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Multiresolution Processing
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Motivation

= Fourier transforms

u}

Basis functions are sinusoids of infinite duration

= Wavelet transforms

u}

Basis functions are signals (wavelets) of varying frequency and
limited duration.

Formalized in 1987

Allows for a representation and analysis of signals at more than
one resolution.
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Local statistical variation in images

source: Gonzalez and Woods
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Image pyramids
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(Burt and Adelson)
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| Gaussian and Laplacian pyramids

Laplacian pyramid E
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' Subband Decompositions

i A (1-D) signal is
decomposed into a
lowpass and a
highpass component.

+ Each is critically

4 sampled, so no extra
[Hy(w)| [H(w)| i
i samples are
I involved.
Low band | High band :
| |
| |
L Ly
0 /2 T
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| Upsampling and Downsampling

x[n] XgownlN] x[n] x [n
W]y, el o B 7 |
Tgown = z[2n] up = { 8[77,/2] Z (e)\(/jzn
1 1 1
Xioun(2) = 5 (X(3) + X(-29)) (e) = X(:2)
1 jw, e L ; -
Xaowa(€) = 5 (X(/2) + X (/20 Xup(el®) = X (92%)
DOWNSAMPLER UPSAMPLER
10/15/2003 ECE 6258 Russell M. Mersereau

| Analysis of System

Yo(e) = 5 [X(H)Ho(eh) + X (—=hyHo(—2)]

1 1 1 1 1
Vi) = 5 [X DG + X (=) (—2)| [msrgma]
2 Aliasing terms
i 1
X(z) = EGO(Z) [Ho()X (2)

+2 G H1 ()X
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System Analysis (cont’d)

In order to have i[n]=x[n] (perfect reconstruction)

Ho(—2)Go(z) + H1(—2)G1(?)
Ho(2)Go(z) + H1(2)G1(2)

The first equation guarantees aliasing cancellation.
The second corrects the amplitude distortion.
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Perfect reconstruction filter families

Filter OQMF CQF Orthonormal
|
Hy(2) Hi(z) - Hj(—7) =2 ﬁ[é((z_);;gz(_)zt) =2 Gi(z I)
H,(z) Hy(—z) ZilHo{*Zil) Gy(z")
. Gy(2)Gifz ') +
Gy(z) Hy(z) Hy(z") GE:(—z)gn(—z |) =9
Gi(z2) —Hy(—2) ZHy(—7) *Z%KHGU(*ZAJ

g1ln] = (-1)"go[2K — 1 — n]
hiln] = gi[2K —1—n], i={0,1}

source: Gonzalez and Woods
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8-tap Daubechies orthonormal filters
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2-D subband decomposition (one stage)

a(m, n)

Columns
(along n)

Rows
(along m)

d¥{m, n)

x(m, n) e—

" (m, n)

Columns
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Result of four-band split
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‘ Filter banks and Haar transforms

= The only two-point FIR filters that satisfy the exact
reconstruction conditions are the basis functions of the Haar
transform.

holn] = %mn] +6[n - 1])

1

hi[n] = —=(6[n] — é[n — 1
1] = =5 Glnl = 8l — 1)

= When these are used to form a wavelet system, the result is
called a Haar wavelet.
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‘ Haar wavelet decomposition

@! « A filter bank is
: constructed from
: ; 5 two-point FIR
filters.
= The LL image is
decomposed
using the same
filter bank.
= The LLLL image
is also
decomposed.
= Reconstructions
at several
resolutions are
possible.
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‘ Multiresolution expansions

= In multiresolution analysis, a scaling function, is used to
create a series of approximation of an image, each differing
by a factor of 2 (in size) from its nearest neighboring
approximations.

= Additional functions, called wavelets, are then used to encode
the difference in information between adjacent
approximations.
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Series Expansions

A signal or function f(x) can often be analyzed by expressing it as a linear
combination of expansion functions

S )= Zk:ak¢k (x)
If the set {¢,} is unique, the set of expansion functions form a basis.
The set of expressible functions form a function space V.

V = spani{p,(x)}

For any function space V and corresponding expansion set {¢(x)}, there is a
set of dual function {g, (x)}, that can be used to compute the ¢;.

a, =(§,00, /() ) =[ 3, (0)f (x)dx
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Orthogonal Bases and Frames

Case 1:

o If the expansion functions form an orthonormal basis, the basis
and its dual are equivalent.

