
EE6604

Personal & Mobile Communications

Lecture 8

level Crossing Rate, Average Fade Duration, Zero Crossing Rate

1



Level Crossing Rate and Average Fade Duration

• The level crossing rate (LCR) is the rate at which the received envelope

crosses a specified level in the positive (or negative) going direction.

– The LCR can be used to estimate velocity.

• The average fade duration (AFD) is the average length of time that the

envelope remains below a specified level.

– The AFD is impacts the outage probability and quality of service.

• Both the LCR and AFD are second-order statistics that depend on the

mobile station velocity, as well as the scattering environment.

• The LCR and AFD have been derived by Rice in the context of a sinusoid

in narrowband Gaussian noise.

2



0.0 50.0 100.0 150.0 200.0
Time,  t/T

-15.0

-12.0

-9.0

-6.0

-3.0

0.0

3.0

6.0

9.0

12.0

15.0

E
nv

el
op

e 
L

ev
el

 (
dB

)

Rayleigh faded envelope with 2-D isotropic scattering.
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Level Crossing Rate

• Obtaining the level crossing rate requires the joint pdf, p(α, α̇), of the enve-

lope level α = |g| and the envelope slope α̇.

• In terms of p(α, α̇), the expected amount of time spent in the interval (R, R+

dα) for a given envelope slope α̇ and time duration dt is

p(R, α̇)dαdα̇dt

• The time required to cross the level α once for a given envelope slope α̇, in

the interval (R, R + dα) is

dα/α̇

• The ratio of the above two quantities is the expected number of crossings

of the envelope α within the interval (R, R + dα) for a given envelope slope

α̇ and time duration dt, i.e.,

α̇p(R, α̇)dα̇dt
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• The expected number of crossings of the envelope level R for a given enve-

lope slope α̇ in a time interval of duration T is
∫ T

0
α̇p(R, α̇)dα̇dt = α̇p(R, α̇)dα̇T

• The expected number of crossings of the envelope level R with a positive

slope is

NR = T
∫ ∞
0

α̇p(R, α̇)dα̇ .

• Finally, the expected number of crossings of the envelope level R per second,

or the level crossing rate, is

LR =
∫ ∞
0

α̇p(R, α̇)dα̇

• This is a general result that applies to any random process.

• Rice has derived the joint pdf p(α, α̇) for a sine wave plus Gaussian noise.

A Rician fading channel consists of LoS or specular (sine wave) component

plus a scatter (Gaussian noise) component. For the case of a Rician fading

channel,

p(α, α̇) =
α(2π)−3/2

√
Bb0

∫ π

−π
dθ

× exp







− 1

2Bb0

[

B
(

α2 − 2αs cos θ + s2
)

+ (b0α̇ + b1s sin θ)2
]







where s is the non-centrality parameter in the Rice distribution, and B =

b0b2 − b2
1, where b0, b1, and b2 are constants that depend on the scattering

environment.
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• Suppose that the specular or LoS component of the complex envelope g(t)

has a Doppler frequency equal fq = fm cos θ0, where 0 ≤ |fq| ≤ fm. Then

bn = (2π)n
∫ fm

−fm
Sc

gg(f)(f − fq)
ndf

= (2π)nb0

∫ 2π

0
p̂(θ) (fm cos θ − fq)

n dθ

where p̂(θ) is the azimuth distribution (pdf) of the scatter component and

Sc
gg(f) is the corresponding continuous portion of the Doppler power spec-

trum.

• Note that Sc
gg(f) is given by the Fourier transform of φc

gg(τ ) = φc
gIgI

(τ )+jφc
gIgQ

(τ )

where

φc
gIgI

(τ ) =
Ωp

2

∫ 2π

0
cos(2πfmτ cos θ)p̂(θ)dθ

φc
gIgQ

(τ ) =
Ωp

2

∫ 2π

0
sin(2πfmτ cos θ)p̂(θ)dθ
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• In some special cases, the psd Sc
gg(f) is symmetrical about the frequency

fq = fm cos θ0. This condition occurs, for example, when fq = 0 (θ0 = 90o) and

p̂(θ) = 1/(2π),−π ≤ θ ≤ π.

