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Abstract—In this paper, we provide a theoretical framework for
cross-layer optimization for orthogonal frequency division multi-
plexing (OFDM) wireless networks. The utility is used in our study
to build a bridge between the physical layer and the media ac-
cess control (MAC) layer and to balance the efficiency and fairness
of wireless resource allocation. We formulate the cross-layer opti-
mization problem as one that maximizes the average utility of all
active users subject to certain conditions, which are determined by
adaptive resource allocation schemes. We present necessary and
sufficient conditions for utility-based optimal subcarrier assign-
ment and power allocation and discuss the convergence proper-
ties of optimization. Numerical results demonstrate a significant
performance gain for the cross-layer optimization and the gain in-
creases with the number of active users in the networks.

Index Terms—Cross-layer optimization, efficiency and fairness,
orthogonal frequency division multiplexing (OFDM) network,
utility function.

I. INTRODUCTION

FAIRNESS and efficiency are two crucial issues in resource
allocation for wireless networks. Traditionally, spectral ef-

ficiency is evaluated in terms of the aggregate throughput, which
is sometimes unfair to those users far away from a base-station
or with bad channel conditions. On the other hand, absolute fair-
ness may lead to low bandwidth efficiency. Therefore, an effec-
tive tradeoff between efficiency and fairness is desired in wire-
less resource allocation.

The issues on efficient and fair resource allocation have been
well studied in economics, where utility functions are used to
quantify the benefit of usage of certain resources. Similarly,
utility theory can be used in communication networks to eval-
uate the degree to which a network satisfies service requirements
of users’ applications, rather than in terms of system-centric
quantities like throughput, outage probability, packet drop rate,
power, etc. [1]. In wireline networks, utility and pricing mecha-
nisms have been used for flow control [2], [3], congestion con-
trol [4], and routing [5]. In wireless networks, the pricing of
uplink power control in code division multiple access (CDMA)
has been investigated in [6]–[8]. Utility-based power allocation
on CDMA downlinks for voice and data applications has been
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proposed in [9]–[11]. Utility also offers a tangible metric for net-
work provisioning when application performance is the key con-
cern. In this paper, we use utility not only to tradeoff the fairness
and efficiency of resource allocation but also to build a bridge
between the physical and the media access control (MAC) layers
to achieve cross-layer optimization.

Orthogonal frequency division multiplexing (OFDM) divides
an entire channel into many orthogonal narrowband subchan-
nels (subcarriers) to deal with frequency-selective fading and
support a high data rate. Furthermore, in an OFDM wireless
network, different subcarriers can be allocated to different users
to provide a flexible multiuser access scheme [12] and to ex-
ploit multiuser diversity. Therefore, we focus on utility-based
cross-layer optimization for OFDM wireless networks.

There is plenty of room to exploit the high degree of flexibility
of radio resource management in the context of OFDM. Since
channel frequency responses are different at different frequen-
cies or for different users, data rate adaptation over each subcar-
rier, dynamic subcarrier assignment (DSA), and adaptive power
allocation (APA) can significantly improve the performance of
OFDM systems/networks. Using data rate adaptation [13], [14],
the transmitter can send higher transmission rates over the sub-
carriers with better conditions so as to improve throughput and
simultaneously to ensure an acceptable bit-error rate (BER) on
each subcarrier. Despite the use of data rate adaptation, deep
fading on some subcarriers still leads to low channel capacity.