Case 2:

o If the expansion functions are merely orthogonal, the basis
functions and their duals are biorthogonal.

oo =am={ & IZE

Case 3:

o If the expansion set is not a basis, but supports the expansion,
the expansion functions and their duals are overcomplete and
form a frame.
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Scaling functions

Consider the set of expansion functions composed of integer
translations and binary scalings of the real, square-integrable
function @(x) .

9, ()=2"2p(2' x k)

By choosing @(x)wisely, {(pj)k (x)}can be made to span
L3(R).

If we restrict j, the resulting expansion set will span a subset
of LA(R). -
V.= SPkan{(ﬂ;,-,k(X)}
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Haar scaling functions

WO,O(X) =o(x) 0, (%) =(x—1)

' §| ’7 £,(x) =2p(2x-1)

x
* Source: Gonzalez and Woods
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Requirements for multiresolution analysis (Mallat, 1989)

#1: The scaling function is orthogonal to its
integer translates.

#2: The subspaces spanned by the scaling
function at low scales are nested within those
spanned at higher scales.

#3: The only function that is common to all V,
is f(x)=0.

#4: Any function can be represented with
arbitrary precision.
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The subspaces 17, are nested

VoCV TV,

source: Gonzalez and Woods
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The dilation equation

The expansion functions for subspace V; can be expressed using
the expansion functions for subspace V.

1
Dk (x)= Zan(pjﬂ,n (x)
Changing from «, to h [n] and substituting
0,4 (0) =X (20 92 x )

Setting j=k=0

o(x) =Y h[nW2p(2x—n)
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Wavelet functions

Given a scaling function that meets the MRA requirements, we can
define a wavelet function y(x) that, together with its integer
translates and binary scalings, spans the difference between any

two adjacent scaling subspaces V; and V.

V=V, 8W, = V@ W W,

Vi=Ve@ W,

Wy @ VI/] = Spkan{l//],k (x)}

| W, are orthogonal E
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‘ Wavelets and scaling functions

= Since W<V, the wavelet can be expressed in terms of the scaling
function.

v (x)= 3 h, [n1N2p(2x —n)

= It can be shown that
h,[n]=(=1)"hy[1-n]
= In terms of filter banks,

ho[n] = h¢[n] h[n]= hu, [7]
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‘ The Haar wavelet

fah =

| — —‘ 00, () =0(x-2)

fulx)

4 LT f = [

W
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‘ 1-D wavelet series expansion

= Any function f(x) € L*(R) can be expanded relative to the wavelet
¥ (x) and scaling function @(x)

F0) =Y e, Klp, 0+ Y Y d,[kly,, (x)

J=jo k

o Analogous to Fourier series
= j, is an arbitrary starting scale

o Thec, [k] are normally called the approximation or scaling
coefficients.

a The d,[k]are called the detail or wavelet coefficients.
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Calculating the wavelet series coefficients

= The wavelet series coefficients can be computed by
performing the following inner products

ciolkl = (f(2), &5, (@) = [ F(2);, 1) da

dlk] = (f (@), T (@) = [ F@)P; () da
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Example

Consider the simple example

1
y = x2
0.5
y = 2, 0<z<1
0, otherwise 0" _ _ _]
—035 I
0 025 05 0.75 1
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Grinding away

1 1 3

The expansion

Substituting these values gives the wavelet series expansion

3 32

32
-—

0 Wy W,

V=V, ®W,

V, =V, ®W, =V, ®W, W,
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y=1%,om{—iwo,o(x)H—ﬁwl,o(x)——mwl,lm o

- 1
cp(0) = /124,90‘0(;13) de = /m2 de=2| =2
. ’ ; 3p 3
0 ¢}
1 0.5 1 1
do(0) = /$2111070(a:) de = / 22 dx — / z2de = 2
0 0 0.5
1 0.25 0.5
: 2 2
d1(0) = /121&110(15) dx = / #>V2dx — / 222 dx = 73%
0 0 0.25
1 0.75 1
~ ! ~ 3v2
di(1) = / x2¢171(x) dx = #2V2dx — / V2 do = 73—\2_
0 a.5 0.75
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Example at scales 0, 1, and 2
1] ns 0s (k] [l il [l TS 1
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