• In this case, bn = 0 for all odd values of n (and in particular b1 = 0) so that

the joint pdf p(α, α̇) reduces to the convenient product form

p(α, α̇) =

√

√

√

√

√

1

2πb2
exp











− α̇2

2b2











· α

b0
exp











−(α2 + s2)

2b0











I0





αs

b0





= p(α̇) · p(α) .

• Since p(α, α̇) = p(α̇) · p(α), it follows that α and α̇ are independent.
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• When fq = 0 and p̂(θ) = 1/(2π), a closed form expression can be obtained for

the envelope level crossing rate.

• We have that

bn =











b0(2πfm)n1·3·5 ··· (n−1)
2·4·6 ··· n n even

0 n odd
.

• Therefore, b1 = 0 and b2 = b0(2πfm)2/2, and

L(R) =
√

2π(K + 1)fmρe−K−(K+1)ρ2

I0

(

2ρ
√

K(K + 1)
)

where

ρ =
R
√

Ωp
=

R

Rrms

and Rrms
∆=

√

E[α2] is the rms envelope level.

• Under the further condition that K = 0 (Rayleigh fading)

L(R) =
√

2πfmρe−ρ2

• Notice that the level crossing rate is directly proportional to the maximum

Doppler frequency fm and, hence, the MS speed v = fm/λc.
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Normalized level crossing rate for Rician fading. A specular component arrives with angle

θ0 = 90o and there is 2-D isotropic scattering of the scatter component.
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Average Fade Duration

• No known expression exists for the duration of fades; an open problem! Therefore, we consider

the “average fade duration”.

• Consider a very long time interval of length T , and let ti be the duration of the ith fade

below the level R.

• The probability that the received envelope is less than R is

Pr[r ≤ R] =
1

T

∑

i
ti

• The average fade duration is equal to

t̄ =
1

TL(R)

∑

i
ti =

Pr[r ≤ R]

L(R)
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• If the envelope is Rician distributed, then

Pr[r ≤ R] =
∫ R

0
p(r)dr = 1 − Q

(√
2K,

√

2(K + 1)ρ2
)

where Q(a, b) is the Marcum Q function.

• if we again assume that fq = 0 and p̂(θ) = 1/(2π), we have

t̄ =
1 − Q

(√
2K,

√

2(K + 1)ρ2
)

√

2π(K + 1)fmρe−K−(K+1)ρ2I0

(

2ρ
√

K(K + 1)
)

• If we further assume that K = 0 (Rayleigh fading), then

P(α ≤ R) =
∫ R

0
p(α)dα = 1 − e−ρ2

and

t̄ =
eρ2 − 1

ρfm

√
2π

.
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Normalized average fade duration with Ricean fading.
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Zero Crossing Rate

• Recall that received complex envelope g(t) = gI(t) + gQ(t) is a complex Gaus-

sian random process. If the channel is characterized by a specular or LoS

component, then gI(t) and gQ(t) have mean values mI(t) and mQ(t), respec-

tively. Here we are interested in the “zero crossing rate” of the zero-mean

Gaussian random processes ĝI(t) = gI(t) − mI(t) and ĝQ(t) = gQ(t) − mQ(t).

• Rice has derived this zero crossing rate as

LZ =
1

π

√

√

√

√

√

b2

b0
.

• When the scatter component has the azimuth distribution p̂(θ) = 1/(2π),−π ≤
θ ≤ π, the zero crossing rate is

LZ =
√

2fm .

• Similar to the level crossing rate, the zero crossing rate is directly propor-

tional to the maximum Doppler frequency fm = v/λc.
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