On the other hand, channel characteristics for different users
are almost mutually independent in multiuser environments; the
subcarriers experiencing deep fading for one user may not be in
a deep fade for other users; therefore, each subcarrier could be
in a good condition for some users in a multiuser OFDM wire-
less network. By dynamically assigning subcarriers, the network
can benefit from this multiuser diversity [15]. Resource alloca-
tion issues and the achievable regions for multiple access and
broadcast channel have been investigated in [16] and [17], re-
spectively, which have proved that the largest data rate region is
achieved when the same frequency range is shared with overlap
by multiple users in broadcast channels. However, when op-
timal power allocation is used, from [18], there is only a small
range of frequency with overlapping power sharing. Thus, op-
timal power allocation with dynamic subcarrier (nonoverlap) as-
signment [19]–[22] can achieve a data transmission rate close to
the channel capacity boundary. In [19], the authors have inves-
tigated optimal resource allocation in multiuser OFDM systems
to minimize the total transmission power while satisfying a min-
imum rate for each user. In [16], [17], [21], and [22], the authors
have discussed fairness using linear priority factors; how to as-
sign those factors, however, is still unknown.
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To take efficiency and fairness into account, we have inves-
tigated resource allocation in OFDM networks based on jointly
optimizing the physical layer and MAC layer in [23]–[25].

In this paper, we use utility functions to balance efficiency and
fairness and to perform cross-layer optimization for the down-
link of OFDM wireless networks. By means of convex anal-
ysis, we investigate the properties of the optimal subcarrier al-
location and power allocation associated with utility-based op-
timization. Furthermore, we demonstrate that the utility-based
resource allocation naturally balances efficiency and fairness. In
summary, we provide a theoretical framework for efficient and
fair resource allocation in multiuser frequency-selective fading
environments. The rest of this paper is organized as follows. In
Section II, we describe the channel model, the general proper-
ties of utility functions, the model of subcarrier rate adaptation,
and formulate the cross-layer optimization problems. In Sec-
tions III and IV, we investigate the optimal subcarrier assign-
ment and power allocation, respectively. Next, in Section V, we
prove the convexity of the achievable rate region with contin-
uous frequency assignment. In Section VI, we discuss the ef-
ficiency and fairness issues. Finally, we demonstrate the per-
formance improvement of the cross-layer optimization through
numerical results in Section VII.

II. PROBLEM FORMULATION

In this section, we briefly describe the channel model, utility
functions, adaptive modulation, and frequency power alloca-
tion, and formulate the utility-based cross-layer optimization
problems.

A. Multiuser Frequency-Selective Fading Channels

We consider a network with one transmitter (base-station)
and receivers (users), as shown in Fig. 1(a). The complex
baseband representation of the impulse response of a wireless
channel for user can be described by

where is the delay of the th path and is the cor-
responding complex amplitude. The ’s are assumed to
be wide-sense stationary, narrowband, complex Gaussian pro-
cesses, which are independent for different paths or users. The
frequency response of the channel impulse response can be ex-
pressed as

(1)
It is assumed that the channel fading rate is slow enough so
that the frequency response does not change during an OFDM
block. If only instantaneous channel conditions are considered,
the channel frequency response corresponding to user is de-
noted by . Consequently, the -user frequency-selective
broadcast fading channel can be represented as in Fig. 1(b). The
quality of each user’s channel can be indicated by the signal-to-

Fig. 1. (a) Downlink of multiuser system. (b) Channel model.

noise ratio (SNR) function when the transmission power
density , which is defined as

where is the noise power density function of user .
There are many ways to obtain the channel state information

at the base station. In a frequency division duplex (FDD) system,
using pilot symbols that are inserted in the downlink with a cer-
tain time-frequency pattern, the mobile terminals can effectively
estimate the channel parameters ’s and ’s [26] and
feed back the ’s to the base station. In a time division du-
plex (TDD) system, since the symmetry of the channel charac-
teristics for the downlink and uplink, the base station can obtain
the channel state information by directly measuring the uplink
channels. Therefore, the base station knows the channel state in-
formation for the utility-based cross-layer optimization.

B. Rate Adaptation and Power Allocation

Using adaptive modulation [13], [14], the transmitter can
send higher data rates over the subcarriers with better channel
conditions to improve throughput and simultaneously ensure
an acceptable BER in all subcarriers.

