorithm, one cano]
generate an optimal feedback control low analogously to
the conventional LQ-problem. It is necessary to stress thtgto]
in contrast to the classic linear quadratic OCP, the optimg1]
feedback for the HLQ (2) is a discontinuous piecewise IineaEZ]
function.

The approach proposed in this paper can be extended to
some other classes of hybrid OCPs, for instance, to line&?l
impulsive hybrid OCPs introduced in [5]. Finally, note that
it seems to be possible to prove the discontinuous propérty @4]
the general value function in the nonlinear setting andystud
the DP-based theoretical and computational techniques f@g]
nonlinear hybrid OCPs.

17]
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