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ABSTRACT: The discretization inherent in the vector finite-element
method results in the numerical dispersion of a propagating wave. The
numerical dispersion of a time-harmonic plane wave propagating through
an infinite, three-dimensional, finite-element mesh composed of hexahe-
dral and tetrahedral edge elements is investigated in this work. The effects
on the numerical dispersion of the propagation direction of the wave and
the electrical size of the elements are investigated. The numerical disper-
sion of the tetrahedral edge elements is found to be dependent upon the
polarization of the plane wave propagating through the mesh. In addi-
tion, the dispersion of the tetrahedral elements is significantly smaller
than the dispersion of the hexahedral edge elements. Both elements are
found to have a phase error that converges at the rate of Of(h/A)?].
© 1998 John Wiley & Sons, Inc. Microwave Opt Technol Lett

18: 423-429, 1998.
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I. INTRODUCTION

The finite-element method is a popular technique in compu-
tational electromagnetics for solving three-dimensional vec-
tor field problems. For this type of application, “edge” ele-

MICROWAVE AND OPTICAL TECHNOLOGY LETTERS / Vol. 18, No. 6, August 20 1998 423



ments are commonly used to discretize the domain of interest
[1-4]. In an edge element, the unknowns of the field approxi-
mation are associated with the magnitude and direction of
the field along the edges of the element. These elements are
useful because they do not give rise to spurious solutions as
do the more traditional nodal elements [5]. In addition,
boundary conditions are generally easier to impose when
edge elements are used rather than nodal elements.

In a finite element, whether it be edge or nodal, a signifi-
cant error arises from the inability of the polynomial basis
functions to represent the field exactly. A wave propagating
through a finite-element mesh will experience numerical dis-
persion as a result of this error. The numerical dispersion of
one-dimensional and two-dimensional, nodal and edge ele-
ment meshes has been investigated [6—10]. The results from
these investigations are useful when applying the finite-
element method in determining the necessary electrical size
of the elements to ensure a certain maximum dispersion. The
real utility of the edge element is in its application to three-
dimensional problems; however, the numerical dispersion
associated with three-dimensional edge elements has not
been quantified. As a result, the numerical dispersion of the
most common three-dimensional edge elements is investi-
gated in this work. Results are presented which are useful for
determining the necessary electrical size of the edge elements
when applying the finite-element method to three-dimen-
sional problems.

Two types of edge elements are commonly used: the
hexahedral element and the tetrahedral element. The numer-
ical dispersion of a time-harmonic plane wave propagating
through an infinite, three-dimensional, finite-element mesh
composed of hexahedral and tetrahedral edge elements is
determined in this work. This numerical dispersion can be
characterized by a cumulative phase error. The phase error is
quantified as a function of the electrical size of the elements,
the direction of propagation of the plane wave through the
mesh, and the polarization of the plane wave. It is shown that
the phase error for the hexahedral element is simple, and
directly reduces to the phase error for the two-dimensional
quadrilateral element if the plane wave is restricted to propa-
gate in one of the meshes’ principal planes. On the other
hand, it is also shown that the phase error for the tetrahedral
element is more complicated. In fact, a plane wave with an
arbitrary polarization will have its polarization altered as it
propagates through the tetrahedral mesh. However, certain
linearly polarized plane waves can propagate through the
tetrahedral mesh without having their polarizations affected.
The phase error of the tetrahedral element mesh is seen to
be significantly less than that of the hexahedral mesh. In
addition, the phase error for both of the meshes is shown to
converge at the rate of O[(h/A)?].

1. FINITE-ELEMENT METHOD

Consider an infinite, linear, three-dimensional, homogeneous,
isotropic, and source-free region. The field in this region is
governed by the vector Helmholtz equation:

VX (VXE)—k>E=0 1)

where an e/’ time dependence is assumed and k = wy/pe is
the wavenumber. In a finite volume bounded by a surface §
such that § = S, + §,, the following boundary conditions are
used for the finite-element formulation [11]:

AXE=0 ©))

on the portion of the boundary that lies on a perfect electric
conductor S;, and

AX(VXE)+ yaix(AXE)=U 3)

which is used on all remaining portions of the boundary §,.
The role of this boundary condition is determined by the
values of y and U. In the finite-element method, the volume
of interest is subdivided into discrete elements. Then, the
vector field is approximated within an element by an expan-
sion in terms of vector basis functions:

n
E°= Y EfN¢ 4)
i=1

where Ny are the vector basis functions, E; are the unknown
coefficients, and n is the number of unknown coefficients. A
system of linear equations is obtained by Galerkin’s method.
The weighted residual for the eth element is [11]