Let denote the achievable throughput of user at fre-
quency for a given BER and a transmission power density

. When continuous rate adaptation is used, can be ex-
pressed as [27]

(2)

where is determined by
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Since it indicates the difference between the SNR needed to
achieve a certain data transmission rate for a practical system
and the theoretical limit, respectively, is usually called the
SNR gap [27].

C. Utility Functions

As indicated earlier, a utility function is used for the cross-
layer optimization and balancing the efficiency and fairness. The
utility function maps the network resources a user utilizes into a
real number. In almost all wireless applications, a reliable data
transmission rate is the most important factor to determine the
satisfaction of users. Therefore, the utility function should
be a nondecreasing function of the data rate . In particular,
when , the utility is just the throughput, which is the
objective of most traditional network optimizations. Therefore,
our work can be regarded as a general extension of traditional
network optimizations.

Utility functions serve as an optimization objective for the
adaptive physical and MAC layer techniques. Consequently, it
can be used to optimize radio resource allocation for different
applications and to build a bridge among the physical, MAC,
and higher layers.

When a utility function is used to capture the user’s feeling,
such as the level of satisfaction for assigned certain resources,
it cannot be obtained only through theoretical derivation. In this
case, it can be estimated from subjective surveys. For best effort
traffic [28], a utility function can be described by

(3)

where is in unit of b/s. To prevent assigning too much re-
source to the user with good channel conditions, the slope of
the utility curves decreases with an increase in the data rate. We
will discuss more on the issue of fairness and efficiency in Sec-
tion VI.

D. Formulation of Utility-Based Cross-Layer Optimization

To obtain the performance bound of the cross-layer optimiza-
tion, we assume that there is an infinite number of orthogonal
subcarriers in all frequency resources, or the bandwidth of each
orthogonal subcarrier is infinitesimal, which can be regarded as
an extreme situation of OFDM. In a practical OFDM system,
the minimum granularity of resource allocation is one subcar-
rier. The OFDM system in which provides an infin-
itesimal granularity of resource allocation, thereby presenting
the performance upper bound.

Consider a single cell consisting of users. The entire fre-
quency band is divided into nonoverlapping frequency
sets, each for one user. Define as the frequency set assigned
to user . Then

(4)

(5)

where denotes an empty set. The transmission throughput of
user can be expressed as

(6)

Besides dynamically assigning the frequency sets, the trans-
mission power density at different frequencies can also be ad-
justed to improve the network performance, with a total trans-
mission power constraint by

(7)

Let the utility function of user be . If user has a
data rate , the user’s utility is . The utility-based cross-
layer optimization is to assign wireless resources (including fre-
quency band and power density) to maximize the average utility
of the network, which can be expressed as

(8)

In Sections III and IV, we will discuss dynamic subcarrier
assignment and power allocation, respectively.

III. DSA

In this section, we investigate DSA to improve the perfor-
mance of an OFDM-based network when the transmission
power is uniformly distributed over the entire available fre-
quency band, that is, , then the achievable throughput
at frequency , , can be expressed as

Thus, the DSA problem is to maximize

(9)

subject to

(10)

and (11)

We first present the results for a network with two users and then
extend to general networks.

A. Network With Two Users

Assume a network with only two users sharing the bandwidth
. Define

(12)
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and

(13)
Similarly, we can define and as the regions where

and , respectively. It can
be easily seen that

and

The following theorem is proved in Appendix A and it deter-
mines the optimal subcarrier assignment for the cross-layer op-
timization.

Theorem 1: For a network with two users, if the subcarrier
assignment is optimal, then and satisfy

and

for

where

Fig. 2 demonstrates the difference between the utility-based
optimization and the traditional throughput-based optimization.
For the traditional optimization, ; therefore, the
threshold, is always 1. Consequently, a
subcarrier or frequency is allocated to the user with the larger
channel gain, as in Fig. 2(b). To balance the efficiency and
fairness, an increasing utility curve with a decreasing slope
is usually used. In this case, the threshold depends on
how much resource each user has already occupied. Since
the channel corresponding to user 2 is not as good as that of
user 1 in Fig. 2(a), user 2 gets more frequency resource in
the utility-based optimization than in the throughput-based
optimization, as in Fig. 2(c).

