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Problem 10a.1: The circuit in Figure 1 is at initial rest.

(a) Find the system function H(s) that relates the output Iout(s) to the input Vin(s).

(b) Find the impulse response of the system h(t).
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Figure 1: Circuit for Problem 10a.1.

Solution:

(a) Let Iin(s) denote the current 
owing out of the voltage source. Then we can use
a current divider to relate Iin(s) to Iout(s).

Iout(s) = Iin(s) �
5

s
2
+ 5

= Iin(s) �
10

s+ 10

To determine Iin(s) we can determine the equivalent impedance of the combined
elements, since

Iin(s) =
Vin(s)

Zeq(s)
:

But,

Zeq(s) =
10

s
+

s
2
� 5

s
2
+ 5

=
10

s
+

5s

s+ 10

=
5(s2 + 2s+ 20)

s(s+ 10)

Therefore,

Iout(s) = Vin(s) �
10

s+ 10
�

s(s+ 10)

5(s2 + 2s+ 20)
=

2s

s2 + 2s+ 20
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and

H(s) =
2s

s2 + 2s+ 20

(b) We can manipulate H(s) into the form

H(s) =
2(s+ 1)

(s+ 1)2 + 19
�

2p
19
�
p
19

(s+ 1)2 + 19

from which we see that

h(t) = 2e�t cos
p
19t�

2p
19

e�t sin
p
19t:

Problem 10a.2: The network of Figure 2 is initially at rest. Determine the voltage v(t) for each
of the inputs below:

(a) is(t) = u(t)

(b) is(t) = (sin t)u(t)

(c) is(t) = tu(t)

is(t) 1 1
+

�

v(t)

Figure 2: Circuit for Problem 10a.2.

Solution: For this circuit

H(s) =
V (s)

Is(s)
= Zeq(s) =

1

s+ 1
:

Since the circuit is at initial rest, all three outputs will be zero for t < 0.

(a) If is(t) = u(t), then Is(s) =
1

s
and

Va(s) = H(s)Is(s) =
1

s(s+ 1)
=

1

s
�

1

s+ 1
:

Therefore,
va(t) = (1� e�t)u(t):

(b) If is(t) = (sin t)u(t), then Is(s) =
1

s2+1
and

Vb(s) = H(s)Is(s) =
1

(s+ 1)(s2 + 1)
=

1

2

s+ 1
�

1

2
s

s2 + 1
+

1

2

s2 + 1
:

Therefore,

vb(t) =
1

2
(1� cos t+ sin t)u(t)
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(c) If is(t) = tu(t), then Is(s) =
1

s2
and

Vc(s) =
1

s2(s+ 1)
=

1

s2
�

1

s
+

1

s+ 1
:

Therefore,
vc(t) =

�
t� 1 + e�t

�
u(t)

Problem 10a.3: (a) The system function of the circuit in Figure 3, which is at initial rest, has the
form

H(s) =
Vout(s)

Vin(s)
=

as+ b

s+ c
:

Determine the values of a, b, and c.

(b) Determine vout(t) for all t, if vin(t) = e�2tu(t).

1

3

2

vout(t)
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Figure 3: Circuit for Problem 10a.3.

Solution:

(a) The potential at the node that connects the resistor to the capacitor is Vin(s).
Writing a KCL equation at that node gives

Vin(s)

2
+

s

3
[Vin(s)� Vout(s)] = 0:

Simplifying, we get

Vin(s)

�
1

2
+

s

3

�
=

s

3
Vout(s)

Vout(s) =
3

s

�
2s+ 3

6

�
Vin(s)

and

H(s) =
s+ 3

2

s
:

Therefore, a = 1, b = 3=2, and c = 0.
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(b)

Vin(s) =
1

s+ 2

Therefore,

Vout(s) =
s+ 3

2

s(s+ 2)
=

3

4

s
+

1

4

s+ 2
:

vout(t) =

�
3

4
+

1

4
e�2t

�
u(t)

Notice that the output is zero before t = 0.

Problem 10a.4: Find the system function that relates Vout(s) to vin(s).

2

2

1

1

Vin(s)

Vout(s)

Solution: The �rst step is to redraw the circuit in the Laplace domain.

2

2

s

1

s

Vin(s)

Vout(s)

Let the node potential at each of the inputs of the opamp (they must be the same)
be E(s). Writing a KCL equation at each of these input nodes gives

s[E(s)� Vout(s)] +
1

2
[E(s)� Vin(s)] = 0

1

s
E(s) +

1

2
[E(s)� Vin(s)] = 0
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From the second of these equations we get

E(s) = Vin(s)

�
s

s+ 2

�
:

Substituting this result into the �rst equation gives (after algebraic simpli�cation)

Vout(s) = Vin(s)

�
s

s+ 2
+

1

2

s+ 2
�

1

2s

�
;

from which

H(s) =
Vout(s)

Vin(s)
=

s2 � 1

s(s+ 2)
:
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