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Method of Exact Doppler Spreads - Deterministic

• Patzold proposed a deterministic simulation model, called the ”Method of

Exact Doppler Spreads (MEDS)”.

• The method is derived by using the integral representation for the zero-

order Bessel function of the first kind

J0(x) =
2

π

∫ π/2

0
cos(x sin θ)dθ

and replacing the integral by a series expansion as follows:

J0(x) = lim
NI→∞

2

π

NI
∑

n=1

cos(x sin αn)∆α

where αn
∆= π(2n − 1)/(4NI) and ∆α

∆= π/(2NI).

• Hence,

φgIgI
(τ ) =

1

2
J0(2πfmτ ) = lim

NI→∞
1

2NI

NI
∑

n=1

cos(2πfn,iτ )

where

fn,I = fm sin





π

2NI



n − 1

2







 .

• With finite NI, the normalized autocorrelation is

φn
gIgI

(τ ) =
1

NI

NI
∑

n=1

cos(2πfn,Iτ )
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Method of Exact Doppler Spreads - Deterministic

• The complex fading envelope is g(t) = gI(t) + jgQ(t), where

gI/Q(t) =

√

√

√

√

√

√

1

NI/Q

NI/Q
∑

n=1

cos(2πfI/Q,nt + φI/Q,n) .

• The deterministic processes gI(t) and gQ(t) are uncorrelated if and only if

fI,n 6= fQ,m for all n = 1, . . . , NI and m = 1, . . . , NqQ.

– This can be achieved by setting NQ = NiI + 1.

• If gI(t) and gQ(t) are uncorrelated, the phases φI/Q,n have no influence on the

statistical properties of g(t).

– Hence, the φI/Q,n can be chosen as arbitrary realizations of uniform ran-

dom variables on [−π, π).
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Zheng and Xiao’s Model - Statistical

• The complex fading envelope is g(t) = gI(t) + jgQ(t), where

gI(t) =

√

√

√

√

√

1

N

N
∑

n=1

cos[2πfmt cos(θn) + φI,n]

gQ(t) =

√

√

√

√

√

1

N

N
∑

n=1

cos[2πfmt sin(θn) + φQ,n]

where the angles are

θn =
2πn − π + θ

4N
, n = 1, 2, . . . , N

where θ, φI,n, and φQ,n are all uniform on [−π, π), and all values are mutually

independent.

• The statistical correlation functions of the quadrature components φgIgI
(τ ),

φgIgQ
(τ ), φgg(τ ) match the desired functions.

• The autocorrelation function of the squared envelope is

φ|g|2|g|2(τ ) = 4 +
J0(4πfmτ )

N

+
4

N 2

N
∑

n=1

N
∑

m=1

n6=m

E{cos[2πfmτ cos θn] cos[2πfmτ cos θm]}
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Modified Hoeher Model - Statistical

• Consider the complex faded envelope g(t) = gI(t) + jgQ(t), where

gI(t) =

√

√

√

√

√

1

N

NI
∑

n=1

cos(2πfI,nt + φI,n)

gQ(t) =

√

√

√

√

√

1

N

NQ
∑

m=1

cos(2πfQ,mt + φQ,m)

and

fI/Q,n/m = fm sin
(π

2
uI/Q,n/m

)

.

• The Doppler frequencies fI/Q,n/m for the I and Q components are determined

by uI/Q,n/m, where the uI/Q,n/m are uniform on (0, 1] and are mutually inde-

pendent for all n and m. The random phases φI/Q,n/m are uniform on [−π, π),

are mutually independent for all n and m, and are also independent of the

uI/Q,n/m.

• For convenience, the number of sinusoids in the quadrature components are

usually set equal, i.e., NI = NQ = N .
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• (MEDS) and the modified Hoeher model are similar

– The set of numbers {(n−1/2)/NI , i = 1, . . . , NI} are uniformly spaced on the

interval (0, 1], while the uI/Q,n/m are uniformly distributed on the interval

(0, 1].

• The statistical correlation functions for the quadrature components match

the desired values.

• The squared envelope correlation is

φ|g|2|g|2(τ ) = 4 + 4
N − 1

N
J2

0 (2πfmτ ) +
1

N
J0(4πfmτ )

which differs from the ideal value for finite N .
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Multiple Faded Envelopes - Zheng & Xiao Model

• The Zheng & Xiao statistical method can be easily extended to generate

multiple faded envelopes.