It should be noted that the optimal subcarrier assignment is
not unique as we can see in a network with flat fading channels.
However, , , and are unique.

B. Network With Multiple Users

The results for a two-user network can be extended to the
general case of more than two users, which is summarized in
the following theorem.

Theorem 2: For a network with users, if the subcarrier
assignment ’s for maximizes the average
utility, then for any , we have

for any (14)

Fig. 2. Optimal subcarrier assignment for a two-user network. (a)
Frequency responses for two users. (b) Subcarrier assignment resulting
from throughput-based optimization. (c) Subcarrier assignment resulting from
utility-based optimization.

and

The proof of this theorem is very similar to that of Theorem
1 and is omitted here.

IV. APA

In the previous section, we discussed using DSA to maxi-
mize the network performance, where the power allocation is
assumed to be fixed. In this section, we first investigate APA
with fixed subcarrier assignment and then study joint DSA and
APA. Since the achievable throughput is a function of the power
allocation, it becomes

A. APA With Fixed Subcarrier Assignment

When a subcarrier assignment is fixed, the APA optimization
can be formulated as: given a fixed subcarrier assignment, ’s
for , assign the power density, , to maxi-
mize

(15)
subject to

and

(16)
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To achieve its optimality, a utility-based multilevel water-filling
is needed, which is stated in the following theorem.

Theorem 3: For a given fixed subcarrier assignment, ’s for
all , the optimal power allocation satisfies

(17)

where is a constant for the normalization of the optimal power
density

and as well as the ’s satisfy

where the ’s and are the optimal values of the rates and
the power density, respectively.

It should be indicated that Theorem 3 only gives a neces-
sary condition for the globally optimal power allocation. The
proof of this theorem is similar to the water-filling theorem [29],
which is summarized in Appendix B.

Similar to the classical water-filling [29], the optimal power
allocation cannot be directly calculated from (17), and iterative
algorithms are needed to obtain the optimal one satisfying the
power constraint.

There are two major differences between the classical water-
filling and the one in Theorem 3. First, the water-level for each
user is proportional to its current marginal utility value .
In other words, the power allocation is also related to the utility
functions. Since the data rates of users are unlikely equal, it is
from (17) that the water levels, ’s, are different for
different users. Second, the power constraint is the total trans-
mission power rather than the power of an individual user. As
shown in Fig. 3, the utility-based multilevel water-filling (17)
can be regarded as an extension of the fixed-priority multilevel
water-filling in [30].

B. Joint DSA and APA

The DSA and APA can be used simultaneously for the
cross-layer optimization. The joint DSA and APA optimization
can be formulated as follows: adjust the ’s and to
maximize

(18)

Fig. 3. Multilevel water-filling for adaptive power allocation in a two-user
network.

subject to

(19)

and (20)

and

and

(21)

Obviously, there are two necessary conditions for the global
optimum for the joint DSA and APA.

1) Fixing the optimal subcarrier assignment, any change
of the power allocation does not increase the total
utility.

2) Fixing the optimal power allocation, any change of
the subcarrier assignment does not increase the total
utility.

Therefore, an optimal frequency assignment ’s for all and
power allocation must satisfy the conditions in both The-
orems 3 and 4. Consequently, we have the following theorem.

Theorem 4: Let the ’s for and be
the optimal subcarrier assignment and power allocation, respec-
tively. Then, they satisfy the conditions in (22), located at the
bottom of the page, where the ’s and are constrained by

,

,
(22)
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When the utility function is just the throughput ,
the optimal subcarrier assignment is independent of the optimal
power allocation. In this case, the optimal subcarrier assignment
and power allocation have the following closed forms:

which is identical to the result in [31]. It illustrates that fre-
quency division multiple access (FDMA)-type systems can
achieve the Shannon capacity when they are optimized for the
sum of throughputs.