Re = [ Nf-[V X (VX E) = K’E}dV,
Ve
i=123,....,n (5
where V¢ is the volume enclosed by the element e. Substitut-
ing the field expansion into the residual equation and placing

it in the “weak form” gives the residual equation for the eth
element:

RS = _21 E,-"[fye(V X N§) - (VX NO) dV

—k*[ (N¢-N)dV
Ve

+'yf (A X N¢) - (A X N¢) dS
s, !

+/SNf-UdS,

2

j=12,3,...,n. (6)

The global equations are obtained by expanding the above
equation, and then assembling the local equations for all of
the elements. The resulting equations are set equal to zero,
and the system of linear equations is solved to obtain the
unknown coefficients Ef. A more detailed explanation is
given in [11].

A. Hexahedral Elements. The simplest three-dimensional
edge element is the hexahedral or brick element. The ele-
ment is depicted in Figure 1. In this element, there are
12 edges. Each edge has associated with it an unknown and a
vector basis function. The unknowns are the value of the
component of the vector field tangent to the edges. The
vector basis functions Nf are given in [11]. The basis func-
tions are constructed in such a manner as to ensure continu-
ity of the tangential portion of the vector field across the
edges and faces of the element when the elements are
assembled to form a mesh.

The first mesh considered is an infinite mesh of hexahe-
dral elements in which the length of all of the edges is 4. In
this mesh, it is possible to group the edges, and correspond-
ingly the unknowns, according to their relative orientation. It
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Figure 1 Schematic representation of a first-order, hexahedral edge
element. The edges are labeled as belonging to one of three groups:
A, B,or C

is easy to see that, for this mesh, there are three groups of
edges: the x-directed edges, the y-directed edges, and the
z-directed edges. These edges are labeled as A4, B, and C,
respectively, in Figure 1. The significance of the groups will
be discussed in the next section.

B. Tetrahedral Elements. The tetrahedral element is depicted
in Figure 2. It is more useful than the hexahedral element
because it can model a greater range of geometries. As can
be seen, the tetrahedral element has six edges and, corre-
spondingly, six unknowns and six basis functions. As before,
the unknowns are the value of the vector field tangent to the
edge. The basis functions for the tetrahedral elements are
more difficult to construct. A thorough explanation of their
construction is provided in [11].

The second mesh considered is an infinite mesh of tetra-
hedral elements. It is not possible to divide a three-dimen-
sional region into uniform tetrahedral elements. Thus, it is
necessary to use a number of different tetrahedral elements
to create a three-dimensional mesh. To make the dispersion
analysis practical, the mesh must be infinite and periodic.
Thus, it is necessary to choose an arrangement of tetrahedral
elements that can be assembled to form such a mesh. There
are a number of arrangements that can be used, but perhaps
the simplest is obtained by dividing a cubical region into five

X

Figure 2 Schematic representation of a first-order, tetrahedral
edge element

tetrahedral elements [12]. Consider a uniform cubical region
in which each cube has a length, height, and width of A. It is
divided up into five elements as in [12]. The volume of four of
the elements is 1/6 that of the cube, and the volume of the
fifth element is 1/3 that of the cube. Through this process, a
cubical subcell of tetrahedral elements is obtained which can
be assembled into an infinite, periodic, three-dimensional
mesh of tetrahedral elements. When the infinite mesh is
created, care must be exercised in making sure that the edges
of the tetrahedral elements in the cubical subcell align prop-
erly. This is accomplished by rotating by 90° every other
cubical subcell upon mesh assembly.

For the infinite, quasiuniform mesh created above, it is
possible to group the edges in the mesh according to their
relative position. This results in 12 separate groups. The
significance of the groups will be discussed in the next sec-
tion.

1ll. DISPERSION ANALYSIS

Consider a plane wave propagating through an infinite, uni-
form, and isotropic region with a direction defined by ¢ and
6. It is well known that such a plane wave is an exact solution
to the vector Helmholtz equation (1). For this solution, it is
easy to show that the field at any point p is related to the
field at any other point g by a simple phase factor:

E, = Epevikk.Ar @)
where k = sin 6 cos ¢d, + sin 6 sin ¢a, + cos fa, and
where Ar is the vector from point p to point g. The relation-
ship in (7) is valid for any polarization of the plane wave.