• The kth complex envelope, gk(t) = gI,k(t) + jgQ,k(t), is generated as

gI,k(t) =

√

√

√

√

√

1

N

N
∑

n=1

cos[2πfmt cos(θn,k) + φI,n,k]

gQ,k(t) =

√

√

√

√

√

1

N

N
∑

n=1

cos[2πfmt sin(θn,k) + φQ,n,k]

where

θn,k =
2πn − π + θk

4N
, n = 1, 2.., N

and where θk, φI,n,k, and φQ,n,k are all uniform on [−π, π), and all values are

mutually independent.

• The gk(t) are all uncorrelated.
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Multiple Faded Envelopes - Li & Huang Model

• Assume that P uncorrelated fading envelopes are required, each composed

of N sinusoids.

• The kth faded envelope, gk(t) = gI,k(t) + jgQ,k(t), is generated as

gI,k(t) =

√

√

√

√

√

1

N

N−1
∑

n=0

cos(2πfm cos θn,kt + φn,k)

gQ,k(t) =

√

√

√

√

√

1

N

N−1
∑

n=0

sin(2πfm sin θn,kt + φ′
n,k)

• The phases φn,k and φ′
n,k arbitrary realizations of independent random vari-

ables uniform on [−π, π), and

θn,k =
2πn

N
+

2πk

PN
+ θ00, n = 0, . . . , N, k = 0, . . . , P − 1

where θ00 is an initial arrival angle chosen to satisfy 0 < θ00 < 2π/PN and

θ00 6= π/PN .

• Although the Li & Huang model generates uncorrelated faded envelopes, it

does not satisfy the correlation functions of the reference model.
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Zajić & Stüber Deterministic Model

• The kth, 1 ≤ k ≤ P complex faded envelope is defined as gk(t) = gI,k(t)+jgQ,k(t),

where

gI,k(t) =
2√
N





M
∑

n=0

an cos(2πfmt cos αnk + φnk)



 ,

gQ,k(t) =
2√
N





M
∑

n=0

bn sin(2πfmt sin αnk + φnk)



 .

• The phases φnk are chosen to be independent random variables uniformly

distributed on the interval [0, 2π)

• The βn are defined as βn = πn/M for n = 0, . . . , M , where N = 4M + 2.

• Parameters an and bn are defined as follows:

an =











2 cos (βn) , n = 1, ..., M√
2 cos (βn) , n = 0

,

bn =











2 sin (βn) , n = 1, ..., M√
2 sin (βn) , n = 0

.

• The angles of arrival αnk are defined as αnk = (2πn)/N + (2πk)/(PN) + α00 for

n = 0, . . . , M , k = 0, . . . , P − 1, where α00 = (0.2π)/(PN).
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Theoretical and simulated auto-correlation functions and the cross-correlation

function of the first and the second complex envelope of the Zajić and Stüber

”deterministic” model.
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Zajić & Stüber Statistical Model

• The kth, 1 ≤ k ≤ P complex faded envelope is defined as gk(t) = gI,k(t)+jgQ,k(t),

where

gI,k(t) =
2√
N

M
∑

n=1

2 cos (βnk) cos (ωmt cos αnk + φnk), (1)

gQ,k(t) =
2√
N

M
∑

n=1

2 sin (βnk) sin (ωmt sin αnk + φnk). (2)

• It is assumed that P independent complex envelopes are desired (k = 0, . . . , P−
1), each having M = N/4 sinusoidal terms in the I and Q components.

• The parameters φnk, βnk, and θ are independent random variables uniformly

distributed on the interval [−π, π).

• The angles of arrival are chosen as follows: αnk = (2πn)/N + (2πk)/(PN) +

(θ − π)/N , for n = 1, . . . , M , k = 0, . . . , P − 1. The angles of arrival in the kth

complex faded envelope are obtained by rotating the angles of arrivals in

the (k − 1)th complex envelope by (2π)/(PN).
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Theoretical and simulated (Nstat = 30) auto-correlation functions and the

cross-correlation function of the in-phase and the quadrature component of

the Zajić and Stüber ”statistical” model.
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Theoretical and simulated (Nstat = 30) auto-correlation functions and the

cross-correlation function of the first and the second fader in the Zajić and

Stüber ”statistical” model.
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Baud-Spaced Channel Models

• Wideband channel models usually have a delay profile where the delays, τi,

not related to the modulated symbol duration T . However, time domain

simulation models typically have a simulation step size, Ts, that is related to

the symbol duration, i.e., Ts = T/2k for some integer k. Typically, k = 4, 8, 16.

