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Ergodic Random Processes

An ergodic random process is one where time averages are equal to ensemble
averages. Hence, for all g(X) and X

Blg(X)] = [ g(X)px(x)dx
= Jim o [ X ()l
= < g[X(@®)] >

For a random process to be ergodic, it must be strictly stationary. However, not
all strictly stationary random processes are ergodic.

A random process is ergodic in the mean if
< X(t) >= Ux

and ergodic in the autocorrelation if

< X(t)X(t+T) >= qbXX(T)
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: Example (cont’d) -

Recall the random process
X(t) = Acos(2m f.t + ©)
where A and f,. are constants, and © is a uniformly distributed random phase.

| 1/@2r), 0<6<2n
re(f) = { 0, elsewhere

The time average mean of X () is

. 1 /T
< X(t) >= Tlgxgoﬁ/TAcos(Qﬂfcth@)dt =0

In this example px(t) =< X(t) >, so the random process X () is ergodic in the
mean.

N.B. Make sure you understand the difference between the time average and
ensemble average.
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: Example (cont’d) -

The time average autocorrelation of X (t) is

1
<Xt)X({t+71)> = lim — /_I;F A? cos(2m fot + 27 for + 0) cos(27 fot + 6)dt

T—oo 27T
=i BT A 1eos(2 drfit 42 0)) dt
— TEI;OE - [cos(2m fo1) + cos(4r fot + 27 for + 0)]

2
= A? cos(2m f.7)

The random process X (t) is ergodic in the autocorrelation.

It follows that the random process X (t) in this example is ergodic in the mean
and autocorrelation.
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Example

Consider the random process shown below.

Xl(t) =a P = 14
X () =0 P, =1/2
X{t)=-a P, =1/4
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: Example (cont’d) -

For this example, the ensemble and time average means are, respectively,

px = EX(@)]=0
a with probability 1/4
(X(t)=10 with probability 1/2
—a  with probability 1/4

Hence, X (t) is not ergodic in the mean.

The ensemble and time average autocorrelations are

oxx(r) = E[XOX(t+7)] = a(1/4) +0(1/2) + (—a)*(1/4) = &*/2

a’  with probability 1/2
XOX(E+7) = {0 with probability 1/2

Hence, X (t) is not ergodic in the autocorrelation.

\ /

9©2007, Georgia Institute of Technology (lect6-6)




: Example (cont’d) -

Note that

BX()] = px
BX@®)X({+7))] = oxx(7)

Because of this property (X (¢)) and (X (¢)X (¢4 7)) are said to provide unbiased
estimates of px and ¢xx(7), respectively.
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Power Spectral Density A

The power spectral density (psd) of a random process X () is the Fourier trans-
form of its autocorrelation function, i.e.,

Dxx(f) = = [ éxx(r)e *Tdr
dxx(1) = /_O:o‘PXX(f)@j%def-

We have seen that ¢xx(7) is real and even. Therefore, Pxx(—f) = Pxx(f)
meaning that ®xx(f) is also real and even.

The total power (ac + dc), P, in a random process X (t) is

P=E[X*(1)] = oxx(0) = [ @xx()df

a famous result known as Parseval’s theorem.
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Example

X(t) = Acos(2nf.t + O)

where A and f, are constants and

1
)5y < 0<m
pe(0) = { 0, elsewhere

We have seen before that

AQ
Oxx(T) = o cos(27 f.7)

Hence,

Oyx(f) = A?F[COS(QWJCCT)]

= A6 - )40+ 1)
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Properties of Oy y(f)

L. &xx(0) = /% dxx(T)dT

I ®xx (f)df = dc power

dxx(0) = [ Pxx(f)df = total power

Oy x(f) >0 for all f. Power is never negative.

f) = Pxx(—f) (even function) if X (¢) is a real random process.

SR A T

Dxx(
O xx(f) is always real.
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