Now, consider dividing the volume into an infinite, peri-
odic mesh. The field in the mesh will be governed by a
discretized vector Helmholtz equation. A plane wave propa-
gating through the mesh at the angles ¢ and 6 will also be a
solution to the discretized vector Helmholtz equation. How-
ever, the plane will propagating with a numerical wavenum-
ber k that differs from the analytical wavenumber k due to
the discretization error. In addition, the polarization of the
plane wave will not necessarily be preserved as the wave
propagates through the mesh. In the special case where p is a
point within an element and ¢q is another point at the same
relative position within another identical element, the field
relationship is still a simple phase factor:

£, = B¢ o ®
Of course, this relationship only holds if the polarization of
the plane wave remains constant as it propagates through the
mesh.

The purpose of the dispersion analysis is to determine the
relationship between the numerical wavenumber k and the
analytical wavenumber k, and to determine the polarizations
of the plane wave that can propagate through the mesh
unaltered. This is accomplished by using the total residual
equations for the unknowns in conjunction with the relation-
ship in (8).

In an infinite, uniform mesh, Eq. (6) simplifies to become

R =Y E;'[[W(v X N¢) - (VX Nf) dV

i=1

—szw(Nf : Nf)dV]. )

MICROWAVE AND OPTICAL TECHNOLOGY LETTERS / Vol. 18, No. 6, August 20 1998 425



This equation represents the contribution from element e to
the residual equation for the unknown j. Consequently, the
total residual equation for unknown j is given by

R, = Y R¢ (10)

where the index e runs over the m elements which contain
the edge with which j is associated.

In an infinite, periodic mesh, it is possible to divide the
unknowns into groups whereby the behavior of all of the
unknowns within a particular group can be represented by a
single total residual equation [10]. Therefore, it is only neces-
sary to consider as many total residual equations as there are
groups of unknowns to fully characterize the behavior of the
mesh. Thus, since there are three groups of unknowns in the
hexahedral mesh, three total residual equations are consid-
ered for that mesh, and since there are 12 groups of un-
knowns in the tetrahedral mesh, 12 total residual equations
are considered for that mesh.

A set of nonlinear equations is obtained by substituting (8)
into the set of total residual equations. This relationship
makes it possible to replace all of the unknowns within a
particular group with one unknown from that particular group
times a phase factor. This simplification is performed for
each group of unknowns, resulting in an equal number of
nonlinear equations and unknowns. These equations are very
long, and due to space limitations, are not included in this
paper.

The construction of the dispersion analysis equations is
straightforward to do by hand for a simple two-dimensional
mesh [10], but very tedious for three-dimensional meshes.
Thus, the process has been implemented numerically. As the
values of ¢ and 6 are incremented, the computer program
iteratively searches for the values of k and plane wave
polarization that solve the dispersion relations.

IV. RESULTS

The phase error that results from the dispersion, expressed in
degrees per wavelength, is defined as

k—k
|

8, = 360‘T :

A. Hexahedral Mesh. Figure 3 is a graph of the phase error
for the hexahedral mesh as a function of propagation direc-
tion angles 6 and ¢ for A/h = 20. In this graph, the phase
error is represented by the magnitude of the radial compo-
nent. For any particular propagation direction, the phase
error is the same for any polarization of the plane wave.
Thus, a plane wave with any polarization can propagate
through the mesh without having its polarization altered. As
expected, the error in the x-, y-, and z-planes is exactly the
same as the error for the quadrilateral elements. This is
because the basis functions for the hexahedral element di-
rectly reduce to the basis functions for the quadrilateral
element in two dimensions. As can be seen, the phase error is
a function of the propagation direction. The maximum phase
error is 1.464° /wavelength, and it occurs when the plane
wave propagates along one of the coordinate axes. The mini-
mum phase error is 0.492° /wavelength, and it occurs for the
propagation angles ¢,, = 45° + (m — 1)90° where m = 1,2,
3,4 and 6,, = 90° £ 35.26°. An approximation of the numeri-
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Figure 3 Graph of the phase error in degrees per wavelength of a
plane wave propagating through a hexahedral mesh as a function of
propagation angles 6 and ¢ for A/h = 20. The phase error is
denoted by the magnitude of the radial component. The maximum
phase error is 1.464° /wavelength, and the minimum phase error is
0.492° /wavelength

cal wavenumber for A/h > 5 is given by
k(6, b, kh) = k + (8, $)k,p(kh) — k] (12)
where
f(6,¢) =1 — 2(cos? 0 sin® § + sin* @ sin? ¢ cos® ¢)

and

i = Lo 1 - (kh)*/3
1p(kh) = 3 cos 1+ (kh)*/6

k,p(kh) is the numerical wavenumber for a plane wave
propagating along one of the coordinate axes of the hexahe-
dral mesh, and it is equivalent to the numerical wavenumber
for a plane wave propagating along a one-dimensional, linear,
nodal mesh [6].

