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Abstract — The singular-value decomposition can be
used to transform a MIMO fading channel into an
equivalent bank of scalar subchannels, also known as
eigenbeamforming or closed-loopMIMO, provided that the
transmitter knows the channel.We consider the problem of
allocating bits to subchannelsafter such processing,and
propose simple strategies with near-optimal performance
exploiting properties of singular values.For large antenna
arrays, a fixed bit-allocation becomesan attracti ve choice
without any significant performance loss.For example,on
the 6-input 6-output Rayleigh fading, the fixed allocation
strategy performs only 0.25dB worse than the optimal bit-
allocation in terms of required SNR.

I. INTRODUCTION

For a bank of scalarchannels,it is well-known that
capacityis achieved by water-pouring procedureswhen
channelinformation is known to the transmitter[1]. In
practice,whereratesareoften restrictedto be finite and
discretevalues,theproblemmustbemodified,insteadof
optimal rate by water-pouring, to allocate information
rate to parallel channels with granularity constraint.

The best way to allocate discrete rates to parallel
channelswould compareall possiblecombinationsof
allocations and select the best one. However, this
exhaustive searchoften requires high complexity and
thus iterative optimizationis widely usedinstead.Many
iterative algorithmsfor allocationhave beenintroduced,
especially for discrete multitone (DMT) applications,
such as [2]-[4], which has relatively small complexity
without significant performance loss.

For MIMO channels,if transmitterknows thechannel,
parallel subchannelsare created by singular-value
decomposition(SVD) (See[5] and referencestherein).
Unlike DMT, MIMO flat-fading channelshave some
uniqueproperties:the numberof subchannelsin MIMO
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systemsis small comparedto DMT, andsingularvalues
of channelmatrices,which are subchannelgains, show
special properties. In this paper, we study allocation
problem exploiting properties of MIMO channels.

The rest of this paper is organized as follows.
SectionII describesMIMO flat-fading model and make
problem statement.We propose low-complexity bit-
allocation strategies, and explain near-optimal
performance of proposed strategies in SectionIII.
Performance is evaluated for Rayleigh fading in
SectionIV. In SectionV, we deal with robustnessof
proposedstrategies to the changeof fading statistics.
Finally, we conclude in SectionVI.

II. SYSTEM MODEL AND BIT-ALLOCATION PROBLEM

For simplicity we considera narrowbandchannelwith
M transmit and M receive antennas,which can be
modeledby anM × M channelmatrix H = [hij], wherehij
is theresponseat receive antennai from transmitantenna
j. Let H = Udiag(s1 ⁄ 2)V* denoteanSVD, whereU andV
areunitary, andwheretheelementsof s = [s1, …, sM] are
real and orderedso that s1 ≥ … ≥ sM ≥ 0. When the
transmitterandreceiverfilter by V andU*, respectively, a
bank ofscalar subchannels results:

yi = ai + ni , for i = 1, … M , (1)

where {ni} are i.i.d. CN (0, N0). There is no crosstalk
from one subchannel to the next.

So asto achieve a rateof ri bits per signalinginterval
acrossthe i-th subchannel,its SNR siEi ⁄ N0 must be at
least Γ(2ri – 1), where Ei = E[|ai|

2], and where Γ, an
SNR gap, accountsfor additionalSNR requiredfor any
practical code to achieve a given target probability of
error insteadof using an ideal capacity-achieving code
[2]. Then, given channelsand an SNR gap, the total
energy, ∑iEi, required by the transmitter to achieve a
given set of rates{ri} is:

si



E(s) = Γ  . (2)

It is well-known that,to achieve a giventotal rateof R =
∑iri bits per signaling interval, the rate allocation that
minimizes (2) is given by the water-pouring solution,
ri = {log2(λ(s)si ⁄ Γ)}+, where {x}+ = max{0, x}, and
whereλ(s) ensures thatR = ∑iri.

