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Power Spectrum of Digitally Modulated Signals



POWER SPECTRAL DENSITIES

e A modulated signal can be written in the form
s(t) = R{3(t)el ettt

_ 1{ g(t)ej(27rfct+90) n 5*(t)€—j(2ﬂfct+90)}
2

e The autocorrelation of the modulated signal is

Gss(T) = Bls(t +7)s(t)]
_ 1 { (t+7’) <>6j (A fet+2m feT+26,) 43 (t+7’) (t)e—jQﬂ'ch

4
+ 5(t + 7)5*(t)ef2”f07 + 5*(t + 7‘)§*(t)e_j(477fct+27rfc7'+290)}



e Autocorrelation is

1 . 1 .
Pss(T) = 2¢§§(7’)6_32ﬂfﬂ + 2%5(7)6]27%7

e The power density spectrum is the Fourier transform of ¢4 (7):

1 *
Sss([f) = 5 1S5:(f = fo) + Ss(=f = [o)]
— S:(f) is the power density spectrum of the complex low-pass signal.

L ISlf = £ + Susl—f — £2)]

SSS(f) - 9



POWER SPECTRAL DENSITY OF A COMPLEX
ENVELOPE

e In general, the complex lowpass signal is of the form

$(t) =AY b(t — kT, xy)
k
e The autocorrelation of 5(t) is

bt +7.1) = ;E 5t + )5 (1)

2
— g SYEb(t+ 71— T, x;)b" (¢t — kT, xy,)]
vk

Observe that 35(¢) is a cyclostationary random process, meaning that the
autocorrelation function ¢gz;(t + 7,t) is periodic in ¢t with period 7. To see
this property, first note that

dss(t+T+1,t+1T)
A2
= S XSEB(t+ T 47— T, x)b (¢ + T — kT, xy)
1k
2

) 2 % Eb(t 471 —i'T, xp)b"(t — K'T, Xp11)]



e Under the assumption that the information sequence is a stationary random
process we can write

bo|

¢§§(t+T—|—T,t+T) =

i/

s(t+T1,1) . (1)

SE[b(t + 71 — T, )b (t — k'T, x3)]
k:/

I
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Therefore 5(t) is cyclostationary.



e Since §(t) is cyclostationary, the autocorrelation ¢z;;(7) can be obtained by
taking the time average of ¢z;(t + 7,t), given by

qbgg(T) = << ¢§§(t+7', t) >

A2 1 T . b* kT d
A? _KT4T . .

_ QTZ%/—’?T TEb(z+ 71— (i — k)T x)b" (2, %)) d
A? _KT4T «

= Y [ BB = mT )b (2 x0)] d2
A2 —

= S [l T ERG T = mT )b (2 o)) d
A2 00

= o7 ) /_OO E[b(z+ 71 —mT,x,)b"(z,%¢)] dz .

where ( - ) denotes time averaging and the second last equality used the
stationary property of the data sequence {x;}.



e The psd of 5(¢) is obtained by taking the Fourier transform of ¢z;(7),
N o . * —g2nfr
Ss:(f) = E _2T m/_ / b(z+71—mT, x,)b"(z,x¢)dze 7™ dr
= B
_2T m /_

></ b*(z Xo)ej%fzdze_j%fmT]

(z+7 — mT,x,,)e 20 ET=m) g7

(7', % )e —i2mf g

EI
X /—oo b*(Z7 XO)GJQszdze—j%TfmT]

o A2 EIB B* —j2wfmT
= S BIBUf %) B ([ e

where B(f,x,,) is the Fourier transform of b(t,x,,).

e Finally,
AZ
Sss(f) =~ 2 Shm(f)e it

where
1

Svm(f) = 2E [B(f,%m)B"(f,%0)]



e Suppose that x,, and x; are uncorrelated for |m| > K.

e Then
Som(f) = Sox(f), |m|>K

where

Suclf) = SEIBU X EIB (%0 Il 2 K
= SEIBUxIE[B(fx0)) || > K
=SB bl > K

e It follows that
Sss(f) = S&(f) + Se(f)
where
A? :
ss(f> = = X (Sb,m<f) - Sb,K(f)) e J2mimt

T <K

S&(f) = (?)QSb,K(ﬁ;CS(f— ;)



ZERO MEAN SIGNALS

e If 5(¢) has zero mean, i.e., E[b(t,x()] = 0, then E[B(f,x)] = 0.

e Under this condition
1
Sux(f) = 3 IEIB(f, xa))/* = 0

e Hence, S;;(f) has no discrete component and

2
Sss(f) = (A) > Spm(f)e M

T ) \m<Kk



UNCORRELATED SOURCE SYMBOLS

e For uncorrelated source symbols

b(t, %) = bt, z,,)

e Therefore,

Seolf) = ;E UB(fﬁEO)ﬂ

Sinlf) = SIBIBU a0l ml 2 1

e Hence
SL) = A Su(f) S8 —n/T)
SEU) = e (Shalh) — SualF)

e If 5(¢) has zero mean, then
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LINEAR FULL RESPONSE MODULATION

e In this case

b(t,Xk) = ZL’kha(t)
B(f,x1) = x1Ha(f)

e The psd of the complex envelope is
A2

Sss(f) = - 1Hl£)P Suu(f)

where
1

SrelF) = 5 Gualm)e 2, yp(m) = Elay ]
e With uncorrelated source symbols
Sho(f) = o) [Ha(f)I
Sunlf) = 5l IHFE . fml > 1
where 1, = E[z,,)]. If p, =0, then S,;(f) =0 and

AQ
Ssilf) = “or [Ha(F)I
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POWER SPECTRAL DENSITY OF ASK
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Psd of ASK with a truncated square root raised cosine pulse with various truncation
lengths; 3 = 0.5.
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POWER SPECTRAL DENSITY OF OFDM
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Psd of OFDM with N = 32.
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S,(f) (dB)
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Power spectral density of binary CPFSK for various modulation indices.
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S,(f) (B)
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Power spectral density of GMSK with various normalized filter bandwidths BT'.
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