B. Tetrahedral Mesh. Since the tetrahedral mesh lacks the
symmetry of the rectangular mesh and the tetrahedral ele-
ments are more complex than the hexahedral element, the
phase error of the tetrahedral mesh is much more compli-
cated. In the hexahedral mesh, a plane wave with any polar-
ization could propagate without its polarization changing.
However, in the tetrahedral mesh, this can only happen in a
few special directions. Thus, for most propagation directions,
a generally polarized plane wave will have its polarization
changed as it propagates through the tetrahedral mesh. How-
ever, for every propagation direction, there are at least two
linearly independent polarizations of the plane wave that will
be preserved upon propagation through the mesh. These
polarizations are linear in nature, and are separated by 90°.
Each one of the polarizations has an associated phase error.
In a few special directions, the phase error for the two

426 MICROWAVE AND OPTICAL TECHNOLOGY LETTERS / Vol. 18, No. 6, August 20 1998



polarizations of the plane wave is the same, and thus, all
polarizations will be preserved.

The polarization angle of the plane wave ¥ is depicted in
Figure 4. The plane wave has a unit wavevector k that is in
the direction of the unit radial vector é,, defined by the
direction angles 6 and ¢. The field E essentially lies in the
plane orthogonal to the direction of propagation. The orthog-
onal plane is spanned by the é, and &, unit vectors defined
by the direction angles. The polarization angle ¥ is defined
as the angle between E and é, in this orthogonal plane.

Figure 5 is one of the preserved polarizations for the
tetrahedral mesh as a function of propagation direction; the
other one of the preserved polarizations is orthogonal to the
one shown in Figure 5. In the polarization graph, the E vector
has been drawn on the surface of a sphere to represent the
variation in preserved polarization angle ¥ with propagation

-~

k

Figure 4 Diagram defining the polarization angle ¥ of a linearly
polarized plane wave propagating in the k-direction. (Note: character
with overarrow appears boldface in text.)
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Figure 5 Graph of one set of preserved linear polarizations as a
function of 6 and ¢ for a plane wave propagating through a mesh of
tetrahedral elements. The diamonds denote branch points in the
phase angle variation, and the dark lines are branch cuts. The black
dots denote symmetry directions

direction. In each of the polarization graphs, there are 14
special directions in which a plane wave with any polarization
can propagate without having its polarization altered. The six
directions that are denoted by the black dots on the sphere in
each graph correspond to the coordinate axes directions, and
are symmetry directions. The remaining eight directions are
denoted by diamonds, and are different in nature. These
points are branch points where the continuity of the variation
in preserved polarization angle breaks down. The dark lines
joining the branch points are branch cuts.

The polarization graph has a complementary graph where
the polarization angle is incremented by 180% W, = ¥ +
180°. The complementary polarization graph can be visual-
ized by simply drawing all of the vectors on the sphere in
Figure 5 in the opposite direction. The polarization graph
and its complementary graph are “connected” by the branch
cuts. In other words, as the propagation direction is varied
across the branch cut, it is necessary to leave the polarization
graph and jump to its complementary graph to maintain
continuity of the polarization angle variation.

Figures 6 and 7 are graphs of the phase error for the
tetrahedral mesh as a function of the propagation direction
as defined by 6 and ¢ for A/h = 20. In both figures, the
phase error is denoted by the magnitude of the radial compo-
nent. The phase error for a particular propagation direction
is the same for polarizations separated by 180°. Figure 6 is
the phase error associated with the preserved polarization
angles in Figure 5, and Figure 7 is the phase error associated
with the preserved polarization angles that are orthogonal to
those in Figure 5. As can be seen, the 14 special points on the
spheres in Figure 5 correspond to directions where the phase
error for the four sets of polarizations is the same. Thus, any
polarization plane wave can propagate in these directions.
The maximum phase error for each of the lobes in Figure 6 is
0.187° /wavelength. The maximum phase error in Figure 7 is