In practice,complexity considerationsrequirethat{ri}
be drawn from a discrete and finite set. Let the
granularity, β, be the smallest incremental unit of
information rate. Then, the rate of any subchannelis
given by ri = βBi, where Bi is a non-negative integer.
With theseconstraints,the bit-allocation problem is to
find the{ri}, givens, thatminimizes(2) subjectto a total
rateconstraint,R = ∑iri. Clearly, thebestbit-allocationis
based on a full search that enumerates each element of:

B = {[r1, …, rM]; ∑iri = β∑iBi = R, r1 ≥ … ≥ rM ≥ 0} ,(3)

andchoosestheallocationthatminimizes(2) for givens.
The ordering restriction on {ri} in (3) stemsfrom the
orderednatureof s. WhenM is large,suchasin DMT, the
size of full-search set (B) can be very large and
calculating(2) for all membersin B might bepractically
toocomplex. Evenfor MIMO flat-fadingchannels,where
thenumberof subchannelsis not aslargeasDMT dueto
physical space limitation of antenna arrays, the
complexity of full-searchstrategy can be high. Usually,
full-searchstrategy seemsto be feasibleonly for M = 2.
In the paper, we considerhow to reducethe complexity
without any significant performance loss.

III. PROPOSEDBIT-ALLOCATION STRATEGY

First we investigatehow frequentlyanallocationin the
full-searchset is usedandhow it contributesto average
required SNR, when channels, {hij}, are generated
according to a certain distribution, such as Rayleigh
distribution.Let bj = [b1j, …, bMj] bethej-th allocationin
B andlet Aj be a subregion in M-dimensionalspace,{s;
s1 ≥ … ≥ sM ≥ 0}, in which bj is optimal.In otherwords,
if s ∈ Aj, bj is thebit-allocationthatminimizes(2) with ri
= bij for i = 1, … M. Then,averagerequiredSNR for full
search becomes:

E ⁄ N0 = E Es Γ |Aj = Pjεj , (4)

whereεj = Γ∑i(2
Rcbij – 1)Es[1 ⁄ si|Aj] is the partial SNR

requirementconditionedon Aj, andwhereL denotesthe

size of B. The probability mass function (PMF) of
allocation is denotedby Pj = Prob[Aj] for j = 1, … L,
which indicateshow oftenbj is selectedover realizations
of s.

One way to reducesearch-setsize is basedon the
following observations.For given fadingstatistics,some
elementsof B areinfrequentlyor never used,thatis, Pj is
very small or zero for somej.

Observation 1. If Pj is nominal,deletingits alloca-
tion bj from B andusingotherallocation(s)for Aj will
increaseE ⁄ N0, but its increase is only marginal.

This is obvioussincesmallPj nulls theincreasein Pjεj by
usingsuboptimalallocationfor Aj. Hence,deletingthese
infrequentallocationsfrom considerationhaslittle impact
on performance.

In orderto seehow deletingmembersfrom B impacts
performance,we investigateincreasein averageSNR by
deletingmembersone by one. We deletethe allocation
that has the smallest Pj, and calculate corresponding
averageSNR penalty comparedto full-searchstrategy.
Repeattheseproceduresuntil all but one allocationare
eliminated.Fig. 1-aillustratesaverageSNRpenaltyin dB
as allocationsare removed from B for β = 3 ⁄ 4 and
B = 12, whereweassumeBi ∈{0, … 8} in (3) and,where
105 independent Rayleigh channels (M = 6) are
generated.As illustratedin Fig. 1-b,whichplotsPj for j =
1, … L, thereareseven allocationsout of L = 51 which
have dominant Pj. Labels in Fig. 1-b identify seven
dominant-Pj allocations,andimpactof eliminatingthem
is shown in Fig. 1-a, where alphabeticalorder matches
deletionorder. It can be seenin Fig. 1-a that penalty is
almost zero until seven labeled allocationsare left in
reduced set, which agrees with Observation 1. By
removing the ‘a’ allocation,SNRpenaltybegins to grow
sharply, and the last elimination (labeledas ‘ f’) leaves
only one allocation(labeledas ‘survivor’) in the search
set.

An interestingpoint in this eliminationprocessis how
many allocationshave nominal Pj, so that they do not
affect (4) much.As observed in Fig. 1-b, only a few out
of L possibilitieshave dominantPj, andthusthenumber
of considerations reduces correspondingly.

Observation 2. In MIMO channelsthe numberof
allocationswith dominantPj is small relatively to the
size of full-search set,L.

