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Abstract — The singular-value decomposition can be
used to transform a MIMO fading channel into an
equivalent bank of scalar subchannels, also known as
eigenbeambrming or closed-loopMIMO, provided that the
transmitter knows the channel. We considerthe problem of
allocating bits to subchannelsafter such processing,and
propose simple strategies with near-optimal performance
exploiting properties of singular values. For large antenna
arrays, a fixed bit-allocation becomesan attractive choice
without any significant performance loss. For example, on
the 6-input 6-output Rayleigh fading, the fixed allocation
strategy performs only 0.25dB worse than the optimal bit-
allocation in terms of required SNR.

. INTRODUCTION

For a bank of scalarchannelsiit is well-known that
capacityis achiezed by waterpouring proceduresvhen
channelinformation is known to the transmitter[1]. In
practice,whereratesare often restrictedto be finite and
discretevalues the problemmustbe modified,insteadof
optimal rate by waterpouring, to allocate information
rate to parallel channels with granularity constraint.

The best way to allocate discrete ratesto parallel
channelswould compareall possible combinationsof
allocations and select the best one. However, this
exhaustve searchoften requireshigh complity and
thusiterative optimizationis widely usedinstead.Many
iterative algorithmsfor allocationhave beenintroduced,
especially for discrete multitone (DMT) applications,
such as [2]-[4], which hasrelatively small compleity
without significant performance loss.

For MIMO channelsif transmitterknows the channel,
parallel subchannelsare created by singularvalue
decomposition(SVD) (See[5] and referencegherein).
Unlike DMT, MIMO flat-fading channelshave some
unique propertiesthe numberof subchannelin MIMO
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systemss small comparedo DMT, andsingularvalues
of channelmatrices,which are subchannebains, shav
special properties.In this paper we study allocation
problem eploiting properties of MIMO channels.

The rest of this paper is organized as follows.
Sectionll describesMIMO flat-fading model and make
problem statement.We propose low-compleity bit-
allocation stratgies, and explain nearoptimal
performance of proposed strat@ies in Sectionlll.
Performance is evaluated for Rayleigh fading in
SectionlV. In SectionV, we deal with robustnessof
proposedstratgies to the changeof fading statistics.
Finally, we conclude in Sectiovil.

Il. SYSTEM MODEL AND BIT-ALLOCATION PROBLEM

For simplicity we considera narravbandchannelwith
M transmit and M receve antennas,which can be
modeledby anM x M channematrix H = [A;;], whereh;;
is theresponsatreceve antenna from transmitantenna
j. LetH = Udiag(s'”2)V* denoteanSVD, whereU andV
areunitary andwherethe elementf s = [sq, ..., s3/] are
real and orderedso thats; = ... = s3; = 0. Whenthe
transmitterandrecever filter by V. andU*, respectiely, a
bank ofscalar subchannels results:

yi=fsai+ng, fori=1,..M, 0

where{n;} arei.i.d. CA(0, Ny). Thereis no crosstalk
from one subchannel to thexte

Soasto achiere arate of r; bits per signalinginterval
acrossthe i-th subchannelits SNR s;E; /N, mustbe at
least (2" — 1), where E; = E[1q;12], and where ", an
SNR gap, accountsfor additional SNR requiredfor ary
practical code to achieve a given target probability of
error insteadof using an ideal capacity-achiging code
[2]. Then, given channelsand an SNR gap, the total
enegy, Y;E;, required by the transmitterto achiere a
given set of rategr;} is:
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It is well-known that,to achieve a giventotal rateof R =
> ;r; bits per signaling intenal, the rate allocation that
minimizes (2) is given by the waterpouring solution,
r; = {loga(\(s)s;/M)}*, where {x}*=max{0, x}, and
whereA(s) ensures thak = Y ;r;.