V. PROPERTIES OF CROSS-LAYER OPTIMIZATION

In this section, we will prove the convexity of the achievable
data rate region and show that, if the utility function is concave,
then a local maximum is also a global maximum. Therefore, the
necessary conditions in Theorems 2–4 are also sufficient ones.

A. Convexity of Instantaneous Data Rate Region

A data rate vector is defined as

where is the number of users. The instantaneous data rate re-
gion is a set that consists of the total achievable data rate vec-
tors under the constraint of a resource allocation policy , such
as DSA, APA, or joint DSA and APA. The instantaneous data
rate region is obviously determined by the channel conditions
and the resource allocation constraints. It is intuitive that more
adaptive resource allocation techniques will result in a larger
feasible region.

The objective function is

Thus, the optimization problem can be regarded as

Therefore, if is convex, the optimization problem will be-
come tractable. The convexity of the instantaneous data rate re-
gion with frequency assignment and power allocation can be
described by the following theorem, which is proved in Ap-
pendix C.

Theorem 5: For an OFDM-based network with infinitesimal
subcarrier space and with DSA, APA, or joint DSA and APA,
the achievable data rate region is convex.

With this theorem, we can obtain the following property of
the cross-layer optimization.

Lemma 1: Let the boundary of the instantaneous data rate
region be a subset of the data rate region with the following
property: no component of any data rate vector can be increased
while the other data rate components remain fixed. The data rate
with respect to the maximum of the average utility must be on

the boundary of the data rate region if each utility function is
strictly increasing.

Proof: Suppose that the maximum can be achieved by a
data rate vector , which is not on the boundary of the data rate
region. There must exist a vector such that 1 with

for some , then . The contradiction
shows Lemma 1.

Lemma 1 implies that using a strictly increasing utility func-
tion intends to assign all resources including all power and band-
width to users.

B. Global Optimum

For general differentiable utility functions, the conditions
(14), (17), and (22) are sufficient and necessary for locally
optimal solutions of respective optimization problems; hence,
they are only necessary for the global optimality. With con-
cave utility functions, however, the global optimality of the
cross-layer optimization can be described by the following
theorem.

Theorem 6: If all ’s are concave functions, then a local
maximum of is also a global maximum, and conditions
(14), (17), and (22) are not only necessary but also sufficient,
respectively.

Proof: The proof simply uses the following two conse-
quences in convex analysis [32].

1) If all are concave functions, then the objective
function is also a con-
cave function.

2) If is a convex set and is a
concave function, then a local maximum of is also a
global maximum.

The sufficiency of conditions (14), (17), and (22) for a global
optimum is indispensable for algorithm design. If, in addition,
the ’s are all strictly concave, there is a unique global
maximum solution to the optimization problems. Note that the
unique global maximum implies that there is only one optimal
data rate vector. However, there may be different frequency and
power allocation schemes corresponding to the optimal data rate
vector as we can see from a network with flat fading channels
for all users.

The relation between the feasible data rate region and con-
cave utility functions is shown in Fig. 4. Heuristically, Lemma
1 shows that the rate vector corresponding to the maximum is lo-
cated on the boundary of the achievable rate region. Therefore,
the optimal rate vector should be a point of tangency between
the region boundary and an average utility contour.

VI. EFFICIENCY AND FAIRNESS

Both efficiency and fairness issues are very important for re-
source allocation in wireless networks. An allocation scheme is
said to be efficient if there is no other scheme that would simul-
taneously benefit someone and harm nobody in terms of their
utilities. Therefore, the utility-based optimization is obviously
efficient. Note that it differs from the spectral efficiency that is

1
r r means r � r , for all i.
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Fig. 4. Feasible data rate region and optimal rate allocation.

measured in terms of the total throughput over the bandwidth.
Clearly, the maximum spectral efficiency is achieved by using a
utility function for all .