This can be explained in part by ordered naturesof
singularvaluesand reducedvariability of bit-allocation.
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By ordered nature, we mean not only that singular values
are ordered, s1 ≥ … ≥ sM, but also that each singular value
has a different distribution. Thus, depending on
distributions of singular values, some allocations have
higher probabilities than others, which implies that bit-
allocation is more predictable. Certainly, there is still
variability in bit-allocation despite of ordered nature. The
point is how small this variability is. To this purpose, we
investigate distribution of optimal rate,
ri = {log2(λ(s)si ⁄Γ)}+. For instance, Fig. 2 illustrates
empirical marginal distribution of optimal rate for M = 4
(thick) and M = 6 (thin) at R ⁄M = 2 bits per signaling
interval and per antenna, where we assume E[|hij|

2] = 1.
Even though marginal distribution tells only a part of the
whole story, a variability reduction is obvious as one goes
from M = 4 to M = 6 in Fig. 2. In M-dimensional space,
we conjecture, from marginal distribution and covariance
of optimal rates, that only a small portion of space
corresponds to large probability as joint distribution is
centered and has small variance (in all directions), and
that distribution shrinks, that is, variance becomes small
for large M. This conjecture suggests that only a few
allocations in B, whose Aj corresponds to high-
probability regions of optimal rates, have dominant Pj.

Now we move further and delete some of allocations
with dominant Pj, as inspired from Fig. 1-a, where
deleting all but one allocation incurs only a penalty of
0.13 dB compared to full search.

Observation 3. A penalty by removing bj with domi-
nant Pj is not negligible any more, but still reasonably
small.

This is based on the fact that the increase in εj in (4) is
small, even if Pj is not nominal, since distance between
the optimal bj and its substitute is not quite far as regions
of frequently-used allocations concentrate in M-
dimensional space.

From Observations 1-3, we propose bit-allocation
strategies restricting its search to B1 and B2, where Bk
denotes a restricted search set containing only k candidate
allocations. For optimal choice of Bk, we compare
average required SNR for all possible members of Bk,
and choose the one that produces minimum average
required SNR. For most cases, optimal choice coincides
with the results by the results by deleting infrequently-
used allocation one by one as in Fig. 1-a, but it is not
always true, especially when M = 2.

Advantages of proposed strategies include: (i) a great
reduction in complexity; (ii) thus suitable to frequent
channel change; (iii) no increase in complexity as number
of subchannels (M) grows; and (iv) applicable to any
constraint on rate (e.g. any stepsize β or any maximum
value of Bi). Complexity reduction is quite impressive
when compared to full search. For example, only two
calculations of (2) are required if B2 is used, in contrast to
51 calculations required for a full search when M = 6 and

 Fig. 1. (a) SNR penalty in dB due to deleting bit-allocations from B,
(b) PMF (Pj) of bit-allocations, both for M = 6 and B = 12.
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 Fig. 2. Marginal PDF of optimal rate in () for M = 4 (thick) and for
M = 6 (thin) at R ⁄M = 2 bits ⁄sec ⁄Hz ⁄antennas.
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B = 12 for Bi ∈{0, … 8}. Especially restricting search to
B1 (fixed allocation) does not require bit-allocation
processing. This will be particularly valuable when these
ideas extend to frequency-selective channels.

As mentioned before, on the other hand, choice of B1
and B2 depends on channel distribution. Thus, we assume
that channel statistics as well as channel information are
known to transmitter. If B1 and B2 do not match current
fading statistics, it could cause significant performance
loss. In Section V, we will deal with this mismatch
problem.

IV. NUMERICAL RESULTS

We consider Rayleigh fading for M ∈{2, 4, 6}
antennas. Suppose that each allocation is restricted to
discrete values, ri = βBi, with β = 0.75 and Bi ∈{0, … 8}.
Fig. 3 illustrates restricted-search sets, B1 and B2,
optimized for Rayleigh fading, for some B = ∑iBi = R ⁄β.
In Fig. 3, for example, an allocation denoted as [4 2]
means B1 = 4 and B2 = 2. Notice that, in case of B1, no bit
is assigned to last subchannels (sM). This is because sM is
exponentially distributed in Rayleigh fading [6], which
means, information-theoretically, that it takes infinite
average power to convey a nonzero rate, however small it
is, over this subchannel. Especially for M = 2, all
information is forcefully conveyed over the first
subchannel, which explains why optimal allocation is not
necessarily most frequently-used allocation, and which
inevitably results in a significant performance loss.

