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Problem Set #7—Solutions

Problem 7.1: A second-order transformation uses the frequency response of a (5 x
5)-point zero-phase filter as its transformation function. Assume that such a
transformation function is used with a (2N + 1)-point zero-phase 1-D filter to
realize a 2-D filter.

(a) How many multiplications need to be performed to compute one sample
of the output sequence?

(b) How many multiplications need to be performed per output sample if this
same frequency response is implemented using direct convolution?

Solution: Like a filter designed using a first-order transformation,
a filter designed using a second-order transformation can be imple-
mented using the special implementation based on the Chebyshev
recursion. All that changes are the small filters that perform a con-
volution with the transformation filter.

(a) Each of the 5x zero-phase filters can be implemented using 13
multiplications and 24 additions. There will be N of these, plus
N + 1 coefficients from the prototype. Therefore,

# of multiplications = 13N + N +1 = 14N + 1 per output.
# of additions = 24N + N = 25N per output.

(b) The impulse response is (4N + 1) x (4N + 1) and is zero-phase.
Thus, the number of multiplications per output in a direct im-
plementation is SN2 + 4N + 1.




Problem 7.2: Consider a recursively computable digital filter with the output mask
shown in Figure 1. This output mask corresponds to the difference equation

y[ni, na] + aylng — 1,ne — 1] 4+ by[ni, ne — 1] + cy[ni + 1, ne — 1] = x[ng, ng).

(a) Determine the region of support of the impulse response of the filter if it
is to behave like a linear, shift-invariant system.

(b) Find a sufficient set of initial conditions that will quarantee that the system
is linear, shift-invariant, and recursively computable.

Figure 1:

Solution: The support of the filter is shown in Figure 2 as solid
dots. A sufficient set of initial conditions for producing a linear, shift-
invariant system borders the support of the output sequence formed
as the convolution of the impulse response with the input. Since, for
this problem, the input sequence is an impulse, the initial conditions
merely frame the support of the filter and are shown as open dots.

Problem 7.3: Repeat the previous problem for the output mask shown in Fig-
ure P4.3 on page 209 of the notes.

Solution: The support of the filter is shown in Figure 3 as solid
dots. A sufficient set of initial conditions for producing a linear, shift-
invariant system borders the support of the output sequence formed
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Figure 2:

as the convolution of the impulse response with the input. Since, for
this problem, the input sequence is an impulse, the initial conditions
merely frame the support of the filter and are shown as open dots.
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Figure 3:

Problem 7.4: Find the z-transform of the following 2-D arrays and give the associ-
ated regions of convergence.

(a) 6[n1,mo]
(b) a™m*m2)yn, ny) .

(c)

5[77,1], T :0,1,...,N—1
0, otherwise .

x[ny, ng) = {



Solution:

(a)

Xa(z1,22) = DD b[ni,mo)zy ™2™ =1, Va1, 2
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Xb(Zl, 2’2) = Z am—l—ng nl, ng]zfnlzgm
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|21] > a, |20] > a
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Problem 7.5: In Chapter 4 we stated a number of properties of the z-transform
without proof. These properties are derived in this problem.

(a) Derive the following properties of the z-transform given that X, (21, 25) is
the z-transform of z[ny, ny).

(a) z*[n1, no] «— X7 (21, 23)
(b) Re{z[ny,ny)} +— 1 {X (21, 22) + X3 (27, 25) }
(c) Smfzlni,nel} «— 5: {Xa(21, 22) — X7 (21, 23)}
(d) z[—ny,ng] +— X, (z1 ,29)
(e) x[ny, —ng] +— X (21,2, )

(f) z[—ni, —ng] +— X, (27", 25

(8) z[n2, ni] — X;(22,21)

)



(b) Derive Parseval’s Theorem

0 o 1 1 1
Z Z x[ny, nolx*[ny, nol = ?{?{Xz(zl, 20)Y,(—, —*)zl_lzz_l dzi dzs.
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Solution:

(a) (1)
Xo(zm) = ¥ Safnnasm s

ny n2

Xi(z1,20) = DD @ [na,mol(2)) ™ (25) ™™
ni n2

X (21, 2) = DD a"[n,mele ™M™
ni n2

Therefore
‘T*[nlvn?] — X:(ZL Z;)
(2) Since

Re{z[ni,nol} = % (@[n1, na] 4 27%[n1, na))

we can apply the linearity property and the result in part (1)
to establish the result

Re{z[ni, no)} +— %{Xz(zla z9) + X3 (21, 23)}

(3) Here you can use the same approach that you used in part
(b).
(4)

SN x[—ni, o)z Mz = D0 xng, ozt 2, ™

1 N2 —ni1 N2

= XZ('ZII’ ZQ)

(5) This one is nearly identical to (4) above.
(6) Apply (4) and (5) sequentially.
(7)

YD alng, M = 30 alma, moley™ ™

niy n2 my1 m2

= XZ(ZZa Zl)

We have made the substitution of variables m; = ny and
meo = Nj.



Z Zx[nl, naly” [n1, no]

ni n2

1
=22 ¥y [n,na 2 ?{sz(ZbZQ)Z?I_IZSZ’_Idzl dzy

niy n2 (27rj) 02 Cl

1
- (27rj)2 f fXZ(zla Z2)21_122_1 Z Z y*[nl, HQ]Z{“z;W le dZQ

ny n
Cy Ch 1 n2

1 1 1. .,
- (27Tj)2fsz(Zl’Z2)n(Z_f’Z_;)Zl g dz dzp
2 1




