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Problem Set #7—Solutions

Problem 7.1: This problem derives a number of identities concerning the complex conjugate.

(a) Using either the rectangular or polar representation for each complex variable, show that:

(b) Using the results that you derived in (a), show that
[P(s)]" = P(s"),
where P(s) is a polynomial of degree n in s with real coefficients
P(s) = aps" +an 15" ' + ...+ a1s + ao.
(c) Using the results of (a) and (b), show that
[Q(s)]" = Q(s7),
where ()(s) is the ratio of two polynomials with real coefficients

Q(s) b S™ + bp_18™ L+ ...+ bis+ by
s) = .
ansS™ + ap_18" L+ ...+ ais+ ag

(d) Using the results of (b), show that the complex roots of a polynomial with real coefficients
occur in complex conjugate pairs, i.e., show that if P(s;) = 0, where P(s) is a polynomial
with real coefficients, then P(s7) = 0.

Solution:

(a) (i)

(514 82)* = [0 + jwi + 03 + jws]*
= [(01 + 02) +j(wl + UJZ)]*

= (0‘1 +0'2) —j(wl +W2)

=

o1 — jwr) + (02 — jw2) = s7 + 55



(as1)* = (a[or + jwi1])* = (aoy + jawr)*

ao1 —jaw1 = a(a-l _ ,]Wl) — asI
(ii)
(5182)* = (|81|ejargsl . |52|ejarg82)*
= (|31| . |32|ej[arg31+args2])*
= |31| : |32|e—j[arg s1+arg so]

— |51|e*jarg51 . |S2|e*jarg52 — s’{sg

()" = [eme(s)ﬂ‘%m(s)]* [eme(s)ejsm(s)]*
=e = e

%e(s)efj%m(s) Re(s)—jSM(s) — es*

* — |S|ae—ja arg(s)

(59 = |:|S|ae—jaarg(s):|

_ |:|S|efjarg(s)j|a — (5)°

y *
S1 *: |81|6]args1 — @ej(arg(sl)farg(&) i
82 |52 |ed are s2 |5z
_ @e—j(arg(sl)—arg(sz)

s
I

*
= _|82|6_jarg(82) - 8%

[P(s)]* = [ans" + an_15""" + ...+ a1s + ao]*
= (a,5™)" + (@n_15""1)* + ...+ (a15)* + (ap)*
=an(s") +a, 1(s" ) +...+a(s) +ao
= an(5")" + an_1 ()" .+ a1t +ag = P(s%)

«_[B()] _B*(s) _ B(s)
or = 55) = |
(d) If sy is a root of P(s), then

~—
N
—~
Vo)
*
~

Taking the complex conjugate of both sides of this equation gives
[P(s1)]" =0,

but since the coeficients of P(s) are real, this means (from (b))
P(si)=0
and that s} is a root of P(s).



Problem 7.2: Find the inverse Laplace transform of

25+ 6

X = et

Solution:
25+ 6 25+ 6
X = =
(s) s(s2+35+2) s(s+1)(s+2)
A B C

s+s+1+s+2

We can evaluate A, B, and C' using

A=lim—25F0 4
s=0 (s + 1)(s+2)
B= lim 2t0 _ 4
s——1 5(s + 2)
25+ 6

=1 - =
¢ e s(s+1)

Therefore,
z(t) =3 —4de P +e % t>0.

Problem 7.3: The inverse Laplace transform of
s+2
X(s)= ———
() (s+2)24+9

has the form
z(t) = Ke™ cos(wot + ).

Determine the values of K, a, wp, and ¢.

Solution: The partial fraction expansion has the form
A A*
X(s) =

— + —.
s+2—-33 s+2+33
To determine A we evaluate the limit

s+2 _j3 1

A= s—>lir2n+j3m T 6 2
Therefore,
z(t) = %e*%eﬁt + 1e*%e*jt = e % cos 3t.
Thus,

K=1, a=2, wy=3, ¢=0.




Problem 7.4: Find the inverse Laplace transform of

s+ 3
X(s) = .
(5) s3 +3s2+6s+4
Solution:
X(s) = s+3 _ s+ 3
s34+ 3s24+65+4  (s+1)(s2+2s5+4)
_ s+ 3
(s+1)(s+1-3jV3)(s+1+jV3)
A B B*
= + ; + =
s+1 s4+1—-jvV3 s+1+3jV3
s+ 3 2
A= lm ——— = —
o2 1 25+4 3
B= lim s+3 -1 ;L
s=(—1+5v3) (s + 1) (s + 1+ jV/3) 3 "2V3
Therefore,
_2 —t 1 .1 —t_j\/3t 1 1 —t_—jV/3t
x(t)—ge +<3 ]2\/§>ee + 3+]2\/§€6
_2 1 V3t —jV/3t —t ( _jV3t —jV/3t
= —e¢ e (e +e )+j2\/?_>e (e e )
= 2e*t — ge*t cos V3t + Le*t sinVv3t, t>0
3 3 V3 ’

Problem 7.5: Find the inverse Laplace transform of

55 —1
X(s) = ——+—.
(5) §3 —35—2
Solution:
5s —1 5s —1
X = =
(5) s2—3s+2 (s+1)%(s—2)
A N B N C
S s5—2 s+1  (s+1)2
A:limﬁzl
3 (s 1)2
_.ood (5s—1Y\ . (5—2)5—(55—1)
B—sl_1>H_11£<8_2>—31_1>H_11 (3—2)2 =-1
-1
C=1m 271 _y

s——1 s —2



Therefore,

z(t) = e _etyotet = 2 4+ (2t — l)eft, t > 0.

Problem 7.6: Find the signal z(¢) for ¢ > 0 if its Laplace transform is

3

s
X(s) = .
O = DG P9
Solution:
53 A B B*
X(s) = =1
O =Ginerrostn  TiriTsriog Tirit e
53 1
A= lm —— = —-
9182 + 25+ 5 4
Bo $3 11 1/2
= lim =—— - —
s——1+52 (s + 1)(s + 1 + j2) 8 Jj2
Therefore,
_ 1 _, 11 1/2\ _, jot 11 1/2\ _, —jot
z(t) = () 1€ +< 8+j2>€€ + 3 i2 e ‘e

1 11 1
= 6(t)—et <Z+Zcos,2t—§sin2t>, t>0