We evaluates performance of restricted search over B1
and B2 in Fig. 3, which plots average SNR penalty by
using B2 in Fig. 4-a, and by using B1 in Fig. 4-b against
rate per signaling interval and per antenna when
compared to full-search strategy (B). In both cases, the
restricted searches perform only marginally worse. For
example, restricting the search to B2 incurs an SNR
penalty of less than 0.23 dB when M = 2. Even the fixed
allocation (B1) performs well, falling only 0.3 dB short of
the full-search performance for both M = 4 and M = 6.
One exception is for M = 2, where the penalty by using
B1 can be as large as 2.2 dB at R ⁄M = 3.

V. ROBUST BIT-ALLOCATION STRATEGY

As discussed at the end of Section III, bit-allocation
based on restricted search over Bk could cause a
mismatch problem when actual fading statistics are
different from those to which Bk is optimized. When size
of Bk is small, this mismatch problem can be serious. In
this paper we consider mild mismatch, which occurs
when statistics estimation differs from real channels or
when statistics slightly change between estimations. Also
we are only concerned with more than two antennas (M >
2).
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 Fig. 3. Samples of restricted sets (B1 and B2) optimized to Rayleigh
for M ∈ {2, 4, 6}.

 Fig. 4. Relative performance of restricted search over B1 in (a) and
over B2 in (b) compared to full-search strategy in Rayleigh-
fading with M ∈ {2, 4, 6}.
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An intuitive way to make bit-allocation robust to
fadingchangeis to increasethesizeof Bk andto selectits
membersappropriately. Sincerestrictingsearchto B1 is
near-optimal for M > 2, an union of several B1’s, whose
membersareoptimizedto sometypical fadingstatistics,
would performreliably. ExpandingBk obviously leadsto
increasein complexity. For mild changeof statistics,
however, only a few additions are sufficient.

For example,considerRiceanfadingof K = 4.45 in M
= 4 antennaarrays with β = 0.75 and Bi ∈{0, … 8},
whereK denotesthe Rice factor [7]. The dottedline in
Fig. 5 representsSNRpenaltyby usingamismatchedB2,
which is optimizedto Rayeligh(K = 0), comparedto a
full searchover B. This mismatchloss can be large, as
illustratedin Fig. 5, morethan1 dB. By addingthreeB1’s
that are optimized to K = 0, K = 2.41, and K = 6.46,
respectively, we constitute a robust search set:

B3,rob = B1,K=0 ∪ B1,K=2.41 ∪ B1,K=6.46 , (5)

whereB1,K=6.46 meansthat B1 is optimizedto K = 6.46.
Fig. 5 shows performance of robust bit-allocation
strategy, where thick line correspondsto B3,rob. As
references,SNR penaltyof B1 (square)andB2 (circle),
which are optimized to actual fading (K = 2.41), is
plotted.Clearly, bit-allocationover B3,rob performsvery
well, whose SNR penalty is less than0.2 dB.

VI. CONCLUSIONS

Basedon propertiesof MIMO fading channels,we
proposedbit-allocation restricting search to restricted
searchsets,B2 (containingtwo allocations)andB1 (fixed
allocation). These bit-loading strategy considerably
reducecomplexity while performonly marginally worse
than optimal bit-allocation. For example, in Rayleigh
fadingM ∈{4, 6}, its averageSNRpenaltyis below 0.15
dB andbelow 0.3 dB whenrestrictingsearchto B2 and
B1, respectively. For M = 2, it hasbeenfoundthatat least
two allocations must be considered (B2). We also
proposedrobust bit-allocation which can handle some
variations of fading statistics.

Proposedbit-allocationstrategiesextendto orthogonal
frequency division multiplexing (OFDM) in frequency-
selective channels.If eachOFDM tone is restrictedto
have the samebit-budget,called flat-frequency, a great
dealof complexity canbe saved by proposedstrategies.
Sincefrequency correlationbetweentonesis ignored,it
would incur performanceloss. We will report, in the
future,how flat-frequency strategy performscomparedto

conventionalbit-allocationalgorithms.In themeanwhile,
we only considera fixed total ratesystemin this paper.
We will investigate joint optimization of bit-allocation
and rate regions when the total rate is variable.
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