With the channel knowledge for each user at the base
station, the DSA scheme tends to assign subcarriers to users
with a better SNR on the corresponding subcarriers, thereby
having high spectral efficiency. It is obvious from (14) that
the utility-based DSA penalizes the users with poor channel
conditions.

When , . In this case, each subcarrier
is assigned to the user with the best channel conditions among
all users; therefore, the system can obtain the largest multiuser
diversity with respect to spectral efficiency. Although the
multiuser diversity is similar to the traditional selection diversity,
its diversity gain results from the number of users, rather than
from the number of antennas. It can be proved in Appendix D
that, in the case of Rayleigh fading, the diversity gain grows
approximately as , where is the number of users
in the system.

Fairness requires a fair share of bandwidth among competing
users and protection from aggressive connections. Two rep-
resentative types of fairness are proportional fairness [2] and
max–min fairness [33]. Proportional fairness provides each
connection a priority inversely proportional to its data rate. A
vector of rates is said to be proportionally fair if for any
other feasible rate vector , the aggregate of proportional
changes is zero or negative

(23)

For a concave utility function and a convex set , is
optimal if and only if

for all (24)

where . When the
logarithmic utility function is used, (24) is iden-
tical to (23). Therefore, the logarithmic utility function is asso-
ciated with the proportional fairness for the utility-based opti-
mization.

A data rate vector is max–min fair if for each
, cannot be increased without decreasing

form some for which . Obviously, max–min
fairness has a strict fairness criterion since lower rates can get
an absolute priority.

Consider a family of utility functions that is expressed as

(25)

Obviously, the parameter determines the degree of fairness.
As increases, the fairness of the corresponding utility function
becomes stricter and stricter. When , it turns out to be
the max–min fairness.

It can be also seen from (14) that increasing utility functions
encourage the users having good channel conditions, and de-
creasing marginal utility functions assign a high priority to the
users with a low data rate. Therefore, utility-based resource al-
location can guarantee both efficiency and fairness.

VII. NUMERICAL RESULTS

In this section, we present numerical results to illustrate
the performance of the cross-layer optimization for OFDM
wireless networks. To obtain the numerical results, the channel
is assumed to be characterized by bad urban (BU) delay
profile [34] and to suffer from shadowing with 8.0 dB standard
deviation. The acceptable BER is chosen to be 10 for
rate adaptation.

It is impossible to simulate the case of infinite subcarriers. For
the BU delay profile, its corresponding coherent bandwidth is
about 80 kHz; thus, the bandwidth of each subcarrier should be
less than 80 kHz [34]. When the subcarrier bandwidth is small
enough to let each subchannel experience flat fading, the opti-
mization performance approaches closely to that with infinite
subcarriers.

In simulation, we assume that the bandwidth of each subcar-
rier is 10 kHz, and the utility function in (3) is used. To compare
various results, we fix the average bandwidth per user to 80 kHz,
which implies that the overall bandwidth increases linearly with
the number of users.

Fig. 5 shows the results for different resource allocation
schemes. From the figure, we can see that the DSA, APA, and
joint DSA and APA effectively improve the network perfor-
mance compared to the fixed subcarrier assessment (FSA), and
the performance gain increases with the number of users. The
gain of joint DSA and APA is about 2.5 dB for a two-user
network and as large as 5 dB for a 16-user network. We have
proved, in Appendix D, that the diversity gain increases loga-
rithmically with the number of users when the utility function
is just the throughput . Unlike the asymptotic
analysis of multiuser diversity gain in [15], our analysis is valid
for an arbitrary user number.

It should be noted from the figure that the performance im-
provement of APA is limited for continuous rate adaptation.
However, it can be shown in [35] that there is a huge perfor-
mance gain in the realistic situation where discrete order of
modulation is used.
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Fig. 5. Average user utility versus SNR for the OFDM wireless network with
FSA, DSA, APA, and joint DSA and APA. (a) Two users. (b) Four users. (c)
Sixteen users.