\h\

N
I
A

Figure 6 Graph of the phase error in degrees per wavelength of a
plane wave having a polarization angle as depicted in Figure 5, and
propagating through a tetrahedral mesh with A/h = 20. The phase
error is denoted by the magnitude of the radial component, and is a
function of propagation angles 6 and ¢. The maximum phase error
is 0.187° /wavelength
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Figure 7 Graph of the phase error in degrees per wavelength of a
plane wave having a polarization angle orthogonal to those depicted
in Figure 5, and propagating through a tetrahedral mesh with A/h =
20. The phase error is denoted by the magnitude of the radial
component, and is a function of propagation angles 6 and ¢. The
maximum phase error is 0.198° /wavelength

0.198° /wavelength for a plane wave propagating along the
directions ¢,, = (45° £ 12°) + (m — 1)90° and 6,, = 90° £+
40° where m = 1,2,3,4 and ¢,, = 45° + (m — 4)90° and 6,
= 90° + 24° where m = 5,6,7,8. In both figures, there are
multiple propagation directions for which the phase error is
ZEero.

The numerical wavenumber k is greater than the analyti-
cal wavenumber k for the lobes in Figures 6 and 7 that point
along the coordinate axes, and is less than k for the other
lobes. For A/h > 5, an approximation for the maximum
value of k in either Figures 6 and 7 is

k = k[1 + 0.2073(h/A)] (13)

and for the minimum value of k is

k = k[1 — 0.2200(k /)] (14)

The results presented in this study can be used to deter-
mine the behavior of an arbitrarily polarized plane wave as it
propagates through the tetrahedral mesh. This can be accom-
plished by decomposing the plane wave into components that
lie along the two preserved polarizations for the desired
propagation direction. Since each component will propagate
with a different wavenumber, the polarization of the plane
wave will change as it propagates through the mesh.

C. Rate of Convergence. Figure 8 is a graph of the phase
error as a function of the element electrical size A/A for a
plane wave propagating along the x-axis in the tetrahedral
and hexahedral meshes. As can be seen, the phase error
converges at the rate O[(h/A)?], which implies that the
numerical wavenumber k converges at this rate also. This is
the same rate as seen for the two-dimensional quadrilateral
mesh [10]. The phase error for the tetrahedral mesh is seen
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Figure 8 Log-log graph of the phase error in degrees per wave-
length for a plane wave propagating in the direction (6 = 90°, ¢ =
0.0°) through a mesh of hexahedral and tetrahedral edge elements.

to be significantly smaller than the phase error for the
hexahedral mesh; however, the tetrahedral mesh has signifi-
cantly more unknowns than does the hexahedral mesh. This
supports the results reported by Chaterjee, Jin, and Volakis
that they achieved better accuracy with tetrahedral elements
than with hexahedral elements [13].

V. CONCLUSION

The phase error that results from the discretization error in
the finite-element method when three-dimensional edge ele-
ments are used has been quantified. The error is a function
of the propagation direction and the electrical size of the
element.

The phase error for the hexahedral elements is straight-
forward. However, the phase error for the tetrahedral ele-
ments is seen to be dependent upon the polarization of the
plane wave propagating through the mesh. In fact, for most
polarizations, the plane-wave polarization will change as it
propagates through the mesh. Finally, the numerical
wavenumber k for both of these meshes is seen to converge
at the rate of O[(h/A)?].
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developed [1-14], some of which can also be applied to the
reconstruction of impenetrable PEC objects. In this case,
asymptotic techniques—such as the diffraction tomography
approach [15, 16] based on physical optics principles—can be
used.

Otherwise, some methods, based on equivalent source
principles, have been recently developed for acoustic inverse-
scattering problems [17]. A similar electromagnetic problem
has been addressed in [18] by using multifilament current
sources, while in [19], equivalent currents are placed inside
the unknown object, and the problem inversion is done by a
curve fitting of the reconstructed contour.

In this letter, we propose a new method based on the
application of the generalized multipole technique (GMT) [20]
to electromagnetic two-dimensional (2-D) TM inverse-
scattering problems. A set of multipolar sources is placed
within a closed surface which is known to be included in the
PEC scatter. The multipolar coefficients of the sources are
calculated from measured data that have been previously
obtained at a set of observation points. Once the multipolar
coefficients are estimated, the shape of the object is straight-
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