• We need a Ts-spaced channel model.

• Consider the method below showing the generation of a T -spaced channel

model.

τ -spaced

g t, τ(       )
channel

T -spaced
samples

(   )tah ah *(     )-t

pulse
generator

matched
filter

τ -spaced

g t, τ(       )
channel

T -spaced
samples

(   )tp

pulse
generator

(   )tp (   )tah ah *(     )-t= *

Method for generating correlated tap coefficients in a T -spaced channel model.
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• The pulse generator produces pulses having a shape that is determined by

the combination of the transmitter and receiver filter, e.g., a raised cosine

pulse.

• After passing the pulse through the τ-spaced channel, T -spaced samples are

extracted. The T -spaced samples are just a linear combination of the taps

in the τ-spaced model.

• Suppose that a vector of M , T -spaced, tap coefficients is generated in this

manner

gT (t) = (g1T (t), g2T (t), . . . , gMT (t))T

• Then gT (t) = Ag(t), where

g(t) = (g1(t), g2(t), . . . , gℓ(t))
T

and A is an M × ℓ real matrix, and xT denotes the transpose of x.

• The value of ℓ is given, and the value of M depends on the length of the

channel g(t, τ ) and the pulse p(t).

• The entries of the matrix A are determined by the overall pulse response

of the transmitter and receiver filters, the relative power and delays of the

rays in the τ-spaced model, and the T -spaced sampler timing phase.

• The matrix A only needs to be generated whenever the relative delays of

the rays in the τ-spaced channel and/or the sampler timing phase changes.
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• The covariance matrix of the T -spaced tap gain vector gT (t) is

ΦgT
(τ ) =

1

2
E
[

gT (t + τ )gH
T (t)

]

=
1

2
E
[

Ag(t + τ )gH(t)AT
]

= AΦg(τ )AT .

• For a WSSUS channel with 2-D isotropic scattering

ΦgT
(τ ) =

1

2
AΩATJ0(2πfmτ )

where

Ω ∆= diag[Ω0, Ω1, . . . , Ωℓ]

is an ℓ × ℓ diagonal matrix, and Ωk = E[|gk(t)|2] is the envelope power that is

associated with the kth tap in the τ-spaced model.
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Example

• Suppose that

p(t) = Sa(πt/T ) · cos(πβt/T )

1 − 4β2t2/T 2

where β = 0.35.

• The τ-spaced waveform channel is characterized by two equal strength taps

(|g1(t)|2 = |g2(t)|2) with a differential delay of τ = |τ1(t) − τ0(t)|.
• We wish to generate a 2-tap T -spaced channel model with taps g0T (t) and

g1T (t), under the condition that τ = T/4.

• Let

g(t) = (g0(t), g1(t))
T

gT (t) = (g0T (t), g1T (t))T

and

gT (t) = Ag(t) .

• The matrix A depends on the timing phase of the T -spaced samples taken

at the output of the pulse generator. In a practical system, the sampler

timing phase is determined by the synchronization process in the receiver.
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Example

• Suppose that the sampler timing phase is chosen so that the T -spaced taps

g0T (t) and g1T (t) have equal magnitude. This makes sense since |g0(t)|2 = |g1(t)|2
for the τ-spaced channel in this example.

• The entries of matrix A can be obtained by writing (refer to following slide)

g0T (t) = g0(t)p(τ/2 − T/2) + g1(t)p(−τ/2 − T/2)

g1T (t) = g0(t)p(τ/2 + T/2) + g1(t)p(−τ/2 + T/2)

Hence,

A =







p(τ/2 − T/2) p(−τ/2 − T/2)

p(τ/2 + T/2) p(−τ/2 + T/2)







For τ = T/4 and β = 0.35

A =







p(−3T/8) p(−5T/8)

p(5T/8) p(3T/8)





 =







0.7717 0.4498

0.4498 0.7717






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Example

T
2

τ
2

τ
2

T
2

τ/ 2 - T/ 2(   )tg
0

p ( )

(   )tg
0

p ( )τ/ 2 T/ 2+τ/ 2 - T/ 2

τ/ 2 T/ 2+

τ
TT TTTT

τ
2

- +

(   )tg
1

p ( )

(   )tg p ( )-
1

-
T

Generation T -spaced taps from a τ -spaced model.
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