In practice,compleity considerationsequirethat{r;}
be dravn from a discrete and finite set. Let the
granularity (3, be the smallest incremental unit of
information rate. Then, the rate of ary subchannelis
given by r; = BB;, where B; is a non-ngative integer.
With theseconstraintsthe bit-allocation problemis to
find the{r;}, givens, thatminimizes(2) subjectto atotal
rateconstraintR = };r;. Clearly the bestbit-allocationis

based on a full search that enumerates each element of:

@:{[rl, ...,TM]; Ziri= BziBi=R,r12 ZVMZO} ,(3)

andchooseghe allocationthatminimizes(2) for givens.
The ordering restrictionon {r;} in (3) stemsfrom the
orderedhatureof s. WhenM is large,suchasin DMT, the
size of full-search set (B) can be very large and
calculating(2) for all membersn ‘B might be practically
too comple. Evenfor MIMO flat-fadingchannelswhere
the numberof subchannelss not aslargeasDMT dueto
physical space limitation of antenna arrays, the
compleity of full-searchstratgyy can be high. Usually,
full-searchstratgy seemgo be feasibleonly for M = 2.
In the paper we considerhow to reducethe compleity
without ary significant performance loss.

Ill. PROPOSEDBIT-ALLOCATION STRATEGY

Firstwe investigatehow frequentlyanallocationin the
full-searchsetis usedandhow it contribtutesto average
required SNR, when channels, {#;}, are generated
accordingto a certain distribution, such as Rayleigh
distribution. Letb; = [byj, ..., by;] bethej-th allocationin
B andlet A; be a subreion in M-dimensionakpace(s;
§1 2 ... 257 2 0}, in which b; is optimal. In otherwords,
if s A, b; is thebit-allocationthatminimizes(2) with r;
=b;ifori=1,... M. Then,averagerequiredSNR for full
search becomes:

.
M 21 L
E/N0=EAj[ES[F e |Aj” =y, 5.4

whereg; = [y (2%% — 1)Eg[1/5;|A] is the partial SNR
requirementonditionedon A;, andwhereL denoteghe

size of ‘B. The probability mass function (PMF) of
allocationis denotedby P; = Probl4;] for j=1,... L,
which indicateshow often b; is selectecbver realizations
of s.

One way to reducesearch-setize is basedon the
following obsenations.For given fading statistics,some
elementof B areinfrequentlyor never used thatis, P; is
very small or zero for some

Observation 1. If P; is nominal,deletingits alloca-
tion b; from B andusingotherallocation(s)¥or A; will
increasek /N, but its increase is only mginal.

Thisis obvioussincesmall P; nullstheincreasen Pjg; by
usingsuboptimalallocationfor A;. Hence,deletingthese
infrequentallocationsfrom consideratiornaslittle impact
on performance.

In orderto seehow deletingmemberdrom B impacts
performancewe investigateincreasean averageSNR by
deletingmembersone by one. We deletethe allocation
that has the smallestP;, and calculate corresponding
average SNR penalty comparedto full-search strateyy.
Repeattheseprocedureauntil all but one allocationare
eliminated Fig. 1-aillustratesaverageSNR penaltyin dB
as allocationsare removed from B for = 3/4 and
B =12, wherewe assumeB; [J{0, ... 8} in (3) and,where
10° independent Rayleigh channels (M =6) are
generatedAs illustratedin Fig. 1-b, which plotsP; for j =
1, ... L, thereareseven allocationsout of L = 51 which
have dominant P;. Labels in Fig.1-b identify seen
dominant?; allocations,andimpactof eliminatingthem
is shawvn in Fig. 1-a, where alphabeticalorder matches
deletionorder It canbe seenin Fig. 1-athat penaltyis
almost zero until seven labeled allocationsare left in
reduced set, which agreeswith Obsenation 1. By
removing the‘a’ allocation,SNR penaltybeginsto grow
sharply and the last elimination (labeledas ‘f") leaves
only one allocation (labeledas ‘survivor’) in the search
set.

An interestingpoint in this eliminationprocesss how
mary allocationshave nominal P;, so that they do not
affect (4) much.As obseredin Fig. 1-b, only a few out
of L possibilitieshave dominantP;, andthusthe number
of considerations reduces correspondingly

Observation 2. In MIMO channelsthe numberof
allocationswith dominantp; is smallrelatively to the
size of full-search sei,.

This can be explained in part by ordered natures of
singularvaluesand reducedvariability of bit-allocation.
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Fig. 1. (a) SNR penalty in dB dueto deleting bit-allocations from ‘B,
(b) PMF (P)) of bit-allocations, both for M = 6 and B = 12.

