EE4601
Communication Systems

- Lecture 7
Linear Systems
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Linear Systems

X(t) Y(1)
h(t) — H(f)
P yx (T) Py (T)
Dy (F) vy (T)
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Linear Systems

Suppose that the input to the linear system h(t) is a wide sense stationary ran-
dom process X (t), with mean px and autocorrelation ¢xx (7).

The input and output waveforms are related by the convolution integral
Y(t)= [ h(r)X(t—r)dr .

Hence,

The output mean is
py = [ WOEX(t = 7)]dr = px [~ h(r)dr = pxH(0) .

This is just the mean (dc component) of the input signal multiplied by the dc
gain of the filter.
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Linear Systems

The output autocorrelation is
¢yy(T) = E[Y(t+7)Y ()]
~ E U"O W)X (t+7—a) [ h(ﬁ)X(t—ﬂ)dﬁda]
= / / (QR(BE[X(t+ T — )X (t — )] dBda
[ [ me)h(s)
= [ h(a) /_°; (B)pxx (7 + 8 — a)dads
{7 n(B)6xx(r+ 3)dB} = h(r)
= h(=7) x xx(7) * h(T) .
Taking transforms, the output psd is

Syy(f) = H(f)Pxx(f)H(f)
H(f)]? ®xx(f) -

a)h(B)pxx(T — a+ B)dBda

\
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Cross-correlation and Cross-covariance

If X(¢) and Y (t) are each wide sense stationary and jointly wide sense stationary,
then

GSxy(t,t+7) = EX@OY(E+7)] = dxy(7)
pxy(tt+7) = pxy(T) = dxy(T) = paty
The crosscorrelation function ¢yy(7) has the following properties.
L. oxy (1) = dyx(—7)
2. |oxy(7)] < 5léxx(0) + dyy(0))
3. |oxy (T)|? < ¢xx(0)pyy(0) if X(t) and Y () have zero mean.
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Example

Consider the linear system shown in the previous example. The crosscorrelation
between the input process X (t) and the output process Y (¢) is

dyx(7) = EY()X(t+7)]
= E [/_OO h(a) X (t — a)daX(t + 7')]

= [ h@EB[X(t - a)X(t+ )] da
= /_O:O hMa)dxx (T + a)da
= h(=7) % dxx(7)

The cross power spectral density is

Syx(f) = H*(f)Sxx(f)
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Example

R

— AW

X(t) —-— C Y (1)

9©2007, Georgia Institute of Technology (lect7-8)



-~

Example

We have

where

Hence,

The transfer function of the filter is

1

H(f):1+j27rfRC

Suppose that ¢xx(f) = e 7. What is ¢yy (7)?

Syv(f) = [H ()] Sxx(f)

1
HWOE = 1 GrrRey
2
SXX(f) = OéQ—I—(C;T('f)?
1 20

Syv(f) = 1+ (2nfRC)? o+ (27 f)2
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Example

Do you remember partial fractions? Now you need them!

We write
A B

@rf) 1+ (2nfRO)?

SYY(f) = 042 +
and solve for A and B. We have

A1+ 27 fRC)?) + B(a* + (27 f)?) = 2a
Clearly,

A+ Ba? = 2a
AQ2rfRC)* + B(21f)* =0

From the second equation

A=— = —Bp?

where = 1/(RC).
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Example
Then using the first equation
2a
b= o — 32
Also,
2032
2
A=-Bpj T
Finally,
3 200 af 20
S = - :
W)= E o @ T E et 2n )
Now take inverse Fourier transforms to get
ﬁQ —olT Q’ﬁ —0|r
¢Yy(7')252_a2 e +042—52 s
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