VIII. CONCLUSION AND CURRENT RESEARCH

In this paper, we have presented utility-based cross-layer opti-
mization for OFDM-based wireless networks. The utility is used
here to build a bridge between the physical and MAC layers

and to balance the efficiency and fairness of resource alloca-
tion. In particular, we have investigated the necessary and suf-
ficient conditions for finding an optimum for the DSA, APA,
and joint DSA and APA schemes. Through numerical results,
we have also demonstrated the significant performance gain of
cross-layer optimization. Our research here provides a theo-
retical background for developing practical algorithms for the
cross-layer optimization in future wireless networks.

In our research, we have assumed that the OFDM signal is
composed of an infinite number of subcarriers, and that the
modulation order can be continuously changed based on the
channel conditions. In [35], we will investigate the cross-layer
optimization under more realistic conditions and develop low-
complexity approaches for the OFDM wireless network to ex-
ploit multiuser diversity.

APPENDIX A
PROOF OF THEOREM 1

Proof: If the ’s are optimal, then any change of alloca-
tion will not increase the average utility. Let

. If is assigned
to the other user, then the data rate of user 1 will be decreased by

, while the data rate of user 2 will be increased
by . However, the new average utility will be
equal to or less than the optimal one, that is

which is equivalent to

Dividing both sides by , we have

Since and , we have

When , and . Consequently

or

(A.1)

which implies, for any

that is, and .
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Similarly, we can prove that

Therefore,

APPENDIX B
PROOF OF THEOREM 3

Proof: For a fixed subcarrier assignment for all , we
define for as

otherwise.

Using the Lagrangian method, the above optimization problem
with the power constraint becomes to maximize

or

where .
With the Karush-Kuhn-Tucker (KKT) conditions [32], we

have

for all

(B.1)

(B.2)

(B.3)

Equation (B.1) is equivalent to

for all

Let . Then, the optimal power allocation
for a fixed subcarrier assignment satisfies:

or

APPENDIX C
PROOF OF THEOREM 5

Proof: Assume that the system has joint DSA and APA.
Then, , , , we need to showthat

.
is achieved with and ,
isachievedwith and ,where for .
Of course, and satisfy (4) and (5); and
yield (7). We represent those two power allocations as and

, respectively.
We define the measure of a frequency set as follows. When

the frequency set , , the measure is
given by . For user , we have

where denotes the achievable throughput of user at
frequency with power allocation .

We divide into a family of sets ’s so that

(C.1)

for all

(C.2)

for all

(C.3)

Equations (C.2) and (C.3) imply

for all

for all

Each is divided into two subsets and that satisfy

(C.4)

and
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If , we use to denote . Thus,

In the same way, using to denote , we have

Therefore, with the new frequency assignment
and the new power allocation

the new data rate for user is

Furthermore, due to (C.1) and (C.4), the ’s satisfy (4) and
(5). In addition

Therefore, there are feasible frequency assignment and power
allocation schemes such that .

Let in the previous proof. Then, we have
that the achievable data rate region is convex when only DSA is

used. Let for all in the previous proof. Similarly,
we have that the achievable data rate region is also convex when
only APA is used.

APPENDIX D
MAXIMUM ORDER OF MULTIUSER DIVERSITY

We consider the case where , for all , and where
there is no APA The optimal frequency assignment should be

(D.1)

After assigning the frequency, the channel SNR at frequency ,
SNR , is expressed as

SNR (D.2)

It is assumed that fading at frequency has a Rayleigh distri-
bution, which is identical and independent of other users. There-
fore, the PDF of is

where is the mean channel SNR at frequency .
Similar to selection diversity [36], the PDF of SNR can be
obtained as

SNR (D.3)

The average SNR , SNR , can be calculated by

SNR SNR

The diversity gain, thus, is

SNR
(D.4)

Since

where is the Euler constant , is a
tight lower bound on the diversity gain when is large. Con-
sequently, the multiuser diversity gain increases approximately
with .
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