By ordered nature, we mean not only that singular values
areordered, s; = ... = s;, but aso that each singular value
has a different distribution. Thus, depending on
distributions of singular values, some allocations have
higher probabilities than others, which implies that bit-
dlocation is more predictable. Certainly, there is still
variability in bit-allocation despite of ordered nature. The
point is how small this variability is. To this purpose, we
investigate distribution of optimal rate,
r; = {logo(\(s)s;/T)}*. For instance, Fig.2 illustrates
empirical marginal distribution of optimal rate for M =4
(thick) and M =6 (thin) at R/M =2 hits per signaling
interval and per antenna, where we assume E[ | 7;; | 21=1.
Even though marginal distribution tells only a part of the
whole story, avariability reduction is obvious as one goes
fromM =4 to M =6 in Fig. 2. In M-dimensional space,
we conjecture, from marginal distribution and covariance
of optimal rates, that only a small portion of space
corresponds to large probability as joint distribution is
centered and has small variance (in al directions), and
that distribution shrinks, that is, variance becomes small
for large M. This conjecture suggests that only a few
dlocations in B, whose A; corresponds to high-
probability regions of optimal rates, have dominant P;.

ri (bits / sec /Hz)

Fig. 2. Margina PDF of optimal ratein () for M = 4 (thick) and for
M = 6 (thin) at R/M = 2 bits/ sec/Hz / antennas.

Now we move further and delete some of allocations
with dominant P;, as inspired from Fig. 1-a, where
deleting al but one alocation incurs only a penalty of
0.13 dB compared to full search.

Observation 3. A penalty by removing b; with domi-
nana'\[| le is not negligible any more, but still reasonably
small.

This is based on the fact that the increase in €; in (4) is
small, even if P; is not nominal, since distance between
the optimal b; and its substitute is not quite far as regions
of frequently-used allocations concentrate in M-
dimensional space.

From Observations 1-3, we propose hit-allocation
strategies restricting its search to B; and B,, where B,
denotes arestricted search set containing only % candidate
alocations. For optimal choice of B,, we compare
average required SNR for al possible members of B,
and choose the one that produces minimum average
required SNR. For most cases, optimal choice coincides
with the results by the results by deleting infrequently-
used allocation one by one as in Fig. 1-a, but it is not
alwaystrue, especialy when M = 2.

Advantages of proposed strategies include: (i) a great
reduction in complexity; (ii) thus suitable to frequent
channel change; (iii) no increase in complexity as number
of subchannels (M) grows; and (iv) applicable to any
constraint on rate (e.g. any stepsize 3 or any maximum
value of B;). Complexity reduction is quite impressive
when compared to full search. For example, only two
calculations of (2) arerequired if By isused, in contrast to
51 calculations required for afull search when M = 6 and



M=2 M=4
B, B, B, By
B-2| (20, [11] | [20] B=4|[3100],[2200] | [3100]
B=4| (401, (31 | [40] B-g|[4310],[5300] |[4310]
B=6|[60],[51 | [60] B=12[[5430],[6420] |[6420]
B-8|[80],(62] | [80] B=16| [7540],[7630] | [7630]
M=6
B, By

B=4([332000],[431000]|[431000]
B=12[[542100],[443100] | [542100]
B=18[[653200],[554200][[653200]
B=24|[654320],[754310][[754310]

Fig. 3. Samplesof restricted sets (3, and B3,) optimized to Rayleigh
forMO{2,4,6}.

B =12 for B; {0, ... 8}. Especialy restricting search to
B, (fixed allocation) does not require bit-allocation
processing. This will be particularly valuable when these
ideas extend to frequency-selective channels.

As mentioned before, on the other hand, choice of B;
and B, depends on channel distribution. Thus, we assume
that channel statistics as well as channel information are
known to transmitter. If B; and B, do not match current
fading statistics, it could cause significant performance
loss. In SectionV, we will deal with this mismatch
problem.

IV. NUMERICAL RESULTS

We consider Rayleigh fading for M [0{2, 4, 6}
antennas. Suppose that each alocation is restricted to
discrete values, r; = BB;, with 3 = 0.75 and B; {0, ... 8}.
Fig. 3 illustrates restricted-search sets, B; and B,
optimized for Rayleigh fading, for someB = Y ;B; =R /.
In Fig. 3, for example, an alocation denoted as [4 2]
means B; = 4 and By = 2. Noticethat, in case of By, no bit
is assigned to last subchannels (syy). Thisis because sy, is
exponentially distributed in Rayleigh fading [6], which
means, information-theoretically, that it takes infinite
average power to convey a nonzero rate, however small it
is, over this subchannel. Especialy for M = 2, dl
information is forcefully conveyed over the first
subchannel, which explains why optimal allocation is not
necessarily most frequently-used allocation, and which
inevitably resultsin asignificant performance loss.
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Fig. 4. Relative performance of restricted search over B, in (a) and
over B, in (b) compared to full-search strategy in Rayleigh-
fadingwithM O {2, 4, 6}.

We evaluates performance of restricted search over B;
and B, in Fig. 3, which plots average SNR penalty by
using B, in Fig. 4-a, and by using B, in Fig. 4-b against
rate per signaling interval and per antenna when
compared to full-search strategy (‘B). In both cases, the
restricted searches perform only marginally worse. For
example, restricting the search to B, incurs an SNR
penalty of less than 0.23 dB when M = 2. Even the fixed
allocation (‘B;) performswell, falling only 0.3 dB short of
the full-search performance for both M = 4 and M = 6.
One exception is for M = 2, where the penalty by using
B, canbeaslargeas2.2dBa R/M = 3.

V. ROBUST BIT-ALLOCATION STRATEGY

As discussed at the end of Section 11, bit-allocation
based on restricted search over B, could cause a
mismatch problem when actual fading statistics are
different from those to which B, is optimized. When size
of B, is small, this mismatch problem can be serious. In
this paper we consider mild mismatch, which occurs
when dtatistics estimation differs from real channels or
when statistics slightly change between estimations. Also
we are only concerned with more than two antennas (M >
2).



An intuitive way to malke bit-allocation robust to
fadingchangsds to increasehesizeof B, andto selectits
membersappropriately Sincerestrictingsearchto B; is
nearoptimal for M > 2, an union of several B;’s, whose
membersare optimizedto sometypical fading statistics,
would performreliably. Expanding3, olviously leadsto
increasein complity. For mild changeof statistics,
however, only a fev additions are sfitient.

For example,considerRiceanfadingof K = 4.45 in M
= 4 antennaarrayswith =0.75 and B; {0, ... 8},
whereK denotesthe Rice factor[7]. The dottedline in
Fig. 5 representSNR penaltyby usinga mismatchedB,,
which is optimizedto Rayeligh(K = 0), comparedto a
full searchover B. This mismatchloss canbe large, as
illustratedin Fig. 5, morethanl dB. By addingthreeB;’s
that are optimizedto K = 0, K = 2.41, andK = 6.46,
respectiely, we constitute a ralst search set:

B3 rob = Bi k=0 U Brx=2.41 U Bi x=6.46 » (5)

where B, k_g 46 meanghat B, is optimizedto K = 6.46.
Fig.5 shavs performance of robust bit-allocation
strat@y, where thick line correspondsto B; .., As
referencesSNR penaltyof B; (square)and B, (circle),
which are optimized to actual fading (K = 2.41), is
plotted. Clearly, bit-allocationover Bs ., performsvery
well, whose SNR penalty is less thaa dB.

VI. CONCLUSIONS

Basedon propertiesof MIMO fading channels,we
proposedbit-allocation restricting searchto restricted
searchsets,B, (containingtwo allocations)and B, (fixed
allocation). These bit-loading stratgyy considerably
reducecompleity while performonly maginally worse
than optimal bit-allocation. For example, in Rayleigh
fadingM [O{4, 6}, its averageSNR penaltyis below 0.15
dB andbelow 0.3 dB whenrestrictingsearchto B, and
B, respectiely. For M = 2, it hasbeenfoundthatatleast
two allocations must be considered(B,). We also
proposedrobust bit-allocation which can handle some
variations of &ding statistics.

Proposedit-allocationstratgiesextendto orthogonal
frequeng division multiplexing (OFDM) in frequeng-
selectve channels.If eachOFDM tone is restrictedto
have the samebit-budget, called flat-frequeny, a great
deal of compleity canbe saved by proposedstratgies.
Sincefrequeng correlationbetweentonesis ignored, it
would incur performanceloss. We will report, in the
future, how flat-frequeny stratgyy performscomparedo
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Fig. 5. Fading mismatch of restricted searaken?®, optimized to
Rayleigh aiding and performance of nadt bit-allocation in

Ricean &ding K = 4.45) withM = 4 antennas.

cornventionalbit-allocationalgorithms.In the meanwhile,
we only considera fixed total rate systemin this paper
We will investicate joint optimization of bit-allocation
and rate rgions when the total rate ianable.
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